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Abstract Under some appropriate conditions, we prove the existence and uniqueness of
periodic solutions to partial functional differential equations with infinite delay of the form
i = A(t)u + g(t, u;) on a Banach space X where A(¢) is 1-periodic, and the nonlinear term
g(t, ¢) is 1-periodic with respect to ¢ for each fixed ¢ in fading memory phase spaces, and is
¢(t)-Lipschitz for ¢ belonging to an admissible function space. We then apply the attained
results to study the existence, uniqueness, and conditional stability of periodic solutions
to the above equation in the case that the family (A(z));>0 generates an evolution family
having an exponential dichotomy. We also prove the existence of a local stable manifold
near the periodic solution in that case.
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1 Introduction

Consider the abstract partial functional differential equation with infinite delay

i=AMu+g(t,u), teRy, )
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416 T. H. Nguyen, Q. D. Ngo

where for each + € R;, A(#) is a possibly unbounded operator on a Banach space
X such that the family (A(¢));>0 generates an evolution family (U(t, s));>s>0 on X,
and g : Ry x C, — X is continuous and locally Lipschitz with C, := {¢ : ¢ €
C((—00,0], X) andlims_, _ ™| (s)|| = 0, v > 0}; u, is the history function defined by
ur(0) = u(t +60) for 6 € (—oo, 0].

When A(?) and g(¢, ¢) are periodic (with the same period and respect to ¢) one tries to
prove the existence and uniqueness of a periodic solution (with the same period as that of
A(t) and g) to (1). Classical approaches for investigation of the existence of periodic solu-
tions are the Tikhonov’s fixed point method [22], Lyapunov functionals [24], as well as the
use of ultimate boundedness of solutions and the compactness of Poincaré map realized
through some compact embeddings (see [2, 13, 21-24] and the references therein). How-
ever, in some applications, e.g., to PDEs in unbounded (in all directions) domains or to
equations possessing unbounded solutions, the abovementioned compact embeddings are
not valid any longer, and it is not easy to show the existence of bounded solutions since
one has to carefully choose an appropriate initial vector (or condition) to guarantee the
boundedness of the solution emanating from that vector.

Recently, for the case of PDEs without delay we have proposed in [11] a new approach to
handle such difficulties. Namely, we start with the linear equation t = A(t)u+ f(¢), t >0
and use a Cesaro sum to prove the existence of a periodic solution through the existence of
bounded solution whose sup-norm can be controlled by the sup-norm of the input function
f. Then, we use the fixed point argument to prove the existence of periodic solutions for
the corresponding semi-linear problem. We refer to [9] for the use of an ergodic approach
for the case of Stokes and Navier-Stokes equations around rotating obstacles, and to [5] for
the general approach to the existence of periodic solutions to fluid flow problems.

In the present paper, we will consider the existence and uniqueness of periodic solutions
to partial functional differential equations (PFDE) with infinite delay and with a ¢-Lipschitz
nonlinear term g, i.e., [g(z, #1) — g(t, p2) || < @(1)ll¢1 — #2|lv for @1, ¢2 € C, where ¢ are
real and positive functions belonging to admissible function spaces. Some difficulties arise
when passing to the case of PFDE with infinite delay: Firstly, since the nonlinear delay g is
@-Lipschitz, the standard method for construction of bounded solutions relevant for uniform
Lipschitz continuous functions is no longer valid. Secondly, the evolution family generated
by (A(t));>0 does not act on the same Banach space as that the initial functions belong to
(in fact, the former acts on X, and the latter belong to C,). And lastly, since the delay is
infinite, the boundedness and stability of solutions in standard spaces are difficult to obtain.

To overcome such difficulties, we combine the methods and results in [11] with the use of
admissible spaces and appropriate choices of fading memory spaces to prove the existence
and uniqueness of the periodic solution to (1) without using the uniform boundedness and
smallness (in classical sense) of Lipschitz constants of the nonlinear terms. Instead, the
“smallness” is now understood as the sufficient smallness of sup, f:“ p(t)dr.

It is worth noting that our framework fits perfectly the situation of exponentially
dichotomic linear parts, i.e., the case when the family (A(¢)),>o generates an evolution fam-
ily (U(¢, 5)):>s>0 having an exponential dichotomy (see Definition 4 below), since in this
case we can choose the initial vector from that emanates a bounded solution. Moreover,
we can also prove the conditional stability of periodic solutions as well as the existence
of a local stable manifold around the periodic solution. Our main results are contained in
Theorems 1, 2, 3, and 4.
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We now recall some notions for later use. Firstly, as in [12], we denote
1+1
M =M®R,) = | f € Lije(Rs) | sup / 1 (@ldT < 00 @)
t>0 Jt

endowed with the norm || f[lm := sup,>¢ f;H | f(7)|dz. Clearly, M is a Banach space and
it is an admissible Banach function space in the sense of [12, Definition 1.2].

For a given Banach space X, we define the space 9t of X-valued functions related to
M by

M={f Ry > X170l € M} €))
endowed with the norm || f||snt := ||l f()]llIm- Clearly, 9 is a Banach space. Moreover,
we consider the following subset of M consisting of 1-periodic functions denoted by

P:={f e M| f is l-periodic} . )

Forg € Mand o > 0, it can be seen (see [7, Proposition 2.6]) that the functions A/ ¢ and
Allg defined by AL ¢(t) = fée“’(’_s)(p(s)ds and A1) = [ e 76 Dg(s)ds, 1 € Ry,
belong to M.

Let now ¢ be a positive function belonging to P and denote by || - || the esssup-norm.
Then, by [12, (1.8)] we have

N d A" < M
[—oollvlm and [l4;0llec = =
We also need the space Cp(R4, X) (and Cp (R, X)) of bounded, continuous functions with
values in X, defined on R (R, respectively), and endowed with the norms |[vc, &, x) =
SUP; e, lv@)Il (and [[vllc, R, x) := sup,;cr llv(®) |, respectively).

In this paper, we always fix a Banach space X having a separable predual ¥ (i.e., X = ¥’
for a separable Banach space Y). We consider the nonhomogeneous linear problem for the
unknown function u(t)

1A ¢lloo < llellm- ®)

dt (6)

! W Aty + f(0) fort > 0,
u(0) =ug € X,

where the function f taking values in a Banach space X and the family of partial differential
operators (A(?));>0 is given such that the homogeneous Cauchy problem

dt @)

du
{ — =A@)u() fort >s >0,
u(s) =us; e X

is well-posed. By this, we mean that there exists an evolution family (U (t, §))s>s>0 such
that the solution of the Cauchy problem (7) is given by u(t) = U(¢, s)u(s). For more
details on the notion of evolution families, conditions for the existence of such families,
and applications to partial differential equations, we refer the readers to Pazy [20] (see
also Nagel and Nickel [19] for a detailed discussion of well-posedness for non-autonomous
abstract Cauchy problems on the whole line R). We next give the precise concept of an
evolution family in the following definition.

Definition 1 A family of bounded linear operators (U (¢, 5));>s>0 on a Banach space X is
a (strongly continuous, exponentially bounded) evolution family if

() U@, t)y=IdandU(t,r)U(r,s) =U(t,s)forallt >r >s5 >0,

con
S 9 /Vi
<1h
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418 T. H. Nguyen, Q. D. Ngo

(i) themap (¢, s) — U(¢, s)x is continuous for every x € X, where (¢, s) € {(z, 5) € R2:
t>s5 >0}
(iii) there are constants K, o« > O such that |U(z, s)x|| < Ke*“=9||x| forallt > s > 0
and x € X.

The existence of the evolution family (U(?, s));>s>0 allows us to define a notion of
mild solutions as follows. By the mild solution to (6), we mean a function u satisfying the
following integral equation

t

u() =U(@t,0)ug +/ U(t,t)f(r)dt forallt > 0. ®)
0

We refer the reader to Pazy [20] for more detailed treatments on the relations between
classical and mild solutions of evolution equations of the form (6).
We now state an assumption that will be used in the rest of the paper.

Assumption 1 We assume that A(t) is I-periodic, i.e., A(t + 1) = A(t) forallt € R,.
Then (U(t, §))t>s>0 becomes 1-periodic in the sense that

Ut+1,s+1)=Ul(t,s) forallt = s > 0. )

We also assume that the space Y considered as a subspace of Y (through the canonical
embedding) is invariant under the operator U’ (1, 0) which is the dual of U (1, 0).

2 Main Results

We now state and prove our three main results: The first result is on the existence and
uniqueness of a periodic mild solution to the partial functional differential equation in fading
memory phase spaces (Theorem 1 below). The second result is related to the existence and
conditional stability of the periodic solution in the case that the linear part generates an
evolution family having an exponential dichotomy (Theorems 2 and 3), and the last result
is on the existence of a local stable manifold around the periodic solution (Theorem 4).

2.1 Periodic Solutions to Semi-Linear Problems in Fading Memory Spaces

Firstly, we recall some notions of fading memory space and introduce the notion of local
@-Lipschitz functions in the following definitions. Denote by C((—oo, 0], X) the space of
all continuous functions from (—o0o, 0] into X. For a continuous function v : R — X, the
history function v; € C((—0o0, 0], X) is defined by v;(0) = v(¢t + ) for all 6 € (—o0, 0].

Definition 2 Consider a Banach space X as above. Then, a fading memory space is a
Banach space (I'; || - || ) consisting of functions from (—oo, 0] to X that satisfies the fol-
lowing axioms (see [6, 13]):
A1) There exist a positive constant H and locally bounded nonnegative continuous func-
tions K(-) and M(-) on [0, co) with the property that if u : (—o0, a) — X is continuous
and for some o < a, u, € I', then for all € [0, a), we have

@ wuel,

(i) u, is continuous in ¢ (with respectto || - || ),
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(i) HluOll < lullr < Kt —0)sups ;< ()| + M@ — o) lluslr.
A2) If {d)k}, ¢k € I', converges to ¢ uniformly on any compact set in (—oo, 0] and if {qbk }
is a Cauchy sequence in I, then ¢ € I" and ¢oF > ¢pinT, k - oo.

Example 1 (See [13, Chapter 5]) The above axioms are satisfied by the space
[

C, = {(15 :¢ € C((—00,0], X) and i lim

——00

¢_(i3|| = O} where v > 0 (10)
e

endowed with the norm ||¢|, := sup_,, 4«0 ”f,(iizu Moreover, in this case, we can take

K@) =1,M(t) = e " for all t > 0 in axiom Al) (iii) of Definition 2 of fading memory
spaces.

Remark I Let now x(-) be a function defined and continuous on R with values in X such
that x(1)|r, € Cpo(Ry, X) and x; € C, for all ¢ > 0. Then, we have

lxclly = supe” x(t + O)| = e " supe”? [ x(©)]l
0<0 <t

< eV max[supe“f’nx(e)n, sup e"9||x(9>||}

0<0 0<6=<t

IA

0<6=<t

maxillXollu, sup IIX(Q)II}-

In the case that x(-) is 1-periodic, we have

lx @l
Ixolly = sup ———2= < sup |lx(s)|| = sup [[x(s)Il = sup [lx(s) |,
<0 € 0<s<I s>0 seR

and therefore,

Il < sup [lxI < lx(llc,w,x) forallz > 0.
seRy

Definition 3 (Local ¢-Lipschitz functions) Let E be an admissible Banach function space
and ¢ be a positive function belonging to E and B, be the ball with radius p in C,, i.e,
B, :={¢ €Cy : l¢lly < p}. A function g : [0, 00) x B, — X is said to belong to the
class (L, ¢, p) for some positive constants L, p if g satisfies

1) g, 0)]| < Le(r) forae.r € Ry,
() g, ¢1) — g, )l = 9@ lp1 — ¢2llv forae.r € Ry and all 1, ¢ € B).

For a Banach space X with a separable predual Y as in the previous section, we now
consider the following partial functional differential equation

d
{ dit‘ = A@u(t) + g(t,u), t >0, (11
uO = ¢ € CU?

where the linear operators A(¢), t > 0 act on X and satisfy Assumption 1, and the nonlinear
term g : [0, +00) x C, — X satisfies

(1) g belongs to the class (L, ¢, p) forsome L, p > 0and0 < ¢ € P,
(2) the map ¢ +— g(¢, vy) is 1-periodic (12)
for each 1-periodic function v € Cp (R, X).

Ful @ Springer



420 T. H. Nguyen, Q. D. Ngo

Furthermore, by the mild solution to (11) we mean the function u satisfying the following
equation
{ u(t) =U, 0O)u(0) + fOtU(t, 7)g(t,u)dt forallt >0,
ug=¢ € C,.
We then come to our first result on the existence and uniqueness of the periodic mild
solution to (11).

13)

Theorem 1 Assume that there exists a constant M such that for each f € 90 there is a mild
solution u of (6) satisfying u € Cp,(Ry, X) and
lullc,®y,xy < M fllon,
and that the evolution family U (t, §);>s>0 satisfies
tl_l)I‘élo U (t, 0)x|| = 0 for x € X such that U(t, 0)x is bounded in R..

Let g satisfy the conditions in (12). If y := |l¢|lm is small enough, then (11) has one and
only one 1-periodic mild solution i in Cp(R, X).

Proof Consider the following closed set Bé C Cp(R, X) defined by
B}] = {v € Cp(R, X) : vis I-periodic, and [|v]c,®,x) < ,0} . (14)

Note that for v € B}), since v is 1-periodic, from Remark 1 we have that v, € C, and
lvello < lvllicy@x) < -

We next define the transformation @ as follows: Consider the equation for given v €
Cp(R, X) with u being the solution

t
u() =U@, 0)u(0) —i—f U(t,t)g(t,v)dt forallt > 0. (15)
0

Then, forv € B }) we set
| u@) fort =0,
PWI) = { ii(t) fort <0.
where u € Cp (R, X) is the unique 1-periodic solution to (15) (the existence and unique-
ness of such an u is guaranteed by [12, Theorem 2.3]), and (), t < 0, is the 1-periodic
extension of # on the interval (—oo, 0).
We will prove that if y is small enough, then the transformation @ acts from 53 /1) into

16)

itself and is a contraction. To do this, fixing any v € B}), then since g satisfy the conditions
in (12) we have

t+1
lg(z, o)l = sup / lg(z, vo)llde
t

>0
t+1
< (o+L)sup / lp(0)ld = (o + L)y. (17)
>0 Jt

Applying [12, Theorem 2.3] to the right-hand side g(z, v;) instead of f(7) (in the formula
of mild solution) we obtain that for v € Bé there exists a unique 1-periodic solution u to
(15) satistying

1P Wlic,®.x) = lullc,®e.x)y < (M+1DKe*|g(T, vo)llm
< M+ DK (p+ L)ye*. (18)
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Solutions to Partial Functional Differential Equations with Infinite... 421

Therefore, if y is small enough, then the map & acts from B }, into itself.
Now, by formula (15) we have the following representation of @

U(t, 0u(0) + [yU(t, 1)g(r, v;)dr fort >0,

i(r) fort <O, (19

D)) = {
where, as above, the function () is the 1-periodic extension to interval (—oo, 0) of the
periodic function

t
u(t) =U(t,0)u(0) +/ U(t,t)g(t,vr)dt fort > 0.
0

Furthermore, for v, w € B}) and u; = @ (v), up = @ (w) by the representation (19), we
obtain that u = u; — up = ®(v) — @(w) is the unique 1-periodic mild solution to the
equation

u) =U(t, 0)u0) + fO'U(t, 7)(g(T, vr) — g(1, wy))dt fort > 0,

u(®) =u@) =u(t) —u(t) fort < 0.
Since u(t),t > 0, is 1-periodic, and for ¢+ < 0 the function #(¢) is an 1-periodic extension
of u to interval (—o0, 0), we have that

1P (v) — P(w)llc,® x) = sup [[u@)|| = sup [lu@)|.
teR t>0

Thus, from [12, Theorem 2.3] and the fact that g belongs to the class (L, ¢, p) we arrive at

t+1
lu()l < (M + DEKe® sup / lg(r. ve) — g(z, wo)lde
t

t>0

t+1
< (M + 1)K e® sup / lg(z. ve) — g(z, wo)lldt (20)
t

>0
t+1
< 2(M + K e® sup / o @)lllve — wellvds.
>0 Jt

Hence, since v and w are 1-periodic functions, from Remark 1, we have

vy = welly < [lv = wllc,r,x) forallz = 0.

Thus,
@) — 2w)lc,®.x) < 2M + DHKe[l¢lmllv — wlic,®.x)-
Thus, if ¥ := |l¢|lm is small enough, then @ : B}) — B)) is a contraction. Therefore,
for such a y, there exists a unique fixed point % in B/l) of @, and by the definition of @, this
function # is the unique 1-periodic mild solution to (11). O

2.2 Periodic Solutions in the Case of Dichotomic Evolution Families

In this subsection, we will consider (8) and (13) in the case that the evolution family
(U(t, 5))i=s>0 has an exponential dichotomy. In this case, the existence of bounded solu-
tions to (8) (i.e., bounded mild solutions to (6)) is convenient to prove. Therefore, the
existence and uniqueness of periodic solutions to (8) and hence to (13) easily follow. More-
over, using the cone inequality in [3, Theorem 1.9.3], we will show the conditional stability
of such periodic solutions. To do so, we start with the cone inequality, the definitions of
exponential dichotomy, and stability of an evolution family.

Definition 4 Let U := (U (¢, 5));>5>0 be an evolution family on a Banach space X.

con
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422 T. H. Nguyen, Q. D. Ngo

(1) The evolution family I/ is said to have an exponential dichotomy on [0, 00) if there exist
bounded linear projections P(¢), t > 0, on X and positive constants N, v such that
@U(,s)P(s)=P)U(t,s),t >s5 >0,
(b) the restriction U (t, s)| : Ker P(s) — Ker P(¢), t > s > 0, is an isomorphism, and we
denote its inverse by U (s, t)| := (U (t, s)|)_1, 0<s<t,
©) U, $)x|| < Ne=v=9)|x|| forx € P(s)X, t > s > 0,
() UG, t)1x]| < Ne™ =9 x| for x € Ker P(t), t > 5 > 0.

The projections P(z), t > 0, are called the dichotomy projections, and the constants
N, v - the dichotomy constants.

(2) The evolution family U is called exponentially stable if it has an exponential dichotomy
with the dichotomy projections P(¢) = Id for all + > 0. In other words, I/ is exponentially
stable if there exist positive constants N and v such that

MU, )| < Ne ' forallt > s > 0. (1)

We remark that properties (a)-(d) of dichotomy projections P (¢) already imply that

L. H:=sup, PO < oo,
2. t+> P(t) is strongly continuous

(see [17, Lemma 4.2]). We refer the reader to [7] for characterizations of exponential
dichotomies of evolution families in general admissible spaces.

If (U(t,s))i=s>0 has an exponential dichotomy with dichotomy projections (P (¢))s>0
and constants N, v > 0, then we can define the Green’s function on a half-line as follows:

_JPOUE, T fort >t >0,
g, 1) = { ~U@t, 1) — P(1)) for0<t <t (22)
Also, G(r, T) satisfies the estimate
GG, ol <1+ H)Ne_”lt_rl fort #t > 0. (23)

Using the projections (P (t));>0 on X, we can define the family of operators P ),t>0
on C,, as follows:

P(t):C,— Cy, (ﬁ(t)d))(@) =U@—-0,t)P)¢p(0) forall 6 € (—o0, 0]. (24)

Then, (IBJ(t))2 = ﬁ(r), and therefore the operators F(t),t > 0, are projections on C,.
Moreover, ImP(t) = {¢p € C, : ¢p(@) = U(t — 0, 1)vg for all & € (—o0, 0] for some
vo € Im P(1)}.

The following lemma gives the form of bounded solutions of (8) and (13).
Lemma 1 Let the evolution family (U(t, s)):>s>0 have an exponential dichotomy with the
corresponding dichotomy projections (P (t));>0 and dichotomy constants N,v > 0. Let
f €M, and let g satisfy conditions given in (12). Then, the following assertions hold true.

(a) Letv e Cp(Ry, X) be the solution to (8). Then, v can be rewritten in the form
o
v(t) =U(t, 0)¢ +/ G@t,t)f(r)dt forsome ¢ € Xo:= P(0)X, 25)
0

where G(t, T) is the Green’s function defined by equality (22).

@ Springer i ms
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(b) Letu € C(R, X) be a solution to (13) and given ¢ € C, such that max{||¢|,,
SUP;cR, lu(t)|l} < p forafixed p > 0. Then, fort > 0 this function u(t) can be rewritten
in the form

u(t) =U @, 0+ 5 G, 1)g(x, ur)dr,
(26)
up=¢ € Cy
for some n € Xog where G and X are determined as in (a).
Proof (a) See [8, Lemma 4.4]. (b) See [10, Lemma 3.4]. O

Remark 2 By straightforward computations, we can prove that the converses of statements
(a) and (b) are also true, i.e., a solution of (26) satisfies (8) for + > 0, and that of (25)
satisfies (13) for ¢ > 0.

We next prove the existence of bounded solutions to (8) and (13) (i.e., bounded mild
solutions to (6) and (11)) and hence that of periodic solutions in the following theorem.

Theorem 2 Consider (8) and (13). Let the evolution family (U(t, s));>s>0 satisfy (9) and
have an exponential dichotomy with the dichotomy projections P(t), t > 0, and constants
N,v. Let f € MM be 1-periodic and suppose that g satisfies the conditions in (12) with given
positive constants p, L and function ¢ € P. Then, the following assertions hold true.

(a) Equation (8) has a unique 1-periodic solution in Cp(R4, X).
®)  Ifllellm is sufficiently small, then (13) has a unique 1-periodic solution in Cp(R, X).

Proof (a) Foragiven f € M by taking ¢ = 0 € X in (25), we see that (8) has a bounded
solution

o
u(r) :/ g, ) f(vydr, (27)
0
and this solution can be estimated using the inequalities (23) and (5) by

o0
an<a+Hw/ T £ ()l d e
0

- (14+ H)N(Ny + N»2)
- 1—eV

Il fllop forallz > 0.

From [12, Theorem 2.3] it follows that for the 1-periodic function f € 91, there exists an
1-periodic solution # of (8) satisfying

(1+ H)N(Ny + N2)
+
1—e™V

lillc, < < 1) Ke®| fllom- (28)

The uniqueness of the 1-periodic solution follows from the fact that for two 1-periodic
and continuous (hence bounded on R.) solutions # and ¥ (with the corresponding initial
values ¢,n € Xg), we obtain by using the form for bounded solutions (25) that |ju(¢)—
()| = U, 00(¢ —n)|l < Ne7V'||¢ —n|l — 0ast — oosince n, ¢ € Xo. This, together
with the periodicity, implies #(¢) = v(¢) for all ¢ > 0, finishing the proof of (a).

con
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424 T. H. Nguyen, Q. D. Ngo

(b) By assertion (a), for each 1-periodic input function f, the linear problem (8)
has a unique 1-periodic solution & € Cp(R4, X) satisfying inequality (28). Therefore,
Assertion (b) then follows from Theorem 1. O

We now prove the conditional stability of periodic solutions to (13). To do this, for x €
X, ¢ € Cyand v € Cp(R, X) denote By(x) == {y € X : [lx —y| < a,x € X},
Ba(¢) :={¢p €Cy : ll¢p —lly <a},and

Ba(0) := {v e C(R, X) : v, b € Cp; max{|lvg — Dollv, sup [v(@) =@} <a,t > 0}
teRy
respectively. Let B,(0)(B,(0)) be the ball containing i (i;,t > 0) as in assertion (b) of
Theorem 2.
Suppose further that there exists a positive function ¢ € P such that:

g, ¢1) — g, o)l < @) lip1 — @2lly forall @1, ¢ € B2y (0), andr = 0. (29)

Theorem 3 Keep the assumptions of Theorem 2, and let ii be the 1-periodic solution of
(13) obtained in assertion (b) of Theorem 2. Let g satisfy conditions given in (12) and (29),
respectively. If ||@llm is small enough, then to each ¢ € C, with || — tolly < p/2 and
P0)¢(0) e B% (P(0)i(0)) N P(0)X there corresponds one and only one solution u(-) of
(13) on R satisfying the conditions ug = ¢ and u € B, (it). Moreover, the following estimate
is valid for u(t) and u(t):

llus — dislly < Cppe ™ fort =0, (30)

for some positive constants C,, and p independent of u, it, and p.

Proof Putting w = u — i, then u is a solution to (13) in B, (it) with ug = ¢ if and only if
w is the solution in B, (0) of the equation

w(t) = | UG 0OEO0) =) + LU, v [g(t, we + i) — g(, iir)]dt fort >0,
e —aw) fort < 0.
€29

We now prove that (31) has a unique solution in B,(0). To do this, putting g(t, w;) =
g(t, wy + i) — g(t, ii;) we obtain that g(z, 0) = 0 and

g wy) —gt, v)ll < eWlw, —velly, t=0,w,veBy0).
Setting &€ = P(0)¢(0) — P(0)iz(0) we prove that the transformation K defined by

U(t,0& + [y° G, 0)g(t, we)dr fort >0,

(Kw)(t)={§(t)—12(t) fort < 0

acts from B, (0) into itself and is a contraction. In fact, we have

Ne " [ig]l + (1+ H)N [ e jwe g (r)dz fort >0,

I (Kw) (@)l §{€7UI||C—1/A!O”V fort <0
e s+ A+ H)Np [§7 e TIg(ydT fort > 0,
= efvtg fort < 0.

Since t 4+ 0 € R for fixed ¢ € [0, 00) and 8 € (—o0, 0], we obtain

e VDL L N1+ H)p [ e 0 -Tg(x)dr fort+6 >0
2 0 = £
I(Kw)@ +0)l| = { e VO L fort+6 <0.
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Therefore,
(14+ H)Np(N1 + N2)|I¢lilm
1 —e™V
Thus, if [|@]Im is small enough, then the transformation K acts from B, (0) into B, (0).
Now, for x, z € B,(0), we estimate

o
IKwl, < E +

I(Kx)(1) = (K2)(D] = /0 16, DIE (T, xr) — &(x, z0)ldT

o0
< (+HN / e G (D)X — z¢lvdT, 1 20.
0

From Remark 1 and ||(Kx)(t) — (Kz)(¢)|| = O for all ¢+ < 0, we have

I+ H)NN1 + N)l1@llm
(Kx) — (K2)lly = [ — o sup [lx; — zlv-
- 120

Therefore, if [|¢[lm is small enough, then the transformation K : B,(0) — B,(0) is a
contraction. Thus, there exists a unique w € B,(0) such that Kw = w. By the definition of
K, Lemma 1, and Remark 2, we have that w is the unique solution in B, (0) of (31). Note
that by Lemma 1 the above solution w of (31) can be written as

U(t,00€ + [5° G(t. 1)g(t, we)dT fort =0,

(@) —u(r) fort <0. (32)

w(t) = {

Returning to the solution u of (13) by replacing w by u — i then, there exists a unique
u € B, (i) of (13) with ug = ¢.

Finally, we prove the estimate (30). To do this, putting as above & = P(0)u(0) —
P(0)a(0), w =u — i withu € B, (), g(t, w;) = g(t, w; + ;) — g(t, i;), we can use the
formula (32) to write

U, 0 + [,° G, 0)g(t, we)dt fort >0,
u(t) —u(t) fort <O.

w(t) = {
Using the facts that ||£|| < #5 and [lug — iioll, < 4. it follows that

lw®I <

eVE+ NI+ H) fy7 e g |we llvdT fort >0,
e Ve fort < 0.

Since t + 0 € R for fixed ¢ € [0, c0) and 6 € (—o0, 0], we obtain

—v(+0) P 00 _vlt+6—1| ~
lw+0)| < e—v(t+0)/% TNASH) e PO lwelvdr forr+6 >0,
e 5 fort +6 < 0.

Therefore,
P o]
Mw( +0)| < 5e—“’ +(1+ H)N/ e MTG () |lwe lvdr  fort > 0.

0

Put ¢ (t) = ||wy||y. Then, sup, > (1) < 00 and

p o]
(1) < Ee*”’ + 1+ H)N/ e VTG ()¢ (t)dr fort > 0. (33)
0

We will use the cone-inequality theorem [3, Theorem 1.9.3] applying to the Banach space
W := Lo (R) which is the space of real-valued functions defined and essentially bounded
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on R (endowed with the esssup-norm denoted by || - |»o) With the cone K being the set of
all (a.e.) nonnegative functions. We then consider the linear operator B defined foru € W
by

(Bu)(t) = (14 H)N /Oo e MG (D (t)dr fort >0
0

By inequalities (5), we have

sup(Bu)(1) = sup(l +H)N/ e TG u(r)dr
>0 >0

o 4xmn

=9 (N1 + No) @Il oo

Therefore, B € L(W) and ||B|| < (“:H)N (N1 + M) |l@¢llm < 1. Obviously, B leaves the
cone /C invariant. The inequality (33) can now be rewritten as

¢ < B+ forz(r) = ge_”t, >0

Hence, by the cone-inequality theorem [3, Theorem 1.9.3], we obtain ¢ < v, where ¥ is a
solution in W of the equation {» = B + z which can be rewritten as

V() = ge*”l +(1+ H)N/oo e TG () (t)dt fort > 0. (34)
0

We now estimate . To that purpose, for
O<p<v+In(l -0+ H)NN + N)lolm),
we set h(t) = et () for t > 0. Then, by (34), we obtain that

h(t) = %*“*W + 1+ H)N/Ooo e VITTHRE=D G p(T)dT fort > 0. (35)
We next consider the linear operator D defined for u € W by
(Du)(r) = (1+ H)N /OOO e VTR Gy (t)dT fort > 0.
By inequalities (5), we have

sup(Du)(1) = sup(l + H)N/ e VTR =D Gy (t)dT
0

>0 >0
o¢]
< sup(l +H)N/ e~ VIt G (yu(t)dr
>0 0
(1+ H)N _
= W(Nl + N2)ll@limllulloo-

Therefore, D € L(W) and | D|| < -U=DN_ (N 4 No) (|G Im.

) = l—e~ -1
Equation (35) can now be rewritten as

h=Dh+7 fori(r) = ge*”*“)’, r>0.

Since u < v+1In(l — (1 + H)N(N; + N2)||@llm), we obtain that

1+ H)N

IDI = T N1+ Nl < 1.
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Therefore, the equation &7 = Dh + Z is uniquely solvable in Loo(W), and its solution is
h = (I — D)~'Z. Hence, we obtain that

L e H]
(I = D) Zloo < 1T = D) lZlloo < —

12l
> 1—||D||

P
2(1— (LD Ny + N2l )

IA

Therefore,
1

2 (1= DY N+ No)lG )

lhlloo < Cpp for Cp =

This yields
h(t) < Cypfort > 0.
Hence, (1) = e *h(t) < Cpe ™. Since ||w;|ly = ¢(r) < ¥ (1), we obtain that
lwelly < Cppe™™.
Returning to the solution u of (13) by replacing w by u — i, we have

lu; — el < C,upe_m’

finishing the proof of the theorem. O

Remark 3 The assertion of the above theorem shows us the conditional stability of the
periodic solution # in the sense that for any other solution u such that P(0)u(0) €
B% (P(0)#(0)) NP(0)X and u being in a small ball B,(it) we have |u; — it;]l, — 0
exponentially as t — oo (see inequality (30)).

For an exponentially stable evolution family (see Definition 4 (2)), we have the following
corollary which is a direct consequence of Theorem 3.

Corollary 1 Keep the assumptions of Theorem 2, and let i be the periodic solution of (13)
obtained in assertion (b) of Theorem 2. Further, let the evolution family (U(t, 5))s>s>0 be
exponentially stable. Then, the periodic solution i is exponentially stable in the sense that
for any other solution u € C(R, X) of (13) such that u; € Cy,t > 0 and |\ug — toll is
small enough, we have

lur — dielly < Ce™* llug —diolly forallt >0, (36)

for some positive constants C and | independent of u and i.

Proof We just apply Theorem 3 for P(¢) = Id for all + > 0 to obtain the assertion of the
corollary. N

2.3 Local Stable Manifold Around the Periodic Solution

In this subsection, under the same hypotheses as in the previous subsection, we will prove
the existence of a local stable manifold for (13) around its periodic solution. We first recall
the definition of a local stable manifold for (13) around its periodic solution.
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Definition 5 Given a continuous and 1-periodic solution & to (13). Aset S C Ry x C,
is said to be a stable manifold for the (13) around # if for every + € R the phase space
C splits 1nt0 a direct sum C, = Xo () & X 1(t) with corresponding projections P(t) (i.e.,
Xo(t) =Im P(t) and X1 (1) = Ker P(t)) such that

sup || P(1)]| < oo,
>0

and if there exist positive constants p, pg, p1 and a family of Lipschitz continuous mappings
B, (i) N Xo(t) = By, () N X1(r), teRy
with the Lipschitz constants being independent of 7 such that

DS ={(t. ¥ +h () € Ry x (Xo(1) & X1 (1)) |t € Ry, ¥ € By (@) N Xo(1)}, and we
denote S; :={y + h,(Y) | (¢t, ¥ + h () €S}, £ =0,

(ii) S; is homeomorphic to B, (ii;) N Xo(t) := (¥ € Xo(1) : | —di[lv < po} forall > 0,
(iii) to each ¥ € Sy, there corresponds one and only one solution u(¢) of (13) on R satisfying
conditions uy, = ¥ and sup,>, llusllv < p.

Note that, if we identify )?o(t) & il(t) with io(t) X gl(t), then we can write S; =
graph(h;) where graph(/;) denotes the graph of the mapping 4;.

We now state and prove our last result on the existence of a stable manifold for solutions
to (13) around its periodic solution.

Theorem 4 Let the assumptions of Theorems 2 and 3 hold with the corresponding positive
functions ¢ and §. Let u be the 1-periodic solution of (13) obtained in Theorem 2 thanks
to the sufficient smallness of ||¢|m. If ||@llm is sufficiently small, then there exists a local
stable manifold S near the solution u. Moreover, every solution u(t) on the manifold S is
exponentially attracted to ii(t) in the sense that, there exist positive constants u and Cy,
independent of ty > 0 such that

lur = dislly < Cue™ || P(20) (u(to) — P(t0)a(t0)) || forall t = to. (37

Proof Putting w = u — i, then u is a solution to (13) in B, (it) with ug = ¢ if and only if
w is the solution in B, (0) of the equation

t
w(t) = U(t, 0)w(0) +/ U(t, ) [F(t)(we) + g(t, we + iic) — g(z, iz)] dt for 1 > 0.
0

(38)
Putting now g(¢, w;) = g(¢, w; + ily) — g(¢, il;), we obtain that g(¢, 0) = 0 and
Ilg(tv wl‘) - g(ta U[)” = (Z)(t)”wt - vt“l)v = Os w,v € Bp(o)
Equation (38) can be written as
t
w() = U, 0)w(0) +/ U(t,7)g(t, w)dt fort > 0. (39)
0

Since U (t, 5);>5>0 has an exponential dichotomy, for each ¢ > 0, the phase space C,
splits into the direct sum C, = _Xo(?) ® X1(r), where Xg(t) Im P(t) and X (1) =
Ker P(¢), and the projections P(t) t > 0, are defined as in equality (24). Clearly,
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sup;>o || F(t) || < oo. We now construct a stable manifold S = {(¢, S;)};>0 for the solutions
to (13). To do this, we determine the surface S, for # > 0 by the formula

S, = [¢ + @i (p) :p €B 2 (0) ﬂXo(t)] cC,,

where the operator @, is defined for each #p > 0 by
oo
Dy, (¢)(0) = / Gty —0,1)g(t, wr)dt ford <0,
0]

where w(-) is the unique solution of (39) on B, (0) satisfying P (fo)wyy, = ¢. On the other
hand, by the definition of the Green function G we have that @;,(¢) €KerP (tp).
We next estimate || P, (¢) ||, by

o0
14 @) < N1+ H) / 100715 e .
fo

Therefore, 1+ H)N
1P (D)l < T(Nl + No)pll@lm.

Hence, if [|@|lm is small enough, then the operator @y, acts from B L 0)NXo(to) to B s O)n

X1 (). We then prove that @, is Lipschitz continuous with Lipschitz constant independent
of fy. Indeed, for ¢; and ¢, belonging to B £ 0N f(o(to), we have

@1y (@1)(0) — D1y (92) @)l

o0
< N1+ H) / 10015 (2 we — vy lud (40)
1
o0
< N1+ H) sup [lwy — velly / V07115 (1) .
(=<} 1o
Therefore,
o0
@1, ($1) — Dy (@)1l < N(1+ H) sup [we — vy / e VTG (n)dr
=10 to
(1+ H)N
< o N+ NG lm sup flwe — velly. (41)
- =10

Moreover, by the Lyapunov-Perron equation for w(-) and v(-) (see (26)) and putting k :=
UV (N1 + No) ¢ llm. we have

1—e™V
sup lwe —velly < Nli¢r — @2lly + k sup |lwe — velly,
=10 =10

it follows that N
sup [[wr — velly < 7|I¢1 é2llv.

1—
=1
Substituting this inequality into (40), we obtain
@1y (P1) — Pry (D) v = — ||<l>1 21l
yielding that @y is Llpschltz continuous with the Llpschltz constant mdependent of 1.
Therefore, putting pg := 2 NP1 i= ‘2’, we obtain that the above famlly of mappings @, is

Lipschitz continuous with the Lipschitz constant N =F 1ndependent of 1.

To show that Sy, is homeomorphic to By, (O) N Xo(to) we define the transformation
D : B, (0)N Xo(to) — S by D¢ := ¢ + Dy (¢) forall ¢ € B, (0) N Xo(to) Then,
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applying the implicit function theorem for Lipschitz continuous mappings (see [18, Lemma
2.7]) we see that, if the Lipschitz constant % < 1 then D is a homeomorphism. Therefore,
the condition (ii) in Definition 5 is satisfied. The condition (iii) of Definition 5 now follows
from Theorem 3. Finally, the inequality (37) in Theorem 4 follows from inequality (30) in
Theorem 3.

Returning to the solution u of (13) by replacing w by u — it, we obtain that this manifold
S is the local stable manifold for (13) near the solution . O

We finally illustrate our results by the following example.
2.4 An Example

We consider the problem

2
e o [”” +dut, “}

dt ax
0
+ (1) (/ m(t + s)sinw(x, t + s)ds + h(x, t)) , (42)
—00
forO<x <m, t >0,
w(,1) =w(r, 1) =0 fort > 0,
w(x,0) =¢O)(x) for0 <x <m, 6 € (—00,0], ¢ €C,.

Here, § € R and § # n? for all n € N; the function a(zr) € L1 joc(Ry) is 1-periodic and
satisfies the condition 0 < yy < a(t) < y) for fixed yy, y1; the function 4 : [0, 7] x Ry —
Ry is continuous on [0, 7] x R4 and 1-periodic with respect to ¢; the function m : Ry —
R is continuous and 1-periodic with respect to ¢, and ff oMt + e 4o is integrable
on (—oo, 0] and .
M= sup / m(t +0)e"?do.
—00<6<0J—00

We next put X := L,[0,7],C := C(—00,0], X),andlet A : X D D(A) — X be

defined by Ay = y” + 8§y, with the domain

D(A) = {y € X : y andy’ are absolutely continuous,y’ € X, y(0) = y(x) = 0}.
It can be seen (see [4]) that A is the generator of an analytic semi-group (T(¢));>0. Since

0(A) = {—n>+68 :n = 1,2,3, ...} applying the spectral mapping theorem for analytic
semi-groups, we get

o (T(t)) =" A = (/"D .y =123, )
and hence o (T(t)) N I" = @ forall t > 0,
where I' := {L € C: |A| = 1}

Putting now A(?) := a(?)A, then A(¢) is 1-periodic, and the family (A(?));>0 generates
an 1-periodic (in the sense of Assumption 1) evolution family U (¢, s);>¢>0 Which is defined
by the formula U (¢, s) = T(f;a(t)dr).

By (43), the analytic semi-group (T(#));>0 is hyperbolic (or has an exponential
dichotomy) with the projection P satisfying

1. |T@®x| < Ne P'||x| forx € PX, t > 0.
2. IT(=) x|l = ||(T(t)|)_1x|| < Ne=P!|x|| for x € KerP, t > 0,where the invertible
operator T(¢)| is the restriction of 7 (¢) to KerP, and N, B are positive constants.

(43)
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Using the hyperbolicity of (T'(¢)),>0, it is straightforward to check that the evolution family
U(t, s):>s>0 has an exponential dichotomy with the projection P(t) = P forall + > 0 and
the dichotomy constants N and v := By by the following estimates:

U@, s)x|| < Ne 9| x|| forx € PX,t>s5>0,

UG, o) x|l < Ne "=9)|x|| forx € Ker P, t > s > 0.

We then define the function g : Ry x C, — X by

0
g(t,wi(-,0)) =Y () (/ m(t +0)sinw(x,t +60)d0 + h(x, t)) for w; € Cy,

—00
where the real function v (¢) is defined for a fixed constant ¢ > 0 by
2n + 1 1 2n+1 1

) +?] forn =0,1,2,...,

t—n ifte[

Y() = (44)

0 otherwise.
Equation (42) can now be rewritten as
d
: U1 = AU, D) + glt, i 0),
uo(-,0) =¢(-,0) eC

where h(-,t) is 1-periodic, it follows that g(z, ¢) is 1-periodic with respect to ¢ for
each function ¢ € B,. Moreover, ||g(z,0)]| = v @)|h(, )| < yy@) for y =
sup,cio.x1(fo 1h(x, H)*dx)!/?, and we have

It us (0, x)) — g (2, v (8, )]
-/

0 T 1
w(r)/ m(t + 6) (/ | (0, x) — vt(e,xnzdx)z do
—00 0

ol —

2

0
1//(t)/ m(t +0)(sinu,; (0, x) —sinv, (0, x))d0| dx

IA

0
< w(t)/ m(t +0)e "d0|u; —v;||, forall u,,v; € B,.
—00

Therefore,
t+1 il 1
fgg/t [Y(T)|ldT < 2sup /;H]_ ] (t —n)dt = Th

neN J 2

Hence, v € M(R4) and || ¥ ]lm < 2(%1 in spite of the fact that the values of ¥ can be very
large.

Therefore, g satisfies the hypotheses of Theorems 2 and 3 with p = a, L := %, o(t) =
My (t) and ¢(t) = 2M(r). By Theorems 2 and 3, if ¢ is large enough (consequently,
llollv and ||@|Iv are small enough), then (42) has one and only one 1-periodic mild solution
it € B,(0) and this solution # is conditionally stable in the sense of Remark 3. Moreover, by
Theorem 4, there exists a local stable manifold for mild solutions to (42) near the periodic
solution .
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