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Abstract

In this note, we study Calderdn’s problem for certain classes of conductivities in domains
with circular symmetry in two and three dimensions. Explicit formulas are obtained for the
reconstruction of the conductivity from the Dirichlet-to-Neumann map. As a consequence,
we show that the reconstruction is Lipschitz stable.
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1 Introduction

Consider a conductor in a domain 2 C R” with conductivity y (x). When a voltage poten-

tial f € H 2 (042) is applied at the boundary 952, the induced potential « in £2 is the unique
weak solution in H!(£2) of

V.-(yVu)=0 in £,
u=rf on d52.

The Dirichlet-to-Neumann map is given by A, (f) = ydyulpe € H’%(B.Q). Here, v
denotes the exterior unit normal to d§2. The problem studied by Calderén in [8] is to
determine the conductivity y from A,,.
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Forn > 3 and y € C?, that A, uniquely determines y was proved by Sylvester and
Uhlmann in [16]. Recently, based on the breakthrough work by Haberman and Tataru [13],
Caro and Rogers [9] proved uniqueness for Lipschitz conductivities. There is also a related
work by Haberman [12].

In two dimensions, and C? conductivities, the uniqueness was proved by Nachman [15].
Later, Astala and Péivirinta [4] proved uniqueness for bounded measurable conductivities.

After the uniqueness has been established, it is natural to study the stability of the
reconstruction, i.e., we would like to estimate y; — y» in certain norm by

(AL — A Il 1
lAI — Aslly = sup 262
1 AN 1
feH2 (382) H?2(382)
f#0

In [1], Alessandrini proved that the following log-stability estimate holds:
llyt = ralle@) < C(log(1 + 1141 = A2l H) ™7,

where C, o are positive constants and y; € HP2(2),s > n/2. Later, Mandache [14]
showed that such estimate is optimal.

To improve the stability estimate, Alessandrini and Vessella [3] considered special
classes of piecewise constant conductivities, for n > 3. The Lipschitz stability obtained
therein has been generalized to other classes of conductivities in [2, 7] and [11].

The analog of the result of [3] was proven for the two-dimensional case in [5].
Subsequent generalizations of this result were obtained in [6] and [10].

In this paper, we prove Lipschitz stability estimate for two special cases of domains with
circular symmetry. In the first case, we consider 2 = B(0, 1) C R? with conductivities of
the form

oy +ax(a—r) if0<r<a,
Ya(X) =

o ifa<r<l,

where r = |x| and g9 < g, @1 < M, 0 < ap < N. We denote this set of conductivities
by u(a, g9, M, N). In the second case, we consider 2 = B(0, 1) x (0, +00) C R? with
conductivities of the form

1+ ifh<z< oo,

y"‘(Z):{Haz if0 <z <h,

where o; € [0,M],j = 1,2,M > 0,h > 0. We denote this set of conductivities by
w(h, M). We give a formula for the Dirichlet-to-Neumann map in each case, together with a
formula to recover the conductivity from the Dirichlet-to-Neumann map. As a consequence,
we show that the map A, > y is Lipschitz. More precisely, our main results are as follows.

Theorem 1.1 Let 2 = B(0, 1) and a € (0, 1), &9, M > 0, N > 0. There exists a positive
constant C = C(a, &9, M, N) such that

| Ae — A, = C (Jeo — Bo| + |1 — Bi| + a2 — B2|) » Vv vp € 1ula, €0, M, N).
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Theorem 1.2 Let 2 = B(0,1) x (0, 00) and h € (0, 00), M > 0. There exists a positive
) Vyota y[.)) € /”L(h» M)

constant C = C(h, M) such that
Ay — A oy — + |
=gl y ==l -

2 Proof of Theorem 1.1
Consider the Dirichlet problem in the unit disc B = B(0, 1) on the plane
V- (yoVu) =0 inB, @1
on 0B,

u=f

€ ul(a,e9, M, N). In the polar coordinate, if u(x)

where the conductivity y,
D nez Un (r)ei"? € HY(B), then the equation in (2.1) is

2
(Yau,) + — Yo u;, o ;/aun=0,Vn€Z,
lim un(r) = hm un(r)

r—a- —a*t

lim (yu)) (r) = lim (yu)) (r).
r—a~ r—at
Solving these systems, we obtain
uo(r)=co, 0=<r<l,
and for n # 0,
bnr‘”‘ + cnrflnl ifa<r <1,
uy(r) = > agr* if0<r <a,
k=|n|

where
Cm—1)|n|+m@m —1)
An|+m—1

An|+m = x
o) +aan 2m |n| + m?
_( o )'”ﬁ(zj—1)|n|+j(j—1)a 1o
e tae) 4 2j Inl + j2 S

Note that p > 0, a1 > €p > 0, the power series Zk>|n| air” is uniformly convergent on

[0, a]. From that, we get
2nl [Inl un(@™) —agtu,(a )]
u na=)

by Inlu,(a=) +agt

The Dirichlet-to-Neumann map Ay : H > (0B) — H™2(dB) is determined by
FO) =" Aafm)e™,

nez
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where f(0) =Y, ., f(n)e"® € H2(9B) and

— Cn

Auf(n) = Timye (P (r) = o in] Flm 22 T

1= a4 (1 +a?") & B, (b)
1+a? + (1 —a?") 2B, (b))

Vn € Z,

o |n| f(n)

o0
) 1+ Z mb" iy,

X
2|n|+1

1+ ik <1+me lhmn)

m=2

ﬁ(zj—1>|n|+j<j—1> ,_ A

h = , _—
mn 2j |n| + j? o] +aa

j=2

Note that 0 < b < by = 80‘_% ~ < L. To obtain some properties of B, (b), we need the

following technical lemma.

Lemma 2.1 (i) Y5, mb™~ ll_[] 2 2/ =d _b)/ -
2j—1

(i) Yoo b 11_[] =2 JZJ = l—b+ﬂ

(i) limy, s o0 A = l—lj:Z 2127;1

We have the following proposition

Proposition 2.2 B, ’s satisfy the following properties.
(1)1 < B,(b) <dy, wheredy =1+

(ii) limy— 00 B (b) = 1.
(i) Ty o0 (2 |n| +1D)(Bub) — 1) = &

By (b)—1
(IV) llmn%oo W = 1, b # 0.

a- bo)2

(V) g2 < Bl (b) <

2n+1 = where A = A(a, &9, N) is a constant.

2|n|+1’

Proof We rewrite B, (b) as follows

o0
1+ Z mb" Vhy

B,(b) =1 (2.2)

TS

1+ 2|n <1+ Z b= 1hm n)

m=2

(i) From (2.2), it is easy to see that B,(b) > 1. We now show that B, (b) < dp. Indeed,
using (i) in Lemma 2.2, we have

00
|n|+1 [n|+m
1 2\n\+lb Z 2711|+lbmh

— . mT72i—1
By (b) = slbo+ ) mby [[=— =do.
I+ 2\!1’\11["" Z 2 10" . m=2 =

(ii) From (2.2), it is not difficult to get lim,_, o B, (b) = 1.
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(iii) We have

o0
b (1 + 3 mbm—lhm,n>
m=2

@lInl+ 1) (By(b) — 1) = ~ -
1+ yirh (1 +3 bm—lhm,n>

m=2
Hence, from Lemma 2.1, we obtain

bA—b)3 b
(l—b)i% 1-b

Jim (2[n[+1) (By(b) = D) =

(iv) We consider two cases

Case I ag # o.
From (ii), we have

B,k —1 -]

im & = g =1
n—00 oTOB"‘H(b) -1 %

Case 2 ap = .
We need to prove lim,,_, % = 1. From (iii), we get

B, (b) — 1 . QInl+ 1D Bu(b) - 1)

im = lim =
n—>00 By11(b) =1 n—=00 (2|n|+3) (Bpy1(b) — 1)

(v) We denote by M, (b) and N, (b) the numerator and denominator of Bj,(b), respec-
tively. Direct computation gives

1 > |l (m — 1)2 . m?
M, (b) = + Py + > —— 0"y + 1),
n( ) 2|l’l|+1 m2=:2 (2|n|+ 1)2 m,n n%:zz|n|+l m,n n( )

where

0 271—1 o k o 1—1
b In| b [in| b
1,(b) = LA LAY, Ty,
®) (22|n|+11’>(22|n|+1k’> (ZZInH—ll’)

=2

The coefficient of b™ in I,,(b) is

2 I|nlk
Z ( || - | 2) hl,nhk,n
Qlnl+ D= @lnl+1)

l I —k
Z Lihl,nhk,n
@Inl+ 1)

kt+i—1=m kt—1=m
1 In| (k — 1)
=3 2 Gk
kt—1=m ZInl+1)
From this, we obtain
1

My(h) > ———. 2.3
n()_z|n|+] (2.3)
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Moreover, we have

[e3) ) 00
SO < LS
5 n <
m=2 (2 |n| + l) 2(2 |n| + 1) m=0
1 bb+1) 1 bo(bp + 1)

= . 204
2 AD (b7 =22+ D (1 —bgy 7

Next, we have

Z e b My gy < e X:mzbm_1 < 0 . (25)
— 2Inl+1 2@2Inl+ 1) = 22 1n|+ 1) (1 — by)
m_2 m_o
We see that
1 k—1)? 1
5 R w1 m =34,
2 A @+ 420+ 1)

It follows that
1 C 3.m 1 G 3.m
Li(b) < mﬂ;(ln—k 1" < mn;)(nw 1)°b
- bo < 2bo+ 1  3bo(bo + 1))
T AQh+D N —bo)*  (1-bp* )’
From (2.3), (2.4), (2.5), and (2.6), we deduce that

(2.6)

A
2+ 1 < M,() < TSR A is a constant depending on a, &g, N. 2.7

On the other hand, we have

2
] ] 1 1

1<N,b)=|14——b — by, < ——< . 2.8
< Np(b) <+2|n|+1 +Z ) (2.8)

From (2.7) and (2.8), we have

— bo
< B,g(

P, b < )
2ml+1 = )_2|n|+1

where A is a constant depending on a, &g, N. O

We now give an explicit formula to reconstruct the parameters a and « from the Dirichlet-
to-Neumann map. We define

Ay (™) 1—a?" 4+ (1+a®"y4 B, (b)
Cn: - = o 0(0 .
|n| ein? 1+ a2l 4+ (1 — a2|”|)$Bn(b)

If there is a strictly increasing sequence of positive integers {nz};2, such that C,;, = ao, it
is easy to obtain ag = o1, aa = 0; i.e., the conductor is homogeneous. Otherwise, we have
the following proposition.

Proposition 2.3 The following formulas hold:
(1) o = limy,—, o Cy,.
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.. Cp—
(if) a2 = Timy o0 (220
(i) o1 = gD, where
hm 2C”2‘n‘°‘° +1
D=—————
= nll>no]o ZMZ‘"‘QO
(iv) aay = a1 E, where
a0 (2a0a®™ + (Cy — ag) (1 + a2
E= lim @+ 1) 0 (2a0 (Cn — a0)( ))_
n—00 i (2apa?"l — (C, — ag)(1 — a2/nh))
Proof (i) From (ii) in Proposition 2.2
lim C, = «ap.
n—o0
(i1) Next, we have
. Cn — Qg
lim —
n—>00 Cpi] — @o
) 242 (%Bn (h) — 1) 1 +a2|n|+2 +01- a2|11|+2)%(1)Bn+] ®)
= lim
2 2
" 2a2 (B ) 1) LA =B D)
Using (ii) and (iv) in Proposition 2.2, we obtain
C — 1
lim — = —.
n—00 Cpi1 — o a2
(iii) Using (ii) in Proposition 2.2, we have
Cn — Ol() . al Bn(b) % -1
lim —=5o— = lim 20 2 &L @ :
n—o00 2a41" gy n%OOl—l—a —l—(l—a ) B(b) a0+1
This leads to
oo ( lim S0 4 1)
o1 = C,—ag
1= lim, 5eiia
(iv) We now calculate . From
. 242 (%Bn(b) - 1)
T T a2l + (1= 2l 2 B, (b)
we calculate
B, (b) = % (200a*" + (C — ) (1 + @)
T (2a0a2|"| —(Cy —ap)(1 — a2|"|))'
From that and (iii) in Proposition 2.2, we get
a0 (209a®™ + (C,, — ap) (1 + a2
E = lim Q|+ 1) 0 (200 (Cn — a0)( ) _
n—00 ai (2opa?"l — (Cy — ap) (1 — a?In))
. b
= lim 2|n|+ 1)(B,(b) — 1) = ——.
n—oo 1 - b
From b = a]‘f;az, we obtain aoy = o1 E. O
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We now prove Theorem 1.1.
1
Proof of Theorem 1.1 For yy, yg € u(a, g0, M, N), f € H2(dB), we have

T N

ez (1 +n )2
where b = aay /(o] + aaz), ¢ = aPa/ (B + aP2), and

1—a?! + (1 +a?") 4 B, (b) 1= a4 (14 a®") fLB, (o)
e I g —a?heLB, ()" "

A, = 0 .
! I+ a2l + (1 — a2 B By (c)

By direct computation, we obtain
An - Bn
(@0 + Bo) (% Ba(b) = f Ba(c)) 262"

(142 + (1 = a2 2 B, b)) (1 + a2+ (1= a2 B, (c) )

(@ = Bo) [(1=a*") (14 L BB, 0B () + (1 +a*) (L B, 0)+ L Ba(0)) ]
+ .
(14 a2+ (1 = )L B, ) (14 a2 + (1 = ) BB, ()

We denote by K, and H,, the numerator and denominator of A, — B,, respectively. We have
H, < 2+ %do)* and

Ay — A
[(4e =20 1 by _ 1Kl 1K,
”A"‘_AB”*= Sl’]lp ”f” Sp|2H| Z sup M 2’
ferf(aB) HI(HB) n#0 1£Hnl n#0 2<2+ gdo>
£0
2¢0 8M2dy ,
K g — It
K| > M o0 |30| £ ——a

When «g # By, for n big enough, we obtain

8M2d0 2 €0
o 70 20l < _
- a <o ’ao [30’.
Hence,
-2
”Aa — AB”* > W(z + 7d0> |0l0 — |30| . 2.9)
For ag = By, we also have (2.9).
Next, we have
M? M
|K |>480a2|"| B (b) — il =By (c)| — |ao — Bo| |1+ —do +4—].
Bo & €0
From (2.9), we have
|4 = ag], = Crdsoa®™ |“ 5,0 - £
o Bl, = Ci4eoa ” B (b) l30B L (0], (2.10)
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where C; = Cj(a, &9, M) is a constant. We now consider

“p by —Plg
ao Bo

=3Hm®—&@ﬂ(ﬂ—@)&@
o0 (o40] BO

Yo @) + Bo(ar — B1) + Bi1(Bo — o) B,(c) (fork ¢ (b.c))
o aoBo
. _Ban(C) _ |:Bn(c) _ O‘lB2aB,/1(§) i| _
-~ aoPo (@0 = Bo) + ) ap(ar + aza)(Br + Baa) @1 =P
a1BraB;,(§) (@ — B)
ao(ar + aza) (B + Poa) '
So from (2.9) and (2.10), we have
|Aa — Ag|, = C2a*"' D, (2.11)
where C, = C»(a, &y, M) and
1 a1B2aB;, (§) }
Dy = — || Balc) — —~
o ‘[ © (o1 + aza)(B1 + B2a) @1 =P
apaBy®) o
(a1 + aza)(By + Baa) .
Using (i) and (v) in Proposition 2.2, we get
LQ_ A ><m@_ aiBoaBy®  _do
M 2lnl+1/) 7 ao ag(a) + axa)(Br + Paa) ~ e’
eda(l — by) - a1B1aB) (£) - A

= Mo+ Na2 Q|+ 1) — ao(@r +axa)(B1 + Paa) — g0 Qlnl + 1)’

There exists an ng = ng(a, €9, N) such that for every n > ng then
1 1 A
0<—=<—(1————).
—2M T M 2|n|+1
We now show that

|Ax — Agll, = C(a, e, M, N) (Jar — Bi| + |2 — B2]) - (2.12)

We consider three cases.

Case 1 (a1 — B1)(a2 — B2) = 0.

We have
1 gta(l — by)
D ey — _
o Z gl = Bil+ M(go + Na)2 2 nol + 1) o2 = B2
2a(1—b
> mi e — bo) (Jor = Bi| + oz = Ba) . 2.13)

ny-—-,
2M’ M(go + Na)* (2 Ino| + 1)
From (2.11) and (2.13), we obtain (2.12).
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Case 2 (v — By) (a2 — B2) < 0 and
B, (¢) a1B2aB,, (£)
D, = DA 0 _
0 [ oo ool + aza)(Br + Bza)} jor =B
. aipiaB, (§)
ao(a1 + a2a)(Br + Poa)

o2 — B2 .-

From that, we have
do
)

2
era(l — bg)
o1 = Bi| - ° 2
M(go + Na)” 2|no| + 1)
Then there exists an ny = ny(a, &9, M, N) > ng such that

et =Bi| _ doAM(eo + Na)® 21no| + 1)

oz — B2| = Dy, > 0.

a1 —Bil 2 o —
M T Za(l—by  @ml+D T T @+ 2T
We get
a1 — Bi A |y — B A
Doz 5~ wamirn 2 RIE gy >eo<2|ml+1)|a2_<izl|4)

From (2.11) and (2.14), we have (2.12)

Case 3 ()] — B1) (@2 — B2) < 0 and
B/ B/
OélBla no(‘i:) |Olz—32|—|:Bn0(C)_ Oll[SZCZ no(é}_) i| |0!1—Bl|.

no

~ ao(o1 +o2a) (B1 +Baa) @0 aolar +ra) Bl + Paa)

There exists an ny = na(a, €9, M, N) > ng such that

eda(l — by) 2doM A

ar —PBo| > 5——— a2 — B2|. (2.15)
2M (g9 + Na)* (2|no| + 1) | | g3 (2 |na| + 1) | |
If
B, (¢) a1PraB,, (§) a1B1 By, (&)
Dm:[ LPASEA 2 oo —PB1]— . loa—P2],
a0 aolag+aza)(Bi+Pra) ao(ay + a2a)(Br + Boa)
we return to Case 2. Otherwise,
A 1
_ — - — — >D,, >0. 2.16
PNCITET oz — B2 o lor = Bi| = Dy, = (2.16)
From (2.15) and (2.16), we obtain
ega(l — bo)

do
2M (g9 + Na)? (2 |ngl + 1) oz — B2| = o o — Bl

Moreover, we have

2
eda(l — bo) do
Dny 2 . |z — B2 — — |1 — B
M(go + Na)* (2 |nol + 1) £0
gla(l — by)

do
= oy —P2| = — | — Pr- 2.17)
2M (g9 + Na)? 2 |ng| + 1) | B| 20 | B

From (2.11) and (2.17), we have (2.12). From (2.9) and (2.12), the conclusion follows. [

@ Springer i ms



Calderdn’s Problem for Some Classes of Conductivities.. 859

3 Proof of Theorem 1.2

Consider the Dirichlet problem

V- eVu)=0 1in B x (0, +00),
u=20 on dB x (0, +00), (3.1)
u=f on B x {0},

where the conductivity y, € u(h, M).

Definition 3.1 (i) We denote

L?,,(B) = {u e L*(B),u(x,y) = f (,/x2 + y2>} )
L?,4(B x (0, +00)) = {u € L*(B x (0, +00)), u(x,y,2) = f (Wc2 + 2, Z)} .

(i1) Let
1 > IS
H2,(B) = {f € L2,y (14 1 | Fm) P72 0) < oo} :
n=1
where .
—~ 2 [y f () Jo(hnr)rdr
(n) =
s 1))

Jo(Anr) is Bessel function of order zero, A,, is positive zero of function Jy,
1
M<hm<...h...,Ap~ <n—1>n, when n — oo.

J1(Ay) is Bessel function of order 1 and

o0

(—l)m)\szrl ,
— n —_—
Jl()\n) —mE_O 22m+1(m+ 1)!m!7 Jl()tn)— ‘]O()\n)

1
with J1(A,,) ~ /n%n cos(h, — 37”) + O(ﬁ]ﬁ) when n — 00. The norm of f € Hrfld(B) is
given by !

1

> [N
(A )=(Z(H|An|2>2}f(n)|213(xn>> :
rad n=1

1
(iii) The dual space of Hrza 4(B) is defined by

_1 1 * 1
H, . (B) = (Hrzad(B)) = {f : H: ,(B) — C bounded linear functional}

r

with the norm
1

B 00 5 IR 2, 2
Iy, = (;aﬂm ) P fm] (An)) :

rad

(iv) We denote

H'! /(B x (0, +00)) = {u € L?,,(B x (0, +00)) : |Vu| € L%, ;(B x (0, oo))}.

rad rad

Fus &\ Springer
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In the cylindrical coordinates, if u(r, z) = ijil u, (z2)Jo(A,r) we have

||u||H1d(Bx(o+oo>>—nZJl (An)/ [+ 22 ) + |u), 2)[ 1z

n=1

1
For f € Hrza 4(B), the Dirichlet problem (3.1) in cylindrical coordinates is

Valtrr + V7u +0.(yauz) =0, B x (0, 00),
u(l,z) =0, 0<z<o00,
u(r,0) = f, 0<r<l,

and have a unique solution u € Hrlad (B x (0, 00)).
We expand u = 2211 uy, (z2)Jo(A,r). By direct computation, we have

@ ape 3 ifh <z < oo,
u,(z) =
. bpe 1% 4 cpetn? if0 <z < h.
At z = h, we have
lim u,(z) = lim u,(z),
z—h* z—h~
lim (yqup) (z) = lim (yau)) (2).
z—ht z—>h~

It follows that
Cn ) — o]
by Q+ar+ay)ehih’

1 _1
The Dirichlet-to-Neumann map A, : H, ,(B) — H, ;(B) is determined by

Aaf(r) = A f () JoOunr).

Z(l ta —ape M — 2+ ) + )
((XQ —op)e Pl 2 4oy 4+

We now give an explicit formula to reconstruct the parameters /, o from the Dirichlet-
to-Nemann map. Define

Ag(Jo(A 2 — (ag — ap)e 2t
A, = — a(Jo(An1)) =(+am) +oa+ar— (2 ‘3’51)672)t - (3.2)
AnJo(Anr) 24 ar +ar + (ap —ap)e
If Ay = 1 + oy then a1 = «p; i.e., the conductor is homogeneous. Otherwise, A, #*

1 + a2, Vn € N and we have the following proposition.

Proposition 3.2 We reconstruct h, oj as follows:
i) o = hmn—)oo Ay — 1.
(i) h = 5= ln(hm,,ﬁcxj i An=loa g

+1 —l—a
2A+(A+2)a2
2—A

>iil) o) = , Where

A —1— 2hnh
A= lim B m)e”
n—oo 14wy

Proof (i) It is easy to show that op = lim,,_, o A;, — 1.
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(ii) We have

An—l-m e 2 4y 4o + (@ —ag)e” Pt

Apr1 —1—ar e 2rth 24y +ay + (ar — ap)e 2l

Note that A,, ~ (n — %) 7, whenn — o0o. We obtain

. A, —1—ap
lim ——— 2 = ¥h
n—»o0o Ay —1—op

Hence,
1 A, —1—
h=—1n( lim 22— "% ),
2 n—o0o Ay —1—op
(iii) Since
(A=l —a) et 2 —an)
A= lim = s

n— 00 14+ oy 24 o)+ oy

soa; = QA+ (A+2)ap)/(2— A). O

Remark 3.3 We can reconstruct 4, o] from ap, A, Ao as follows
b= 1 ln((A1+1+012)(A2—1—012)>
2(A1 — A2) (A —1T—an(A2+1+a2)
AR+ w14 e 21M) — (1 + a2) (2 + ax (1 — e 222)
(It a)(I+e2h) — A (1 — e ) '

o] =

We now prove Theorem 1.2.

Proof of Theorem 1.2 Firstly, for each yy, yg € u(h, M), f € ad(B) we have

(4= 29) 11 » _Z (A= B0 (10
rad n=1 (] +)\ )2
where
A, = —(1+ ) (a2 —ap)e 2l — 2 4+ oy + )
" (a2 —Otl)e_nnh +2+ o +ar ’

(B2 — Br)e 2" — 2+ By + B2)
Ba—PBoe ™ +2+B1+PB2

Bn = _(1 + BZ)

By direct computation we obtain

(A= Be M — Cemhy (@) — By) + De P (@) — By)
C Qtar+ar+ (a2 —ane M2+ By 4 Ba + (B2 — Br)e )’

An_Bn

where
A= Q4o +0)Q2+B1+PB) €[4, 4M + 1?2,
B = Q+a+B2)2+PB1) €[4, 4M + 1),
C = (@2 —an(PB2 — B1) € [-M?, M?],
D= Q2+a+PB)Q2+P2) €[4, 4M +1)7].
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We denote by K, and H, the numerator and denominator of (A, — B,), respectively. We
have H, < (2 + 3M)? and

l(aa-ap)sl
H_2(B)
”AO‘ - ABHH% 5 H—% 5 = Slfp Tl 1 rad
radB) > Hrad (B) feH? ,(8) Hz (B
770
K K
> sup K] > sup Kl 5 (3.3)
n#£0 [2Hn| = n202 (24 3M)
Hence,
sup |Ky| > (A + Be " 4 |Cle™ ") |ay — By | — De™ M |y — By |.
n
For ap # B2, we choose n big enough so that
sup |K,| > 2]az — B2 (3.4)
n
From (3.4), (3.3) becomes
T e —— o X (3.5)
H2,B)—H_ 2B (2+3M)
For ap = 2, we also have (3.5). It is easy to get
K1l = 4e™ My — Bi| — 4(M + 1D*(1 + e 21" |ay — Bol.
Therefore, from (3.3) and (3.5), we have
6—2)»1/1
Ay — Al 1 > ar —Bi|. (3.6)
[ 4« = 4] H2,B)>H_2(B) 22+ 3M)*(M + 1)2(1 + e=24ih)2 | |
From (3.5) and (3.6), we are done. O
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