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Abstract Let r, s be positive numbers. We define a new class of operator (r, s)-convex
functions by the following inequality

F(pam+a=n") < [y +a -0 sy,

where A, B are positive definite matrices and for any A € [0, 1]. We prove the Jensen,
Hansen-Pedersen, and Rado type inequalities for such functions. Some equivalent condi-
tions for a function f to become operator (r, s)-convex are established.
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1 Introduction

Let M, denote the space of n x n complex matrices. Let Ml and M5* denote the posi-
tive and the self-adjoint parts of M,,, respectively. For self-adjoint matrices (or Hermitian
matrices) A, B € M), the notation A < B means that B — A € M. The spectrum of a
matrix A € M, is denoted by o (A). For a real-valued function f and a self-adjoint matrix
A € M, the value f(A) is understood by means of the functional calculus.

Let us recall some important types of convex functions in convex analysis and optimiza-
tion. A positive-valued function f on some interval K C R is said to be:

— convex, if fOx+A =0y =AfxX)+A =1 f();
— log-convex, if FOx+ =0y < fFOFO™
— harmonic convex, if FOx+(0 =y <OAf@  +d=0Fo H L

If inequalities are reversed, then we have the corresponding types of concave functions.
Fix a positive number r. Let K be some interval in R™ (in this paper, an interval in R
may be open, closed or half-closed). Then (Ax" + (1 — A)y")!/" € K forall x, y € K and
A € [0, 1].
In [7], the authors consider the notion of r-convex function as follows. Let r be a positive
real number and K be some interval in R™. A function f : K — R™ is said to be r-convex
(or belong to PC(K)) if

£ (Do +a=20yT1") 2 af 0+ =2 f )

forallx,y € K and X € (0, 1).
In [4], the authors consider the notion of s-convex function by the following condition:

FOx+ =2y = [+ =007,
forall x,y € K and A € (0, 1).

These notions of convexity are used to define the corresponding notions of operator
convexity, namely operator r-convex and operator s-convex. The aim of this paper is to
introduce the notion of operator (r, s)-convex functions, which generalize both notions
above. Namely, the notion of r-convexity in [7] is the same as (r, 1)-convexity and the
notion of s-convexity in [4] is the same as (1, s)-convexity.

Let us first formulate a general approach to the theory of means. A scalar mean M of
two positive numbers is a map from R x Rt to R™ such that:

1) M(x,x) = x forevery x € RT;

2) M(x,y) = M(y, x) forevery x, y € RT;

3) Ifx <y, thenx < M(x,y) <y;

4) Ifx <xpandy < yg,then M(x,y) < M(xg, yo);
5) M(x, y) is continuous;

6) M(tx,ty) =tM(x,y) (t,x,y € RT).

Definition 1.1 Let K be an interval in Rt and M, N be two scalar means on K. A non-
negative, continuous function f is called MN-convex on K if

FM(x,y) = N(f(x), f(¥)), (1.1)

for any x, y € K. This definition covers all types of convexity listed above.
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A New Type of Operator Convexity 597

Replacing numbers by matrices in the above inequalities, we have the notions of operator
convex functions. The definition of operator convex functions is as follows.

Definition 1.2 A continuous function f defined on an interval K C R is said to be matrix
convex of order n if for any Hermitian matrices A and B of order n with spectra in K and
for any X € [0, 1],

fQAA+ A =X1)B) <Af(A)+ (1 —=A)f(B). (1.2)

If f is matrix convex for any dimension of matrices, then it is called operator convex.

Operator convex functions are very important in matrix analysis and quantum informa-
tion theory. The class of operator log-convex functions was studied by Hiai and Ando [1]
and got fully characterized as operator decreasing functions.

Now, for a pair X = (A1, A2) of Hermitian matrices with spectra in K and a function f,
we denote f(X) = (f(A1), f(A3)). For a pair of positive numbers W = (w1, w) we set
W3 := w1 + w; and define the weighted matrix r-power mean M "1(X, W) to be

1 1/r
Aﬂﬂ(x,quzz[ﬁé(w1A14-w2A§ﬂ :
Next, we would like to introduce the main class of convex functions in this work.

Definition 1.3 Let r, s be arbitrary numbers, and K be an interval in RT. A continuous
function f : K — (0, 00) is said to be operator (r, s)-convex if

FMIx, wy) < MSI(F(x), w), (1.3)

where X, W, f(X), M[’](X, W) are defined as above.
If the inequality (1.3) is reversed, f is called operator (r, s)-concave.

Remark 1.4 Notice that the operator r-convexity (or operator P C (K convexity) introduced
in [7] is the same as the operator (p, h)-convexity in [3] with & being the identity function,
or as the operator (r, 1)-convexity in Definition 1.3 for s = 1.

The motivations of this work is the paper of Hiai and Audenaert [2] in which the authors
investigated conditions on p and g for the validity of the matrix inequality between the

matrix power means
AP + BP\YP /A 4 pi\ 14
- < - .
(=7) =)

They showed that this inequality holds if and only if p, g satisfy one of the following
conditions:

- pP=q;
- 1I<p<gq;

- g<p=-1

- p<-lg=1

- 1/2<p<1=gq;

- p=-l<g=-1/2

Based on Hiai and Audenaert’s results, one can describe all the power functions that are
operator (r, s)-convex on R™. Indeed, fix a positive real number « and define the function

con
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f(x) = x“. Let r and s be two positive real numbers such that s > 1 and % € [1, 2], the
function £+ is operator convex, and /s is operator monotone. Then, we have

1 1/r)% 1 as/r 1/s
FMUy = M = { [m(wmq + szg)] } = { [szl AT+ szg)] }

A

1 1/s 1 1/s
< [Wz(wlz‘lﬁ” + sz‘é”)] = (Wz [o1f(AD)* +w2f(A2)S]>

= MBSI(F(X), W).

Thus, the power function x* with % € [1, 2] is an operator (r, s)-convex function for s > 1.
In the case s > 1 and 2% < 1, the power function x“ is operator (r, 5)-concave.

Other examples of operator (r, s)-convex functions are given by F. Hiai as follows. For
s,7 > 0 and for a function f : [0, 00) — R*, we denote f ,(x) = [f(x'/")]*. Then, by
replacing A", B" with A, B, the inequality (1.3) has the form

/s 1/s
[fw<A42rB)] S[fv,r(A)';fs,r(B)] . (1.4)

Therefore, if s > 1, a sufficient condition for (1.4) to hold is that f; , is operator convex.
For example, when f; ,(x) = x logx, then f(x) = rl/s (xr log x)1/5 Hence, (1.4) holds for
fx) =ri/s@r logx)l/s with » > 0 and s > 1. On the other hand, if 0 < s < 1, then the
operator convexity of f; , is a necessary condition for (1.4) to hold. Also, for any s > 0, the
numerical convexity of f , is a necessary condition.

We have seen that the class of operator (r, s)-convex functions is rich enough and con-
tains many well-known classes of operator functions. In this paper, we study some basic
properties of operator (r, s)-convex functions. We also prove the Jensen, Hansen-Pedersen,
and Rado type inequalities for them. Some equivalent conditions for a function f to become
operator (r, s)-convex are also provided.

2 Some Basic Properties of Operator (r, s)-Convex Functions

Proposition 2.1 Let f be a continuous function on an interval K C Rt and 1 < s < s'.
Then

(1) If f is operator (r, s)-convex then f is also operator (r, s")-convex;
(ii) If f is operator (r, s')-concave then f is also operator (r, s)-concave.

Proof Let f be operator (r,s)-convex and s < s’. Then, the function 55" is operator
concave. We have

MU (f(X), W)

[ﬂ (4 >+ 2 (A )S/]l/s, = [ﬂ (A )S’ + o2 (A )S/]S/s’ 1/s
W2f 1 sz 2 = sz | sz ,

v

w] w2 /s .
[mel)f + —f(Az)s} = MP(F OO, W) = f(M7NX, W),
2 W
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Thus, the function f is operator (r, s’)-convex. The second property can be proved similarly.
O

Remark 2.2 We notice the following relationship between operator r-convexity (or operator
PC(K) convexity) and (r, s)-convexity.

—If f is operator (r, s)-convex and s € [1/2; 1], then f is operator r-convex. Indeed, since
JRARTS operator convex for 1/s € [1; 2], we have

1/s

f([ea”+(1=B)"") < [af () + A=) fB)']” < af () + (1= a) f(B).

—If f is operator r-convex and s > 1, then the function f is operator (r, s)-convex. We have

£ ([aa” + 1 =BT

IA

af (A) + (1 — @) f(B)
= a[f@T" +a - [rB°]"
[af (A + (1 —a) f(B)*]"".

IA

Therefore, f is operator (r, s)-convex.

Thus, the operator (r, s)-convexity is stronger than operator r-convexity if s € [1/2; 1],
and we have a converse statement if s > 1.
Proposition 2.3 Let f, g be continuous on K and r, s > 0. Then, the following assertions

hold

() If f is operator (r, s)-convex and o > 0, so is af;
(i) If f, g are operator (r, s)-convex and s € [1/2, 1], then f + g is operator r-convex.

Proof (i) trivially follows from the definition of f. We provide a proof of (ii). Let f, g be
operator (r, s)-convex functions and s € [1/2, 1]. Then, the function 175 is operator convex.
We have

(f + )M (X, W))
= f(MYI(X, W) + g (x, w))

1/r 1/r
w1 w2 ] w2
— AT 4+ — AL — AT 4+ — AL
f([Wz l—irWz 2} )Jrg([Wz l+W2 2} )

1/s 1/s
o] PG s | PG 5
<|:7W2f(Al) + sz(Az) D + (I:%g(Al) + Wzg(AZ) D

w1 w) w1 w)
sz(Al) + sz(Az) + Wzg(f\l) + Wzg(f\z)

IA

IA

w1 w2
= — A — Ar).
Wz(f+g)( D+ Wz(f+g)( 2)
Thus, (f + g) is operator r-convex. O

Remark 2.4 If s does not belong to [1/2, 1], the function (f + g) may not be operator r-

convex even when f and g are operator r-convex. Indeed, for s = 2, the function t12 is
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. 2r 5r
operator concave. It is easy to see that f(x) = x3 and g(x) = x ¢ are operator (r, §)-
convex. At the same time, we have

wy 1/r
—Ar —Ar
(f+8 ([ + W, ] )
1/r 1/r
w1 w2 w] w2
— A"+ — A — AT+ — AL
f([W2 1+W2 2] >+g<[W2 1+W2 2] )
4/3 1/s o . 5/3 1/s
ZLa —A’ ZLAr 4 2247
([Wz * ] ) Jr([Wz l+Wz 2} )

2/3 5/6
_ (W Aj+ %Ar) + (e )
2 2 2
2r/3 2r/3 w1 5r/6 w2 5r/6
fA fA —A —A
W ot 1) 2t W ot W 2

-t @1
= Wz(f+g)(A1)+ Wz(f+g)(A2)~

v

Therefore, (f + g) is operator r-concave.

3 Jensen and Rado Type Inequalities

We shall fix the following notations, which will be used throughout this section.

Let X = (A1,...,A,) be an n-tuple of Hermitian matrices with spectra in K. For
a function f, we denote f(X) = (f(Ay),..., f(A,)). For an n-tuple of positive num-
bers W = (w1, w2, ..., wy), we set W,, = Z?:l w;. The weighted matrix r-power mean

MY (X, W) is defined by

1 n 1/r
MUY (X, W) = (W ZwiAf)
mi=1

In the following theorem, we prove the Jensen type inequality for operator (r, s)-convex
functions.

Theorem 3.1 Let r, s be two arbitrary positive numbers such that s > 1, and let n be a
natural number. If a function f is operator (r, s)-convex, then

FMYVX, W) < MPI(f X0, W). (X))
When f is operator (r, s)-concave, the inequality (3.1) is reversed.
Proof We prove the theorem by mathematical induction. With n = 2, the inequality holds
by Definition 1.3. Suppose that (3.1) holds for n — 1, i.e.,

FM (x, Wy < MBL (ro0), .
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We prove (3.1) for n. We have

F(MPxw) =

I
\H
=T
—
=
=3
M
Fle
ES
+
SIS
e
—

IA

1 1/r\ ¢
—1 wj wp
Al + —f(A)*
S |: W,y 1:| an( n)

n—1 1/s
Wh—1 wj s wp s
( W, |:§_ W f(AD) ] + W, f(An) )

IA

The last inequality follows from the inductive assumption and the operator monotonicity
of the function x !/, O

Now, for positive numbers a; (i = 1, ..., n), let us denote the arithmetic mean and the
geometric mean as follows:

1 n
Ay(a) = p Za,-, G,a) = Yaray .. .ay.
i=1

Recall that the Rado inequality has the following form:
n(An(a) — Gp(a)) = (n — 1)(Ap-1(a) — Gu—1(a)).

In the following theorem, we prove the Rado type inequality for operator (r, s)-convex
functions.

Theorem 3.2 Let r and s be two positive numbers and f a continuous function on K. For
n € N we denote

an = W, (MELF OO, WP = FMIX, W)Y (32)
Then, the following assertions hold

(i) If f is operator (r, s)-convex then {a,},2 | is an increasing monotone sequence;
(i) If f is operator (r, s)-concave then {a,},° | is an decreasing monotone sequence.

%hm'n @ Springer



602 T.-H. Dinh et al.

Proof We have

7 (M, W))S = f [ul/n Xn:wm;}l/r

[
5
A
——_J
M1
S
2
- —_
=y
+
|§
<
>

Consequently,
N

W f [MI W] = 00 A0 + Womr £ [ MY X W]

Therefore,

I ¢ s r s
an = Wy (mgwiﬂm) - [l w)] )

S o f A - War [MPICe W)
i=1

S0 f A = on f(A = Waor £ [MY), X W) |

i=1

v

n—1

= Y o f(A) = o f [ M7 (X, W[
i=1

= Warr (ML, 1P WP = £ [ M6 W) = aar. a

4 Some Equivalent Conditions to Operator (r, s)-Convexity
Denote by I, and O, the identity and zero elements of M,,, respectively.

Theorem 4.1 Let f : K — R™ be an operator (r, s)-convex function. Then for any pair of
positive definite matrices A, B with spectra in K and for matrices C, D such that CC* +
DD* = I,

fCA'C* + DB DY) < (CAAY C* + Df(B)' DM @1

Proof From the condition CC* + DD* = I, it implies that we can find a unitary block

matrix
C D
U= [X Y]

when the entries X and Y are chosen properly. Then

U A" 0O, Ut — CA"C*+ DB"D* CA"X*+ DB"Y*
O, B” | XA'C*+YB'D* XA'X*+YB'Y*

@ Springer i ms



A New Type of Operator Convexity 603

It is easy to check that

1| A A L[ A A A1l Oy
-V V+ - =
2 |:A21 Ax 2 [ A2l Ax On Az

for V = [_I On ] . This implies that the matrix
0, 1
1 A" 0y, 1 [A 0,7, . [CAC*+DB’ D* On
Z'_EVU[O,, B’]U V3% o, B |V = O XA"X*+YB'Y*

. . Al An A" Oy
is block diagonal, where =U U*.
& |:A21 Azz} [ On B"

Consequently, Z; = CA”C*+DB"D* and f(Z,!") = f((CA"C*+ DB D*)'/"). On
account of the (r, s)-operator convexity of f, we have

1 AT O 1 [A O Ir
1/ry _ - n * - n *
f(z )_f((ZVU[On B,]UV+2U[OH B,]U) )
1
M1 A0, 7,.,\ 1 A 0,7, N1
_§f<vu[0n B]U V) +§f<U|:0n B]U>:|

E A O\ oy o ! A0\
=[aver ([, %)) vveavr ([0, 5]) v
_ [ cf@c* + Df(B)* D* 0, :

O, Xf(ASX* +Yf(B)'Y*

IA

’

where %VUU*V + %UU* = I,,. Therefore,

1
s

f(ZHr) =f ([CArC* + DBrD*]l/r> < [Cf(AYC* + Df(B)’ D*] -

In the following theorem, we obtain several equivalent conditions for a function to
become operator (r, s)-convex. The last condition was adapted from Tikhonov’s definition
of operator convex functions [6].

Theorem 4.2 Let f be a non-negative function on the interval K such that f(0) = 0. Then
the following statements are equivalent:
(i) f is an operator (r, s)-convex function;
(>ii) for any contraction ||V || < 1 and for any positive semi-definite matrix A with spectrum
inK,

FUVFATITY < (V* Ay V)
(>iii) for any orthogonal projection Q and for any positive semi-definite matrix A with
o(A) CK,

QA" < (Of(AY OV%;

(iv) for any natural number k and for any family of positive operators {A,'}i'?:1 in a finite
dimensional Hilbert space H such that Zf:]oeiA,- = Iy (the identity operator in H) and
for arbitrary numbers x; € K,

k 1/r & 1/s
f [Z aix,'rAi:| < (Z Olif(xi)sAz) . 4.2)
i=1

i=1
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604 T.-H. Dinh et al.

Proof The implication (ii) = (iii) is obvious. Let us prove the implication (i) = (ii).
Suppose that f is an operator (r, s)-convex function. Then by Theorem 4.2, we have
f(CA'C*+ DB"DY'/" <[Cf(A)’C* + Df(B)*D*]'V’,
where CC* 4+ DD* = I,,. Since ||V|| < 1, we can choose W such that VV* 4+ WW* = [,,.

Choosing B = O,, we have that f(B) = f(0,) = f(0)0, = O,. Hence,
f((V*ArV)l/r) — f((V*ArV + W*BrW)l/r)
(iii) = (i). Let A and B be self-adjoint matrices with spectrain K and 0 < A < 1. Define

c—[4 On U VAL, —JT=xl, 0— I, O,
| On B |’ T VT=AL, VAl ’ T On On |’

Then C = C* with 0 (C) C K,and U is unitary, Q is an orthogonal projection and

. 2"+ (1 —1)B" A= 22A" + /A — A2B"
U*C'U =
T VA= A2AT + VA — A2B7 (1 — 1)A” + AB"

is Hermitian. Since

QUCTUQ = [)LA’—I—(I —\)B’ on}

0, Oy
and ||U P|| < 1, hence,

AA" + (1 — 1B 0,
f<[ +( )

1/r
o, o ]) = feurcrue)'n < [ou* feruol”

_ [ +a =0 B 0,
- On On '

Therefore, f(AA” 4+ (1 — A)B)HY" < [Af(A)® + (1 — 1) f(B)*]'/5.

(iv) = (i). Let X, Y be two arbitrary self-adjoint operators on H with spectra in K, and
a€(0,1).LetX =37 APrandY = Y i_ 11;Q; be the spectral decomposition of X
and Y, respectively. Then, we have

n n
«d Pit(l—-)) Q;=1In.
i=1 j=1
On account of (4.2), we have

f ([aA’ . a)B’]l/’)

q1/r

n n
=flled MP+0-0)) w0,
i=1 j=1 |

s 1/r]* 1/

n 1/r i n
af (Zx{> Pit—af || u; 0,
i=1 j=1

IA

s1/s

= af<ZAiPi> +0 - f | Y no; <[af Ay + 1 - fBy]".
i=1

j=1
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(i) = (iv). By the Neumark theorem [5], there exists a Hilbert space H larger than H
and a family of mutually orthogonal projections P; in H such that Zf:] P, = Iy and
a;A; = PP;P|H(i = 1,2,...,k), where P is the projection from H onto H. Then, we
have

k 1/r k 1/r & 1/r
FUD i A = (D xPPiPIH =f||PY_xPPIH
i=1 i=1 i=1
& K /s & 1/s
<|P|fX_xP| PIH| =|P) f&x)’PPIH
i=1 i=1
1/s 1/s

k k
= | Y Pfxi) P PIH > f()'PPiPIH
i=1 i=1

k 1/s
= (D aifGrai) . O

i=1
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