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Abstract

We prove in the case of cosmological models for the Einstein-Vlasov-scalar field system
with Gowdy symmetry, that the solutions exist globally in the past. The sources of the
equations are generated by a distribution function and a scalar field, subject to the Vlasov
and the wave equations respectively. The result is generalized for the case of T2 symmetry.
Using previous results, we deduce geodesic completeness.
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1 Introduction

The question of global existence solutions of Einstein equations with matter or not is very
important in general relativity. Here, for long, the practice has been to study existence
of solutions under symmetry assumptions. Spacetimes with Gowdy or T2 symmetry have
received much attention by different authors for many years, see [1, 3, 8, 11, 15] and the
references therein.
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In this paper, we prove past global existence, with respect to a geometrically defined time,
for Einstein equations coupled to the Vlasov and non-linear wave equations. In the surface
symmetry case with the Vlasov and linear scalar field, we have shown in [12] (without any
restriction on the data) and [13] global existence in the past time direction. The symmetry
assumption here is the Gowdy and 7 one, and thereby we extend respectively Andréasson’s
resultin [1] and Smulevici’s one in [11] for the Vlasov case. Andréasson’s result was the first
result to provide a global foliation in the contracting and expanding direction of a spacetime
containing both matter and gravitational waves. In that paper, Andréasson generalized in the
two time directions (contracting and expanding) the Moncrief result for the vacuum case.
His method of proof is inspired by a result in [3] for vacuum spacetimes admitting a T2
isometry group acting on T3 space-like surfaces. Gowdy spacetimes are a special case of
these spacetimes. Andréasson proves that 7> x R spacetimes with Gowdy symmetry admit
global foliations by conformal coordinates in the contracting direction.

We extend the result in [1] by introducing a scalar field. It can be seen as a step towards
certain questions of physical interest. In recent years, cosmological models with accelerated
expansion have become a very active research topic in response to astronomical observa-
tions [10]. The easiest way to obtain models with accelerated expansion is to introduce a
positive cosmological constant (see [2] and the references therein). A more sophisticated
and generalized way is to introduce a scalar field with non-vanishing potential. This is our
case.

There are three types of time coordinates which have been studied in the inhomogeneous
Einstein-Vlasov system case: constant mean curvature, areal, and conformal. A constant
mean curvature time coordinate ¢ is one where each hypersurface of constant time has con-
stant mean curvature and on each hypersurface of this kind the value of ¢ is the mean
curvature of that slice. In the case of areal coordinates, the time coordinate is a function of
the area of the surfaces of symmetry. In some papers of the relevant literature, it is taken to
be proportional to the area. In the case of conformal coordinates, the metric is conformally
flat on the manifold Q which is the quotient of spacetime by the symmetry group. Q is a
two-dimensional Lorentzian manifold.

Now consider the past maximal globally hyperbolic development of data on an initial
hypersurface with Gowdy or T2 symmetry (which includes plane symmetry). Using con-
formal coordinates and geometrical arguments as in [1, 3], we prove that along any past
inextendible timelike curve, the time coordinate R = ¢, which is the area of the symme-
try orbits, tends to a constant value Ry = 0, independent of the choice of the curve. This
was also proved in the case of 72-symmetric spacetimes with only the Vlasov matter by
Weaver in [15] with results generalized later in some direction by Smulevici in [11]. Con-
formal coordinates have advantages for the simplification of estimations of solutions. By a
long chain of geometrical arguments as in [3], one deduces the global foliations in the past
time direction of the spacetime by areal coordinates system.

Now, we recall the formulation of the Einstein-Vlasov-scalar field system. The spacetime
is a four-dimensional manifold M, with local coordinates (x*) = (¢, x') on which x0 =1
denotes the time and (x?) the space coordinates. Greek indices always run from O to 3, and
Latin ones from 1 to 3. On M, a Lorentzian metric g is given with signature (—, +, +, +).
We consider a self-gravitating collisionless gas and restrict ourselves to the case where all
particles have the same rest mass m > 0, and move forward in time. We denote by (p*) the
momenta of the particles. The conservation of the quantity g p* pP requires that the phase
space of the particle is the seven-dimensional submanifold

PM = {gpp"p? = -m* p° >0}
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of T M which is coordinatized by (¢, x’, p'). The energy-momentum tensor is given by

dp'dp?dp? 1
1/2%Jrvmvm—[EVV¢V”¢+V(¢)]W (1.1

TAﬂ:_f Ipipp el
R3
where the distribution function of the particles is a non-negative real-valued function
denoted by f and defined on PM, p; = gug pP, || denotes the modulus of determinant of
the metric g, a scalar field ¢ is a real-valued C* function on M, and V € C®(R") is a
function such that V(0) = Vy > 0, V/(0) = 0 and V" (0) > 0 (see [9]).

The Einstein field equations

1
Rip — ERg)ng =8nT)p (1.2)

should be coupled to the Vlasov equation (matter equation for f) and to the wave equation
(matter equation for ¢), which are respectively

i 1 .
3,f+%8xif— Ty PP P81 =0 (1.3)
VAV — V'(p) = 0. (1.4)

As a consequence, the energy-momentum tensor is divergence-free since the Bianchi iden-
tities imply that V’\Gw = 0 where G5 = Ry — %ng and the contribution of f to the
energy-momentum tensor is divergence-free [4].

The outline of the paper follows in the large that of [1]. In Section 2, we present the
equations in Gowdy symmetry with conformal coordinates. The main theorem is formulated
in Section 3. The proof of the theorem is based on a series of estimations using a light-cone
argument. These are important to obtain bounds on the field components, the matter terms,
and their derivatives. In Section 4, we extend the previous results for the 72 -symmetry case.

2 The Gowdy Case

We refer to [1, 7], or [8] for details on the notion of Gowdy symmetry. There are several
choices of spacetime manifolds compatible with Gowdy symmetry. Here, we restrict our
attention to the T3 case. Spacetimes admitting a 72 isometry group acting on 7> space-like
surfaces are more general than the Gowdy spacetimes: both families admit two commuting
killing vectors, but in the Gowdy case the additional condition is that the twists are zero. The
dynamics of the matter is governed by the Vlasov and the non-linear wave equations. The
Vlasov equation models a collisionless system of particles which follow the geodesics of
spacetime. We now consider a solution of the Einstein-Vlasov-scalar field system where all
unknowns are invariant under this symmetry. We write the system in conformal coordinates.
The circumstances under which coordinates of this type exist are discussed in [2] and the
references therein. In such coordinates, the metric g takes the form

ds? = —2* Vg 4 #0362 4 2V (dx + Ady)? + R*e 2Vdy?,  (2.1)

where u, U, R, and A are unknown real functions of ¢ and 6 variables. R is periodic in
6 with period 1. Here, the timelike coordinate ¢ locally labels spatial hypersurfaces of the
spacetime. The scalar field is a function of ¢ and 6. Using the results of [1], the complete
Einstein-Vlasov-scalar field system can be written in the following form:

o,
“ 10
e @ Springer
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The Einstein-matter constraint equations:

AU
Rog iRy 1oRg 2 u—U
U+ U} (42 +43) 4 00 MR BOT 20y 2
+ 9+4 S(ATHAY) + - % o e p, (22)
au
€ Rio Wi Rg to Ry 2pu—U
2U,U AAg — — — —— ——— = H ). 2.3
Uy + o pr Ao — — R R e 1 (2.3)

The Einstein-matter evolution equations:

UgRy UR, €% |
Uyt — Ups = - (A—A) W=U)(p— P+ Py— P3), (2.4
tt 00 R R 2R2 0 +2€ (p—P1+ P 3), (2.4)
AR, AgR
A= Agg =~ ~ 20 L 4(AUy — AU + 2R 53, 2.5)
Ry — Rgg = R0 (p - Py, (2.6)
it — oo = U2 U2+4—(A2 AD ==V py A2 2 tp, 2Ae2”“S23 2.7)
" o 4R2 R R :
R _
b — oo = — gy 1+ K0y 200y (2.8)
R R
The Viasov equation:
aof vl of 0 1 2V Ag v203
=L —_ L —U, —U, —
or T g | e~ Uovi+ G — Uy R0
b+ Y ip oy - BT T v 2
7 ((v? V| =
V0 0 | gu! o ! dv?

Rt Rﬁ 1U3 €2UU2 f
— X—Ut U - UG_? UO +— R Ar‘l‘AG 0 8—3—0 (29)

Since all the particles have proper mass m, the variables v* are related to the canonical
momentum variables p® by the relations

UO — eM_UpO, Ul — e/L—Up]7 U2 — eUPZ + AeUp3, 1)3 — Re_Up3,

so that

= Vm? + ()2 + (12 + (%)%

Remark 2.1 If m > 0 then p® > 0 and v° > 0.
Case m = 0: let I be the maximal existence interval of solution s —> (x%(s), p*(s)) of
the geodesic equations
dx® o dp“
— =p% —r4, pf p* 2.10
2 P s ap P (2.10)

Take 5o € I such that p = v/g%(s0, 6(s0))y/ i (0, 0(50)) P p{)' > 0. Then since

=" 0% P = 1 = 850, 0(s0))y/ 53 (0. 8500 pf

is continuous on pg = ( pé, p(z), pg), we can find a neighborhood W of pg such that

0
(ﬁeW):><p0>sz>0>.

Finally, either m > 0 or m = 0, we have p® > 0, i.e., v0 > 0.
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The matter terms are then defined by
Iy
p(1.0) = ¢ To0.0) = [ £(1.0.000%w + 320V @+ 6+ V),

I(t,0) = —g"Toi(t,0) = / f(t,0,v)'dv — e 2"V, gy,
]R;

1,2

Pi(t.6) = g"'T11(1,6) = /M f(t.0,v) (1;0) dv + %e‘z(“‘u)(aﬁ +¢5) — V(9),
WH?

Py(t,0) = eV Tny(t,0) = /R S0 vt Se D@ - g7) — V@),

372
UL vt 5200 g2 — g) V@),

v23

st(t,9)=f f@,0,v)——dv,
R3 v

P3(t,9):/ f(,0,v)
]R3

and
T33(1,0) = A%e*Y Py + R?¢ 72V Py + 2ARS»3.

We prescribe initial data at time t = 75 > 0:

[0, 0,v) = fo(0,v), wo,0) = o), wilto,0) =pi6),
R(t0,0) = Ro(0), Ri(10,0) = Ri1(0), Ulw,0)="Uo®), Uto,0) = U1(0),
A(10,0) = Ao(0), A(to,0) = A1(0),  @(10,0) = ¢o(6), i (t0,0) = p1(6)

3 The Main Theorem

We begin this important section by specifying the regularity properties and the local in time
existence result which we require.

Definition 3.1 Let / C]0, oo[ be an interval and (¢,60) € I x R.

a) f € C®°(I x R?) is regular if f(t,6 + 1,v) = f(1,0,v) for (t,0,v) € [ x R%, f >0
and supp f (¢, 6, .) is compact uniformly in 6 and locally uniformly in ¢.

b)u (or R, U, A) € CX(I xR) is regular, if (¢, 0 + 1) = u(t, 0).

c)plor P, /) e ClI xR) (k=1,2,3)is regular, if p(¢,0 + 1) = p(¢, 0).

d)¢ e C%2(I xR) is regular, if ¢ (¢, 60 + 1) = ¢ (¢, 9).

Theorem 3.2 Given initial data for (1.1)-(1.4), there is a maximal globally hyperbolic
development (M, g, f, ¢) of the data which is unique up to isometry.

The proof is as in [5, 6]. This important result (which is a local existence in time solution
for an associated hyperbolic system) will be used in this paper. However, it does not yield
any conclusion concerning global existence in time directions. Our attention is concentrated
only on the existence of global solutions in the past time direction for any initial data. This
is an extension of Choquet’s result for the hyperbolic system.

Remark 3.3 (M, g, f, ¢) is unique up to isometry means that if (M’, g/, f’, ¢') is another
maximal globally hyperbolic development, then there is a diffeomorphism ¢ : M — M’

con
S 9 /Vi
<

Frus 4 Springer



506 Alex Lassiye Tchuani et al.

such that p*g’ = g, ¢* ' = f, ¢*¢' = p and p oi = i’, where i and i’ are the embeddings
of T3 into M and M’ respectively.

Theorem 3.4 Ler (T3, o, 11, Ao, A1, Uo, Uy, fo, ¢o, ¢1) be regular initial data that sat-
isfy the constraints (2.2)—(2.3) where the metric is coordinatized as in (2.1). Let (g, f, ¢)
be the local regular solution that corresponds to the initial data and 1T, ty] be the maximal
interval of existence. There exists a globally hyperbolic spacetime (M, g, f, ¢) such that
() M = [0, to[xT?,

(i) (g, f, @) satisfies the Einstein-Viasov-scalar field system in areal coordinates,

>iii) (M, g, f, @) is isometrically diffeomorphic to the maximal globally hyperbolic devel-
opment of the initial data (T3, o, L1, Ao, A1, Ug, U1, fo, do, d1)-

In order to extend the local existence in time to the global existence, it is sufficient to
obtain uniform bounds on the field components, the distribution function, the scalar field,
and all their derivatives on a finite time interval [¢;, ;) on which the local solution exists.
This means that the past maximal development of initial data in terms of conformal coor-
dinates has t — —oo as long as R stays bounded away from zero, and using geometrical
arguments as in [1], we have a proof of the theorem.

Let us introduce the null vector fields 9; := %(8, — 0g), O = %(8, + 0g). Then

F; = %(F, — Fp) and F; := %(F, + Fp) for any function F of variables ¢ and 6.
Step 1 Monotonicity of R and bounds on its first derivatives.

After some calculation, the constraints (2.2) and (2.3) give respectively

4U

V204 Re = =RV (p = J1) = 2RUZ — - A7 + 2us R, 3.1)
4U
e
V209 R, = R** V(o + Jy) +2RU? + EA% — 21 R;. (3.2)
Since |J1| < p and R > 0, it follows from (3.1) and (3.2) that
doRe < V2 Re, (3.3)
dR: > =21 R;. (3.4)

If R (t,0) = O for some ¢ €]ty o] and @ € R, then by the periodicity of R with respect to 6
and Gronwall’s lemma applied on (3.3),0 = Rg (1,6 + 1) < Re (1, 0)exp(fy ' v/2ue) = 0,
a contradiction. Thus, Rg # 0 on ]z, o] x st

Similarly, (3.4) yields the same assertion for R;. This implies that the quantities Rg, R;
have each a definite sign. It follows that the quantity g*#8,« R9, s R = gOOth + glle =
—%ez("’u >Rg R; does not change sign (it is strictly positive or strictly negative). Since R
is periodic and continuous in 6, there must exist points where Rg = 0, hence the quantity
above is negative everywhere (g% th < 0). Thus, VR is timelike. This means that R; is non
zero everywhere. Our choice of time corresponds to contracting T2 orbits so that R, > 0
and |Ry| < R;.

Next, we show that R; and |Rg| are bounded into the past. Using (2.6) and the fact that
0= pi,

R
deRe = e (p = P1) 2 0 (3.5)

@ Springer i ms
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and
R su—ty
R = 7€ =% (p — P1) = 0. (3.6)

It follows that if we start at any point (g, 6p) on the initial surface, we obtain

d
TRe(s, 041 =) =0, R — g Re = V20, Re(s,r +1—s) > 0.
S

After integration on [¢, fo],

Re(t,0) < Re(t0,0 +t — 19).
Similarly,

R, (t,0) < R (19,0 — t + tp).
These yield

V2R;(t,0) < Re (10,0 +1 —10) + Re (10,6 — 1 + 19) < sup (Re + Ry) (10, 6).
pes!

We conclude that R; is bounded into the past and | Rg| is also bounded. Consequently, R is
uniformly bounded to the past of the initial surface.

Step 2 Bounds on U, A, u, ¢, and their first derivatives.

We use the light-cone argument and Gronwall’s lemma in this step. The functions
involved in this case are quadratic and defined by

4U
X = SR +UD + a2+ )+ RG +)+0% @)
€4U
Y = RU,Us + — A;Ag + Ry p. (3.8)
4R
Using (2.4), (2.5), and (2.8) we find
DX +Y) = —2R Ur-U2+ 4U( A2+ AN )+ R
© = ke 0 5~ 7 o
& _7 _ 2(u—U) v,/
+< 2 + f) o7 +2¢¢: ﬁ(@ + ¢g)e Vi(¢) (3.9

R - U e
+5 Use (o= Pi+Pr— P3) + 3R Aee K77 803,

and

e (s ) o (R R
(X —-Y) = 2Rf U U@ + 4R2( Ar+Ap) ) + R \/E @;
R _ _ R _ 2(u—=U) v,/
+ (7R 7\[> o7 + 20¢; 75((1)[ ®o)e Vi) (3.10)

R 2
+5Urez(“_U)(,o Pi+ Py = P3) + —Ar =) g5,

Fus &\ Springer
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Integrating each of the above equations along null paths starting at (¢1, ) and ending at the
initial #p—surface, and adding the results we obtain

1 1
X(t1,0) = E(X +Y)(t,0 — (to — 1)) + §(X —Y)(to, 0 + (to — 1))

1
_% / ’ [Ki(s,60 — (s —11)) + Ka(s,0 + (s —11))]ds (3.11)

n

L[
—5/ [(UeT1)(5, 6 — (s — 1)) + (U T1)(s5, 0 + (s — 1) ] ds

5]

1 fo e2U 22U
_E/tl |:<2R §T2> (s, 9_(S—f1))+(2RA Tz) (s,9+(s—t1))]ds

where
1 €4U
K =—5RT<U2 i+ 5 (- A2+A2)—¢3—¢§)
Ri 5 Ro R 2u—U) 7
_ e Db, — —— =0y (),
ﬁd)’ +ﬁ¢9+ o) ﬁ(dh + ¢o)e (@)

1 4U
Ky = —ERg (U} - U2+ 6—2 (—A,2 + Ag) e~ ¢g>
[ ; fd)@ + 2 — ﬁ(@ — ¢)e* "V (9,

R _
T = 562(“ Dp— P+ P, — P3),

T = ezw*U)SB.

— ¢ -

From the expression of the matter terms and the fact that V (¢) > 0, we deduce that
1 o
pPi= == [ S fav— 20 - gh) 44V o)
R,
ie.,
Pi+P+P3<p+ e_z(“_U)¢t2

and

Py+ Py < p— P+ e 20D (@] — ¢) — 4V (9).
In another way

21823] < Py + Py — e 2H (@7 — ) + 2V (9),
therefore |

12| = 207 D1S| < 227 (p — Py). (3.12)

Since p— Py — P+ P3>0(.e.,Pr,—P3; <p—P))and p— P+ P, — P3 > 0, we deduce

that
0<p—P +P,—P;<2p0—P)
and
T, < RV (p — Py). (3.13)
In another way for k = 2, 3,

1
W= p < 2u=U(p — pp) + §¢? (3.14)

@ Springer i ms
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Without loss of generality, choosing V (¢) such that V (¢) = Voexp(¢>2), we obtain

> HVV ()] = 2i¢sple* "DV () < %«/)g +¢H)e* V(o — Py)
and
62UV @) = 2igelPE DV (9) = 192+ 9 (o — ).

For any t € (11, tp), Egs. (3.5) and (3.6) give respectively after integration
1 [l
Re(t0,0 + g—1) — Re(1,6) = 5/ [Re*#) (o — P)](s, 0 + s — 1)ds, (3.15)
t

1 [l
R.(tg,0—1t9 +1) — R (t,0) = Ef (R (p — P)(s, 0—s + 1)ds. (3.16)
t

It follows from Step 1 that the right hand sides of the two equalities (3.15), (3.16) are
uniformly bounded. Consequently, on (1, fy), we obtain from (3.12), (3.13) the uniform
bound of

1 1
/0T1(s,9:i:(s—t))ds; /0|T2|(s,9:|:(s—t))ds
t t

and (for some constant C) the estimations

1
/0 B@)g + ¢?)R* U (p — Pl)] (5,0 +s5—1t)ds < Csup X(1,0), (3.17)
t

[t1,00]
o 1
f [5(# + 2R MV (p — Pl)] (5,0 —s +1)ds < C[sup]X(t, ). (3.18)
t 1,10

We can deduce that

0 fo X
/ |U5|T1(s,9—s+t1)ds§/ Z‘IETl(S,O—s-l—tl)dsgCsup\/X(t,G), (3.19)
n 1

[11.10]

0 fp X
/ |U,|T1(s,9+s—t1)ds§/ 2,/ET1(S,9+s—tl)ds§Csup X(t,0), (3.20)
13 131

[71,10]

to ,2U fo X
/ ;—R|A5||T2|(s,6—s+tl)ds§/ 2‘/E|T2|(s,9—s+t1)ds§C sup v X (t,60),(3.21)
n 1

[t1,10]

to ,2U fo X
/ ;—R|A,||T2|(s,9+s—t1)ds§f 2,/E|T2|(s,9+s—zl)ds§C sup v X (t,60), (3.22)
N 3l

[t1,70]

1) fp
/ |K1|(s,0 —s +1t1)ds §C/ X (s,0)ds + C sup /X (¢,0), (3.23)
1 1 [t1,10]
) fo
/ |K2|(s, 0 + 5 —t1)ds §C/ X (s,0)ds + C sup /X (¢, 0). (3.24)
f f [11,10]

So the identity (3.11) now implies
supX (t,0) < 4supX(t9,0)+C sup +/X(t,60)
4 [%

[r1,20]x S!
1 (3.25)
+C sup X(t,0) —I—C/ supX (s, 6)ds.
[t1,t0]x ST 1 0

Fus &\ Springer



510 Alex Lassiye Tchuani et al.

Using Gronwall’s lemma, we conclude as in Step 2 of [1] that supX (s, €) is uniformly
6

bounded on (#1, tp), leading to bounds on U, A, ¢, V(¢), and their first derivatives. The
bounds on p and its first derivatives are obtained in a similar way since (2.7) can be written
as

2, Y s 2(u—U) A AU 2A 2U
dope = U — U? + m(A AZ) — 2 P3 + Py+ —e"" 83| (3.26)
or equivalently
2 i 2 2 2(u—U) A’ 4U 2A v
depr = UG U+ 7(A —Aj) —e m P; + ﬁe P+ ?e S ). (3.27)

Using inequalities (3.12), (3.14) and the fact that the integral along null paths for the quan-
tity Re21—2U (p — Pp) is bounded to the past of the initial surface, we conclude that the
integrals along the null paths for the matter terms in the right hand sides of (3.26)—(3.27) are
bounded since A, U, ¢, and their first derivatives are bounded. We obtain that |pg| and ||

are bounded, and therefore u; = 4(;” + ung), o = g(—uf + pg), and p are bounded.
Step 3 Bound on the support of the momentum.

A solution f to the Vlasov equation is given by
f@,0,v) = fo(O,1,0,v), V(n,1,0,v)),

where ® and V are solutions to the characteristic system

do v!

ds vV’

dv! 0 v 2)2 Ry (V3)2 Ay U V2V3
— = —(no —Up)V’— UnV'+ U, -— — :
ds (1o 0) (e =U)V ' + Uy VO (9 R) Vo Re Vo
dv? 5 viy?

o T U U

dv? R Rp\ VIv3 U V!
W:—(é—U:)W—F(U@-%) R (A,+A9 )vz,

with O (¢, ¢, x,v) =0 and V (¢, ¢, x,v) = v. Since || f|lco < || follco, the control of

0t) = sup{| vl:3(s,0) €lr, i) x S & £(t,0,v) ;Ao}

and previous steps give bounds on the matter quantities p, Py, (k = 1,2, 3) and S»3. The
distribution function has compact support on the initial surface and therefore V¥ (to), k =
1,2, 3 is bounded. Since |Vk| < V9 k = 1,2, 3, the Gronwall lemma applied to the
characteristic system gives uniform bounds on |[VK(#)| and it follows that Q(¢) is uniformly
bounded on (71, #p].

Step 4 Bounds on the second-order derivatives of R and ¢.
From previous steps, the field components and all their first derivatives are bounded, and

the matter quantities are all bounded. We deduce respectively from (2.2), (2.3), and (2.6)
the uniform bound of Rgy, R:g, and R;; as long as R stays bounded away from zero.
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Let B = d9(R¢;) and D = 99 (R¢z), then

V2 Ry
Grg = ﬁ(B + D) — ?iﬁt (3.28)
and s
_v2._ R
Poo = ZR( B+ D) R Or. (3.29)

After some calculations and using (3.28), (3.29),

B = 2[R R2¢ Rl _ g ¢>—|—RSB K p
i =5 00  + R 0 ) do R

—[( Ue+—>V<¢>)+ ¢9v”<¢>} 2u=2U (3.30)
and
D. = 1 R Rig RiRy R &B &D
=5 00— & ¢t+<R — za>¢0+R -
[(MQ—UM—)V@H ¢9V”(¢>)} 2, (3.31)

Integrating (3.30)—(3.31) along null paths starting at (#;,6) and ending at the initial
to—surface, we obtain

1 [l R R
B(t1,0) = B(t0,0+t1—to)+§/ (a—b+ %B—iD) (t1,0 +s—t1)ds (3.32)

n

1 [ Re R,
D(t1,0) = D(1o, 9—11+t0)+§ —a—b — ?B—F?D (t1,0—s+1t1)ds. (3.33)
131
We take the supremum in 6 of the absolute values of each equation and add the results to

obtain

f
K(t) < K(tp) +/0 |:sup|(a + b)(s,0)| + sup R
t

<|Rs| + |R:|
pes! pes!

) (s, 9)K(s)j| ds, (3.34)

where K (1) = sup (|B| + |D|)(¢, 0) and
Hes!

Rth
a(t,0) = (R99—> ¢ + < R —Rte>¢9,

R 1
b(1,0) = [(Me —Up + {)V’@) + §¢ev”(¢)] e,

We deduce from (3.34) the Gronwall lemma and previous steps that K (¢) is bounded since
R stays bounded away from zero. This proves from (3.28)—(3.29) that ¢¢, ¢gg are uniformly
bounded. The uniformly bound of ¢, follows from the evolution equation (2.8).

Step 5 Bounds on the first-order derivatives of matter quantities and second-order deriva-
tives of the field components.

Since the second-order derivatives of R and ¢ are bounded, one follows the techniques
developed in [1] (Step 4) to bound first-order derivatives of f and second-order derivatives

con
S 9 /Vi
<
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of U, A, and w. There is a minor change on the term kg = dg(p — P + P> — P3) where
99 V (¢) appears and is bounded by previous steps.

Step 6 Bounds on higher order derivatives and completion of the proof.

The method described above can be used for obtaining bounds on higher derivatives as
well. Hence, we have uniform bounds on the functions R, U, A, u, f, ¢, and all their
derivatives on the interval (z, fo] if R stays bounded away from zero. This implies that
the solution extends to + — —oo in conformal coordinates. The proof of the theorem is
complete using the geometrical arguments developed in [1, 3].

4 The T? Symmetry Case

We consider now a solution of the Einstein-Vlasov-scalar field system where all unknowns
are invariant under the T2-symmetry with the twists different from zero (cf. [11, 15]). In
conformal coordinates, the metric g takes the form

ds? = —2H Va2 4 2 W= ge% 4 2V [dx+ Ady+(G+AH)dO*+R*e 2V (dy+HdO)?;
“4.1)
where i, U, R, A, H, and G are unknown real functions of ¢ and 6 variables, periodic in 6
with period 1.
Using the results of [15] or [11], the complete Einstein-Vlasov-scalar field system (1.2)—
(1.4) can be written in the following form:
The Einstein-matter constraint equations:

4U
Ut2 + U02 + ﬁ(Atz + Ag) + % - MT& - MQRRQ 4.2)

—2(u—2U) ) -
_ _e¢ *:1 1—12_e4“Ht2_62(/4 U);O,
41U
e Rio wi Rg o Ry 2u—U
0,Ug + ——=AjAg — — — 22 D09 2w=0) g 43
+Ug + 2R2 1A R R R 1 ( )
The Einstein-matter evolution equations:
4U
Uy — Upp = U5 — Ut 4 €5 (A7 — AD) w
T2 4 L2 (o — Py 4 Py — Py,
AR, AR
Ay — Ago= fR L2070 L A(AgUg— AUy) + 2Re* U Syy+ R2e™2UT H,, (4.5)
—2(u—2U) 2
Ri — Rog = REWV (p — Py) + ;R : S ROHY, (4.6)
4U 2
it — oo = Uj — UP + 53 (A7 — A) = HU Py — 4520+ 0 Py @.7)
_%62/1523 —_ wRFZ _ %RZHZZ.
b — poo = E(1,0); + F(1,0)pg — 2~V (9). (4.8)
The auxiliary equations:
dp(Re 272Uy = —2ReM J, 4.9)
3 (Re™ 220y = 2Re" S)n (4.10)
39 (R3¢ 2 Hy) + Re 22V AyT = —2R?e* 2V 5 4.11)
3 (R3¢ 2 H,) + Re 22D A,T = 2R?eM2U §)5. (4.12)

$ ) (zi “,
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The Vlasov equation:

1 2U 2.3
% + %% [(Me — U + (g — Up' — RA9 LA %((:ﬁ)z + )
Ry ) | i 5.1 af vlv? ;1 af
=0 + e H(e“"Tv"+ RHv )}W—[UQW—}—UW ]m
v! f

R; 3 Ro\ vivd  €2Uy? ad
— = U, Ug— — | —— Ar+Ap— || = =0, 4.13
+|:<R z)v +<9 R> 0 + R ¢+ 950 303 (4.13)

where I' = G; + AH;,

Ji = / f(l,9,v)vkdv, ke (2, 3},

S,'j :f f(,0,v

E(Z,Q) = R +(R H[H"‘R[H[H)E

o4 jed{l, 2,38 0 #

+QU,;G? +2AGHU, + GG, + A,HG + AH,G)e  +4U
and
F(t,0) = % + (R’HgH — RRyH? +2RgH? — 5R?H*Up)e 2"
+(G?Ug + AAgH? + GG + 4AUyHG —2AHUy + AHyG
+AGyH + AgHG + A’HHy + A>H?Ug)e 24U
Step 7 Monotonicity of R and bounds on its first derivatives

e~2uHU 2u+4U

Using the constraint (4.2) and (4.3), the extra non-negative term RI? +

~ adds to the right hand side of each relation (3.1) and (3.2). The same method
as in Step 1 follows.

Step 8 Bounds on U, A, u, and their first derivatives.

Define
AU 4U

e
TR AT HAD; Y = RUUs + S AcAp.

Following Step 2, relations (3.9) and (3.10) are respectively replaced by

X = 7R(U2 +UH+ —

1 4
0 (X +Y) = -2 R (U U; + 4R2( A7+ 9)> RA s R2AWHUIP

R
—EUS (6_2M+4UF2 + eZ(;L—U)(p — P+ P — P3)> + A5621L523.

and
AU

2U
T A2+A9)> S AR,

(X —Y) = —=R; (Ut2 U + SR

U, (e—2“+4UF2 42U _p 4 py— P3)) A Sy
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After integration and summation, we obtain relation (3.11) with
AU

1
Ki = —=R, <U,2 —UZ +

2
3 (A+A)>

1 4U
Ky = >R <U2 Uz +—( A7 + A7 ))

R R
T = Ee2(l’«—U)(IO — P+ P — P3)+ 56_2#+4UF2’
T = V8 + R UT Hy;

and

T

IA

R€2(M_U) (10 _ Pl) 4 Ee—2ﬂ+4U F2
) s

|T2|

IA

1 R?
3C 0 = P+ PO+ B,
Consequently, relations (3.15) and (3.16) are respectively replaced by
Re(to, 0 + 10 — 1) — Re(1,0) = L [ [ZRez(“‘U)(p - P
+Re = (VT2 + R2ZHD)](5, 0 + 1 — 5)ds,

Re(to,0 —to+1) — R (t,0) = 5 [°[Re**=V)(p — Py)
-2,
+Re = (VT2 + R2ZHD)(5, 0 — 1o + 5)ds.

(4.14)

(4.15)

This permits as in Step 2 to obtain bounds on A, U, and their first derivatives. The bounds
of w and its first derivatives follow from relations (3.26) or (3.27) replaced by

—2u+4U 2,21
drpe = UZ — U2 + 4R2(A2 A2) — ¢ —Rr? - 3R T2 @.16)

_ A2 2A
— 2 U)p3 & 2(M+U)P2_ 7e2“523,

4U —2p+4U 2,—21n
dpr = U2 — U2 + ij (A2 A2) — ¢——Rr? -3 g2 @17
2(;L U)Pz 2(//_+U) Py — 2A 2;/_523

Under the assumption |¢;| < |¢g|, we deduce that
1
P < 20D (o= P+ ST (g7 =) =3V (9) < 1T (p— Py (418)

Using inequalities (3.12), (4.18) and the fact that the right hand sides of (4.14), (4.15) are
bounded (Step 7), we conclude that the integral along null paths for the matter terms in the
right hand sides of (4.16), (4.17) are bounded since A, U, A;, Ag, U;, Uy are bounded. We
obtain that |ug | and |, | are bounded and therefore 1, and jg are bounded.

Step 9 Bounds on G, H, their derivatives, and the support of the momentum.

Consider the characteristic system associated to the Vlasov equation (4.13). It is analo-
gous to the one in Step 3, except the term —e *(e?*T'V? + RH,V?) which is added in the

second hand of the second equatlon L of the system. Since |V¥| < VO, k =1, 2, 3, the
integration and Gronwall’s lemma apphed respectively to the third and fourth equations of
this system give with previous Steps (7 and 8) uniform bounds of [VE@®)|, k = 2,3 0n (1, 1p).
So, we can conclude that Sup{|V2|+|V3|+1 3s, r, vY) €0, t]xR4 xR with f(s r,v) #
0} is also uniformly bounded. Now, define Q'(r) = Sup{|V!| + 1 : 3(s,r,v%, v3) €

@ Springer U

Hangi



The Einstein-Vlasov-Scalar Field System with Gowdy or T2... 515

[0, r]xR4 xR? with f(s, r, v) # 0}. Now integrate the second equation of the characteristic
system and use Steps 7 and 8 and the fact that VK| < VO, |V¥| < C to obtain

1
0'(1) < @' (1) + C/O[QI(S) + sup|T'|(s, @) + sup| H;| (s, 0)]ds. (4.19)
0 0

3]

Add and subtract respectively auxiliary equations (4.9)—(4.10) to obtain
9 (Re 272Uy = 2Re™ (813 — Ja),
3 (Re 2200 = 2ReH (812 + o).

Integrating along null paths and previous steps give
supl"[(r,6) < supl'[(r0,6) + € fto[l + 0'(s)ds. (4.20)
t
Analogously, (4.11)—(4.12) give 1
SglezI(t, 0) < Sglezl(to, ) + C/tto[l +0'()+ Sgplrl(s, 0)lds. (4.21)
1

Adding (4.19)—(4.21) and applying Gronwall’s lemma give uniform bounds on H;, I', and
Q1 (). Then H, G;, and G are bounded. From (4.11), we deduce bounds on H;y and then
on Hy. Consequently, (4.9) gives bounds on Gg and then on Gy. We deduce respectively
from (4.12) and (4.10) the bounds on H;; and G;;. Since Q'(¢) and V* are bounded, the
integral terms of the matter quantities are also bounded.

Step 10 Bounds on ¢ and its first derivatives.

Define
M=1R@2+ oD+ R0 N=Rao
- 2 t 0 2 ) - t PO -
After some calculation and using (4.8), we obtain

_ R 2pu—U)yyr
31(M+N)—?(M+N)—R¢$(E¢z+F¢9 + S HTV(P)) + Rpr o,

v =R Ny 20y
0¢(M — N) = —-(M = N) = R (Er + Fopy + V'(¢)) + R .
Integrating these along null paths and adding results give
M(t1,0) = 5(M + N)(t0,0 — (to — 1)) + 5(M — N)(t0, 0 + (to — 11))
+ i [Rebe (Edi+ F o) (s, 0 —(s—11))+ Rr (Er + F o) (s, 6 + (s —11)) ] ds
+ [X[(RpeeH=IV/(¢) — Rpe)(s,6 — (s — 1))
+(Rp- >~V (¢) — R ) (s, 60 — (s — 11))]ds.

Following previous Steps 7, 8, and 9, we have
fo
supM(t, 0) < supM (ty,0) + C/ supM (s, 0)ds. 4.22)
9 0 no0

We deduce by Gronwall’s lemma the uniform bounded of supM (¢, 8) which leads to the
0
bounds of ¢, ¢;, ¢g, and V (¢).

Step 11 Following Steps 4, 5, and 6, ones obtains with minor changes, bounds on the
first-order derivatives of matter quantities, second and higher order derivatives of field
components and matter quantities.
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We conclude this section by the following theorem:

Theorem 4.1 Ler (T3, o, L1, Ao, Ar, Ug, U1, Go, G1, Ho, Hi, fo, ¢o, ¢1) be regular ini-
tial data that satisfy the constraint equations (4.2)—(4.3) where the metric is coordinatized
asin (4.1). Let (g, f, ¢) be the local regular solution that corresponds to the initial data and
1T, to] be the maximal interval of existence. There exists a globally hyperbolic spacetime
(M, g, f, ¢) such that

() M = [0, to[x T3,

(i) (g, f, @) satisfies the Einstein-Viasov-scalar field system in areal coordinates,

>iii) (M, g, f, @) is isometrically diffeomorphic to the maximal globally hyperbolic deve-
lopment of the initial data (T3, o, L1, Ao, At, Uo, U1, Go, G1, Ho, H1, fo, ¢0, $1)-

5 Geodesic Completeness
Consider a solution s —> (x*(s), p®(s)) of the trajectory equations (2.10) which exists on

the maximal interval I =]s_, s4[. Since particles are future pointing, we have % =p’>o0.
We can then parameterize the trajectory by the time coordinate ¢ € [ and obtain the system:

d i i d i . B,y
Sl P PP 10,8,

dt PO dt vopo

Since supp f is compact, the right hand side of the previous system is linearly bounded
in p' with respect to the two directions of time (see [14] for the future direction). Thus,
t(s+) = oo. Now, due to the inequality % = p¥ < C, one obtains by integration

/ dr < Cf ds’ ie., t(s) —t(0) < Cs.
0 0

Thus, s+ = 00, and I = R. We conclude that geodesics are complete for the Einstein-
Vlasov-scalar field system with Gowdy or T symmetry.
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