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Abstract

We introduce the concept of robust equilibrium in a multi-criteria transportation network
and obtain a formula to compute the radius of robustness together with an algorithm to find
robust equilibrium flows.
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1 Preliminaries

We consider a transportation network G = [N, A, W] that consists of a set of nodes N, a
set of n directed arcs or links A = {aj,...,a,} and a set W of r origin-destination (OD
for short) pairs of nodes w = (x, x") with x, x’ € N such that there is a path from x to
x". We shall make use of some notations from [14]. Namely, for w € W, P, is the set of
available paths from the origin x to the destination x’; P = {p1, ..., pm} = Uwew Py is
the set of all available paths of the network; d,, > 0 is the demand of the traffic flow from
x to x’. The traffic load in the network is often presented either by arc flows z,,a € A, or
by path flows y,, p € P. Given a path flow, the arc flow can be obtained by the formula
2 = Y. peP Ypbap, Where 8, has value 1 if path p contains arc a and O otherwise. In
this paper we shall deal with traffic load presented by path flows only. A path flow y :=
1, ..., ym)T (notation “T” is for transposition) is said to be feasible if its components are
all nonnegative, that is, y = 0, and satisfy the conservation flow equation

> yp=dyforallwe W.
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The set of all feasible path flows is denoted K. We assume that on each path p, a cost
function c), is given and depends on the flow y = (y,) pep on the entire network. The cost
functions ¢, take values in a finite dimensional space R with £ > 1 and are utilized by
travelers to evaluate the routes and make their choice. The case £ = 1 is classic and well
studied. Multi-criteria models deal with ¢ = 2. In many practical situations, £ = 2, which
corresponds to two criteria: travel time and travel cost. We assume also that travelers have a
complete information on the network and make their choice according to the vector version
of Wardrop’s principle: no traveler chooses a path p if he finds another path p’ connecting
the same origin destination such that ¢, (y) — ¢, (¥) = 0, which means ¢, (y) — ¢,/ (y) 2 0
and ¢, (y) # ¢, (). This assignment of the network is known as a vector user equilibrium.
Thus, at a vector user equilibrium no traveler having chosen route p can reduce at least one
of his cost components without increasing other cost components by individually switching
to another route p’ # p. Mathematically, the problem of multi-criteria traffic assignment is
formulated as follows:

Find a feasible path flow y € K, called a vector user equilibrium (or equilibrium for
short), such that for every OD pair w € W and for every couple of paths p, p’ € P, one
has implication

cp(V) —cp(y) 20=y, =0.

The traffic assignment problem with multiple cost functions has been a subject of intensive
study for almost 50 years (see Quandt [21] and Schneider [26], Dafermos [5], and Dial [6]
for pioneer works and Chen et al. [3], Chen and Yen [4], Goh and Yang [9], Li and Chen
[10], Lin [11], Luc [12], Luc, Rocca and Papalia [13], Nagurney [15], Nagurney and Dong
[16], Tan, Yang and Guo [27], Tian and Xu [28], Wang and Ehrgott [29] and some others
(see [15-25]) for recent developments). The interested readers are referred to [23] for a
detailed discussion on studies of vector equilibria.

In a parametric model it is assumed that the vector cost functions /2, depend not only
on the arc flow z := (z45)qea but also on a parameter £ from some parameter set U
and the demands d,, are also functions of a parameter. The vector cost function along a
path p is then a function of the path flow y and the parameter & accordingly: c,(y,§) =
Y aea ha(z, £)84p. The vector user equilibrium flows, it they exist, are functions of the
parameter too. One of the most important issues of the traffic assignment problem is to
know how the vector equilibrium flows change when parameters in the cost functions and
in the demands change. This issue has been thoroughly treated in the case of single criterion
models ([18] and many references given therein), but as far as we know, there are very few
works devoted to the multi-criteria case (see [8] for multi-criteria stochastic models).

In stochastic traffic assignment models, the parametric costs ¢, (y, &) are often given in
the form ¢, (y,&) = cp(y) + &p, where ¢, (y) is the measured cost and &, is an additive
random error term with a probabilistic description. In the present paper, we consider a family
C as an uncertainty set of cost functions. Sometimes, it is parametrically given in the form
{c(.,&) = (cp(.,&))pep : & € U}. It may represent a set of perturbed costs or a set of
approximations of the real costs. We shall focus on a particular question of whether it is
possible to construct a flow that is equilibrium for any realization of uncertainty in the set C.
This question is important in traffic network management when the costs are approximately
given, or when the decision makers wish to modify, within a given tolerance, the travel costs
(for instance, to increase toll rate, to raise or to lower speed limits) without affecting the
traffic load on the whole system. As we shall see later, it is closely related to the concept
of robust solutions of optimization problems under uncertainty. Here, we give a simple
example to show that both positive and negative answers to our question are possible.
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Robust Equilibrium in Transportation Networks 637

Example 1 Consider a network problem with one pair of origin-destination nodes w =
(x, x"), two criteria: travel time and travel cost, two available paths: P, = {p1, p} with
the travel demand d,, = 30. Assume that the uncertainty sets of travel time and travel cost
functions on the paths p; and p; are respectively given as follows

_(nt2n—& _ yi+6y
61(%‘51)—( 6y1 + 2y ) CZ(y’&)_<10+6y1+8(y2—f;‘2))

with & € [0, 1] and & € [—1, 1]. Direct computation shows that y = (30, 0)7 is a vector
equilibrium for any realization of £ € [0, 1] x [—1, 1].
If we are given another uncertainty sets, for instance,

_(nt+2n—& - 1 +6y2
cl(}”i"l)—( 6y1 + 272 ) CZ(y’EZ)_<6y1+8()’2—Sz))

with &1 € [0,1] and & € [—1, 1], then no flow exists which is equilibrium for all
realizations of & € [0, 1] x [—1, 1].

Throughout this paper, we assume that the demands d,,, w € W are fixed and C is a
given uncertainty set in which components ¢, of ¢ € C are continuous vector functions from
K to R with € = 1. We equip C with the max-norm: |c|| = maxpep, yek llcp(y)]| where
llcp, ()1l is the usual norm in R¢ and make use of the following notations:

e Given 0 C R¢, the set Min(Q), called the set of minimal elements of Q, consists of
vectors ¢ € Q such that there is no ¢’ € Q satisfying ¢ < ¢’.

e d[a, Q] is the Euclidean distance from a point a € R to Q.

e T(Q, a) is the contingent cone of Q ata € Q: v € T(Q, a) if and only if there are a
sequence of elements " in Q and a sequence of positive numbers #,, convergent to co such
that t,a” converges to v.

e T9(Q, a) is the cone of admissible directions of Q ata: v € T°(Q, a) if and only if there
is some § > O suchthata +tv € Q forall r € [0, §].

e C,, is the set of all functions ¢,y € C, p’ € P,, for an OD pairw € W.

e B(a, r) is the ball of radius r centered at a in a normed space that contains a.

We shall introduce the concept of robust equilibrium and establish a relationship with
the concept of robustness of uncertainty optimization. Properties of robust equilibria will be
proven and an algorithm to compute robust equilibria will be presented with its convergence.
Some numerical examples are given to illustrate our algorithm. By our knowledge, this topic
is new and there exist no study on it even for single criterion models.

2 Robust Equilibrium

For every element ¢ € C we denote (G, ¢) the network G equipped with the cost function c.
Definition 1 Let y be a feasible path flow. We say that y is a robust vector equilibrium if it
is a vector equilibrium of the network (G, ¢) for every realization ¢ in C. Given an instance
¢ € C we say that y is a local robust vector equilibrium of (G, ¢) if there is some § > 0

such that it is an equilibrium of (G, ¢) for every realization ¢ in C with |lc — ¢|| < 3.

We have already known from the example given in the preceding section that an uncer-
tainty model of traffic networks may have a robust equilibrium and may have no robust
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638 N. Ba Minh, T.T.T. Phuong

equilibrium, depending on the nature of the uncertainty set. When a robust equilibrium
exists, it is also local robust for any realization of uncertainty in the set C. For a local robust
vector equilibrium y of (G, ¢), the radius of robustness at y, denoted Rc(y), is the supre-
mum of § > 0 such that y is equilibrium of (G, ¢) for every ¢ € C with ||c — ¢|| £ 8. Itis
clear that a local robust vector equilibrium y of (G, ¢) is robust if and only if the uncertainty
set C is contained in the ball of radius R¢(y) centered at ¢. To link the concept of robust
equilibrium of networks under uncertainty and the concept of optimal solution in robust
optimization we define a real-valued function ¢ on K by

¢ )= Y ypdlcy(y), Min(Cy ().
peP,,weW

When C is parametrically given, thatis C = {c(., &) : & € U}, we shall write ¢ (y, &) instead
of ¢ (y, c). For instance, under the first uncertainty set in Example 1, we have

¢(y.§) = yz\/(120—4y1 + &2 + (190 — 6y1 — 882)2, (M

forevery y = (y1, y2) € K and (&1, &) € [0, 1] x[—1, 1], and under the second uncertainty
set the function ¢ (y, £) takes the form

v/ (dys + €)% + (6y2 — 85,)? ifeither & > 0, yo = 4&/3,
or0 < yy < 4&/3,

N = . 2
PO =1 2408, iy =0.6=06>0
0 othewise.
Here is a characterization of robust equilibrium via the function ¢.
Proposition 1 Let y be a feasible flow. The following statements are equivalent.
(i) y is a robust equilibrium;
(ii) Foreveryc € C, p € P and w € W one has implication
cp(y) € Min(Cyy (y)) =y, = 0;

(iii) y is an optimal solution of the problem

minimize max¢(y, c)

ceC
subjectto y € K 3)

and the optimal value is equal to zero.

Proof The equivalence between (i) and (ii) is immediate from the definition of robust equi-
librium. We prove implication (ii) = (iii). By definition, ¢(y,¢) = 0 for all y € K and
¢ € C. If y satisfies (ii), then ¢ (3, ¢) = 0 for all ¢ € C. Consequently, y solves (3) and
the optimal value is equal to zero. Conversely, if (iii) is satisfied, then max.cc ¢ (¥, ¢) = 0.
Again, because ¢ (3, ¢) = 0, we deduce ¢ (3, ¢) = Oforall ¢ € C. Notice that all the terms in
the expression of ¢ (y, ¢) are nonnegative. Therefore, y,d[c,(¥), Min(C,(y))] = 0 which
implies j, = 0 when ¢,(3) € Min(C,(y)) forevery c € C,p € Pandw € W as
requested. O

A local version of Proposition 1 is given below.

Proposition 2 Let y be a feasible flow and let ¢ € C. The following statements are
equivalent.
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(1) vy is alocal robust equilibrium of (G, ¢);
(ii) There is 5 > 0 such that for every c € C N B(¢,8), p € P and w € W one has
implication

cp() ¢ Min((Cy N BE, )G =7, = 0;
(iii) There is § > O such that y is an optimal solution of the problem

minimize max_ ¢ (y,c)

c€CNB(G,5)
subjectto 'y € K 4
and the optimal value is equal to zero.
Proof Apply the argument of the proof of Proposition 1. O

The objective function max.cc ¢ (v, c¢) of (3) represents the worst case scenario among
all possible realizations ¢ (y, ¢), ¢ € C. The optimization problem (3) is recognized as the
robust counterpart of parametric problems of minimizing ¢ (y, ¢) over K for ¢ € C (see [2]).
We deduce that every robust equilibrium is a robust optimal solution of (3). The converse,
however, is not always true, that is, a robust optimal solution of (3) is not necessarily a
robust equilibrium if the optimal value is not equal to zero. In Example 1, when ¢ given
by (1), the feasible flow y = (30, 0)T is a robust optimal solution of (3) and the optimal
value is equal to zero. It is a robust equilibrium of the network under the first uncertainty
set. When ¢ is given by (2), direct calculation shows that (3) admits an optimal solution,
but its optimal value is strictly positive; hence, the network under the second uncertainty set
has no robust equilibrium as we have already observed.

When C is parametrically given, problem (3) becomes a minimax problem. Although the
objective function ¢ (y, &) is neither convex nor concave, it enjoys some useful properties.
In fact, given &, the function ¢ (., £) is continuous (or locally Lipschitz/differentiable) on an
open and dense subset of K as soon as the function c(y, &) is continuous (or locally Lip-
schitz/differentiable) on K (see [14, Theorem 4.1]). Many existing methods for minimax
problems then can be applied to solve (3) (see, for instance, [1, 7, 20, 25]), in particular
when the set U is finite. When U is not finite, say U is a compact set in a finite dimensional
Euclidean space, because of difficulties related to the implementation of global optimiza-
tion algorithms in finding global optimal solutions of badly structured problems, it is more
reasonable to work with local robust equilibria. We shall now concentrate on local robust
equilibria only.

Theorem 1 Let C = (Cp)pep be the uncertainty set of G. Let ¢ € C be given and let
v € K be an equilibrium of (G, c). If y is a local robust equilibrium of (G, ¢), then for
everyw € W, p, p’ € P, with¢,(y) = ¢, () and Y, > 0, one has

(7°C,. e G) = BE) 0 (T°Cr, a0 () + R\ (0}) = 0. ®)
Conversely, if for every w € W, p € Py, with ¢, (y) = ¢py(y) andy,, > 0, one has

(7€), &) = BL) 0 (T(Cp (3. 6 () + B ) = (0}, ©)
then y is a local robust equilibrium of (G, c).

g
e @ Springer

Hanoi



640 N. Ba Minh, T.T.T. Phuong

Proof We prove the first part of the theorem by contradiction. Suppose there are nonzero
vectors ry, 1y € Rﬂ with rp # 0 and some functions u € TO(CI,, Cp)sV € TO(CPr, Cp) such
that u(y) —r; = v(y) 4+ r2. By definition, there is some 79 > 0 such that for every ¢ € [0, #o]
one has ¢, +tu € Cpand ¢,y +tv € Cpy. Choose t € (0, fp) such thatt < R(3)/(lull+Ilv])
and define a vector cost function ¢ := (¢s)sep on K by

Cs ifs & {p,p'}
cs=13Ccpt+tu ifs=p

Cp +tvifs=p.
We have ¢ € C and |lc — ¢|| < |lzull + [lzv]l < R(3). On the other hand, ¢, (¥) — ¢ (3) =
t(u(y) —v(y)) = t(r; +r2) = 0. This contradicts the hypothesis that y, > 0 and y is an
equilibrium of (G, c).

Conversely, suppose that y is not a local robust equilibrium of (G, ¢). There exists a

sequence of functions ¢” of C converging to ¢, OD pairs w” € W and paths p,, p,, € Py»
such that

cp,(¥) Z ¢, () and yp, > 0. (N
Since the number of OD pairs and the number of paths are finite, without loss of generality,
we may assume that w* = w for some w € W, p, = p and p|, = p’ for some p, p’ €
Py, and for all v 2 1. In particular, y, > 0. Observe further that the sequence {c; )}
converges to ¢,(y) and the sequence {c;, (¥)} converges to ¢,(y)) as v tends to infinity.
Therefore, ¢,(y) 2 ¢,/(¥). Because y is equilibrium for (G, ¢) and y, > 0, we obtain
equality ¢, (y)) = ¢, (). Then, inequality (7) gives

cp(3) —¢p(3) = ¢y (§) — cp () forallv 2 1. (8)

Sett, == ||c;(y) —cp(M|l and s, = ||c;, (y) — ¢ (¥)Il. By working with subsequences
if necessary, we may assume either (a) t, > 0,5, = 0 for all v > 1 and the sequence
{(c;()?) — ¢p(¥))/ty} converges to some unit norm vector u; or (b) s, > 0,#, = 0 for all
v 2 1 and the sequence {(c;, (¥) — ¢ (¥))/sv} converges to some unit norm vector v; or (c)
both s, and #, are strictly positive for all v = 1, the sequence {s,/1,} (or {t,/s,}) converges
to some a = 0 and both sequences {(c‘]’, (y)—cp(y))/ty} and {(c;, (¥)—cp(¥))/sv} converge
to unit norm vectors u and v, respectively. Note that in all cases u € T'(C,(y), ¢,(3)) and
v e T(Cp(3), Cp(9)). In the case (a), we have c;()—/) — ¢p(y) = 0. Therefore, u > 0 and
belongs to T(Cp(¥), €, () + Rﬁ_ as well. This contradicts (6). In the case (b), we have
c;/ (3) —¢p (3) <0, which implies v < 0. Clearly, v € T(C,(3), ¢,(¥)) —RE, which again
contradicts (6). In the case (¢), if {t,/s,} converges to « = 0, then we deduce from (8) that

b GO G0y PO D

oau = lim v. )
V=00 §y, zv V—>00 Sy
Similarly, if {s,/f,} converges to & = 0, then
cy () —cp(y) e/ (y) —cp (D)
w= lim 2 s S DT (10)

V—>00 ty V=00 f,, Sy

By expressing v = au + (v — au) with v — au < 0 from (9) and u = av + (4 — av) with
u—av 2 0from (10) we have either v € T(C,(¥), ¢,(3)) —Ri oru € T(Cp (), cp(3)+
R‘i, respectively. By remembering u € T(C,(3),¢p(¥)) and v € T(Cp(y), Cpr (3)), we
obtain a contradiction with (6). The proof is complete. O
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The gap between the necessary condition and the sufficient condition for local robust-
ness in the preceding theorem is expressed in the cones involved in (5) and (6). The cones
in (5) consist of the values of admissible direction functions computed in the space of func-
tions, while the cones in (6) are contingent cones computed in the space R It is clear that
TO(C,,, cp)(y) € TO(C,,()'J), ¢p(y)) and equality is not true in general. This observation is
also valid for the contingent cone. Moreover, (5) can clearly be simplified to

TCp. e N (T°Cpr. €0 +BL\ (0}) = 0. an

Let us now consider some closely related conditions:

(7°€Co (3,6, —RE) 0 (TOCy (.6 (M +REA(O) =0, (12)
(7€ 8GN —RL) N (TCr an® +REN ) =0, (13)
(7°Cp. 8GN = RL) N (T°C 63 +RE) = (0, (14)

T(Cp. 6 N (TCp () ey () +RE) = (0}, (15)

As we have already said (5) is equivalent with (11). It is also clear that each of (12) and
(13) implies (5), while (6) implies (13), (14), and (15). Next, we give two examples to show
that (5) cannot be substituted by (12) (Example 2) and (6) cannot be substituted by (15)
(Example 3).

Example 2 Let G be a network consisting of a single OD pair and two routes p and p’
connecting this pair and the demand d = 20. Let the uncertainty set C be a set of vector
functions with values in R? and composed of the functions ¢ and ¢/, t € [0, 1] given below:

Fo 10 10 o= 304+ (2t = Dy 304+ (/2 - 1Dy
- 10 >\ 10 ) )’ - 104+20t+ (1 =8y )P\104+ 10t + (1 —t/2)y2 ) )’
where y is a flow on p and y; is a flow on p’. The first and the second vector components

of ¢ and ¢’ indicate the costs on p and p’, respectively. Clearly, the flow ¥ = (20,0)7 is a
robust equilibrium. However,

T0Cy(5), 6(7)) = {r (‘2‘8) [z 0} L TYC (). 5 = {r ( }8) = 0} .

Hence, T°(C, (3), ,(M) N(T°(Cp (3), ¢,y (7)) + RE \ {0}) # 0. In this example, we have
T9Cp. p)(3) = T°C,y, ¢,)(3) = {0} and so (5) holds true.

Example 3 We consider the network described in Example 2 with the uncertainty set C
composed of the functions ¢ and ¢, ¢ € [0, 1] given below:

_ ({10 10

c=\Ww)\w))

o 10 + /1 4 (1 — /1)y1/20 10+ 14 (12 —1)y1/20
10414+ W1=0y2/20 )\ 1042+ (¢ —12)y2/20 ) )

where, as before, y; is a flow on p, y; is a flow on p’, and the first and the second vector
components of ¢ and ¢’ indicate the costs on p and p’, respectively. We choose the flow

con
S 9 /Vi
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642 N. Ba Minh, T.T.T. Phuong

3 = (20,0)7. Clearly, it is an equilibrium of (G, ¢). It is not a local robust equilibrium
because for any 7 € (0, 1), we have

Gy = (10+1 10+2Y\ &)
DI\ 10+1) 7 o2 ) T

Despite this,

v

T(Cp,p)(y) =T(Cp,p)(y) = {s ( 1 - y1/20) .

¥2/20 0} ’

which implies T'(Cp, ¢,)(3) = T(C,, ¢,/)(3) = {0} and shows that (15) holds.

3 Strict Equilibrium

Among local robust equilibria, there may exist some that remain local robust even when the
uncertainty set moves around a given element. We wish to give some details on them. First,
we derive a necessary and sufficient condition for such equilibria from Theorem 1.

Lemma 1 Let ¢ = (cp)pep be a given function where ¢, : K — R¢ are continuous,
and let y € K be an equilibrium of (G, ¢). Then, y is a local robust equilibrium for any
uncertainty set C containing ¢ if and only if for every w € W, p € Py, with y, > 0 one has

cp(y) # Ep’()_’)forall p € Py, p #p.

Proof The “if” part is immediate from Theorem 1. For the “only if” part, it suffices to
choose an uncertainty set that contains c in its interior. Then, the intersection in the left-hand
side of (5) is nonempty, by which there isno p’ € Py, p’ # p suchthatc,(y) =c,(y). O

Definition 2 A feasible flow y is said to be a strict equilibrium of (G, c) if there is some
€ > 0 such that it is an equilibrium of (G, ¢) for every continuous vector cost function ¢
such that ||c — ¢|| S e.

When a strict equilibrium y € K of (G, ¢) is given, we denote by r(y) the supremum of
€ such that ¥ is equilibrium of (G, ¢) with ||c —¢|| < €. This r(y) gives us a lower bound for
the radius of robustness at y, that is, r(y¥) < R¢(3) for any uncertainty set C containing .
Now, we wish to construct an optimization problem that allows us to find a strict equilibrium
of the network when a vector cost function ¢ from the uncertainty set is given. To this end,
denote

Ly(y):={i e{l,....m}: pi € Py, &y, (y) € Min(Cyy (»))}

for every y € K and define a real-valued function p on K to be

P = Yy [dIE0.MinCuDT+ Y x0IE0) =MD |

pEPy weW i€ly(y),pi#p

where x{o) is the characteristic function of {0}, that is x{0; () = 0 if # # 0 and 0y (¢) = 1
ift =0.
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Robust Equilibrium in Transportation Networks 643

Corollary 1 Lety € K be a feasible flow. Then, y is a strict equilibrium of (G, ¢) if and
only if it is an optimal solution of the following optimization problem

minimize p(y)

subjectto y € K, (P)

and the optimal value of this problem is equal to 0.

Proof Assume y € K is a strict equilibrium. In particular, it is an equilibrium. Therefore,
if y, > 0and p € Py, one has ¢,(y) € Min(C, (7)) and so d[Ep(y),Min(C_'w(y))] =
0. Moreover, in view of Lemma 1, ¢,(y) # ¢),(y) for p; € Py \ {p}, which implies
Ziel,,,(y),p,-;ép xoy(lcp(y) —cp; (M) = 0. We deduce that p(y) = 0. Because p takes
nonnegative values only, y is an optimal solution of (P)).

Conversely, if p(y) = 0, then for every w € W, p € P, we have

¥p | 1, (), Min(C,, (3)] + Z xwoyicp () —cp,MID | =0
iely(y).pi#p

because all the terms in the expression of p(y) are nonnegative. Consequently, when y, > 0,
the terms d[c,(y), Min(Cy ()] and xj01(llcp(y) — ¢, (WD, pi € Lw(y) are all equal to
0. We deduce that ¢, (y) € Min(Cy,(y)) proving that y is equilibrium, and ¢, (y) # ¢p, (y)
for p; € 1,(3), pi # p.Itis clear that for p’ € P, and p’ & I,(¥) one also has ¢, (y) #
Cp/(y). In view of Lemma 1, y is a strict equilibrium. O

We know that given a continuous vector cost function ¢, the network (G, ¢) does have
equilibria, but it may have no robust or local robust equilibrium. We shall show that the set
of cost functions ¢ for which (G, ¢) has no local robust equilibrium, is nowhere dense. First
we need the following auxiliary result.

Lemma2 Let{q',...,q"} be a family of vectors inR withq! = --- = ¢* e Min{q', ...,
q™} for some k < m and qk # gl for j > k. Then for every € > 0, there exists G', ..., c}k
such that

() l1g" —g'l Sefori=1,... k

(ii) é{—g/¢Ri~g<;ﬂ§b,i,;e{l,...,jc},iyé/k'. - 1
(I}:) Min{g',.... 5 ¢"' ....q™ = (G'.....¢"} U (Min{q",....¢"D\q", ...,
q-}.

Proof Let e > 0 be given. Let ¢ € R! denote the unit ith vector and e the vector of ones.
Since g' = --- = ¢* # g/ for j > k, there exists a positive €’ < €/(3) such that

¢ —€ee¢q’ —R forallg/ eMin{q',....¢"}, j>ki=1,....k. (16
Define . .
c}i:qi—e’e+e’(%el+<l—i>el>, i=1,... k.

1G' =gl =€)l —e+ ,’;el + (1 = %) ol <3l <e,

Then,
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which proves (i). Moreover for i, j € {1, ..., k},i # j, one has

gi_qi:e’<1_]e1+—J_le’> ¢ R, U(-R,)

k k
which is (ii). Finally, since ¢' € Min{q', ..., ¢"}, we have ¢/ ¢ ¢ — R/, and hence ¢/ ¢
G' —R!_ forall j > k. This and (ii) prove that ¢’ € Min{g', ..., ¢**,....¢"}i =
1,...,k.For j > k such that ¢/ € Min{ql, ...,q™}, one observes that

qj—Rﬂ_qu-i-e’(%e]+<1—%)el>—Rl+

and deduces from (16) that éi ¢ qj — R, fori e {1,...,1}. Therefore, qj €

Min{g!, ..., g%, ¢**t!, ..., ¢™}. For j > k such that ¢/ ¢ Min{q!,..., g™}, we find
some ¢g' € Min{q!,..., g™} such that ¢’ < ¢/. If i > k, then it is clear that g/ ¢
Min{g', ..., %, ¥, ..., g™} . If i <k, then we have §' < ¢' < ¢/, which again implies
that g/ & Min{g', ..., g%, ¢*t"', ..., ¢"}. From this, (iii) follows. O

For a feasible flow y € K and w € W, we define
I5(3) :={i € L,()) : yp, > O}

Because the set C,, () is finite, the set I,,(y) is nonempty. Moreover, if y is an equilibrium,
then, in view of the conservation flow equation, the set /7 () is nonempty too.

Theorem 2 Let 'y be a feasible flow of (G, ¢). If it is an equilibrium, then for every € > 0,
there exists a continuous vector cost function ¢ such that |¢ — ¢|| £ € and y is a strict
equilibrium of (G, ¢). Consequently the set of continuous vector cost functions ¢ for which
y is a strict equilibrium is open and dense in the space of continuous vector cost functions.
Moreover, if'y is a strict equilibrium of (G, ¢), then

/] 4 . o
r() = —  min min |Gy (3) — Cp, NI,
weW,iely (3) P'€Puw\pi}

where (C,y (3) — Cp, ()T denotes the positive part of the vector Cpr(¥) — Cp; (3)-

Proof If y be a strict equilibrium of (G, ¢), then we are done. We consider the case where
y is not a strict equilibrium of (G, ¢). Observe first that because y is an equilibrium,

Y ypdlEp(y). Min(Cy ()] = 0.
pePy, ,weW

In view of Corollary 1, there exist some w € W and p; € Py such thaty, > 0 and
the set {j € I,(}) : ¢p, () = cp;(3) € Min Cy(y)} consists of at least two elements.
Applying Lemma 2 to the set C,,(¥), we find cost functions ¢, p € P such that ||¢,(y) —
cpMIl = € forall p € P, all elements of Min éw (y) are distinct from each other and
I,,(¥) is unchanged for C (). We deduce that d[,(¥), Min C(3)] = 0 and x0)([|¢; (7) —

B ) (zi “,
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¢ ;DD = Ofor j # i and j € I,(y). This argument applied to all paths on which the
flow y has a nonzero component, we deduce

PN =Y F,[die,m.MinCM1+ Y x0IE®) — DI | =0.
pePy,weW iel,(y),pi#p
which, in view of Corollary 1, implies that ¥ is a strict equilibrium for (G, ¢).
Finally, assume that y is a strict equilibrium of (G, ¢). It follows from the proof of Corol-
lary 1 thaty is a vector equilibrium of (G, ¢) as soon as ¢, (¥) # ¢, (¥) and ¢p, (¥) £ ¢, (Y)
forany w € W, p;, p € Py, with p; # p andy,, > 0, which is equivalent to

(Cp (M) —p(TNT #£0.
Lete < r(y) and [|Cp; (3) — cp, M < €, ICp () — cp(D) || < €, one has
Cp, (M) = Cp(MNT Z [(c), &) — €€) — (cp(3) + €e)]T =0,

proving that y is a vector equilibrium of (G, ¢).
Let e > r(y) and let

_ W _ _
r() = Sy = cn NI
for some i € Ilj (), p’ € P, \{pi}. Define a perturbed cost ¢ by

cp() if p#p',p # pi
& =1 ep )+ (e/VDe if p = p;
ep(3) = (e/vDe it p=p.
Then, [|C,(3) —c, (Ml £ e forall p € P and Cpy (V) —Cp,(3) =cp () —cp,(F) —2€ <0.
Consequently, ¢y, (¥) ¢ Min C, (7). This and the fact that Y, > 0 implies that ¢(y) > 0.
By Theorem 2, y is not a vector equilibrium of (G, ¢). O

We notice that when y is a strict equilibrium, in view of Lemma 1, for i € I} (),
one has min | (¢, (y) — ¢ ,,(y))+|| > 0, by which min min  |[(cy (Y) —
p'ePy\{pi} r P weW,iel,} (7) P'€Pw\{pi} b
cp NIl > 0 as we expected for r(y). When y is an equilibrium, one may have

mi{l{ } (€, (3) — Cp; GNT Il = 0 for some i € I} (¥), in which case r(y) = 0 and y is
p'ePy\{pi
not a strict equilibrium.

4 Computing Strict Equilibria

In this section, we propose an algorithm to generate a set of strict equilibrium flows together
with their radius of robustness. Actually, we first apply the algorithm of [14] to generate a
subset of vector equilibrium flows and then identify the elements of this set that are strict
and compute their radius of robustness. We shall illustrate our algorithm by some numerical
examples.

4.1 Description of the Algorithm

Assume that W consists of r elements wj,...,w, in the network and for each
pair w; there are |P,,| paths connecting its origin to its destination. We denote
lj = {i € {l,....m} : pi € Py;}. We denote also E; the set of

Fu 4 Springer



646 N. Ba Minh, T.T.T. Phuong

e—equilibria, E; the set of vector equilibria when € = 0, § x R = {(3,r()))
y is a strict equilibrium and r(y) is radius of robustness corresponding to y}.

Part 1 (Algorithm of [14] generating a subset of vector equilibrium flows)
Step 0 (Initialization) Choose a positive integer g and a tolerance level € = 0.
Step 1 Setdj =dy;/(q|Puw;1),j=1,....r.

Step 2 Choose (k1, ..., k)T € N7 satisfying

> ki=qlPyl. j=1.....r.

i€1j
Step 3 Store y = (y1, ..., ym)T in SO, where
Vi Zki(Sj fori e Ij,j = 1,...,7‘
and return to Step 2 for other vectors (ki, ..., k) unless no one is left.

Step 4 Choose a feasible flow y° from S to start. Set k = 0, u¥~! = y, a1 = o0,
§0 =5\ {y% and E; = 0.

Step 5 Compute J; (y*) = {i’ € {1,....m} : pir € Py, cp(5X) — cp, (5¥) = 0} for
everyi € {1,...,m}. Set

VD) =Y vy Y (e () —cp (), e).

i=1 irelioh)

Compute ¥y (yk).
If ¥ (¥F) < €, store y¥ in Ef and return to Step 4 until no element of 59 is left.
Otherwise, go to the next step.

Step 6 If |y ( yk) —ap—1] £ €, go to Step 4 to choose another feasible solution from S0 to
restart the procedure.

If wk(yk) < Qp_] — €, setay = wk(yk) and go to Step 7.

If Yo (%) > ax—1 + €, replace y* = y*=1 4 (y* — y*=1)/2 and return to Step 5.

Step 7 Compute Vi (yk). Solve (Py)
minimize u! Vi (y)
subjectto u € K
|u; —y? Séway, i=1,...,m.

Let uX be an optimal solution.

If |y (yk) — Yk W] < e, go to Step 4 to choose another feasible solution from $9 to
restart the procedure until no element of S° is left.

Otherwise, set y**! = u*. Update k = k + 1 and return to Step 5.

Part 2 (Identifying strict equilibria and computing their radius of robustness)

@ Springer h{pm
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Step 8 Choose a vector equilibrium y! from E, to start. Setk =1, S =@ and R = 0.

Step 9 Determine [, (ik ).
Calculate

pGH =D 3 Y xole,F) = ep GHID

pePy,weW el %) pi#p

If ,o(yk) # 0, then return to Step 1 and choose another vector equilibrium from E to restart
the algorithm until no element of E is left.
If p(ik ) = 0, then determine IJ (y") and calculate

[ _ _
e Y L— min  [1(c, (V") = cp TN
weW,iely %) P'€Pw\{pi}

Store (ik, r(yk)) in § x R and go to Step 8 until no element of E, is left.

Observe that in Step 9, if p (ik ) = 0, then, in view of Corollary 1, the current equilibrium
flow ¥ is strict and its radius of robustness is given by the formula of Theorem 2. Moreover,
according to [14, Theorem 5.1] the upper limit of the sets E, (the set of all possible accu-
mulation points) when ¢ tends to +00, contains all equilibria of the network. Therefore, the
upper limit of the sets obtained from Part 2 of our algorithm contains all strict equilibria.

4.2 Numerical Examples

In this subsection, we give some numerical examples to illustrate our algorithm. Using the
MATLAB optimization toolbox, we compute a representative set of strict vector equilibria
for a network with either linear or nonlinear vector cost functions. We know that if the cost
functions are continuous, then the network has equilibrium flows, but it may have no strict
equilibrium as it was shown in [14]. In Examples 4 and 6 with nonlinear cost functions,
every equilibrium obtained by our algorithm is strict. In Example 5, the network has some
strict equilibria and some equilibria that are not strict as well.

Example 4 Consider a network problem with one pair of origin-destination nodes w =
(x, x"), two criteria: travel time and travel cost, 5 available paths: P, = {p1, p2,..., ps}
with the travel demand d,, = 500. Assume that

ca(y) =y +y3+y3, ca1(y) = 8y +y2 + v,
c12(0) = 2y1 4+ y2y3 + 15ys,  ca2(y) = 5y1 + 3ys +3y2,
1) = yi +y3 +y3, c51(y) = 8ysya + 2,

22(0) = Sy +3y3+ 124, ¢52(y) = 10y5 + ys.
3100 = yi +y2+ 3,
c32(y) = 10y2 + y3 + 2ys,

With ¢ = 1 we have 126 initial points. After 52.06344 seconds we obtained 9 vector
equilibria which are all strict equilibria. The obtained strict vector equilibria and radius of
robustness are given in the table below.

con
S 9 /Vi
<1h
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Strict vector equilibria Radius of robustness
(0, 100, 100, 300, 0)” 141.4

(50, 300, 50, 150, 0)” 282.8

(50, 200, 150, 75, 25)T 0

(0, 200, 100, 200, 0)7 1060.7

(28.1259, 246.8740, 53.1259, 171.8742, 0)" 660.7

(0, 300, 50, 150, 0)7 282.8

(0, 300, 89.812, 110.188, 0)” 1.3

(100, 50, 200, 150, 0)" 176.8

(0, 300, 50, 150, 0)" 282.8

Example 5 Consider a network problem with one pair of origin-destination nodes w =
(x, x"), two criteria: travel time and travel cost, four available paths: Py, = {p1, p2, p3, p4}
with the travel demand d,, = 200. Assume that

c1(y) = 2y1 + 3. 3.1(y) = 200 — y; — y2 + y2y3,
c12(y) = yi+y2+y3 453, e32(y) = 200+ y2(y2 — ) + y3(63 — 1),
21(y) = y2y3 + y3 + 4, ca1(y) = y7 +450,

2 =y +Y2+yi+y@ 1),  can(y) = 5y2.

With ¢ = 1, we have 35 initial points. After about 4.5 s, we obtained 2 strict equilibria
among 16 vector equilibria. The numerical results are given in the tables below.

Strict vector equilibria Radius of robustness
(0,0,50, 150)7 0.201 x 10713

(0, 150, 0, 50)T 0.0502 x 10713
Vector equilibria 0 Vector equilibria P Vector equilibria o

(0,0, 50, 150)T 50 (100, 0, 100, 0)T 100 (50, 0, 50, 100)T 50
(0,0, 100, 100)" 100 (50, 150, 0, 0)T 150 (150, 50,0,0)T 50
(0, 0, 150, 50)T 150 (100, 0, 50, 50)T 50 (0, 150, 0, 50)T 150
(0, 50, 50, 100)” 100 (100, 100, 0, )T 100 (50, 50, 50, 50)" 100
(50, 0, 100, 50)T 100 (150, 0, 50, 0)" 50

Example 6 Consider a network problem given in Fig. 1 with two pairs of origin-destination

nodes w; = (x2,x1) and wy, = (x2, x3), two criteria: travel time and travel cost, three
available paths: Py, = {p1, p2, p3} between x» and xi, five available paths: P,, =
{pa4, ps. ..., pg} between xp and x3 with the travel demands d,,, = 200;d,, = 300.

Assume that for the first O/D pair the cost functions are as below
c1(y) = ¥+ 3+, c22(y) = y2 4+ 10y3 +2y7 + g,

c12(0) =291+ 50 + 33+ y4 31(0) = ¥+ Y3+ y3 + s+ Ve,
1) =8y +yI+y1 48, c32(y) = 10y3 + 2ys,
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P DA

X2

X1 v X3

Fig.1 Network problem

and for the second O/D pair the cost functions are given by

ca1(y) = yi+y2+ 33+ 2+ 3, c7,1(0) = y2+8y] +ys + 3,

c42(y) = y1 +2y4+ ysye + 15ys, c72(0) = y1 + y2 + 5ys + 3y7 + 3y,
es1(y) = yi+y3+ 33+ 2+ 32, 8,1(0) = y1 +y3 +8y6y7 + ¥3.
es2(y) = y1+5y3+5ys +3y6 + 12y7,  cg2(0) = yi + y3 + 10y3 + ys.

c6,1(y) = y3+ya+ s+,
c62(y) = 3y3 + 10ys5 + ys + 2ys,

With 1260 initial points, after about 82 s, we obtained only one vector equilibrium
(0,200, 0, 0, 180, 0, 0, 120)T which is also a strict equilibrium the radius of robustness with
radius of robustness 1001.9804.
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