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Abstract

In this paper, we study the common null point problem in Banach spaces. Then, using the
shrinking projection method and e-enlargement of maximal monotone operator, we prove
two strong convergence theorems with nonsummable errors for solving this problem.
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1 Introduction

Let H be a real Hilbert space and let f : H — (—00, co] be a proper, lower semicontin-
uous and convex function. In order to find a minimum point of f, Martinet [19] proposed
the iterative method as follows: x; € H and

. 1
Xp4] = arg min [f(y) +5lly - xnllz} ,
yeH 2
for all n > 1. He proved that, the sequence {x,} converges weakly to a minimum point of
f. Note that, the above sequence {x,} can be rewritten in the form

Of (Xn+1) + Xn+1 3 Xn, Vo > 1.

We know that the subdifferential operator df of f is a maximal monotone operator (see
[27]). So, the problem of finding a null point of a maximal monotone operator plays an
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important role in optimization. One popular method of solving equation 0 € A(x) where A
is a maximal monotone operator in Hilbert space H, is the proximal point algorithm. The
proximal point algorithm generates, for any starting point xo = x € E, a sequence {x,} by
the rule

Xpyl = J;:(xn), foralln e N, (1.1)

where {c, } is a sequence of positive real numbers and JCA,1 = (I +cp,A)~! is the resolvent of
A. Some of them dealt with the weak convergence of the sequence {x,} generated by (1.1)
and others proved strong convergence theorems by imposing assumptions on A. Moreover,
Rockafellar [29] gave a more practical method which is an inexact variant of the method:

Xn +en € Xpy1 + cpAxpy foralln € N, (1.2)

where {e,} is regarded as an error sequence and {c, } is a sequence of positive regularization
parameters. Note that the algorithm (1.2) can be rewritten as

Xpil = J::(x,, +e,) foralln € N. (1.3)

This method is called inexact proximal point algorithm. It was shown in Rockafellar [29]
that if e, — 0 quickly enough such that ZZOZI llen]l < oo, thenx, — z € Hwith0 € Az.

In [10], Burachik et al. used the enlargement A® to devise an approximate generalized
proximal point algorithm. The exact version of this algorithm can be stated as follows:
having x,,, the next element x, 1 is the solution of

0€cnA(x) + v f(x) =V fxn), (1.4)

where f is a suitable regularization function. Note that, if f(x) = %lellz, then the above
algorithm becomes the classical proximal point algorithm. Approximate solutions of (1.4)
are treated in [10] via A®. Specifically, an approximate solution of (1.4) is regarded as an
exact solution of

0 € chA® (x) + v f(x) — vV f(xn),

for an appropriate value of ¢,. Note that, if f(x) = %Hx |2, the above relation is equivalent
to the problem of finding an element x,+; € H, and v,4+1 € A® (x,41) with &, > 0 such
that

0 = chvpt1 + (Xpp1 — Xn).
They proved that if ) -, &, < 0o, then the sequence {x,} converges weakly to a null point
of A.
In [25], Solodov and Svaiter proposed a new criterion for the approximate solution of
subproblems as follows: Two element y,, and v, are admissible if
Vp € A(n), 0=cpvy + (Yn — xu) — en,
and the error ¢, satisfies
llenll < o max{callvall, llyn — xnll},
where o is a real number in [0, 1). And the next iterative x, is obtained by projecting x,,
onto the hyperplane
{z€eH : (v, z2—ya) =0}
By combining the ideas of [10, 25], Solodov et al. [24] proposed an even simpler method,

in which no projection is performed. An approximate solution is regarded as a pair y,, v,
such that

Up € CnAgn n)s 0 =cpvn + (yn — Xn) — en,
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where ¢,, e, are “relatively small” in comparison with ||y, — x,]||, and the next iterative
Xp+1 1s defined by
Xn+1 = Xnp — CpUn.

Rockafellar [29] posed an open question of whether the sequence generated by (1.1)
converges strongly or not. In 1991, Giiler [15] gave an example showing that Rockafellar’s
proximal point algorithm does not converge strongly. An example of the authors Bauschke,
Matouskova, and Reich [7] also showed that the proximal algorithm only converges weakly
but not in norm. In 2000, Solodov and Svaiter [26] proposed the following algorithm (hybrid
projection method): Choose any xo € H and o € [0, 1). At iteration n, having x,, choose
Wy > 0 and find (y,, v,) an inexact solution of

0e A(x) + pn(x — xn),

with tolerance . Define

Co={z€H : (z— yn va) =0},
and

On={z€e H : {(z—xp,x0— xn) <0}
Take
Xp+1 = Pc,no,Xo0-

They proved that if the sequence of the regularization parameters (., is bounded from above,
then {x,} converges strongly to x* € A~'0. Moreover, based on the important fact that C,,
and Q, in the above algorithm are two halfspaces, they showed that

Xnt+1 = X0 + Avp + A2(x0 — X)),
where (L1, Ap) is the solution of the linear system of two equations with two unknowns:

[ Mllvall + A2(vn, X0 = Xa) = —(X0 = Yn, Vn)
A1 (Vn, X0 — Xn) + A2llX0 — X [|* = —lx0 — xa 1%

In 2003, Bauschke et al. introduced a new algorithm (see [6, Algorithm 4.1]) for finding
a common fixed point of a family of operators (7;);cr in B-class operators (see [5]). Let
E be a real Banach space and f : E — (0, c0] be a lower semicontinuous convex
function which is Gateaux differentiable on int dom f # ¢ and Legendre, i.e., it satisfies
the following two properties:

(i) 9df is both locally bounded and single-valued on its domain;
(i) (8f)~! is locally bounded on its domain and f is strictly convex on every bounded set
of dom af.

The Bregman distance associated with f is the function
D: ExE — [0, 00]

. y) — { fO)=f) = (x =y, vf(y) ifx,y € intdom f,
00 otherwise,
and the D-projector onto a set C C E is the operator
Pc: E — 2F,
y+—> {x e C : D(x,y) = Dc(y) < oo}.

It is easy to see that if E is a real Hilbert space and f(x) = ||x||?/2 for all x € H, and C is
a nonempty closed convex subset of E, then Pc is the metric projection from E onto C.
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938 T.M. Tuyen, N.M. Trang

They gave an application of [6, Algorithm 4.1] for finding a common zero of a family of
maximal monotone operators (A;);cy in Banach space E as follows: for every n € N, take
i(n) € 1, yn € (0,00) and set xut1 = Q(X0, Xn, (Vf + ¥uAi) ™" 0 V[ (x)), where

Qx,y,2) ={uek : (u—y,vfx)—vf() <0}
Nuek:u—z,vf ) —-vf@) =<0}

They proved that if v f is uniformly continuous on bounded subsets of E and for every
i € I, and every strictly increasing sequence {p,} such thati(p,) = i, one has inf,, y,,, > 0
and if the following conditions hold:

(i) The index control mappingi: N — [ satisfies
~VieD@@AM; > 0)(Vr e N)i € {i(n),...,iln + M; — 1)}.

(ii)) For every sequence {y,} in int dom f and every bounded sequence {z,} in int dom f,
one has
D(yn,zn) > 0= yn —zn = 0,

then x,, — Psxo, where S = dom f N (Nies A;'0).

In order to find a fixed point of a nonexpansive mapping 7 on the closed and convex subset
C of H, motivated by the result of Solodov and Svaiter, Takahashi et al. [32] introduced the
following iterative method

Co=C, xg€C,

Yn = apXn + (1 —0n)Txy,
Cot1 = {z€Cy & llyn —zll < llxn —zll}
Xn+1 = Pc, %0, n >0,

and they proved that the sequence {x,} converges strongly to Pr(r)Xo, when {c,} C [0, a),
with a € [0, 1). Moreover, they also gave a similar iterative method to find zero of a
maximal monotone operator in the following form

Co =C, xpeC,
Yn = OpXy + (1 _Otn)Jéixn’
Cot1 = {z2€Cp @ llyn —zll < llxn — zll}

X1 = Pc,, X0, n > 0. (1.5)

They showed that if {«,} C [0, a), with a € [0, 1) and ¢, — o0, then the sequence {x,}
generated by (1.5) converges strongly to P,—10X0.

We can see that the shrinking projection method (1.5) of Takahashi et al. is more com-
plex than the hybrid projection method of Solodov and Svaiter. Because in the iterative
method (1.5), to define x,1, we have to find the projection of xg over the intersection of
n closed and convex subsets of H, but in hybrid projection method, we only compute the
projection of xqo over the intersection of two hyperplanes. However, recently, many mathe-
maticians studied the shrinking projection method for solving the difference problems, see
for instance, Dadashi [13], Kimura [18], Qin et al. [22], Takahashi [33], Takahashi et al.
[30, 34], Sean et al. [37].

In this paper, by using shrinking projection method, we introduce two parallel iterative
methods for finding a common null point of a finite family of maximal monotone operators
in Banach spaces. Moreover, we also give some applications of the main results for solving
the problem of finding a common minimum point of convex functions, the convex feasibility

<ox
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problem and the system of variational inequalities. In Section 5, a numerical example is also
given to illustrate the effectiveness of the proposed algorithms.

2 Preliminaries

Let E be a real Banach space with norm | - || and let E* be its dual. The value of f € E*
at x € E will be denoted by (x, f). When {x,} is a sequence in E, then x, — x (resp.

Xp — X, Xp A x) will denote strong (resp. weak, weak™) convergence of the sequence {x,}
to x. Let Jg denote the normalized duality mapping from E into 28 given by

Jex = [feE* e f) = Il = ||f||2], Vx € E.

We always use Sg to denote the unit sphere Sg = {x € E : ||x|| = 1}. A Banach space
E is said to be strictly convex if x, y € Sg with x # y, and, forall ¢ € (0, 1),

1A —=btx+ty] <1.

A Banach space E is said to be uniformly convex if for any ¢ € (0, 2] and the inequalities
x|l <1, |yl <1, |lx — y|| > &, there exists a § = §(&) > 0 such that

x + vl

<1-6.

Recall that a Banach space E is called having the Kadec-Klee property, if for every
sequence {x,} C E such that ||x,|| — |x|| and x, — x, as n — oo, we have x,, — x,
as n — oo. It is well known that every uniformly convex Banach space has Kadec-Klee
property (see [12, 23]).

A Banach space E is said to be smooth provided the limit

i llx + eyl — llx|l
im —
t—0 t

exists for each x and y in Sg. In this case, the norm of E is said to be Gateaux differentiable.
It is said to be uniformly Gateaux differentiable if for each y € Sg, this limit attained
uniformly for x € Sg.

Let E be a reflexive Banach space, we know that E is uniformly convex if and only if
E* is uniformly smooth [1, 14].

We have the following properties of the normalized duality mapping Jg (see [1, 12, 14]):

i) E is reflexive if and only if JE is surjective.

ii) If E* is strictly convex, then J is single-valued.

iii) If E is a smooth, strictly convex and reflexive Banach space, then Jg is single-valued
bijection.

iv) If E* is uniformly convex, then Jg is uniformly continuous on each bounded set of E.

We know that if E is a smooth, strictly convex and reflexive Banach space and C is a
nonempty, closed, and convex subset of E; then, for each x € E, there exists a unique z € C
such that
lx —zll = inf [lx — y].
yeC

The mapping Pc : E —> C defined by Pcx = z is called metric projection from E on to
C and we denote by d(x, C) = ||x — Pcx]|.

Let A: E —> 2E7 be an operator. The effective domain of A is denoted by D(A), that
is, D(A) = {x € E : Ax # (#}. Recall that A is called monotone operator if (x—y, u—v) >

con
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940 T.M. Tuyen, N.M. Trang

0 for all x,y € D(A) and for all u € Ax, v € A(y). A monotone operator A on E is
called maximal monotone if its graph is not properly contained in the graph of any other
monotone operator on E. We know that if A is a maximal monotone operator on E and if
E is a uniformly convex and smooth Banach space, then R(Jg + rA) = E* forall r > 0,
where R(Jg + rA) is the range of Jg + rA (see [9, 28]). For all x € E and r > 0, there
exists a unique x, € E such that

0e Je(x, — x) +rAx,.

We define J, by x, = J,x and J, is called the metric resolvent of A.

Hence, in this case, we can define a mapping J, : £ —> E by J,x = x, and J, is called
the generalized resolvent of A.

The set of null point of A is defined by A™'0 = {z € E : 0 € Az} and we know that
A~10 s a closed and convex subset of E (see [31]).

Let A : E —> 2E" be a maximal monotone operator. In [11], for each & > 0, Burachik
and Svaiter defined A®(x), an e-enlargement of A, as follows

Ax={u € E* : (y—x,v—u)>—¢, Vy € E, v e Ay}.

It is easy to see that A% = Ax and if 0 < & < &y, then A®1x C A®2x for any x € E. The
use of element in A® instead of T allows an extra degree freedom which is very useful in
various applications.

Let {C,} be a sequence of closed, convex, and nonempty subsets of a reflexive Banach
space E. We define the subsets s-Li,C,, and w-Ls, C,, of E as follows: x € s-Li,C, if and
only if there exists {x,} C E converges strongly to x and that x, € C, foralln > 1; x €
w-Ls,, C,, if and only if there exists a subsequence {C,, } of {C,} and the sequence {yx} C E
such that yy — x and y; € Cy, forall k > 1.1If s-Li,C,, = w-Ls,C,, = Cp, then Cy is called
the limits of {C,} in the sense of Mosco [20] and it is denoted by Co = M — lim;,_, o Cp,.

Remark 2.1 We know that, if {C,} is a decreasing sequence of closed convex subsets of a
reflexive Banach space E and Cy = ﬂ’filCn # @, then Co = M —lim,,_, o, C;, (see [8, 17]).

Indeed, it is clear that if x € Coy, then x € s-Li,C, and x € w-Ls,C,, because the
sequence {x,} with x, = x for all n > 1 converges strongly to x. Thus, we have Cy C
s-Li,,C,, and Cy C w-Ls,,C,,.

Now, we will show that Cy D s-Li,,C,, and Cy 2 w-Ls, C,. Let x € s-Li, C,, from the
definition of s-Li, C,, there exists a sequence {x,} C E with x, € C, for all n > 1 such
that x, — x, as n — oo. Since {C,} is a decreasing sequence, x,+x € C, foralln > 1
and k > 0. So, letting k — oo and by the closedness of C,, we get that x € C, for all
n > 1. Thus, x € Cp and hence Co 2 s-Li, C,. Next, let y € w-Ls;, C,,, from the definition
of w-Ls, C,, there exist a subsequence {Cp, } of {C,,} and the sequence {yx} C E such that
Yk — x and y; € Cy, forall kK > 1. From {C,} is a decreasing sequence, we have

Yitp € Cu @.1)

forall k > 1 and p > 0. Since C,, is closed and convex, Cy, is weakly closed in E for all
k > 1. So, in (21), letting p — oo, we get that y € C,, for all k > 1. Since C; 2 Cy,
y € Cy forall k > 1. So, y € Cp and hence Cy 2 w-Ls, C,.

Consequently, we obtain that s-Li,C, = and w-Ls,C, = Cp. Thus, Cp = M —
lim,, o0 Cp,.

The following lemmas will be needed in the sequel for the proof of main theorems.

@ Springer i ms



Two Strong Convergence Theorems for the Common Null Point Problem 941

Lemma 2.2 [2, 3, 16] Let E be a smooth, strictly convex and reflexive Banach space. Let
C be a nonempty closed convex subset of E and let x| € E and z € C. Then, the following
conditions are equivalent:

i) z= Pcxy;
i) (z—y,Je(x1 —2)) 20, Vy e C.

Lemma 2.3 [36] Let E be a Banach space, R € (0,00) and B ={x € E : ||x|| < R}. If
E is uniformly convex, then there exists a continuous, strictly increasing and convex function
g: [0,2R] —> [0, c0) with g(0) = O such that

lax + (1 —a)yl? < ellx)? + 1 —a)[yI* — a(l —a)g(lx — yl),
forallx,y € Bgpand o € [0, 1].

Lemma 2.4 [35] Let E be a smooth, reflexive, and strictly convex Banach space having the
Kadec-Klee property. Let {C,} be a sequence of nonempty closed convex subsets of E. If
Co =M — lim,_, o C;, exists and is nonempty, then { Pc, x} converges strongly to Pc,x for
eachx € C.

Lemma 2.5 [11] The graph of A® : Ry x E —> 25" is demiclosed, i.e., the conditions
below hold:

i) If {x,} C E converges strongly to xo, {u, € A x,} converges weakly to ug in E* and
{en} C R4 converges to ¢, then ug € A®xy.
i) If {x,} C E converges weakly to xo, {u, € A®"x,} converges strongly to ugy in E* and
{en} C R4 converges to ¢, then ug € A xy.

3 Main Results
First, we have the following lemma:

Lemma 3.1 Let E be a uniformly convex and smooth Banach space and let {C,} be a
decreasing sequence of closed and convex subsets of E such that Co = N2 C,, # . Let
pn = Pc,u withu € E and let {x,} be the sequence in E such that

Xn €{z€Cyt lu—2zl* <d*u, Cy) + 8},

for all n > 1, where {8,} is a sequence of positive real numbers. If lim,_, 8, = 0, then
{xn} and {p,} converge strongly to the same point py = Pc,u.

Proof From Remark 2.1, we have Cp = M — lim,,—. C,. By Lemma 2.4, we have p, —
po = Pcyu, as n — 00.
Since p, = Pc,u,d(u, Cy) = ||[u—p,||. From x,, € C, and the definition of C,,, we have

lu — xp1? < llu — pull® + 84, ¥n > 2. (3.1)

From (3.1) and the boundedness of {p,}, the sequence {x,} is bounded. So, R =
max{sup,, {[lx, |1}, sup,{ll pnlI}} < oc.

g
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942 T.M. Tuyen, N.M. Trang

From the convexity of C,, we have ap, + (1 — a)x, € C, for all « € (0, 1). Thus, from
the definition of Pc,u and apply Lemma 2.3 on Bg, we get

Ipn = ull* < llapn + (1 — a)xy — ul|®
< allpy —ull® + (1 = @) x, —ul® —a(l —a)g(llxn — pal),
this combines with (3.1), we obtain that
ag(llxn — pnll) <y, Ya € (0, 1). (3.2)
In (3.2), letting ¢ — 17, we get
gUlxn — pull) < 6p.
By the property of g and §,, — 0, we have

”xn — Pn ” — 0.

Thus, the sequences {x,} and {p,} converge strongly to the same point pg, asn — oco. [
Now, we have the following theorem:

Theorem 3.2 Let E be a uniformly convex and smooth Banach space and let Aj;

E — 2 | = 1,2,..., N, be maximal monotone operators of E into 2E" such that
S = ﬂlNzlA;lO # 0. Let {e,} and {8,} be nonnegative real sequences and let {r;,},
i=1,2,..., N, be positive real sequences such that min; {inf, {r; ,}} > r > 0. For a given

pointu € E, we define the sequence {x,} by x; =x € E, C1 = E and

1) Find y; », € E such that Jg(yin — Xn) + r,‘,nAf"y,-,n 50,i=1,2,...,N.
ii) Choose i, such that “yin,n —xpll = max;—y,. N{Ilyin — xull}, let y, = Vi,

Cor1={z2€Cyh : (yn—2,JEGn —yn)) = _Snri,,.n}~ (3.3)
iii) Find xp11 € {z € Cuy1 ¢ llu—z|* < d*(u, Cog1) 4+ Spg1}h, n=1,2, ...

Iflim, o0 eprin = limy006, = O foralli = 1,2,..., N, then the sequence {x,}
converges strongly to Psu, as n — 00.

Proof First, we show that S C C, for all » > 1 by mathematical induction. Indeed, it is
clear that § C C1 = E. Suppose that S C C,, for some n > 1. Take v € S, we have

JEWiyn = %n) + Fiy n A7 Yiyn 3 0, Ajv 3 0.
From the definition of Af:, we get
(yn — v, JE(xn — yn)) = —&nti,,n-

Thus, v € C,41. Since v is arbitrary in S, § C Cp4. So, by induction we obtain that
ScC,foralln>1.

Moreover, Cj, is a closed and convex subset of E for all n. Hence, the sequence {x,} is
well defined.

Now, for eachn > 1, denote by p, = Pc,u. By Lemma 3.1, we obtain that the sequences
{xn} and {p,} converge strongly to the same point py = Pc,u with Cp = ﬂ;’;l C,.

From p,41 € Cp41 and the definition of C,,41, we have

(yn — Pnt1, JE(Xn — yn)) = —&nti,,n-

@ Springer i ms
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The above inequality is equivalent to

(On — xny JEQen — Yu)) + (X0 — puy1, JEG — yn)) = —&nti,,n-

So, we have

A

llx, — an|2 —&nliyn = (X = Pnt+1, JE(Xn — yn))

lxn — po+ill 1xn — yall

IA

IA

1 2 2
5 U = Pt 7 4l = yull")-
This implies that
lin = yall? < lxn = Past I + 267, -
From p, — po, x, — po and g,r;, » — 0, we obtain that
Xn — yull — 0.

By the definition of y,, we get that

lx, — yinll =0, Vi=1,2,...,N. (3.4)
This implies that y;, — po foralli = 1,2,..., N, as n — oo. Furthermore, since

min; {inf, {r; ,}} > r > 0 and (3.4), we have

1
0 < —Je(xXn — Yin) € A" Yin,

i,n

foralli = 1,2,..., N, as n — 00. So, by Lemma 2.5, we obtain py € Al._]O for all
i=1,2,..., N, thatis, pg € S.

Finally, we show that pyg = Psu. Indeed, let x* = Pgu. Since S C Cp,, x* € C,. Thus,
from p, = Pc,u, we have

lpn —ull < llu—x*||, Vo > 1.

Letting n — oo, we get that ||u — po|| < ||lu — x*||. By the uniqueness of x*, we obtain that
po = x* = Pgu. This completes the proof. O

Now, in the following theorem, we give another way to construct the subsets C,,.

Theorem 3.3 Let E be a uniformly convex and smooth Banach space and let A;

E — 2" i = 1,2,..., N, be maximal monotone operators of E into 25" such that
S = ﬂlNZIAi_]O # 0. Let {e,} and {8,} be nonnegative real sequences and let {r; ,},
i=1,2,..., N, be positive real sequences such that min; {inf, {r; ,}} > r > 0. For a given

point u € E, we define the sequence {x,} by x; =x € E, C; = E and
i) Find yin € E such that Jg(yin — Xn) + r,-,,,Af"yi,n 50,i=12,...,N,
1 ={2€Cnt Yin—2JEQn — Yin)) = —€nrin}, i =1,2,...,N,
Cos1 = NiL, Gy
i) Find x,41 € {z € Coy1 : |lu —z)|* < d*(u, Cpg1) + 8pp1), n=1,2,...

If lim, o0 €ptin = limyoody = O foralli = 1,2,..., N, then the sequence {x,}
converges strongly to Psu, as n — oQ.

ox
$OMy,

-
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944 T.M. Tuyen, N.M. Trang

Proof First, we show that S C C, for all » > 1 by mathematical induction. Indeed, it is
clear that § C C1 = E. Suppose that S C C,, for some n > 1. Take v € S, we have

JEin — Xn) + rinA{"yin 30, Ajv 3 0.
From the definition of A}", we get

(Yion — v, JE(Xn — Yin)) = —€nTin.

Thus, v € Cfl+1 foralli = 1,2,...,N.So,v € Cpy1 = ﬁlN:lelH. By induction, we
obtain that § C C, foralln > 1.

It is clear that {C,} is a decreasing sequence of closed and convex subsets of E with
N2, Ch=CoDS#N.

Now, for each n, denote by p, = Pc,u. By Lemma 3.1, the sequences {x,} and {p,}
converge strongly to the same point pg = Pc,u.

We have pyy1 € Cpy1 =N Ci . Hence, ppy1 € C. foralli =1,2,..., N. Thus,

from the definition of C? we have

n+1°
(Yin = Pnt1, J(Xn = Yin)) = —Enlin,
foralli =1,2,..., N. Thus, we get that
1 = yinll> < ben = purlI? + 2€nrin,
foralli =1,2,..., N. From p, — po, x, — po and &,7;, , — 0, we obtain that
X0 = yinll =0,

foralli =1,2,..., N.
The rest of the proof follows the pattern of Theorem 3.2. This completes the proof. O

Remark 3.4 a) In Theorems 3.2 and 3.3, if N = 1 then the sequence {x,} is defined by: For
a given point # € E, we define the sequence {x,} by x; = x € E, C; = E and

i) Find y, € E such that Jg(y, — x,,) + A%y, 30,
Chor1={z2€Cp : (yn —2, JEQXn — Yn)) = —&nln}.
i) Find X, 41 € {z € Cpy1 : llu —z|1*> <d?*(u, Cpa1) +8ps1}, n=1,2,...,

where {r,} is the positive real sequence and {g,}, {§,} are nonnegative real sequences such
that inf,{r,} > r > 0 and lim,,_, o &, = lim, o 8, = O.

b) In Theorem 3.3, to define the element x,41, we have to find the projection of u onto
the intersection of n x N half-spaces. In Theorem 3.2, we only find the projection of u
onto the intersection of n half-spaces. So, the algorithm to define x4 in Theorem 3.2 is
simpler than the algorithm in Theorem 3.3. However, in the both cases, we can find the
element x,1 by the approximation solution of the following minimization problem: Find
a minimum point of f(x) = %Hx — u||? over the intersection of a finite family of half-
spaces C;. In particular, if £ = R™, then we can find x,4 easily by using the “Quadratic
Programming Algorithms” package in MATLAB software.

Next, we have the following corollaries:

Corollary 3.5 Let E be a uniformly convex and smooth Banach space and let A;

E — 2E" i = 1,2,..., N, be maximal monotone operators of E into 2E" such that
S = ﬂlN:lAi_lO # (. Let J! be the metric resolvent of A; forr > Owithi =1,2,..., N. Let
{61} be nonnegative real sequence and let {r; ,}, i = 1,2, ..., N, be positive real sequences

$ ) (zi “,
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Two Strong Convergence Theorems for the Common Null Point Problem 945

such that min; {inf,, {r; ,}} > r > 0. For a given point u € E, we define the sequence {x,}
byxy=x€ E,C;=Fand
D Yin=J. xp i=12,....N

ii) Choose in such that ||yi,n = Xnll = max {llyin = xnl}, let yn = Yi,.n,

,,,,,

Cov1={z2€Cy : {yn—2,JE(xn — yu)) = 0}, or

i) Cl ={z€Cp: Oin—2 Je(n—yin) =0L i=12,...,N

Coy1 = mlN=lCil:H’]’

iii) Find x,11 € {z € Cuy1 : llu—z)®> <d*u, Coy1) +8pg1}, n=1,2, ...

Iflim,,_, o0 8, = O, then the sequence {x,} converges strongly to Psu, as n — oo.

Proof In (3.3) if ¢, = 0 for all n > 1, then the elements y; ,, i = 1,2,..., N, can be
rewritten in the form
JE(yi,n —Xp) + ri,nAiyi,n 0.

The above inclusion equation is equivalent to
Yion = -I;fmxn,
foralli =1,2,..., N.
So, apply Theorems 3.2 and 3.3 with ¢, = O for all n > 1, we obtain the proof of this
corollary. O

Corollary 3.6 Let E be a uniformly convex and smooth Banach space and let A;
E — 28 i = 1,2,..., N, be maximal monotone operators of E into 2E" such that
S = ﬂlNzlA;lO # (. Let {€,} be a nonnegative real sequence and let {r; ,},i =1,2,..., N,
be positive real sequences such that min; {inf, {r; ,}} > r > 0. For a given point u € E, we
define the sequence {x,} by x1 =x € E, C1 = E and

i) Find Yin € E such that JEYin — Xn) +ri,nAf"yi,n 50,i=12,...,N

ii) Choose i, such that ||y;, n — xpll = I?aXN{”yi,n —xull}, let yn = Yiyn,

Cor1=1{z€Cy : (Yn—2, JE®xn —yu)) = _Snrin,n}y or

ii*) C;H—l ={zeCy : (Yi,n -z, JE(xy — Yi,n» e _Snri,n}’ i=12,...,N
Cor1 =N, Chyis

iii) xy41 = Pc

wp , n=1,2,...

Iflim, 0 exrin =0 foralli =1,2,..., N, then the sequence {x,} converges strongly to
Psu, asn — oc.

Proof In (3.3), if §, = O for all n > 1, then we have the element x,,1 is defined by
Xnt+1 € {2 € Cpy1 @ |lu — zll <d(u, Cat1)},

thatis x, 1 = P, u.
So, apply Theorem 3.2 with §, = O for all » > 1, we obtain the proof of this corollary.
O
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946 T.M. Tuyen, N.M. Trang

Remark 3.7 If ¢ = 8, = 0 for all n > 1, then the sequence {x,} is defined as follows: For a
given point u € E, we define the sequence {x,} by x; =x € E, C; = E and

D) Yin =i s i =12, N,

ii) Choose i, such that |[yi, n —xpl| = max {[lyin — Xull} let yu = yi,n.

.....

Chr1={z€Cy : {yn—2,JE(xy — yn)) = 0}, or

i*)Cl ={z€Cp: (Vin—2.JeCn —yin)) 20}, i=1,2,...,N

_ AN i
Cop1 = mi=1Cn+1»

iil) xp41 = Pc,u, n=1,2,...

Remark 3.8 In Remark 3.7, if E is a real Hilbert space, N = 1 then we obtain the result of
Takahashi et al. in [32] (see [32, Theorem 4.5]). Note that in this case, we do not use the
condition r, — 00. So, Theorems 3.2 and 3.3 are more general than the result of Takahashi
et al. Furthermore, in the proof of Theorems 3.2 and 3.3, we used the properties (Remark
2.1) of the limits of {C,} in the sense of Mosco [20] and Lemmas 2.3-2.5 to show that
the sequence {x,} converges strongly to Psu. But in order to prove [32, Theorem 4.5],
Takahashi et al. used NST(I) condition and Lemma 3.1, Theorems 3.2 and 3.3. Thus, the

proofs of main theorems in this paper are simpler than the proof of [32, Theorem 4.5].

4 Applications
4.1 The Common Minimum Point Problem
Let E be a Banach space and let f : E —> (—o00, 00] be a proper, lower semicontinuous

and convex function. The subdifferential of f is the multi-valued mapping 8f : E —> 2"
which is defined by

fx)={geE": f()) = f(x) = (y—x,8), Vy € E}
for all x € E. We know that df is a maximal monotone operator (see [28]) and xo €

argming f(x) if and only if 3f (xp) > 0.
The e-subdifferential enlargement of df, is given by

defx)={ueE": f(y)—fx)=(y—x,u)—e YyeE},
for each ¢ > 0. We know that 9. f(x) C 9% f(x), for any x € E. Moreover, in some
particular cases, we have that 9, f (x) C 98¢ f(x) (see [10, Example 2 and Example 3]).

In [4], when E is a real Hilbert space, Alvarez proposed the following approximate
inertial proximal algorithm:

Cnasnf(xiH-l) + Xp41 — Xp — an(xn - xn—l) 5 0.
In [21], Moudafi and Elisabeth extended the above iterative method in the form

Cnasnf(xn-H) + Xp+1 — Xp — an(xn - xn—l) >0. (41)
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They proved that if there exists ¢ > 0 such that ¢, > ¢ foralln > 1, and there is @ € [0, 1)
such that {er,} C [0, ], Y12 | ckéx < 00 and

00
2
Zan”xn — Xp—1]I" < o0,

n=1

then the sequence {x, } converges weakly to a minimum point of f.
Note that, if «;, = 0 for all n > 1, then (4.1) becomes

Cnagnf(anrl) + Xpt1 — Xn D 0.
From Theorems 3.2 and 3.3, we have the following theorem:

Theorem 4.1 Let E be a uniformly convex and smooth Banach space and let f;, i =

1,2, ..., N be proper, lower semicontinuous and convex functions of E into (—00, 00] such
that § = ﬂlN:l argmingcg fi(x) # 0. Let {¢,} and {8, } be nonnegative real sequences and
let {rin}, i = 1,2,..., N, be positive real sequences such that min; {inf,{r; ,}} > r > 0.

For a given point u € E, we define the sequence {x,} by x1 =x € E, C{ = E and

i) Find y; , € E such that Jg(yin — xn) + 1in0% fi(yin) 20, i =1,2,..., N,

ii) Choose iy, such that ||y, n» — Xull = nlnaXN{Ilyi,n —xull}, let yn = Yip.n

,,,,,

Cov1 ={z€Cp: {yn— 2, JEXn — Yu)) = —&nTi, n}, or

ii*) Chyy = {2 € Cut (yim — 2 JEGtn — Yin)) = —€ntin}, i = 1,2,..., N,
Coy1 =N Chyys

iii) Find xp41 € {z € Cpg1 = llu — z|1> < d?>(u, Cpa1) + ps1}, n=1,2, ...

If limp—oo Entin = liMpsoody = 0 foralli = 1,2,..., N, then the sequence {x,}
converges strongly to Psu, as n — oQ.

Remark 4.2 In Theorem 4.1, if ¢, = 0 for all n > 1, then the sequence {x,} is defined as
follows: For a given point u € E, we define the sequence {x,} by x; =x € E, C; = E and

1)Yz,n:arg£21£{ﬁ(Y)+ ”y_xn”Z}v i:lvz""!N’

Zi’iyn
ii) Choose i, such that ||y;, » — x|l = r{laxN{IIyi,n —xull}, let yu = yi, n,
1=

Coy1=1{z2€Cyr: {yn —2, JE(Xy — yn)) = 0}, Or
i*)Coy ={z€Cp: (Yin—2JEQu —yin)) 20}, i=1,2,..., N,

_ AN i
Coy1 = mi:1Cn+1v

iii) Find x,41 € {z € Cog1 ¢ [lu —2]* < d* W, Cog1) + 8pp1}, n=1,2,...
Note that if E is a real Hilbert space, then the element y; , can be defined as follows
Yion = I+ ri,nafi)il(xn)

foralli =1,2,..., N and for alln > 0.
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4.2 The Convex Feasibility Problem

Let C be a nonempty closed convex subset of E. Let ic be the indicator function of C,
that is,
ie(r) = {0 %fxeC,
oo ifx ¢ C.
It is easy to see that ic is the proper, semicontinuous and convex function, so its
subdifferentiable di¢ is a maximal monotone operator. We know that

dic)=N@u,C)={f €E* : (u—y, f) 20Vy eC},

where N (u, C) is the normal cone of C at u.
We denote the metric resolvent of dic by J. with r > 0. Suppose u = J,x for x € E,
that is

M € dic(u) = N(u. C).

Thus, we have
(u—y, Jg(x —u)) =20,
for all y € C. From Lemma 2.4, we get that u = Pcx.
So, from Corollary 3.5, we have the following theorem:

Theorem 4.3 Let E be a uniformly convex and smooth Banach space and let Q;, i =
1,2, ..., N,be nonempty closed convex subsets of E such that S = ﬂlNzl Qi = 0. Let {5,}
be nonnegative real sequence. For a given point u € E, we define the sequence {x,} by
x1=x € E,Cy =E and

1) yin = Po;xy, i=1,2,...,N,

ii) Choose iy such that ||yi, n = Xall = max {llyin = xnll}, let yn = i,.n,
Cov1=1{z€Cp : (yn— 2, JEGxn — ) = 0}, or

ii*) C,l1+1 ={zeCy: (Yin — 2, JEGn — Yin)) = 0}, i=12,...,N,
Co1 = mlN=1Cfl+]’

iil) Find x,11 € {z € Cpp1 : u—z||> < d*(u, Coy1) +8pg1} n=1,2, ...

Iflim,_, o 8, = O, then the sequence {x,} converges strongly to Psu, as n — oo.
4.3 A System Variational Inequalities

Let C be a nonempty closed convex subset of £ and let A : C —> E™* be a monotone
operator which is hemicontinuous (that is for any x € C and t, — 07 we have A(x+t,y) —
Ax for all y € E such that x + #,y € C). Then, a point u € C is called a solution of the
variational inequality for A, if
(y —u, Au) > 0Vy e C.
We denote by VI(C, A) the set of all solutions of the variational inequality for A.
Define a mapping T by
Tox — Ax+Nx,C) ifx e C,
A=y ifx ¢ C.

By Rockafellar [28], we know that T4 is maximal monotone and 7', lo=vI (C,A).
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Forany y € E and r > 0, we know that the variational inequality VI(C,rA+Je(-—y))
has a unique solution. Suppose that x = VI(C,rAx + Jg(x — y)), thatis

(z—x,rAXx)+Je(x —y)) >0Vz e C.
From the definition of N (x, C), we have
—rAx —Jg(x—y) e Nx,C) =rN(x, C),
which implies that
M € Ax + N(x,C) = Tyx.

Thus, we obtain that x = J,y, where J, is the metric resolvent of T4.

Now, let E and F be two uniformly convex and smooth Banach spaces and let K;, i =
1,2,..., N be closed convex subsets of E. Let A; : K; —> E* be monotone and
hemicontinuous operators. Suppose that § = ﬂlN:l VI(K;, Aj) # 0.

We consider the following problem:

Find an element x* € §. 4.2)
To solve Problem (4.2), we define the operators T4, as follows

Thx — Aix + N(x, K;) if x € K;,
AX =g ifx ¢ K;,
foralli =1,2,..., N.
So, from Corollary 3.5, we have the following theorem:

Theorem 4.4 Let {8,} be a nonnegative real sequence and let {r; ,}, i = 1,2,..., N, be
positive real sequences such that min;{inf,{r; ,}} > r > 0. For a given point u € E, we
define the sequence {x,} by x1 = x € E, C; = E and

D) yin=VI(Ki,rinAi()+Je(—xp)), i=1,2,...,N,
11) Choose in such that ”yi,,,n - xn” = r{laXN{”yi,n - xn”}a let Yn = Yi,n»

.....

Cot1=1{z€Ch : (yn—2, JE(xyw —yn)) =0}, or

ii*)Cl ={z€Cpt Vin—2.JuCtn —yin)) 20}, i =1,2,..., N,
Cor1 =N Cryys

iil) Find x,11 € {z € Cpy1 : u—z||> < d*(u, Cox1) + 81} n=1,2, ...

Iflim,,_, oo 8, = O, then the sequence {x,} converges strongly to Psu, as n — oo.

5 Numerical Test

We take E = L, ([0, 1]) with the inner product

1
<ﬁgw3£fammm

1 172
nm=<ﬁf%wo :

and the norm

for all f, g € L,([0, 1]).

con
S 9 /Vi
R
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Table 1 Table of numerical results

Case A Case B
err lXn1 — Xnl n err [1xn41 — Xnll n
. 1

Stop condition: |[x,4+1 — x, || < err, x1(t) = =7
1072 7.550769933¢ — 005 9 1072 1.293121191e — 03
1073 7.550769933¢ — 005 9 1073 8.032248181e — 004 4
10~ 7.550769933¢ — 005 9 104 9.162919110e — 005 48
1073 7.031827964¢ — 006 164 1073 7.139067500e — 006 121

Now, let

Qi ={x € Lo([0, 1]) : (ai, x) = b;},
where a; (1) = =1, b; = 5 foralli = 1,2,..., 10and € [0, 1].
It is easy to check that x(f) = t> € § = m}gl Q;. We consider the problem of finding an
element x* € S.
Now, by using Theorem 4.3, we consider the convergence of the sequence {x,} which is
generated by the following two cases:

Case A.

1) yin=Po;xn, i=1,2,...,N,

ii) Choose i, such that ||y, » — xull = max {Ilyin — xull}, let yo = yiy.n»
1=

Chr1=1{z€Cy : {yn— 2, JEGxn — yn)) = 0},
iii)xn+1 = PanxL n = 1,2,...

X,(0=1/(1+)

= The solution x‘(t):t2
—e—x,(t) inthe Case A

— xn(l) inthe Case B

1 1 1 1 1 1 1 1 1 |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 1 The behavior of x,, () with the stop condition |x,+1 — X, | < 104
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X, 0=1/(1+)

= The solution x'(t):tz

1= —e— (1) inthe Case A /
x,(t)in the Case B

0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9

Fig.2 The behavior of x,(¢) with the stop condition ||x,1 — x,| < 1072

Case B.

i)yi,l’I:PQ,'xny i=1,2,...,N,
i) Cl ={zeCp: Vin—2.JeCtn—yin) =20}, i=1,2,...,N,
Cn+1 :ﬂfv=1cfz+1’

iii) xp41 = Pc, X1, n=1,2,...
We obtain Table 1 of numerical results.
The behaviors of the approximation solution x; () in both of the cases ||x,+1 — X, ||

10~* and ||x,41 — x|l < 107 are presented in Figs. 1 and 2.

<

Acknowledgements The authors would like to thank the referees and the editor for the valuable comments

and suggestions, which helped to improve this paper.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps

and institutional affiliations.

References

1. Agarwal, R.P, O’Regan, D., Sahu, D.R.: Fixed Point Theory for Lipschitzian-Type Mappings with

Applications Topological Fixed 1 2 and its 5, vol. 6. Springer, New York (2009)

2. Alber, Y.I.: Metric and Generalized Projections in Banach Spaces: Properties and Applications. Theory
and Applications of Nonlinear Operators of Accretive and Monotone Type, 15-50. Lecture Notes in Pure

and Appl Math., vol. 178. Dekker, New York (1996)
3. Alber, Y.I., Reich, S.: An iterative method for solving a class of nonlinear operator in Banach spa
Panamer. Math. J. 4(2), 39-54 (1994)

CES.

4. Alvarez, F.: On the minimizing property of a second order dissipative system in Hilbert spaces. SIAM J.

Control Optim. 38(4), 1102-1119 (2000)

5. Bauschke, H.H., Borwein, J.M., Combettes, P.L.: Bregman monotone optimization algorithms. SIAM J.

Control Optim. 42(2), 596-636 (2003)

mee &\ Springer



952 T.M. Tuyen, N.M. Trang

6. Bauschke, H.H., Combettes, P.L.: Construction of best Bregman approximations in reflexive Banach
spaces. Proc. Am. Math. Soc. 131(12), 3757-3766 (2003)

7. Bauschke, H.H., Matouskova, E., Reich, S.: Projection and proximal point methods: convergence results
and counterexamples. Nonlinear Anal. 56(5), 715-738 (2004)

8. Beer, G.: Topologies on Closed and 1 Convex Sets Mathematics and Its Applications, vol. 268. Kluwer,
Dordrecht (1993)

9. Browder, EE.: Nonlinear maximal monotone operators in Banach space. Math. Ann. 175, 89-113
(1968)

10. Burachik, R.S., Iusem, A.N., Svaiter, B.F.: Enlargement of monotone operators with applications to
variational inequalities. Set-Valued Anal. 5(2), 159-180 (1997)

11. Burachik, R.S., Svaiter, B.F.: e-enlargements of maximal monotone operators in Banach spaces. Set-
Valued Anal. 7(2), 117-132 (1999)

12. Cioranescu, I.: Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems Mathematics
and Its Applications, vol. 62. Kluwer, Dordrecht (1990)

13. Dadashi, V.: Shrinking projection algorithms for the split common null point problem. Bull. Aust. Math.
Soc. 96(2), 299-306 (2017)

14. Goebel, K., Kirk, W.A.: Topics in Metric Fixed Point Theory. Cambridge Stud. Adv Math, vol. 28.
Cambridge Univ. Press, Cambridge (1990)

15. Giiler, O.: On the convergence of the proximal point algorithm for convex minimization. STAM J. Control
Optim. 29(2), 403—419 (1991)

16. Kamimura, S., Takahashi, W.: Strong convergence of a proximal-type algorithm in a Banach space.
SIAM J. Optim. 13(3), 938-945 (2002)

17. Kimura, Y., Takahashi, W.: On a hybrid method for a family of relatively nonexpansive mappings in a
Banach space. J. Math. Anal. Appl. 357(2), 356-363 (2009)

18. Kimura, Y.: A shrinking projection method for nonexpansive mappings with nonsummable errors in a
Hadamard space. Ann. Oper. Res. 243(1-2), 89-94 (2016)

19. Martinet, B.: Régularisation d’inéquations variationnelles par approximations successives. Rev.
Frang,aise Informat. Recherche Opérationnalle 4(Sér. R-3), 154-158 (1970)

20. Mosco, U.: Convergence of convex sets and of solutions of variational inequalities. Adv. Math. 3, 510—
585 (1969)

21. Moudafi, A., Elisabeth, E.: An approximate inertial proximal method using the enlargement of a maximal
monotone operator. Int. J. Pure Appl. Math. 5(3), 283-299 (2003)

22. Qin, X., Cho, S.Y., Kang, S.M.: Strong convergence of shrinking projection methods for
quasi—nonexpansive mappings and equilibrium problems. J. Comput. Appl. Math. 234(3), 750-760
(2010)

23. Reich, S.: Book review: Geometry of Banach spaces, duality mappings and nonlinear problems. Bull.
Am. Math. Soc. 26(2), 367-370 (1992)

24. Solodov, M. V., Svaiter, B.F.: A hybrid approximate extragradient-proximal point algorithm using the
enlargement of a maximal monotone operator. Set-Valued Anal. 7(4), 7323-345 (1999)

25. Solodov, M.V., Svaiter, B.F.: A hybrid projection-proximal point algorithm. J. Convex Anal. 6(1), 59-70
(1999)

26. Solodov, M.V., Svaiter, B.F.: Forcing strong convergence of proximal point iterations in Hilbert space.
Math. Progam. 87(1), 189-202 (2000). Ser. A

27. Rockafellar, R.T.: On the maximal monotonicity of subdifferential mappings. Pacific. J. Math. 33, 209—
216 (1970)

28. Rockafellar, R.T.: On the maximality of sums of nonlinear monotone operators. Trans. Am. Math. Soc.
149, 75-88 (1970)

29. Rockafellar, R.T.: Monotone operators and the proximal point algorithm. STAM J. Control Optim. 14(5),
887-898 (1976)

30. Takahashi, S., Takahashi, W.: The split common null point problem and the shrinking projection method
in Banach spaces. Optimization 65(2), 1-7 (2015)

31. Takahashi, W.: Convex Analysis and Approximation of Fixed Points. Yokohama Publishers, Yokohama
(2000)

32. Takahashi, W., Takeuchi, Y., Kubota, R.: Strong convergence theorems by hybrid methods for families
of nonexpansive mappings in Hilbert spaces. J. Math. Anal. Appl. 341(1), 276-286 (2008)

33. Takahashi, W.: The split feasibility problem and the shrinking projection method in Banach spaces. J.
Nonlinear Anal. Convex 16(7), 1449-1459 (2015)

@ Springer ‘ms



Two Strong Convergence Theorems for the Common Null Point Problem 953

34.

35.

36.
37.

Takahashi, W., Wen, C.-E,, Yao, J.-C.: Strong convergence theorem by shrinking projection method for
new nonlinear mappings in Banach spaces and applications. Optimization 66(4), 609-621 (2017)
Tsukada, M.: Convergence of best approximations in a smooth Banach space. J. Approx. Theory 40(4),
301-309 (1984)

Xu, H.K.: Inequalities in Banach spaces with applications. Nonlinear Anal. 16(12), 1127-1138 (1991)
Saewan, S., Kumam, P.: The shrinking projection method for solving generalized equilibrium problems
and common fixed points for asymptotically quasi-nonexpansive mappings. Fixed Point Theory Appl.
2011(9), 25 (2011)

@ Springer



	Two Strong Convergence Theorems for the Common Null Point Problem
	Abstract
	Introduction
	Preliminaries
	Main Results
	Applications
	The Common Minimum Point Problem
	The Convex Feasibility Problem
	A System Variational Inequalities

	Numerical Test
	References


