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Abstract
A ring R is called weakly principally quasi-Baer or simply (weakly p.q.-Baer) if the right
annihilator of a principal right ideal is right s-unital by right semicentral idempotents, which
implies that R modulo, the right annihilator of any principal right ideal, is flat. We study
the relationship between the weakly p.q.-Baer property of a ring R and those of the differ-
ential polynomial extension R[x; δ], the pseudo-differential operator ring R((x−1; δ)), and
also the differential inverse power series extension R[[x−1; δ]] for any derivation δ of R.
Examples to illustrate and delimit the theory are provided.

Keywords Differential polynomial ring · Pseudo-differential operator ring · Differential
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1 Introduction

Throughout this paper, all rings are associative and they contain an identity element. Recall
from [15] that R is a Baer ring if the right annihilator of every nonempty subset of R is gen-
erated by an idempotent. In [31], Rickart studied C∗-algebras with the property that every
right annihilator of any element is generated by a projection. Using Rickart’s work, Kaplan-
sky [14] defined an AW∗-algebra as a C∗-algebra with the stronger property that right
annihilators of nonempty subsets are generated by a projection. In [15] Kaplansky intro-
duced Baer rings to abstract various properties of AW∗-algebras, von Neumann algebras,
and complete ∗-regular rings. Berberian continued the development of Baer rings in [2].
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The class of Baer rings includes the von Neumann algebras (e.g., the algebra of all bounded
operators on a Hilbert space), the commutative C∗-algebra C(T ) of continuous complex
valued functions on a Stonian space T , and the regular rings whose lattice of principal right
ideals is complete (e.g., regular rings which are continuous or right self-injective).

Closely related to Baer rings are principally projective (PP) rings. A ring R is called a
right (resp. left) PP ring if every principal right (resp. left) ideal is projective (equivalently,
if the right (resp. left) annihilator of an element ofR is generated (as a right (resp. left) ideal)
by an idempotent of R). R is called a PP ring if it is both right and left PP. The concept of
PP ring is not left-right symmetric by Chase [7]. A right PP ring R is Baer (so PP) when R

is orthogonally finite by Small [33] (where R is orthogonally finite if has no infinite set of
orthogonal idempotents).

A ring R is called quasi-Baer if the right annihilator of every right ideal of R is generated
as a right ideal by an idempotent. It is easy to see that the quasi-Baer property is left-
right symmetric for any ring. Quasi-Baer rings were initially considered by Clark [9] and
used to characterize a finite dimensional algebra over an algebraically closed field as a
twisted semigroup algebra of a matrix unit semigroup. In [30], Pollingher and Zaks show
that the class of quasi-Baer rings is closed under n-by-n matrix rings and under n-by-n
upper (or lower) triangular matrix rings. Birkenmeier et al. [6] obtained a structure theorem,
via triangulating idempotents, for an extensive class of quasi-Baer rings which includes
all piecewise domains. Some results on quasi-Baer rings can be found in (cf. [3, 5, 6, 25]
and [30]).

Birkenmeier, Kim, and Park in [4] introduced the concept of principally quasi-Baer rings.
A ring R is called right principally quasi-Baer (or simply right p.q.-Baer) if the right anni-
hilator of a principal right ideal is generated by an idempotent. Equivalently, R is right
p.q.-Baer if R modulo, the right annihilator of any principal right ideal, is projective. If R

is a semiprime ring, then R is right p.q.-Baer if and only if R is left p.q.-Baer. The class of
right p.q.-Baer rings includes properly the class of quasi-Baer rings. Some examples were
given in [4] to show that the classes of right p.q.-Baer rings and right PP rings are distinct.

Following Tominaga [35], an ideal I of R is said to be left s-unital if, for each a ∈ I ,
there is an element x ∈ I such that xa = a. According to Liu and Zhao [19], a ring R is
called a right APP ring if the right annihilator rR(aR) is left s-unital as an ideal of R for any
element a ∈ R [19]. Left APP rings may be defined analogously. This concept is a common
generalization of left p.q.-Baer rings and right PP rings. In [19], the authors showed that the
APP property is inherited by polynomial extensions and is a Morita invariant property.

Recall from [21], that a ring R is a right AIP ring if R has the property that “the right
annihilator of an ideal is pure as a right ideal.” Equivalently, R is a right AIP ring if R mod-
ulo, the right annihilator of any right ideal, is flat. This class of rings includes both left PP
rings and left p.q.-Baer rings (and hence the biregular rings (i.e., rings every principal ideal
is generated by a central idempotent)). For more details and results of AIP ring, see [21].

As a generalization of p.q.-Baer rings, Majidinya and the second author in [22] intro-
duced the concept of weakly p.q.-Baer rings. A ring R with unity is weakly p.q.-Baer if for
each a ∈ R there exists a nonempty subset E of left semicentral idempotents of R such that
rR(aR) = ⋃

e∈E

eR (see Section 2 for details). The class of weakly p.q.-Baer rings is a natural

subclass of the class of APP rings and includes both left p.q.-Baer rings and right p.q.-Baer
rings. Contrary to the case of the notion of p.q.-Baer authors in [22, Proposition 2.2] showed
that the notion of weakly p.q.-Baer is left-right symmetric. Also, they in [22, Theorem 2.20]
showed that the n × n upper triangular matrix ring Tn(R) over a ring R is weakly p.q.-Baer
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if and only if R is weakly p.q.-Baer. Moreover, in [22], various classes of weakly p.q.-Baer
rings which are neither left p.q.-Baer nor right p.q.-Baer nor right PP were constructed.

For any ring, we have the following implications:

Baer ⇒ quasi-Baer ⇒ left p.q.-Baer ⇒ weakly p.q.-Baer ⇒ right APP

⇑
Baer =⇒ left PP =⇒ right AIP

In general, each of these implications is irreversible. For more details and examples, we
refer the reader to [4, 5, 19, 21] and [22].

In this paper, we study differential extensions of weakly p.q.-Baer rings and AIP rings.
The paper is organized as follows: In Section 2, we prove that R is a weakly p.q.-Baer ring
if and only if R is δ-weakly rigid and the differential polynomial ring R[x; δ] is weakly
p.q.-Baer (Theorems 2.7 and 2.18). We also apply our results to note that the generalized
Weyl ring An(R) is a weakly p.q.-Baer ring whenever the ring R is weakly p.q.-Baer (see
Corollary 2.9). Furthermore, we show that for a δ-weakly rigid ring R, R[x; δ] is a right
AIP (resp. APP) ring if and only if R is right AIP (resp. APP). In Section 3, we study the
relationship between the weakly p.q.-Baer and AIP properties of a ring R and these of the
pseudo-differential operator ring R((x−1; δ)) and also the differential inverse power series
extension R[[x−1; δ]] for any derivation δ of R. In particular, if R is a weakly p.q.-Baer
ring and every countable subset of right semicentral idempotents in R has a generalized
countable join in R, then the differential inverse power series ring R[[x−1; δ]] and also
the pseudo-differential operator ring R((x−1; δ)) is a weakly p.q.-Baer ring (see Theorem
3.8). In addition, motivated by the result in [13], we give a lattice isomorphism from the
right annihilators of ideals of R to the right annihilators of ideals of R[[x−1; δ]] and also
R((x−1; δ)). Finally, it is proved that, under suitable conditions,R is a right AIP (resp. APP)
ring if and only if R((x−1; δ)) is right AIP (resp. APP) if and only if R[[x−1; δ]] is right
AIP (resp. APP) (see Theorem 3.13). As a consequence of the main result of this section,
we obtain some characterizations for the power series ring and the Laurent power series ring
to be PP ring.

2 Differential Polynomial Rings over Weakly Principally Quasi-Baer
Rings

For a nonempty subset X of R, rR(X) (resp. �R(X)) is used for the right (resp. left) annihi-
lator of X over R. Also, we use Z and N for the integers and positive integers, respectively.
Let δ be a derivation on R, that is, δ is an additive map such that δ(ab) = δ(a)b + aδ(b),
for all a, b ∈ R. We denote R[x; δ] the differential polynomial ring whose elements are
the polynomials over R, the addition is defined as usual and the multiplication subject
to the relation xa = ax + δ(a) for any a ∈ R. Differential polynomial rings such as
Weyl algebras have been a source of many interesting examples in noncommutative ring
theory.

Definition 2.1 [4, p. 641] An idempotent e ∈ R is called left (resp. right) semicentral if
xe = exe (resp. ex = exe), for all x ∈ R. The set of all idempotents of R and the set of
left (right) semicentral idempotents of R are denoted by I(R), S�(R) (Sr (R)), respectively.
Define S�(R) ∩ Sr (R) = B(R) (the set of all central idempotents) and if R is semiprime
then S�(R) = Sr (R) = B(R).
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It follows from [35, Theorem 1] that an ideal I of a ring R is right s-unital if and only
if given finitely many elements a1, a2, . . . , an ∈ I there exists an element x ∈ I such that
ai = aix, 1 ≤ i ≤ n. By [34, Proposition 11.3.13], an ideal I is right s-unital if and only if
I is pure as a left ideal of R if and only if R/I is flat as a left R-module.

Definition 2.2 [22, Definition 2.1] We say an ideal I of a ring R is right s-unital by right
semicentral idempotents if for every x ∈ I , xe = x for some e ∈ I ∩ Sr (R), or equiva-
lently, I = ⋃

e∈E

Re for some nonempty subset E of Sr (R). The left case may be defined

analogously.

Definition 2.3 [22, Definition 2.3] A ring R is called weakly principally quasi-Baer (or
simply weakly p.q.-Baer) if the right annihilator of a principal right ideal is right s-unital
by right semicentral idempotents, which implies that R modulo, the right annihilator of any
principal right ideal, is flat.

We start with the following lemmas, which play a key role in the sequel.

Lemma 2.4 Let R be a weakly p.q.-Baer ring with a derivation δ. Then, for any a, b ∈ R

and positive integer n, aRb = 0 implies aRδn(b) = δn(a)Rb = 0.

Proof There exists a left semicentral idempotent e ∈ rR(aR) such that eb = b. Since
δ(e) = eδ(e) + δ(e)e, we obtain δ(e)e = eδ(e)e + δ(e)e. Also, eδ(e)e = δ(e)e, and hence
δ(e)e = 0. Thus, δ(e) = eδ(e). Therefore, aRδ(b) = aRδ(eb) = aR(eδ(b) + δ(e)b) =
aR(eδ(b) + eδ(e)b) = 0 because aRe = 0. By induction, we have aRδn(b) = 0, for
every positive integer n. Using a similar argument, we can show that aRb = 0 follows
δn(a)Rb = 0, and we are done.

Lemma 2.5 Let R be a ring with a derivation δ. If e is a left semicentral idempotent of R,
then e is also a left semicentral idempotent of R[x; δ].

Proof We show that for each f (x) ∈ R[x; δ], f (x)e = ef (x)e. We prove this by induction
on the degree of f (x). If deg(f (x)) = 0, then the result follows by assumption. Now
assume inductively that the assertion holds for polynomials of degree less than n and that
f (x) = axn + g(x), with deg(g(x)) < n. We have

ef (x)e = eaxn−1(xe) + eg(x)e = eaxn−1ex + eaxn−1δ(e) + eg(x)e. (2.1)

By the same method as in the proof of Lemma 2.4, we can show that δ(e) = eδ(e). Then,
(2.1) becomes:

ef (x)e = (eaxn−1e)x + (eaxn−1e)δ(e) + eg(x)e. (2.2)

From induction hypothesis, we infer that eaxn−1e = axn−1e and eg(x)e = g(x)e. Also,
since δ(e) = eδ(e), then from (2.2), we have:

ef (x)e = axn−1ex + axn−1δ(e) + g(x)e

= axn−1(ex + δ(e)) + g(x)e

= (axn + g(x))e = f (x)e.

Therefore, e is a left semicentral idempotent of R[x; δ], and the proof is complete.
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The next lemma is proved in [22, Lemma 2.14]. We use from this result to prove
Theorem 2.7.

Lemma 2.6 An ideal J is left s-unital by left semicentral idempotents if and only if given
finitely many elements a1, . . . , an ∈ J , there exists an idempotent e ∈ J ∩ S�(R) such that
eai = ai , for each i.

Theorem 2.7 Let R be a ring and δ a derivation of R. If R is a weakly p.q.-Baer ring, then
so is R[x; δ].
Proof Suppose that f (x) = ∑m

i=0 aix
i , g(x) = ∑n

j=0 bjx
j ∈ R[x; δ] are such that

g(x) ∈ rR[x;δ](f (x)R[x; δ]). We first prove that aiRbj = 0 for any i and j . We proceed by
induction on i + j . For any r ∈ R,

f (x)rg(x) =
m+n∑

k=0

⎛

⎝
∑

i+j=k

aix
irbj x

j

⎞

⎠ =
m+n∑

k=0

ckx
k = 0.

It is clear cm+n = amrbn = 0. Now suppose that our claim is true for all 0 ≤ m + n − k <

i + j . Then, aiRbj = 0 and so by Lemma 2.4, we have aiRδl(bj ) = 0 for any positive
integer l and i + j = m + n, . . . , m + n − k + 1. Thus we have

cm+n−k =
k∑

i=0

am−i rbn−k+i = 0. (2.3)

Since R is a weakly p.q.-Baer ring, so rR(amR + am−1R + · · · + am−k+1R) is left s-
unital by left semicentral idempotents, by [22, Proposition 2.16]. On the other hand, bn ∈
rR(amR + am−1R + · · · + am−k+1R), so there exists a left semicentral idempotent ek−1 ∈
rR(amR + am−1R + · · · + am−k+1R) such that bn = ek−1bn. Then, asRek−1 = 0 for any
m − k + 1 ≤ s ≤ m. We replace r by rek−1 in (2.3). Then, (2.3) becomes

0 =
k∑

i=0

am−i rek−1bn−k+i = am−krek−1bn.

Since bn = ek−1bn, so am−kRbn = 0. Thus from (2.3), we have

amrbn−k + am−1rbn−k+1 + · · · + am−k+1rbn−1 = 0. (2.4)

Continuing this process, we have am−iRbn−k+i = 0 for any 0 ≤ i ≤ k . Consequently we

obtain aiRbj = 0 for 0 ≤ i ≤ m and 0 ≤ j ≤ n. Therefore bj ∈
n⋂

j=0
rR(ajR), for all j .

Since R is weakly p.q.-Baer,
n⋂

j=0
rR(ajR) is left s-unital by left semicentral idempotents.

So by Lemma 2.6, there exists a left semicentral idempotent e ∈
n⋂

j=0
rR(ajR) such that,

bj = ebj , for all 0 ≤ j ≤ n and so g(x) = eg(x). By Lemma 2.5, e ∈ S�(R[x; δ]). On the
other hand, Lemma 2.4 implies that e ∈ rR[x;δ](g(x)R[x; δ]). Therefore, R[x; δ] is weakly
p.q.-Baer, and the result follows.

Corollary 2.8 Let R be a ring, S = R[x; δ1] · · · [x; δn] be an iterated differential polyno-
mial ring, where each δi is a derivation of R[x; δ1] · · · [x; δi−1]. If R is weakly p.q.-Baer,
then so does S.
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Let R be a ring; the first Weyl ring over R is defined by

A1(R) := R[y1]
[

x1; ∂

∂y1

]

,

where ∂
∂y1

is the ordinary derivative and the nth Weyl ring over R is

An(R) = An−1(R)[yn]
[

xn; ∂

∂yn

]

.

As a further application of Theorem 2.7, we have:

Corollary 2.9 Let R be a weakly p.q.-Baer ring. Then, the nth Weyl ring An(R) is a weakly
p.q.-Baer ring.

The following example is a ring R which is not weakly p.q.-Baer, but the extension
R[x; δ] is Baer. So, the converse of Theorem 2.7 is not true in general.

Example 2.10 Let R = Z2[x]/(x2) with the derivation δ such that δ(x) = 1, where x =
x + (x2) in R and (x2) is a principal ideal generated by x2 of the polynomial ring Z2[x]
over the field Z2 of two elements. Assume that the commutative ring R is weakly p.q.-Baer.
From [22, Proposition 2.5], we deduce that R is reduced, a contradiction. Thus, R is not
weakly p.q.-Baer. On the other hand, by [1, Example 11], we have:

R[y; δ] ∼= M2(Z2[y2]) ∼= M2(Z2[t]).
Since Z2[t] is a principal integral domain, Z2[t] is a Prüfer domain (i.e., all finitely gen-
erated ideals are invertible). So by [15, Exercise 3, p. 17], M2(Z2[t]) is Baer. Therefore
R[y; δ] is Baer.

Now, we state a condition under which weakly p.q.-Baer property of a ring R inherits
from the differential polynomial ring R[x; δ].

Definition 2.11 [25, Definition 2.1] A ring R with a derivation δ is called δ-weakly rigid if
for any a, b ∈ R, aRb = 0 implies aδ(b) = 0.

Lemma 2.12 [25, Lemma 3.3] Let δ be a derivation ofR andR a δ-weakly rigid ring. Then,
for any a, b ∈ R and any positive integers i and j , aRb = 0 implies δi(a)Rδj (b) = 0.

It is shown in [25] that for any positive integer n, a ring R is weakly rigid if and only if
the n-by-n upper triangular matrix ring Tn(R) is weakly rigid if and only if the matrix ring
Mn(R) is weakly rigid. If R is a semiprime weakly rigid ring, then the ring of polynomials
R[x] is a semiprime weakly rigid ring. In [25], several other classes of weakly rigid rings
are provided.

Lemma 2.13 Suppose that R is a semiprime ring with a derivation δ. Then, for each a, b ∈
R and positive integers m, n, aRb = 0 implies δm(a)Rδn(b) = 0.

Proof We will proceed by induction on n. For n = 0, it is trivial. Suppose that the state-
ment is true for n − 1. From δ(aRδn−1(b)) = 0, we have aRδn(b) = −δ(aR)δn−1(b).
On the other hand, δn−1(b)Ra = 0, since R is semiprime. Then, (aRδn(b)R)2 =
−δ(aR)δn−1(b)RaRδn(b)R = 0. Since R is semiprime, it follows that aRδn(b) = 0.
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Using a similar argument, we can show that aRδn(b) = 0 follows δm(a)Rδn(b) = 0 for all
positive integer m, and the result follows.

Remark 2.14 Lemmas 2.4 and 2.13 allow us to construct various examples of δ-weakly
rigid rings.

The following shows that the class of weakly p.q.-Baer rings properly contains the class
of p.q.-Baer rings. Using Theorem 2.7, we are able to obtain various examples of weakly
p.q.-Baer rings which are not p.q.-Baer.

Example 2.15 Let A be a commutative p.q.-Baer ring and P a nonzero prime ideal of A

such that �A(a0) = 0 for some nonzero element a0 ∈ P (e.g., if A is a domain). Assume

that R = {(a, b) | a ∈ A and b ∈
∞⊕
i=1

Qi}, where Qi = A/P for each i, b = (bi)
∞
i=1 and

bi = bi+P ∈ Qi . Then,R is a commutative ring with pointwise addition and multiplication

defined by (z, y) · (t, x) = (zt, zx + ty + xy), for every z, t ∈ A and x, y ∈
∞⊕
i=1

Qi . By

a similar method as the one employed in [20, Example 2.4], we can deduce that the ring R

is a weakly p.q.-Baer ring which is neither p.q.-Baer nor PP. Now, let δ is any derivation
of R. Then, by Lemma 2.4, R is δ-weakly rigid. Therefore, R[x; δ] is weakly p.q.-Baer, by
Theorem 2.7. But [25, Theorem 3.11] implies that R[x; δ] is not p.q.-Baer.

The next lemma is proved in [35, Theorem 1]. It is used repeatedly in the sequel.

Lemma 2.16 An ideal J of a ring R is left s-unital if and only if given finitely many
elements a1, a2, . . . , an ∈ J , there is an element e ∈ J such that ai = eai , for each i.

Proposition 2.17 Let R be a left APP ring with a derivation δ. Assume that R is a
δ-weakly rigid ring and f (x) = ∑m

i=0 aix
i , g(x) = ∑n

j=0 bjx
j ∈ R[x; δ] satisfy

f (x)R[x; δ]g(x) = 0. Then, aiRbj = 0 for any i and j .

Proof The proof is similar to that of Theorem 2.7 by using Lemmas 2.12, 2.16.

Theorem 2.18 Let R be a δ-weakly rigid ring. If R[x; δ] is a weakly p.q.-Baer ring, then R

is weakly p.q.-Baer.

Proof Assume that a ∈ R. First we show that �R(Ra)[x; δ] = �R[x;δ](R[x; δ]a). Let f (x)

= a0 + a1x + · · · + anx
n ∈ �R(Ra)[x; δ]. Since ai ∈ �R(Ra) and R is δ-weakly rigid,

f (x)R[x; δ]a = 0 and consequently f (x) ∈ �R[x;δ](R[x; δ]a). If f (x) = a0 + a1x + · · · +
anx

n ∈ �R[x;δ](R[x; δ]a), then anRa = 0. Since R is δ-weakly rigid, anx
nRa = 0 and

so an−1Ra = 0, hence an−1x
n−1Ra = 0. Inductively, it is seen that for each 0 ≤ i ≤ n,

aiRa = 0. Therefore �R(Ra)[x; δ] = �R[x;δ](R[x; δ]a). Now, let bRa = 0, for element
b ∈ R. Then, b ∈ �R[x;δ](R[x; δ]a). So there exists a right semicentral idempotent g(x) =
c0 + c1x + · · · + cnx

n ∈ �R[x;δ](R[x; δ]a) such that b = bg(x). Then, b = bc0. Also
c0 ∈ �R(Ra), since g(x) ∈ �R(Ra)[x; δ]. Hence �R(Ra) is right s-unital and so R is a
left APP ring. On the other hand g(x)R[x; δ](1 − g(x)) = 0 and hence c0 ∈ Sr (R), by
Proposition 2.17. Therefore, R is weakly p.q.-Baer, and the proof is complete.

The following corollaries are immediate consequences of Theorems 2.7, 2.18.
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Corollary 2.19 Let R be a ring and δ a derivation of R. Then, R is a weakly p.q.-Baer ring
if and only if R is δ-weakly rigid and R[x; δ] is weakly p.q.-Baer.

Corollary 2.20 [22, Theorem 2.21] Let R be a ring. Then, R[x] is a weakly p.q.-Baer ring
if and only if R is weakly p.q.-Baer.

Armendariz showed that polynomial rings over right PP rings need not be right PP in the
example in [1]. From [25, Corollary 3.12], for a δ-weakly rigid ring R, the ring R[x; δ] is a
left p.q.-Baer ring if and only if R is left p.q.-Baer.

Theorem 2.21 Let R be a δ-weakly rigid ring. Then, R[x; δ] is a right AIP (resp. APP)
ring if and only if R is right AIP (resp. APP).

Proof We shall deal with the “AIP” case and leave the (completely analogous) “APP” case
to the reader. Let I be a right ideal of R[x; δ] and denote by I0 the set of all coefficients of
elements of I in R. Let J be the right ideal R generated by I0. Let g(x) = ∑m

j=0 ajx
i ∈

rR[x;δ](I ), then for every f (x) = ∑n
i=0 aix

i ∈ I , f (x)R[x; δ]g(x) = 0. By Proposition
2.17, for each i, j , aiRbj = 0. Therefore bj ∈ rR(I0), for all j . Since R is a right AIP
ring, rR(I0) is left s-unital. So by Lemma 2.16, there exists an element c ∈ rR(I0) such
that, bj = cbj , for all 0 ≤ j ≤ n and so g(x) = cg(x). On the other hand, the δ-weakly
rigidness ofR implies that c ∈ rR[x;δ](I ). Therefore,R[x; δ] is a right AIP-ring. Conversely,
if R[x; δ] is a right AIP-ring, then, by analogy with the proof of Theorem 2.18, we can show
that R is right AIP, and the result follows.

Corollary 2.22 [21, Proposition 3.14] Let R be a ring. Then, R[x] is a right AIP (resp.
APP) ring if and only if R is right AIP (resp. APP).

By [19, Proposition 2.3], the class of left APP rings includes both right PP rings and left
p.q.-Baer rings (and hence it includes all biregular rings and all quasi-Baer rings). Some
examples were given in [4, Examples 1.3 and 1.5] to show that the class of left p.q.-Baer
rings is not contained in the class of right PP-rings and, the class of right PP-rings is not
contained in the class of left p.q.-Baer rings. The following example shows that another
class of APP rings properly contains the class of weakly p.q.-Baer rings (and hence the class
of p.q.-Baer rings). Using Theorems 2.18 and 2.21, we are able to obtain various examples
of APP rings which are not weakly p.q.-Baer.

Example 2.23 For a field F, take Fn = F for n = 1, 2, . . . , let

R :=

⎛

⎜
⎜
⎜
⎜
⎝

∞∏
n=1

Fn

∞⊕
n=1

Fn

∞⊕
n=1

Fn <
∞⊕

n=1
Fn, 1 >

⎞

⎟
⎟
⎟
⎟
⎠

which is a subring of the 2×2 matrix ring over the ring
∞∏

n=1
Fn, where<

∞⊕
n=1

Fn, 1 > is the F-

algebra generated by
∞⊕

n=1
Fn and 1 ∞∏

n=1
Fn

. Then, by [4, Example 1.6], the ring R is semiprime
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and PP, so by [19, Proposition 2.3] R is a APP ring. On the other hand, [22, Example 2.6]
shows that R is not weakly p.q.-Baer. Now, let δ be any derivation of R. Then, by Lemma
2.13, R is δ-weakly rigid. Therefore, R[x; δ] is a APP ring, by Theorem 2.21. But Theorem
2.18 shows that R[x; δ] is not weakly p.q.-Baer.

3 The Pseudo-differential Operator Rings over Weakly Principally
Quasi-Baer Rings

We denote by R((x−1; δ)) the pseudo-differential operator ring over the coefficient ring R

formed by formal series f (x) = ∑∞
i=m aix

−i , where x is a variable, m is an integer (may
be negative), and the coefficients ai of the series f (x) are elements of the ring R. In the
ring R((x−1; δ)), addition is defined as usual and multiplication is defined with respect to
the relations

xa = ax + δ(a),

x−1a = ∑∞
i=0(−1)iδi(a)x−i−1, for each a ∈ R.

The algebra of pseudo-differential operators R((x−1; δ)) was introduced by Schur in
[32]. This algebra has been investigated by a number of authors and repeatedly applied
in various fields of mathematics; for instance, see [11, 17], and [36]. Tuganbaev [36] has
studied ring-theoretical properties of pseudo-differential operator rings; and showed that
other methods of constructing pseudo-differential operator rings can be found in [10]. In the
structural ring theory, pseudo-differential operator rings are used for calculation in algebras
of differential operators (see [11] for details) and for construction of many examples (e.g.,
see [12]).

Observe that the subset R[[x−1; δ]] of R((x−1; δ)) consisting of inverse power series
of the form f (x) = ∑∞

i=0 aix
−i is a subring of R((x−1; δ)). The differential inverse

power series ring R[[x−1; δ]] have wide applications. Not only do they provide interest-
ing examples in noncommutative algebra, they have also been a valuable tool used first
by Hilbert in the study of the independence of geometry axioms. The ring-theoretical
properties of pseudo-differential operator ring and differential inverse power series rings
have been studied by many authors: for more information, refer to [11, 12, 17, 26–29]
and [36].

In this section we study the relationship between the weakly p.q.-Baer and AIP prop-
erties of a ring R and these of the pseudo-differential operator ring R((x−1; δ)) and also
differential inverse power series extension R[[x−1; δ]] for any derivation δ of R.

Proposition 3.1 Let R be a δ-weakly rigid ring and right APP. Suppose that f (x) =∑∞
i=0 aix

−i , g(x) = ∑∞
j=0 bjx

−j ∈ R[[x−1; δ]] are such that f (x)R[[x−1; δ]]g(x) = 0.
Then, aiRbj = 0 for any i and j .

Proof We proceed by induction on i + j . The case i + j = 0 is clear. Now, assume that
aiRbj = 0 for i + j ≤ n − 1. Hence bj ∈ rR(aiR) for i = 0, . . . , n − 1 and j =
0, . . . , n − 1 − i. Let r be an arbitrary element of R. Then, we have

∞∑

k=0

⎛

⎝
∑

i+j=k

aix
−i rbj x

−j

⎞

⎠ =
∞∑

k=0

⎛

⎝
∑

i+j=k

ckx
−k

⎞

⎠ = 0. (3.1)
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So, ck = a0rbk +a1rbk−1+· · ·+akrb0+h = 0, where h is a sum of monomials of the form
aiδ

t (rbj ) and i + j ≤ n − 1. By the δ-weakly rigidnees of R and the hypotheses, we obtain
a0rbn +a1rbn−1 +· · ·+anrb0 = 0. Since R is a right APP ring, there exists eji ∈ rR(aiR)

such that bj = ejibj for all i = 0, . . . , n − 1 and j = 0, . . . , n − 1 − i. If we put fj =
ej0 · · · ej,n−1 for j = 0, . . . , n−1−i, then fjbj = bj and fj ∈ rR(a0R)∩· · ·∩rR(an−1R).
For k = n, interchanging r into rf0 in (3.1), we obtain anrb0 = anrf0b0 = 0. Hence
anRb0 = 0. Continuing this process, replacing r by rfj in (3.1), and using again of δ-weakly
rigidness of R, we get aiRbj = 0 for i + j = n. This finishes the proof.

Hirano observed relations between annihilators of ideals in a ring R and annihilators of
ideals in the polynomial ring R[x] (see [13, Proposition 3.4]). In order to prove our main
results, analogue of results in [13], we give a lattice isomorphism from the right annihilators
of ideals of R to the right annihilators of ideals of R[[x−1; δ]] and also R((x−1; δ)). Fur-
thermore, we deduce that, if R is a weakly p.q.-Baer ring, then R satisfies the ACC on right
annihilators of ideals if and only if so does R[[x−1; δ]] if and only if so does R((x−1; δ)).
Following [13], for a ring R, put rAnnR(id(R)) = {rR(U) |U is an ideal of R}.

Proposition 3.2 Let R be a δ-weakly rigid ring and a right APP ring. Then, the map ϕ :
rAnnR(id(R)) → rAnnR[[x−1;δ]](id(R[[x−1; δ]])); I → I [[x−1; δ]] is bijective.

Proof Suppose that A ∈ rAnnR(id(R)). Then, there exists an ideal I of R such
that rR(I ) = A. Since R is δ-weakly rigid, A[[x−1; δ]] is an ideal of R[[x−1; δ]].
We claim that rR[[x−1;δ]](R[[x−1; δ]]IR[[x−1; δ]]) = A[[x−1; δ]]. Since R is δ-weakly
rigid, A[[x−1; δ]] ⊆ rR[[x−1;δ]](R[[x−1; δ]]IR[[x−1; δ]]), by Lemma 2.12. Let f (x) =
∑∞

i=0 aix
−i ∈ rR[[x−1;δ]](R[[x−1; δ]]IR[[x−1; δ]]). Then, ai ∈ rR(I ) for each i ∈ N,

by Lemma 2.12. Hence f (x) ∈ A[[x−1; δ]]. Consequently, ϕ is a well defined map.
Clearly, ϕ is injective. Now, it is only necessary to show that ϕ is surjective. Assume that
J ∗ ∈ rAnnR[[x−1;δ]](id(R[[x−1; δ]])), then there exists an ideal I ∗ of R[[x−1; δ]] such
that rR[[x−1;δ]](I ∗) = J ∗. Let I , J denote the sets of coefficients of elements of I ∗ and
J ∗, respectively. It is clear that I and J are ideals of R. We claim that rR(I ) = J . Let
f (x) = ∑∞

i=0 aix
−i ∈ I ∗ and g(x) = ∑∞

j=0 bjx
−j ∈ J ∗. Then, f (x)R[[x−1; δ]]g(x) =

0. Hence aiRbj = 0 for all i, j ∈ N, by Proposition 3.1. Thus J ⊆ rR(I ). Conversely, let
a ∈ rR(I ). Hence aiRa = 0 for all i ∈ N and f (x) = ∑∞

i=0 aix
−i ∈ I ∗. Since R is δ-

weakly rigid, so f (x)(ra) = 0 for each r ∈ R. It follows that a ∈ J . Thus rR(I ) = J , and
rR[[x−1;δ]](I ∗) = rR(I )[[x−1; δ]] = J [[x−1; δ]] = J ∗, and so ϕ is onto.

Remark 3.3 We also have the same results as Propositions 3.1 and 3.2 for the pseudo-
differential operator ring R((x−1; δ)), using a slightly modified method. Now we have the
following.

Corollary 3.4 Let R be a weakly p.q.-Baer ring with a derivation δ. Then, R satisfies
the ascending chain condition (ACC) on right annihilators of ideals if and only if so does
R[[x−1; δ]] if and only if so does R((x−1; δ)).

Proof This result is a consequence of Lemma 2.4 and Proposition 3.2.

In [24, Theorem 2.12], the authors showed that if R is a δ-weakly rigid ring, then the
pseudo-differential operator ring R((x−1; δ)) is a left p.q.-Baer ring if and only if R is a
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left p.q.-Baer ring and every countable subset of S�(R) has a generalized countable join
in R. Motivated by results in [24], we study the relationship between the weakly p.q.-Baer
property of a ring R and these of the pseudo-differential operator ring R((x−1; δ)) and also
the differential inverse power series ring R[[x−1; δ]].

Remark 3.5 In [4], Birkenmeier et al. defined the notion of semicentral reduced. Let e be
an idempotent in R. We say e is semicentral reduced if S�(eRe) = {0, e}. Observe that
S�(eRe) = {0, e} if and only if Sr (eRe) = {0, e}. If 1 is semicentral reduced, then we sayR

is semicentral reduced. In [18, Definition 2], Liu defined the notion of generalized join for
a countable subset of idempotents. Explicitly, let {e0, e1, . . .} ⊆ I(R). The set {e0, e1, . . .}
is said to have a generalized join e if there exists an idempotent e ∈ R such that:

(i) (1 − e)Rei = 0;
(ii) If d is an idempotent and (1 − d)Rei = 0 then (1 − d)Re = 0.

In [18, Theorem 3], Liu, gave a necessary and sufficient condition for a semiprime ring R

under which the ringR[[x]] is right p.q.-Baer. It is shown thatR[[x]] is right p.q.-Baer if and
only if R is right p.q.-Baer and any countable family of idempotents in R has a generalized
join when all left semicentral idempotents are central. For a right p.q.-Baer ring, asking
the set of left semicentral idempotents are central is equivalent to assume R is semiprime
[4, Proposition 1.17].

Definition 3.6 [8] Let E = {e0, e1, . . .} be a countable subset of Sr (R). Then, E is said to
have a generalized countable join e if, given a ∈ R, there exists e ∈ Sr (R) such that:

(1) eie = ei for all positive integer i;
(2) If eia = ei for all positive integer i, then ea = e.

As it is mentioned in [8], if there exists an element e ∈ R that satisfies conditions (1)
and (2) above, then e ∈ Sr (R). Indeed, the condition (1): ene = en for all n ∈ N implies
ee = e by (2) and so e is an idempotent. Further, let a ∈ R be arbitrary. Then, the element
d = e − ea + eae is an idempotent in R and end = en for all n ∈ N. Thus ed = e by (2).
Note that ed = e(e − ea + eae) = d. Consequently, e = d = e − ea + eae and hence
ea = eae. Thus e ∈ Sr (R). In particular, when R is a Boolean ring or a reduced PP ring,
then the generalized countable join is indeed a join in R.

Now we prove that, in the context of right semicentral idempotents, a generalized count-
able join is a generalized join in the sense of Liu. Observe that eir(1− e) = eirei(1− e) =
eir(ei − eie), when ei ∈ Sr (R). Thus ei = eie if and only if eir(1 − e) = 0 for all r ∈ R

when ei ∈ Sr (R) for all i ∈ N. Now, let E = {e0, e1, e2, . . .} ⊆ Sr (R) and e be a gener-
alized countable join of E. To show e is a generalized join (in the sense of Liu), it remains
to show that condition (ii) holds. Let f be an idempotent in R such that eiR(1 − f ) = 0.
Then, in particular, ei(1−f ) = 0 for all i ∈ N. Thus e(1−f ) = 0 by hypothesis. It follows
that er(1 − f ) = ere(1 − f ) = 0 and thus eR(1 − f ) = 0. Therefore, e is a generalized
join of E. Conversely, let e ∈ Sr (R) be a generalized join (in the sense of Liu) of the set
E = {e0, e1, e2, . . .} ⊆ Sr (R). Observe that condition (2) in Definition 3.6 is equivalent
to (2′) if d is an idempotent and eid = ei then ed = e. Let a ∈ R be arbitrary such that
eia = ei for all i ∈ N. Then, condition (2′) and a similar argument as the one used in the
case of reduced PP rings implies that ea = e. Thus, e is a generalized countable join. There-
fore, in the context of right semicentral idempotents, Liu’s generalized join is equivalent to
generalized countable join.
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To prove Theorem 3.8, we need the following lemma.

Lemma 3.7 Let R be a ring with a derivation δ. If e is a left semicentral idempotent of R,
then e is also a left semicentral idempotent of R((x−1; δ)).

Proof The proof is similar to that of [26, Lemma 3.1].

We are now ready to study the weakly p.q.-Baer property of pseudo-differential operator
rings and also differential inverse power series rings. We show that if R is a weakly p.q.-
Baer ring and every countable subset of right semicentral idempotents inR has a generalized
countable join in R, then R[[x−1; δ]] (resp. R((x−1; δ))) is a weakly p.q.-Baer ring. Here,
we do not assume right semicentral idempotents to be central, and hence, R does not need
to be semiprime.

Theorem 3.8 Let R be a weakly p.q.-Baer ring with a derivation δ. If every countable
subset of right semicentral idempotents in R has a generalized countable join in R, then
R[[x−1; δ]] (resp. R((x−1; δ))) is a weakly p.q.-Baer ring.

Proof We will prove the case for R[[x−1; δ]]. The other case can be shown similarly. Sup-
pose that f (x) = ∑∞

i=0 aix
−i , g(x) = ∑∞

j=0 bjx
−j ∈ R[[x−1; δ]] are such that g(x) ∈

rR[[x−1;δ]](f (x)R[[x−1; δ]]). Then, aiRbj = 0 for all i, j ∈ N, by Proposition 3.1. Hence,
bj ∈ rR(aiR) for all i, j ∈ N. Since R is weakly p.q.-Baer, rR(aiR) is left s-unital by left
semicentral idempotents, for each i ∈ N. Then, there exists left semicentral idempotents
ei ∈ S�(R)∩ rR(aiR) such that bj = eibj , for each i, j ∈ N. Consequently, (1− ei)bj = 0
or (1− ei)(1−bj ) = 1− ei , for all i, j ∈ N. Let e be a generalized countable join of the set
E = {1− ei | i ∈ N} in Sr (R). Thus e(1− bj ) = e or (1− e)bj = bj , for all j ∈ N. There-
fore, g(x) = (1 − e)g(x). On the other hand, since e is a generalized countable join of E,
we have (1− ei)(1− e) = 0 and hence 1− e = ei(1− e), for all i ∈ N. For each r ∈ R and
i ∈ N, air(1 − e) = airei(1 − e) ∈ aiReiR = 0. Hence, Lemma 2.4 implies that 1 − e ∈
rR[[x−1;δ]](f (x)R[[x−1; δ]]). By [26, Lemma 3.1], 1 − e ∈ S�(R[[x−1; δ]]). It follows that
R[[x−1; δ]] is weakly p.q-Baer, and the proof is complete.

By combining Corollary 3.4, [23, Theorem 2.3], Lemma 2.4, and Theorem 3.8, we obtain
the following:

Corollary 3.9 Assume that R satisfies the ACC on left annihilators of ideals, S =
R[[x−1; δ1]] · · · [[x−1; δn]] be an iterated differential inverse power series ring, where each
δi is a derivation of R[[x−1; δ1]] · · · [[x−1; δi−1]]. If R is a weakly p.q.-Baer ring, then so
does S.

The following example shows that there exists a ring R with a derivation δ for which
R[[x−1; δ]] is a weakly p.q.-Baer ring but R itself is not weakly p.q.-Baer.

Example 3.10 Let p be a prime integer and R = Zp[x]/(xp) with the derivation δ such that
δ(x) = 1, where x = x + (xp) in R and Zp[x] is the polynomial ring over the field Zp .
Then, using a similar method as in Example 2.10, we can show that R is not weakly
p.q.-Baer. But, the differential inverse power series ring R[[x−1; δ]] is a Baer ring, by
[27, Example 4.8].



Differential Extensions of Weakly Principally Quasi-Baer Rings 989

Theorem 3.11 LetR be a δ-weakly rigid ring. IfR[[x−1; δ]] (resp.R((x−1; δ))) is a weakly
p.q.-Baer ring, then R is a weakly p.q.-Baer ring.

Proof We will prove the case for R((x−1; δ)). The other case can be shown simi-
larly. Assume that a ∈ R. By the δ-weakly rigidness of R, it is easy to show that
�R((x−1;δ))(R((x−1; δ))a) = �R(Ra)((x−1; δ)). Now, let bRa = 0, for some element b

in R. Then, b ∈ �R((x−1;δ))(R((x−1; δ))a). So, there exists a right semicentral idempotent
f (x) = ∑∞

j=m cjx
−j ∈ �R((x−1;δ))(R((x−1; δ))a) such that b = bf (x). Then, b = bc0.

Also c0 ∈ �R(Ra), since f (x) ∈ �R(Ra)((x−1; δ)). Therefore, �R(Ra) is right s-unital
and so R is a left APP ring. On the other hand, f (x)R((x−1; δ))(1 − f (x)) = 0 and hence
c0 ∈ Sr (R), by Proposition 3.1. Thus, R is weakly p.q.-Baer, and the result follows.

By the following example, the assumption that any countable family of right semicentral
idempotents in R has a generalized countable join in R in Theorem 3.8, is not superfluous.

Example 3.12 For a given field F, take Fn = F for n = 1, 2, . . .. Let R be <
∞⊕

n=1
Fn, 1 >

which is F-algebra generated by
∞⊕

n=1
Fn and 1 ∞∏

n=1
Fn

. Then, R is a commutative von Neu-

man regular ring and hence it is weakly p.q.-Baer, by [3, Example 2.3 ]. Then, R[[x−1]]
is not weakly p.q.-Baer. To see this, for all i ∈ N, take f (x) = ∑∞

i=0 aix
−i , where

ai = (aij ), aij = 1 for j = 2i + 1 and aij = 0 when j = 2i + 1. One can see that
rR[[x−1]](f (x)R[[x−1]]) is not left s-unital by left semicentral idempotents.

In the next result of this paper, we will obtain the criterion for pseudo-differential opera-
tor rings and also differential inverse power series rings to be a right AIP (resp. APP) ring.
By [16, 6E], a ring R satisfies the ascending chain condition (ACC) on right annihilators if
and only if R satisfies the descending chain condition (DCC) on left annihilators.

Theorem 3.13 Let R be a δ-weakly rigid ring such that R satisfies the ACC on right
annihilators. Then, the following are equivalent:

(1) R is a right AIP (resp. APP) ring.
(2) R[[x−1; δ]] is a right AIP (resp. APP) ring.
(3) R((x−1; δ)) is a right AIP (resp. APP) ring.

Proof We shall deal with the “AIP ring” case and leave the (completely analogous) “APP
ring” case to the reader.

(1) ⇒ (2) Assume that R is a right AIP ring and I is a right ideal of R[[x−1; δ]] and
denote by I0 the set of all coefficients of elements of I in R. Let J be the right ideal
R generated by I0 and g(x) = ∑∞

j=0 bjx
−j ∈ rR[[x−1;δ]](I ). Then, for every f (x) =

∑∞
i=0 aix

−i ∈ I , f (x)R[[x−1; δ]]g(x) = 0. By Theorem 3.1, aiRbj = 0 for each i, j ∈ N .
Hence, bj ∈ rR(J ), for each j ∈ N. Consider the descending chain as the following:

�R(b0) ⊇ �R(b0, b1) ⊇ �R(b0, b1, b2) ⊇ · · · .
Since R satisfies descending chain condition on left annihilators, there exists some positive
integer n such that �R(b0, . . . , bn) = �R(b0, . . . , bn, bn+1) = · · · . Since b0, . . . , bn ∈
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rR(J ), by Lemma 2.16 there exists e ∈ rR(J ) such that ebi = bi for i = 0, 1, . . . , n. Since
1 − e ∈ �R(b0, . . . , bn, . . . , bk) for each n ≤ k, we have ebi = bi for i = 0, 1, . . .. This
implies that eg(x) = g(x). On the other hand, since e ∈ rR(J ), the δ-weakly rigidness of R

implies that e ∈ rR[[x−1;δ]](I ). This shows that R[[x−1; δ]] is a right AIP ring.
(2) ⇒ (1) If R[[x−1; δ]] is right AIP, then by analogy with the proof of Theorem 3.11,

we can show that R is right AIP.
(1) ⇔ (3) The result follows by an argument similar above.

Remark 3.14 Example 3.12 shows that the descending chain condition on left annihilators
in Theorem 3.13 is not superfluous.

The following corollaries are immediate consequences of Theorem 3.13.

Corollary 3.15 Let R be a reduced ring that satisfies the ACC on right annihilators. Then,
R is a PP ring if and only if R[[x−1; δ]] is a PP ring if and only if R((x−1; δ)) is a PP ring.

Proof First, note that for a reduced ring R, we have �R(a) = rR(a), for every a ∈ R.
Therefore, for a reduced ring, the definitions of right PP and left PP coincide. Now, the
result follows from [21, Proposition 2.3] and Theorem 3.13.

Corollary 3.16 Let R be a reduced ring with the ACC on right annihilators. Then, R is a
PP ring if and only if the power series ring R[[x]] is a PP ring if and only if the Laurent
power series ring R((x; x−1)) is a PP ring.
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