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1 Introduction

In this paper, we build a van Leer-type scheme for approximating solutions of the following
model of a general fluid flow in a nozzle with variable cross section

0r(ap) + ox(apu) =0
b (apu) + 8, (a(pu + p)) = pda, (1.1)
dr(ape) + 9y (au(pe+ p)) =0, xeR,t >0,

where p = p(x,t), e = e(x,t), T = T(x,t), S = S(x,1t), and p = p(x,t) denote the
thermodynamic variables: density, internal energy, absolute temperature, specific entropy,
and the pressure, respectively; u = u(x, t) is the velocity; e = e(x,t) = ¢ + u2/2 is the
total energy; and a = a(x) > 0, x € R is the cross-sectional area.

The model (1.1) contains a nonconservative source term. To deal with this obstacle, one
often supplements the system (1.1) with the trivial equation

dra =0, (1.2)

and then, the system (1.1)—(1.2) can be re-written as a system of balance laws in noncon-
servative form. A formulation of weak solutions of this kind of systems was introduced in
[16]. Numerical approximating nonconservative systems of balance laws is a challenging
topic during the past decades. Often, nonconservative terms cause serious problems to stan-
dard schemes. For example, errors may not tend to zero when the mesh sizes tend to zero,
or even numerical oscillations may appear quickly.

Motivated by our recent work [14], we will construct a van Leer-type scheme for (1.1).
Note that in the literature, the second-order van Leer scheme can be seen as an important
improvement of the first-order Godunov scheme for hyperbolic conservation laws. There-
fore, we will also show that this van Leer-type scheme can provide us with a better accuracy
than the Godunov-type scheme. It is interesting that this van Leer-type scheme can also
give good approximations in the resonance cases where the exact solution contains several
waves associated with different characteristic fields with coinciding shock speeds.

Throughout, we assume for simplicity that the fluid is polytropic and ideal so that the
equation of state is given by

p = — Dpes, (1.3)

where y > 1 is the adiabatic exponent.

We note that there are many works in the literature for the study on nonconservative sys-
tems of balance laws. Theoretical studies on nonconservative systems of balance laws were
presented in [19, 20, 23-25, 27, 32-34]. Numerical treatments for balance laws in noncon-
servative form were studied in [7-9, 18]. Numerical schemes for shallow-water equations
were considered in [3, 6, 13, 26, 28]. Numerical schemes for the model of a fluid flow in
a nozzle with variable cross section were constructed in [5, 11, 15, 21, 22]. Generalized
Riemann problems were considered in [4]. Numerical schemes for two-phase flow models
were presented in [1, 2, 10, 12, 29-31]. The reader is referred to [17] for standard numerical
schemes for hyperbolic systems of conservation laws (see also the references therein).

The organization of this paper is as follows. Basic properties of the model (1.1)—(1.2) are
given in Section 2. In Section 3, the Riemann problem is revisited. Section 4 is devoted to the
construction of the van Leer-type scheme for (1.1). Numerical tests are given in Section 5,
where we compute the errors and orders of accuracy. Finally, we present several conclusions
in Section 6.
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A van Leer-Type Numerical Scheme for the Model 505

2 Preliminaries
2.1 Nonstrict Hyperbolic Model

Using the thermodynamical identity, we can express the pressure p from (1.3) as a function
of the density p and the specific entropy S

S — Sy
p=rpp,S) =«(S)p”, K(S)Z(V—I)CXP< C ) 2.1

v

where Cy > 0 is the specific heat at constant volume and S, is constant. Note that for a
polytropic and ideal fluid, y and C, are constants.
Thus, if we choose (p, S) as two independent thermodynamic variables, we can write

p 1/y
p=pp,S)= (@) . (2.2)

Therefore, for a smooth solution U = U(x,1) = (p(x,1),u(x, 1), S(x,1),ax))T, the
system (1.1) can be re-written as a system of balance laws in nonconservative form

U +AU)oU =0, 2.3)
where
u pct 0 pucz/a
| /p u O 0
aon=1"0. o | 24)
0O 00 0
where c is the sound speed,
2= 2.5)
P
The characteristic equation is given by
AU — ) ((u pyC 62) —0.
Thus, we obtain four real eigenvalues
AMU)=0, MU)=u—c, MU)=u, rU) =u-+c. 2.6)

The corresponding eigenvectors can be chosen as

T
ro(U) = (=puPe®,uc®,0,a? =), n(U) = (pc, ~1,0,0)7,
r(U) = (0,0,1,007, r3(U) = (pc, 1,0,0)7.

Therefore, the system (1.1) is hyperbolic, but not strictly hyperbolic. More precisely, Ao and
A1 coincide on the hypersurface

Ct={U:u=c}.
Ao and Ay coincide on the hypersurface
C'={U:u=0}.

Ao and A3 coincide on the hypersurface

Fus &\ Springer



506 M. D. Thanh, D. H. Cuong

These surfaces, referred to as strictly hyperbolic boundaries, separate the phase domain
into four subdomains, denoted by GT, G;r , G, , and G|, in which the system is strictly
hyperbolic (see Fig. 1).

Gi = {U:2U) < 1(U)},

Gy = {U : M (U) < rU) < 2a(U)}, 2.7
G, = {U : 2aU) <) < r3(U)},

Gy = {U : :3(U) < 2p(U)}.

The second and the zero characteristic fields are linearly degenerate, since
Vio(U) -ro(U) = VA (U) - r2(U)0.
The first and the third characteristic fields are genuinely nonlinear, since

1
VM U) -1 (U) = Vas(U) - r3(U) = % 0.

2.2 Rarefaction Waves

The k-rarefaction waves of the system (1.1) are the continuous piecewise-smooth self-
similar weak solutions of (1.1) associated with nonlinear characteristic fields (Ag, rg),
k =1, 3, which have the form

U_, x/t < a(U-),
Ux,1) =  Fang(x/t; U=, Uy), M(U-) < x/t < e(Us), (2.8)
U+, x/t > )‘-k(U+)a

u

G,

G;

Fig. 1 Hyperbolic boundaries and the four phases in the (p, u)—plane
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A van Leer-Type Numerical Scheme for the Model 507

where V(§) := Fang(&; U_,U;) is a solution of the following ordinary differential
equations

dvé) 1
B V(). mU-) <& < MU,
d& Wk(V(E))‘rk(V(g))”k( €), mU-) <& < am(Ug)

V((Ux)) = Us. (2.9)

For k = 1, we determine V(§) = (p(§), u(€), S(&), a(£)) from (2.9) as follows

dp 2

a = y+17°

du 2

S (2.10)
d& y+1

ds _da _

de — d& 7

or, equivalently,

S(E) = S_ = Sy,

a€) =a_ =as,
2y

k(S (& — (U~ ))) ,

Vy(y +1)
u@) =u_+ m(& — A (UL).

pE) = (pf

From (2.10), the forward 1-rarefaction wave curve R1(Up) consisting of all right-
hand states U = (p,u, p,a) that can be connected to a given left-hand state Uy =
(po, 1o, po, ap) by an 1-rarefaction wave is given by

Ri1(Wp) : a = ay,

Y
<£> . 2.11)
00 Po

Ll
2*_51@(50))%( T — by ) P < po.

u=ug—

Similarly, for k = 3, we have

SE)=S5-=S5,,

a)=a_=ay,
2y

y — =1
(k(S-)) ZV(E A3(U- ))) ;

NV 1)
u)=u_+ m(& —A3(U-)).

p§) = <p_ +—

e &\ Springer



508 M. D. Thanh, D. H. Cuong

Therefore, the backward 3-rarefaction wave curve ’Rf (Up) consisting of all left-hand states
U = (p, u, p, a) that can be connected to a given right-hand state Uy = (po, 1o, po, ao) by
an 3-rarefaction wave is given by

Rf(Uo) T a=ap,

14
(ﬁ) _r 2.12)
p) o

2.7 1 oyt ¥l
y“_FI(K(So))ZV (p 7 —py” ) P=po

U =ug+

2.3 Shocks and Admissibility Criterion
A discontinuity wave of (1.1) is a weak solution of the form

U_, x<ot,
Uy, x>ot,

Ux,t) = { (2.13)

where U_, U are left- and right-hand states, respectively, and o is the shock speed.
A shock wave always satisfies the Rankine-Hugoniot relation for the conservative
equation d;a = 0, which reads

—ola] =0.

The last relation leads to the following two cases:

(i) either the cross section remained unchanged across the shock, i.e., [a] = 0, or
(ii) the shock speed vanishes:

o =0.

If [a] = O, then, the cross section is constant across the shock. We can eliminate this
constant value in the governing equations (1.1) and obtain the usual gas dynamics equations.
Thus, the Rankine-Hugoniot relations for the shock are given by

—o[p]+ [pu] =0,
—o[pu] + [pu* + p] =0, (2.14)
—olpel + [u(pe + p)] = 0.

Transforming the relations (2.14) yields

M:=pi(uy —o)=p-(u-—o),

Py — )+ pr=p_(u_—0o)* + p_, (2.15)
1 1
(uy —o0) <p+ <e++ 5w = o>2)+p+> =(u_—0) (p_ (e_+5<u_—a)2) + p_) :
If M = 0, then,

o=uy =u_,

P+ = DP—-
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A van Leer-Type Numerical Scheme for the Model 509

Thus, in this case, the discontinuity wave (2.13) is called the 2-contact discontinuity
corresponding to the shock speed o2(U—, Ut) = u+ = A (Uz).
If M # 0, then, the relations (2.15) can be equivalently written

Uy —u_—
M=—7
P+ p—
M2 = _Pl+ - l’l—, (2.16)
I
1 1 1
8+—8—+§(P++P—) ———]=0.
o+ P

Then, we obtain

P+ _ v+ Dpr +(r — Dp-
p-  (y+Dp_+( —Dpi’

1 1
Uy —u_ = i\/—(PJr - r-) (* - *) (2.17)
b+ P

Shock waves associated with nonlinear characteristic fields, as indicated above, are
required to fulfill the Lax shock inequalities

MUy <o(U_,Uy) < M(U-), i=1,3. (2.18)

Observe that for a polytropic ideal gas (1.3), shock waves satisfying the Lax shock
inequalities (2.18) are characterized as follows.

(a) For a 1-Lax shock,
M>0, wup<u_, py>p_. (2.19)

(b) For a 3-Lax shock,
M<0, u_>uy, p_>p;. (2.20)

From (2.18) and (2.19), the forward 1-shock wave curve S;(Up) consisting of all right-
hand states U = (p,u, p,a) that can be connected to a given left-hand state Uy =
(po, 1o, po, ap) by an 1-Lax shock wave is given by

S1(Up) : a=ay,
P _+Dp+(y = l)po’ (2.21)
po  (+Dpo+ @ —Dp

1 1
”_”OZ_\/_(”_”O)<p—m)’ P = po.

From (2.18) and (2.20), the backward 3-shock wave curve S3B(Uo) consisting of all
left-hand states U = (p, u, p, a) that can be connected to a given right-hand state Uy =
(po, uo, po, ap) by an 3-Lax shock wave is given by

S1(Uo) : a = ao,
P _+Dp+ (= l)po, 2.22)
po (¥ +Dpo+(y—1Dp

1 1
”_”02\/_(p_p°)<p_m>’ P = po.

Fus &\ Springer




510 M. D. Thanh, D. H. Cuong

For Ug € §1(UL), we have the 1-shock speed

(y+Dpr+ @ —DpL
o1(UL. Ug) = ur —\/ YEOPRTV Z P pr > pr. (2.23)
2pL
For Uy € 533 (Ur), we have the 3-shock speed
y+DpL+ -1
o3(UL, Ug) = ug +\/ Y psz VZ PR b > pr (2.24)
R

From (2.23) and (2.24), we have the following lemma.

Lemma 2.1 ([32, Proposition 3.3])
1. The 1-shock speed o1(Ug, U) may change sign along the forward 1-shock wave curve
S1(Uo). More precisely, we have the following:
) IfUy € G;’ UG, UGY, then o1(Uyp, U) remains negative:
01(Up,U) <0, U e S;(Uy). (2.25)
ai) If Uy € G, then o1(Uy, U) vanishes once at some point U = Ut e Q;
corresponding to a value
4 _ 20015 — (v = Dpo
y+1
on the forward 1-shock wave curve Sy (Uy) such that
a1(Uo, U*) =0,
a1 (U, U) > 0, p € (po, pP),
o1(Up,U) <0, p> p#.

(2.26)

p=r

2. The 3-shock speed o3(U, Ugy) may change sign along the backward 3-shock wave curve
833 (Uop). More precisely, we have the following:
) IfUy € GT @) G; U G,, then o3(U, Up) remains positive:
o3(U,Up) >0, U e S2(Uy). (2.27)

() If Uy € G, then o3(U, Up) vanishes once at some point U = U® e G,
corresponding to a value

@ _ 2pou5 = (v = Dpo
y+1

on the backward 3-shock wave curve 833 (Uo) such that

(2.28)

p=r

o3 (U®, Up) = 0,
o3(U, Up) <0, p e (po, p©),
o3(U, Up) >0, p>p®.

Moreover, since oy (U—, Uy) = u_ — % =uq — % and M > 0, we imply that

o1(U-,Uy) < 22(Us).

Similarly, it holds that
03 (U—, Uy) > mp(Us).

@ Springer i ms



A van Leer-Type Numerical Scheme for the Model 511

From (2.11), (2.12), (2.21), and (2.22), we can therefore define the forward and backward
wave curves in the nonlinear characteristic fields as follows.

Wi (Up) := S1(Up) U R1(Up), (2.29)
W3 (U) := 83 (Uo) U RS (o).

These sets mean that:
o If Uy € Wi(U-), then there is the 1-wave (l-rarefaction wave or 1-shock wave)
connecting U_ to U, denoted by

Wi(U-,Uy) (Ri(U-,Uy) or S1(U-,Uy).

e If U_ € Wf (Uy), then there is the 3-wave (3-rarefaction wave or 3-shock wave)
connecting U_ to U, denoted by

Wi(U-,Uy) (R3(U-,Uy) or S3(U-,Uy).
2.4 Stationary Waves

Consider the case
o =0=Ag.

This means that the shock wave is a contact wave associated with Ag. As shown in [32], the
jump relations for this contact wave are given by

lapu] =0,

w2

5 +h| =0, (2.30)
[S1=0,

where £ is specific enthalpy given by
2
h=c¢+ L__° ,
pv—1

We now describe the set of states U which can be connected to a given state Up by a
stationary contact wave (associated with 1), where the cross section levels on both sides
ap and a are considered to be fixed. Substituting u = “OZ—ZMO from the 1st equation of (2.30)
into the 3rd equation of (2.30), we obtain the nonlinear equation

2y (S 2y k(S - apouo\?2

F(p) = _M'DVH + u% + Mpg 1 p? — <M) —0. 2.31)
y —1 y —1 a

The domain of the function F(p) is given by

1

_ y—1 5 y71>m
p =< p:i= <7u + P, .
2yk(Sp) * O

Consider the case ug = 0. Then, the function F(p) has a unique root p = pg. Therefore,
we obtain
U = (po, 0, po, a).
Consider the case ug # 0. We have
2y (v + D« (So)

F/(,O) _ : 2y K (So) y71> ’

vy 4o 2y 220
,0+(u0+y_1p0

Ful @ Springer



512 M. D. Thanh, D. H. Cuong

so that
F'(p) >0, p < pmax
F'(p) <0, p > pmax,
where 1
-1 2 1\ 7T
P = (y(yi Do * 7517 1) '
Moreover,
FO0) = F(p) = — (ap2u0>2 <.
Thus, F(p) admits a zero if and only if
F(pmax) = 0,

or, equivalently
a > amin = amin(Vo, ao),

where
appoluol

V7(850) (Pmax) T

If a > amin, the function F(p) has exactly two roots denoted by ¢ (Up, a) and ¢, (U, a),
which satisfy

amin(Uo, ap) :=

01U, a) < pmax < ©2(Up, a).

The following lemma provides us with the existence of the above stationary waves.

Lemma 2.2 ([32, Lemma 3.1]) Given Uy = (po, to, po, ag) and a # ag such that ug # 0.
There exists a stationary wave connecting Uy to some state U if and only if a > amin. More
precisely, we have the following:

(1) If a < amin, F(p) has no roots; so there are no stationary waves.

(i) If a = amin, F(p) has only one root p = pmax, S0 there is exactly one stationary wave
connecting Uy to Umax, Where

appoito
Unax = (K(SO)(pmax)yy — Pmax> a) .

Pmax

(iii) If a > amin, F(p) has two distinct roots; so there are exactly two stationary waves
connecting Uy to the state Uy or the state Ué’, where

s y _ G0poko
Uy = (K(So)(<ﬂ1(Uo,a)) , 7a¢l(U0’a),<p1(Uo,a),a>,
b._ y _ Gopouo
Uy = | «(S0)(¢2(Up, @), ————, ¢2(Up, a),a | . (2.32)
ap(Uo, a)

Using notations as Lemma 2.2, we have the following lemma.

Lemma 2.3 Given Uy = (po, uo, po, ap) and a.

(i) It holds that
Pmax < po, Up € G; UG,,
Pmax > po.  Up € GT UGT.
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A van Leer-Type Numerical Scheme for the Model 513

(ii) It holds that
Uj € GT, U(l)7 IS G;r for ug >0,
Uj € Gy, U(I)7 € G, for ug<0O.
(iii) It holds that
amin < a9, Up € Gii, i=1,2
amin = ap,  Up € C,
amin =0, wug=0.
@(iv) Ifa > ag, then
1o, a) < po < ¢2(Up, a).
V)  Ifamin < a < ag, then
po < ¢1(Uo, a) < ¢2(Up,a), for Uy € GT,
po > ¢2(Uo, a) > ¢1(Up, @), for Up e G5.
It follows from Lemma 2.2 that there may be two possible stationary waves from a given

state Uy to a state with a new level cross section a. Thus, it is necessary to impose some
condition to select a unique physical stationary as follows.

(MC) Any stationary jump must not cross the sonic curve in the (p, u)-plane.

Observe that the admissibility criterion (MC) implies that:

o Ifa > ampand Uy € G?E, then Uy is selected.
e Ifa > appmand Uy € Gzi, then U(l)’ is selected.

3 The Riemann Problem Revisited

In this section, the Riemann problem for (1.1) is revisited (see [32]). We distinguish between
four cases

Case A: Uy, € GT UCT andag > ay;
Case B: Uy € G;“ and ap > ay;
Case C: Ugp € G; UC™ and ap, > ag;
Case D: Ug € G, and ap, > ag.

Notations (i) Wi (U;,U;) (Sx(U;, Uj), Rk (U;, U;)) denotes the kth-wave (kth-shock,
kth-rarefaction wave, respectively) connecting the left-hand state U; to the right-hand state
Uj,k=0,1,2,3;

(i) Wy, (U;, Uj) ® W, (Uj, Uy) indicates that there is an mth-wave from the left-hand state
U; to the right-hand state U, followed by an nth-wave from the left-hand state U; to the
right-hand state Uy, m, n € {1, 2, 3, 4}.

(i) Ué denotes the state such that o (U, Ug )=0. Uo@ denotes the state such that o3(U®,
Up) = 0 (see Lemma 2.1).

4v) U3, U(f denote the states resulting from stationary waves from Uy (see Lemma 2.2).

con
S 9 /Vi
<1h
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514 M. D. Thanh, D. H. Cuong

3.1 Case A: Uy € Gi" UCT and ag > ay,
3.1.1 Construction Al

The first part of the Riemann solution can be the stationary wave

Wo(UL, Uy),
ie.,
UL = (pr,ur,pr,ar) ifx/t <0,
Urie(x/t; UL, Ug) = { U; = (p}.u, p},ag) if0 <x/t <...,
where

appLur
p1 =¢1(UL,ag), uj:= S
arpy,

If we take any U € R(Uj), then the second part of the Riemann solution can be a 1-
rarefaction wave

. P =k}

R(U;, U),
ie.,
Ur ifx/t <0,
Uj if0<x/t <a(U}),
URie(x/t; U, UR) = § Fani(x/t; Uy, U) if A (Uj) < x/t < 2(U),
U ifA(U) <x/t<...,

On the other hand, if we take U € Sy (U}) such that o (U}, U) > 0 (i.e., U is located above
U z#, see Lemma 2.1), then the second part of the Riemann solution can be a 1-shock wave

S1(UL, U),

ie.,
Up ifx/t <0,
Uj if 0 <x/t <o(U], U),

URie /UL UR) =\ ¢/ g oy (U8, U) < x/1 < ...

Thus, if U = (p,u, p,ar) € Wi(U;}) such that U is located above Us*, then the first two
parts of the Riemann solution are

Wo(Ur, Uj) ® Wi (U;, U).
Therefore, we call the set
{U e Wi (Uj): U islocated above Ui#}

as the composite wave curve Wo.W1 (UL, ag). Obviously, Wo.W1 (UL, ar) is a part of the
wave curve W (U7) (see Fig. 2). If we have an intersection in the (p, u)-plane

(p.u) = W3 (Ug) N Wo.W1 (UL, ag),
then the Riemann problem for (1.1) has a solution of the form
Wo(UL, Uj) @ Wi (U, U) & Wa(U, U™) & W3(U*, Up), 3.1

where
U* = (p,u, p*, ar) € W3(Up).

@ Springer i ms
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wll'sl'wll(Ul_’ aR)

U/’ /
U #b

L G,

— SI'W,U(UI,’ ak)

Fig. 2 The composite wave curves: Wo.W(Ur, ag), Wo.S1.Wo(UL, ar), and S1.Wo (UL, ar) in the (p, u)-
plane

Explicitly, the form (3.1) can be seen as follows.

o IfUeRi(Uj)andU* e R3B(UR), then the form (3.1) yields

U if x/t <0,

U3 i0 < x/t < 21 (US),

Fany(x/t; U, U) if A (U;) < x/t < 2 (U),
Urie(x/t; UL, Up) =1 U if A (U) <x/t <22(U) =22(U"),

U* if My (U*) < x/t < 23(U%),

Fanz(x/t; U*, Ug) if A.3(U*) < x/t < A3(Up),

Ur ifx/t > A3(UR).

e IfU eRi(Uj)andU* € Sf(UR), then the form (3.1) yields

UL lf.x/t < 0,
] if0 < x/t <2 (US),
o _ | Fani (/U3 ) it MUF) < x/1 < 2 (0),
Urie /1 U, UR) = 4 if 2 (U) < x/t < 2a(U) = A (U*),
U* if 2o (U*) < x/t < o3(U*, Ug),
Ur ifx/t><73(U*,UR).

e IfU eSS W))andU* Rf(UR), then the form (3.1) yields

Ur if x/t <0,
uUs if0 <x/t <oy (US,U),
_ . |, ifo1(Us,U) < x/t < (U) =2 (U"),
Urie(x/6; UL, UR) = 4 /x if A\ (U*) < x/t < A3(U*),
Fanz(x/t; U*, Ug) if A3(U*) < x/t < A3(Ug),
Ur if x/t > X3(UR).

Fus &\ Springer
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e IfUe&U))andU* € S3B(UR), then the form (3.1) yields
Up ifx/t <0,
Uj if0 <x/t <o1(U;,U),
Urie(x/t; Up, Ug) =y U ifo1(U;,U) < x/t < ra(U) =1 (U,
U* if \p(U*) < x/t <o3(U*, Ug),
Ug ifx/t > o3(U*, Ug).

Algorithm to Compute the Intersection Point (p,u) = W3B(UR) N Wo.Wi (UL, ag).
Assume that U i# is located below the curve W3B (Ug) in the (p, u)—plane.

#.
Step 1 Set p; =0, p> = pj*;

Step 2 Compute p = P1 ;— P2 ; Compute u such that (p, u) € Wi (U3}) in the (p, u)-plane;

Step3 — If (p, u) belongs to Wf(UR) in the (p, u)—plane, end;
— If (p, u) is located above W3B(UR) in the (p, u)—plane, set p; = p and return Step 2;
— If (p, u) is located below W3B(UR) in the (p, u)—plane, set p» = p and return Step 2.

3.1.2 Construction A2

Fix a cross section level ays between ay, and ag. The first part of the Riemann solution can
be a stationary wave
Wo(UL, Uy),
where
s S N s
Uy = (pLa uy, pr, aM) ,

‘ arpLur
o =e1(Ur,an), wuyp = —7—
am py,

The second part of the Riemann solution is a 1-shock wave with zero speed
SiU;, Uh.
The third part is again a stationary wave
Wo(U*, U™),

. P =k(SL)(pp)” (3.2)

where

U™ = (p,u, p,ag),
# s#
ay pu
p = wz(Ui#,aR), wi=——LL p.= K(SSL#),OV. (3.3)
agrp
Because these three parts are discontinuity waves with same zero speed, we have a wave
collision (resonant case), i.e., Wo(Ur, U}) & S1(U}, Ui#) ® Wo(USH, Uz#b) is just a

discontinuity wave with zero speed

Uy ifx/t <0,
Urie(x/t; Ur, Ug) = { Us* if 0 < x/t < ...,

We call the set
{Uz#b . ay varies between ay and ag}
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as the composite wave curve Wy.S1.Wo(UL, ar). It is not difficult to check that Uib and U i#
are two end-points of Wy.S1.Wo(Ur, ar) (see Fig. 2). Therefore, if we have an intersection
in the (p, u)-plane
(p,u) = Wi (Ug) N Wo.81.Wo(UL, ag),

then the Riemann problem for (1.1) has a solution of the form

Wo(UL, U}) & S1(U}, Uy @ WoU*, U™y @ Wa (U™, U*) @ W3(U*, Ur), (3.4)
where

U* = (p,u, p*,ar) € W3(Ug).

Explicitly, the form (3.4) can be seen as follows.

o IfU*e¢ Rf (UR), then the form (3.4) yields

Uy ifx/t <0,

Ut if0 < x/t < (U™ = 0(U™),
Uric(x/t; UL, Ug) = { U* if 2o (U*) < x/t < A3(U™),

Fan3(x/t; U*, Ug) if A3(U*) < x/1 < A3(Ug),

Ur if x/t > A3(Ug).

o IfU*e SSB (Ug), then the form (3.4) yields

Up ifx/t <0,

U if 0 < x/t < (U™ = (U™,
U* if npU*) <x/t <o3(U*, Ug),
Ur ifx/t > o3(U*, Ug).

Urie(x/t; UL, UR) =

Algorithm to Compute the Intersection Point (p,u) = W3B(UR) N Wo.S51.Wo (Ur, agr).
Assume that Ui# is located above W3B(U Rr) and Ufb is located below W3B (Ug) in the
(p, u)-plane.

Step 1 Seta; = ar, a» = ag;

Step 2 Compute ay = “F3%2; Compute U; as in (3.2); Compute U;*; Compute U™ =
(p,u, p,ag) asin (3.3);

Step3 e If (p, u) belongs to W3B(UR) in the (p, u)-plane, end;
e If (p,u) is located above W3B(UR) in the (p, u)-plane, set ap = aps and return Step 2;
e If (p, u) is located below W3B (UR) in the (p, u)-plane, set a; = aps and return Step 2.

3.1.3 Construction A3
Take any state U = (p,u, p,ar) € S;(Ur) N G;r such that o1 (UL, U) < 0, ie., U is
located between Uf and Ug, where
UY =Y, u%, 00, a1) =wWiur)nce.
Then, the first part of the Riemann solution can be a 1-shock wave with negative speed
S1(U, U).
Next, the second part of the Riemann solution can be a stationary wave

Wo(U, U?),

Fus &\ Springer



518 M. D. Thanh, D. H. Cuong

where

Ub:(pb,ub,pb,aze>,

ar pu
P’ = @(U.ag), u’:=—=
aRrp

. PP =k 3.5)
The set
{Ub ;U is located between Uf and Ug on S1(Up)}

is called the composite wave curve S;.Wo(Ur, ag). Obviously, Uf’ and Ug are two end-
points of S;.Wo(UL, ar) (see Fig. 2). Therefore, if we have an intersection in the (p, u)-
plane

(P’ u”) = Wi (Ur) N 1. Wo(UL, ap),
then the Riemann problem for (1.1) has a solution of the form
S1(UL, U) & Wo(U, U) & Wa(U”, U*) & W3 (U*, Ug), (3.6)
where
U* = (p",u”, p*, ar) € WY (Up).

Explicitly, the form (3.6) can be seen as follows.
e U* € R¥(Ug), then the form (3.6) yields

UL ifx/t <oy(Ur,U),
U ifo;(Ur,U) <x/t <0,
o _Jub if0 < x/t < 2UP) = 1(U"),
Urie(x/1: UL, UR) = 4 if A (U*) < x/t < A3(U%),
Fans(x/t; U*, Ug) if A3(U*) < x/t < A3(Up),
Ur if x/t > A3(Ug).

e U* € S3B(UR), then the form (3.6) yields

Up ifx/t <o1(UL,U),

U ifo(Ur,U) <x/t <0,
Urie(x/t; UL, Ug) = { U? if 0 < x/1t < 2p(U?) = (U™,

U* if p(U*) < x/t <o3(U*, Up),

Ug ifx/t > o3(U*, Ug).

Algorithm to Compute the State U and the Intersection Point (pb, uby = W3B (Ugp) N
S1.Wo(UpL, ag). Assume that Ufb is located above W3B(UR) and U? is located below
W32 (Ug) in the (p, u)-plane.

Step 1 Set p; = pi, P2 = pﬁ;

Step 2 Compute p = —p‘;pz; Compute U = (p,u, p,ar) € Si(Ur); Compute U =
(pb, ub, pb, ar) as in (3.5);

Step3 - If (pb, u?) belongs to WSB (Ur) in the (p, u)-plane, end;
- If (pb, u?) is located above W3B(UR) in the (p, u)-plane, set p; = p and return Step 2;
If (pb, u?) is located below Wf(UR) in the (p, u)-plane, set p = p and return Step 2.
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3.2 CaseB: Uy € G;’ and agp > ay,
3.2.1 Construction Bl

The first part of the Riemann solution can be the 1-rarefaction wave
Ri(UL. U,
where
U = (pf.ug.pf.aL) =WiU)NC.
The second part of the Riemann solution can be the stationary wave
Wo(U;". U™,

where

+s s s +s
UL :(pL auL 7pL 7aR)a

+s + +s aLPZr“ZL +s +s\y
o =@U; ag), u;” = arp® pp =k(SL)(pL)"
RPL

Take any state U = (p,u, p,ag) € W (UZ”) such that U is located above UL”#. Then,
the third part of the Riemann solution can be a 1-wave

WU, U).
We call the set
(U eWi(U*): U islocated above U;**)

as the composite wave curve R;.Wo. W (UL, ar) (see Fig. 3). If we have an intersection in
the (p, u)—plane
(p.u) = W3 (Ug) N R1.Wo.W1(UL. ag).

then the Riemann problem for (1.1) has a solution of the form

Ri(UL, UH) & Wo(US, U @ WU, Uy ® Wo(U, U*) @ Ws(U*, Ug),  (3.7)

R,.W,.W,(U,, a,) G,

R,.W,.S,.W,(U,, a,)
UL+|. G)

\VI‘W,U(UI,’ al{)

Fig. 3 The composite wave curves: R;.Wo. Wi (U, ar), R1.Wy.S1.Wo(UL, ar) and W;.Wy(UL, ag) in the
(p, u)-plane

ox
$OMy,

-
“ B0
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where
U* = (p,u, p*, ag) € WE(Up).

Explicitly, the form (3.7) can be seen as follows.
o If U € R1(U;*) and U* € RE (Uy), then the form (3.7) yields

Ur if x/t < X1 (UL),
Fan (x/t; U, U;") if M(UL) < x/t < 0(U}) =0,
U if0 < x/t <A (U,

o _ ) Fany(x/6; U, U) if M (US) < x/t <M (U),

Urie(x/1: UL, UR) = 1 - i1 (U) < x/t < 2a(U) = aa(U™),

U* if M (U*) < x/t < A3(U%),
Fanz(x/t; U*, Ug) if A3(U*) < x/t < A3(Ug),
Ur if x/t > A3(UR).

eIf U € R|(U;*) and U* € S (Ug), then the form (3.7) yields

Ur if x/t <X (UL),
Fan (x/t; U, U;") if M (UL) < x/t < 0(U) =0,
U if0 < x/t <A (U,

Urie(x/1; UL, Ug) = { Fani(x/t; US>, U) if M(US*) < x/t < 11(U),
U ifA(U) < x/t < U) =1 (U,
U* if \p(U*) < x/t < o3(U*, Ug),
Ugr ifx/t>0’3(U*,UR).

o If U € §)(U;"*) and U* € R (Ug), then the form (3.7) yields

U ifx/t<)»1(UL),
Fan;(x/t; Up, U;") if M (Up) < x/t < M(U) =0,
U’ if0 <x/t <o (U, U),
Urie(x/t; UL, Ug) = { U if o (U, U) < x/t < M(U) = AU,
U* if M(U*) < x/t < A3(U%),
Fans(x/t; U*, Ug) if A3(U*) < x/t < A3(Ug),
UR ifx/t>k3(UR).

o If U € 8\ (U;"*) and U* € SE(Up), then the form (3.7) yields

U ifx/t <A1 (Ur),
Fan| (x/t; Up, U;") if ,i(UL) < x/t < 2 (U]) =0,
' ) _ Ui” if0<x/t<01(UL”,U),
Urielr/6: UL UR) = 1 if 01(U*, U) < x/t < Ma(U) = A (U,
U* if M (U*) < x/t < 03(U*, Ug),
Ugr if x/t > o3(U*, Ug).

Algorithm to Compute the Intersection Point (p, u) = Wf(UR) N Ry.Wy.Wy (U, ag).
Similar to case A, since R1.Wo. W (UL, ag) = WO.WI(U+, ar).

3.2.2 Construction B2

The first part of the Riemann solution can be the 1-rarefaction wave

Ri\(UL, U,
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where
Uf =l uf, pfan) =WiUL)NCH.

Fix a cross section ays between ay, and ag. The second part of the Riemann solution can be
a stationary wave

+ g+
Wo(U; , U™,
where
+ +s 45+
U= (PLYv up’, ,oLS,aM) )
+ +
+s arppug

ot =oi(Ufcan), uf® = —LL pl = k(S0 (0.
ampy

The third part of the Riemann solution can be a 1-shock wave with zero speed
Sl (U+S’ Uzrs#)-
The fourth part of the Riemann solution can be again a stationary wave

Wo(US**, UF™),

where
U = (p.u.p.ag).
+s#  +s#
amp p u
p = (pZ(UZ_S#,GR)a U= #, p = K(SZFS#)/JV.

We call the set
(U . ay varies between a;, and ag}

as the composite wave curve Ry.Wy.S1.Wo(UL, ag). It is not difficult to check that UZ”#

and U:b are two end-points of R;.Wy.S1.Wo(UL, ar) (see Fig. 3). Therefore, if we have
an intersection in the (p, u)—plane

(p.u) = W3 (Ur) N R1.Wo.51.Wo(UL, ar),
then the Riemann problem for (1.1) has a solution of the form

Ri(UL, UD®Wo(U, UH@S1 (UL, UFHeWoU S, UF* ) ew, (U, UHeWs(U*, Ug),
(3.8)
where
U* = (p,u, p*,ag) € W3B(UR).

Explicitly, the form (3.8) can be seen as follows.
oIfU* € R3B (UR), then the form (3.8) yields

U ifx/t < A Up),
Fan;(x/t; Ur, U;") if A\ (Up) < x/t < 0(U) =0,
' . _Juf if0 < x/t < 2U) = 2U"),
Urie@ /1 UL, UR) = 4 if Am(U%) < x/t < A3(U"),
Fanz(x/t; U*, Ug) if :3(U*) < x/t < A3(Ug),
Ur if x/t > X3(UR).
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oIf U* € Sf (Ug), then the form (3.8) yields

U ifx/t<k1(UL),

Fany (x/1; U, U}) if M (Ur) < x/t < M (U]) =0,
Urie(x/t; Ur, Ug) = { U™ if0 < x/t < 2U™) = 0U",

U* if M (U*) < x/t < 03(U*, Ug),

Ur if x/t > o3(U*, Ug).

Algorithm to Compute the Intersection Point (p,u) = W3B(UR) N Ry1.Wy.51. Wy
(Ur, ag). Similar to case A, since R1.Wy.S1.Wo(UL, ar) = Wo.Sl.WO(UZF, agr).

3.2.3 Construction B3

Take a state U = (p, u, p,ar) € Wi(UL) such that U € GT, ie., U is located between
Uf and Ug, where

U = (pf.uf.pf an) =wWiwunct,
UY =%, u%, 00, ar) =W (UL)NCO.

Then, the first part of the Riemann solution can be a 1-wave
Wi (UL, U).

Next, the second part of the Riemann solution can be a stationary wave
Wo(U, U,

where

Ub = (pb,u",p",aze),
b._ aLpu
agp®’

P’ = (U ag). u PP = k()"
We call the set
{Ub : U is located between UL+ and UE on Wi (UL)}

as the composite wave curve W1.Wy (UL, ag). Obviously, UZ'b and U? are two end-points
of W1.Wo(UL, agr) (see Fig. 3). Therefore, if we have an intersection in the (p, u)—plane

(P, u) = WP Ur) N W1.Wo(UL, ar),
then the Riemann problem for (1.1) has a solution of the form
Wi(UL, U) ® Wo(U,U) @ Wo(U?, U*) & W3(U*, Ug). (3.9)

where

U* = (p,u”, p*, ag) € W2 (Up).
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Explicitly, the form (3.9) can be seen as follows.

oIf U € Ri(UL) and U* € Rg(UR), then the form (3.9) yields

Uy

Fan{(x/t; UL, U)

if x/t <A1 (Ur),
if A (UL) < x/t <1 (U),

U if A\ (U) <x/t <O,
Urie(x/t; U, Ug) = { U if0 < x/t < (UP) = 10U,
U* if Lo (U*) < x/t < A3(U™),

Ur

Fan3(x/t; U*, Ug)

if A3(U*) < x/t < A3(Ug),
if x/t > A3(UR).

oIf U € Ri(Ur) and U* € S3B(UR), then the form (3.9) yields

UL

ifx/t <A (UL,

Fany(x/t; UL, U) if A (Ur) < x/t < 1 (U),

‘ ) _Ju if A (U) <x/t <0,
URle(-x/ta UL» UR) - Ub if0 < X/l < }Q(Uh) — )\.Z(U*),
Uu* if \Mo(U*) < x/t < o3(U*, Ug),

Ur if x/t > o3(U*, Ug).

oIf U € S1(Ur)and U* € Rg(UR), then the form (3.9) yields

Ur ifx/t <o1(Ur,U),
U ifo;(Ur,U) <x/t <0,
' . _Jub if0 < x/t < A (UP) = 1 (U™),
URie/1: UL, UR) = | if Mo (U*) < x/t < A3(U%),

Fanz(x/t; U, Ug)

Ur

if A3(U*) < x/t < A3(Ug),
if x/t > X3(UR).

oIf U € §1(Uy) and U* € S3B(UR), then the form (3.9) yields

Up, ifx/t <o1(Ur, U),

U, ifo1(UL,U) <x/t <0,
Urie(x/1: UL, Ug) = { UP, if 0 < x/t < 1a(UP) = (U™,

U*, if \o(U*) < x/t < o3(U*, Ug),

Ug, ifx/t > o3(U*, Ug).

Algorithm to Compute the State U and the Intersection Point (pb, uby = W3B (Ug) N
Wi1.Wo(UL, ag). Similar to Construction A3, but the assignment p; = p? in Step 1 is
replaced by p; = pz.

3.3 Case C: Ug € Gy UC™ and af, > ag
3.3.1 Construction C1

The last part of the Riemann solution can be the stationary wave
Wo(Ug, Ugr),

ie.,

Urie(x/t; UL, Ug) = { Up if ... <x/t <0,
Ur ifx/t >0,
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where

Uk = (P> ug> Pi-aL)

s ARPRUR

pg = @1(Ug,ar), u%:= aph Pr =Kk (Sr)(oR).
R

Take a state U = (p, u, p,ar) € W3(Uy) such that U is located below U,Se@. Then, the
next part of the Riemann solution from the end can be a 3-wave

Wi (U, US).
We call the set
{U e W3B(UISQ) . U islocated below U)Ye@}

as the backward composite wave curve W(f.Wf (Ur, ar) (see Fig. 4). If the wave curve
W) (Uy) intersects WOB . W3B (Ug, ar) atapoint (p, u) in the (p, u)-plane, then the Riemann
problem for (1.1) has a solution of the form

WU, U*) & Wa(U*,U) & W3(U, Uy) @ Wo(Uy, Ug), (3.10)
where
U* = (p,u, p*,ar) € Wi(Up).

Explicitly, the form (3.10) can be seen as follows.
e If U € R¥(U3}) and U* € R1(Uy), then the form (3.10) yields

U ifx/t <X (Ur),

Fan|(x/t; UL, U*) if Ay < x/t < A1 (Uy),

U* if A (U*) < x/t < (U™ = A (U),
Urie(x/t; UL, Ug) = 1 U if A (U) < x/t < A3(U),

Fanz(x/t; U, Ug) if A3(U) < x/t < A3(Uyg),

Up if A3(Ug) < x/t <0,

Ur ifx/t > 0.

u
A c U, ,

WUB'S}B'W(DB(UR7 a,)

WUB'WJB(UIU al)

G,

Fig. 4 The composite wave curves: W(f.Wf(UR, ar), W(f.Sf.WOB(UR,aL) and Sf.W(f(UR,aL) in the
(p, u)-plane
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oIfU € S3B(U‘,§) and U* € R1(UL), then the form (3.10) yields

Ur if x/t <X (Ur),
Fan|(x/t; UL, U*) if Ay < x/t < A1 (Uy),
o o if 21 (U*) < x/t < M(U*) = A (U),
Urie(x/8: UL, Ur) = | if 32 (U) < x/t < o3(U, U3,
Uy ifo3(U,Up) < x/t <0,
Ur ifx/t > 0.

oIfU € Rf(UIXQ) and U* € S1(UyL), then the form (3.10) yields

Ur if x/t <O‘1(UL,U*),
U* ifo1(Up,U*) < x/t < A(U*) =1 (U),
) . _J U if L(U) < x/t < x3(U),
Urie /1 UL UR) = Fany (/1 U, U3) if A3(U) < x/1 < 2a(U3),
Uy if A3(Uy) < x/t <0,
Ur ifx/t > 0.

oIfU ¢ S3B(UISQ) and U* € §1(UL), then the form (3.10) yields

Up ifx/t <o (Ur,U%),

U* ifo1(Up,U*) < x/t < (U*) = 1(U),
Urie(x/t; UL, Ugr) =y U if Ma(U) < x/t < o3(U, Uy),

Uy ifo3(U,Up) < x/t <0,

Ug ifx/t > 0.

Algorithm to Compute the Intersection Point (p,u) = Wi (Ur) N WOB.W?? (Ug, ar).
Assume that U,Se@ is located above the curve Wi (Uy) in the (p, u) — plane.

Step 1 Set p; =0, pr = p3°;

Step 2 Compute p = pl;pz and u such that (p, u) € WE(U}) in the (p, u)—plane;

Step3 — If (p, u) belongs to W, (Uy) in the (p, u)-plane, end;
— If (p, u) is located above W) (UL ) in the (p, u)-plane, set pp = p and return Step 2;
— If (p, u) is located below W, (UyL) in the (p, u)-plane, set p; = p and return Step 2.

3.3.2 Construction C2

Fix a cross section ays between ay, and ag. The last part of the Riemann solution can be a
stationary wave

Wo(Ug, Ur),

where

Uk = (P . P ar)

) : ARPRUR
Pr = 1(Ur,am), u%:= -
apmpPg

. Pr=k(SR)(pR)". (3.11)

The next part of the Riemann solution can be the 3-shock wave with zero speed

S3(UE, U3).
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The next part of the Riemann solution can be again a stationary wave
Wo(UR®", U®).
where

URe? = (p,u, p,ar),

@ s@
ayphu
pi=pUR ar), u:= #}0’?, pi=k(S5)p”. (3.12)

Because these three parts are discontinuity waves with same zero speed, we have a wave
collision (resonant case), i.e., Wo(U‘;e@h, U‘fe@) &) S3(U‘;e@, Ug) @ Wo(Uy, Ug) is just a
discontinuity wave with zero speed

Uric(x/t; U, Ug) = { U if ... <x/t <0,
Ur ifx/t>0.
We call the set
{Uj'e@b : ay varies between ay and ag}

as the backward composite wave curve W(f.Sf.W(f (Ug, ar). It is not difficult to check
that Ulse@ and Ulg@b are two end-points of W(f.Sf.W(f (Ur,ar) (see Fig. 4). If the wave
curve Wi (U}) intersects W(f.Sf.W(f(UR, ap) at a point (p, u) in the (p, u)-plane, then
the Riemann problem for (1.1) has a solution of the form

Wi(UL, U@ Wa(U*, U @ Wo(UR®", Up®) @ S3(UR°, UR) ® Wo (U, Ug), (3.13)
where

U* = (p,u, p*,ar) e Wi (Up).

Explicitly, the form (3.13) can be seen as follows.
o If U* € R1(UL), then the form (3.13) yields

Ur ifx/t <A1 (UL),
Fany(x/t; UL, U*) if Ay < x/t < 2 (Uy),
Urie(x/t; UL, Ug) = { U* if A (U*) < x/t < 1a(U*) = U,
User if M (US®) < x/t <0,
Ug ifx/t > 0.

o If U* € §1(UL), then the form (3.13) yields

Uy, ifx/t <o1(UL,U%),

U*  ifo1(Ur, U*) < x/t < k(U¥) = MUY,
Ue? if Mm(UeP) < x/t <0,

Ur ifx/t>0.

URie(x/t; UL, Ug) =

Algorithm to Compute the Intersection Point (p, u) = Wi (UL) N Wf.Sf.W(f (Ug,ar).
Assume that U Ise@ is located below W;(Ur) and U 1(‘? b is located above Wi (UL) in the
(p, u)—plane.

Step 1 Seta; =ayr, ar = ag;

a +ap

2
U = (p,u, p,ar) asin (3.12);

Step 2 Compute ay = ; Compute U3, as in (3.11); Compute U ;e@; Compute
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Step3 — If (p, u) belongs to W;(Uy) in the (p, u)-plane, end;
— If (p, u) is located above W) (UL ) in the (p, u)-plane, set a; = ap and return Step 2;
— If (p, u) is located below W (UyL) in the (p, u)-plane, set a; = ays and return Step 2.

3.3.3 Construction C3

Take a state U = (p,u, p,agr) € S3B(UR) such that U is located between UI? and Ug,
where

U,% = (p(,)e, u(,)e, p%, ag) = Wf(UR) nco.
Then, the last part of the Riemann solution can be a 3-shock wave with positive speed
$3(U, Ug),
(see Lemma 2.1). The next part of the Riemann solution can be a stationary wave
Wo(U", U),
where
Ub = <pb, W, b, aL) 7

arpu
PP = pU.ar). u’ =" pPi=k($)("). (3.14)
arp

We call the set
{Ub : U is located between Ul(e@ and Ug on Sf(UR)}

as the backward composite wave curve Sf’.W(f (Ug, ar). Obviously, U 1? b and Ug are
two end-points of S3B.WOB(U R, ar) (see Fig. 4). If the wave curve W (UyL) intersects
S3B.W0(UR, ar) at a point (pb, u?) in the (p, u)-plane, then the Riemann problem for (1.1)
has a solution of the form

Wi(UL, U™ & Wo(U*, Ub) 2] Wo(Ub, U)® S3(U, Up), (3.15)
where
U* = (p°,u®, p*, ar) e Wi(UL).

Explicitly, the form (3.15) can be seen as follows.
o If U* € R1(UL), then the form (3.15) yields

UL ifx/t <A1 (Ur),

Fany(x/t; UL, U*) if Ay < x/t < A (Uy),

U* i A1 (U*) < x/t < a(U*) = 2o (UD),
Urie(x/t; UL, UgR) = Ub if M (UP) < x;t <0

U if0 < x/t < o3(U, Ug),

Ur if x/t > o3(U, Ug).

o If U* € §;(UL), then the form (3.15) yields

Up ifx/t <o(Ur, U,

U* if o1 (Up, U*) < x/t < M(U*) = 1 (UY),
URie(x/t; Ur, Ug) = { UY if ap(U?) < x/t <0,

U if0<x/t <o3(U,Upg),

Ugr ifx/l > o3(U, UR).
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Algorithm to Compute the State U and the Intersection Point (p®,u?) = Wi (Up)
ﬂS3B.W0(UR, ar). Assume that Ul(e@b is located below W;(Ur) and UI(; is located above
Wi (Uyp) in the (p, u)-plane.

Step 1 Set p; = p%, pr = p%;

Step 2 Compute p = pr;pz; Compute U = (p,u, p,ar) € Sf(UR); Compute Ub =
(p?, u®, p?, ar) asin (3.14);

Step3 — If (p®, u) belongs to W, (Uy) in the (p, u)-plane, end;
- If (pb, ub) is located above W (UL) in the (p, u)-plane, set p, = p and return Step 2;
- If (pb, u) is located below W, (Uy) in the (p, u)-plane, set p; = p and return Step 2.

3.4 CaseD: Ug € G; and a, > ag
3.4.1 Construction DI

The last part of the Riemann solution can be the 3-rarefaction wave
R3(Ug, Ug),
where
Ug = (pg-ug. px-ar) = W3 Ur) NC™.
The next part of the Riemann solution can be the stationary wave
Wo(Ug*, Ug),
where

Ug' = (pg’ ug’s px’ aL),

_ _ _ arpPrUp _ _
pg’ = e1(Ug,ar), ug’ = —LR  posi=k(Sp)(pg’).
arLpgr

Take any state U = (p, u, p,ar) € W3B (Ug*) such that U is located below UES@. Then,
the next part of the Riemann solution can be a 3-wave

W3 (U, Ug*).
We call the set
{U € W3B(U,§S) : U is located below UI;‘Y@}

as the backward composite wave curve Rf . W(fg.W3B (Ug, ar) (see Fig. 5). If the wave curve
Wi (ULr) intersects Rf.WOB.Wf(UR, ar) at a point (p, u) in the (p, u)—plane, then the
Riemann problem for (1.1) has a solution of the form

Wi(Us, U*) @ Wa(U*, U) @ W3(U, Up®) ® Wo(Ug*, Ug) ® R3(Ug, Ug),  (3.16)

where

U* = (p,u, p*,ar) e Wi(Up).
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u

W W, (U, a,)

UR-h

R W, S WS (U,, a,)

R;B.W”“-W;B(Um a,)

G,

Fig. 5 The backward composite wave curves: Rf.WOB.Wf(UR,aL), Rf.W(f.Sf.W(f(UR,aL), and
WE WE (U, ar) in the (p, u)-plane

Explicitly, the form (3.16) can be seen as follows.
oIfU € ’Rf(U,;S) and U* € R1(UL), then the form (3.16) yields

UL ifx/t <A (U,
Fani(x/t; U, U*) if A1 < x/t < A (Us),
U* i A (U*) < x/t < A (U*) = A (U),

) _Ju if M (U) < x/t < A3(U),
UrieC/15 UL UR) =1 Rany (o1 U, UR?) it 2a(U) < x/t < 23(URY).

Ug’ if A3(Ug*) < x/t <0,
Fan3(x/t; Up, Ug) if 0 = A3(Ug) < x/t < A3(UR),
Ugr if x/t > A3(UR).

oIfU € Rf(U;S) and U* € S1(UyL), then the form (3.16) yields

Ur ifx/t <o (Up, U%),
U* ifal(UL,U*)<x/t<)\.2(U*):)\.2(U),
U if A (U) < x/t < A3(U),
URic(x/t; Ur, Ug) = { Fanz(x/t; U, Ug*) if A3(U) < x/t < A3(Ug*),
Ug*® if 23(UR°) < x/t <0,
Fans(x/t; Ug, Ug) if 0 = A3(Ug) < x/t < A3(Ug),
Ur if x/t > X3(UR).

oIfU € Sf(U;s) and U* € R{(UL), then the form (3.16) yields

U if x/t < X1 (UL),

Fan| (x/t; U, U*) if A < x/t < A (Uy),

Uu* if M (U*) < x/t < (U*) = 1 (U),
Urie(x/t; UL, Ug) = U if Lo (U) < x/t <o3(U, Ug?),

Ug* ifo3(U, Ug®) < x/t <0,

Fan3(x/t; Up, UR) if 0 = A3(Ug) < x/t < A3(UR),

Ug ifx/t > A3(Upg).
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o If U € S8(Ug®) and U* € S\ (Uy), then the form (3.16) yields

Ur if x/t <01(UL,U*),
U* if o1 (UL, U*) < x/t < A(U*) = A2(U),
' ) _Ju if .(U) < x/t <o3(U, Ug?),
URle(-x/tv ULs UR) - UEY 1f03(U, U];S) < .x/t < 07
Fan3(x/t; Up, Ug) if 0 = A3(Up) < x/t < A3(UR),
Ug ifx/t > A3(Ug).

Algorithm to Compute the Intersection Point (p,u) = Wi (Ur) N Rf.Wo.Wf (Ug,ar).
Similar to case C, since Rf.W(f.Wf(UR, ap) = WOB.W3B(U1;, ar).

3.4.2 Construction D2

The last part of the Riemann solution can be the 3-rarefaction wave
R3(Ug, Ug),
where
Ug = (pg.ug. Pr-ar) = Wi Ur)NC.
Fix a cross section ajs between ay, and ar. The next backward part of the Riemann solution
can be a stationary wave
Wo(Ug*, Up),
where
Ug' = (pg’ uzg’s pp’  am)
s _ _s . GRPRUR s s
o’ = o1Ug an), up’ = —2L  pr¥i=k(Sp)(pr").
ampPgr
The next backward part of the Riemann solution can be a 3-shock wave with zero speed
S3(UR" . U,

(see Lemma 2.1). The next backward part of the Riemann solution can be again a stationary
wave
—s@b —s@
Wo(Ug" " U™ ™),
where

U = (p.u,p.ar).
—s@ —s@
_ appg’u _
p=pUg® ar), u=—L "R b (SZ®p".
arp
We call the set
{UES@[’ :  ay varies between a;, and ag)
as the backward composite wave curve Rf.W(fg .S3B . W(f (Ug, ayr). It is not difficult to check
that UES@ and UEb are two end-points of Rf.W(fg .S3B . W(f (Ur, ar) (see Fig. 5). If the wave
curve Wi (U}L) intersects Rf.W(f.Sf.W(f(UR, ar) at a point (p, u) in the (p, u)-plane,
then the Riemann problem for (1.1) has a solution of the form
Wi(UL, U*) @ Wo(U*, Ug* ") @ Wo(Ug* ", Ug*®)

® S3(UR ", Ug®) ® Wo(Ugp*, Ug) ® R3(Ug, Ug), (3.17)
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where
U* = (p,u, p*,ar) e Wi (Uyp).

Explicitly, the form (3.17) can be seen as follows.
o If U* € R1(UL), then the form (3.17) yields

U ifx/t<)q(UL),
Fany(x/t; UL, U*) if Ay < x/t < A1 (Uy),
U* ifAL(U*) < x/t < M(U*) = U,
Urie(x/t; UL, Ug) = { 7 _ . Z R
Rie(¥/t: UL, Ur) Upt® if 1 (Uz*®") < x/t <0,
Fan(x/1; Uy, Ug) if 0 = a3(Ug) < x/t < 3(Ug),
Ur if x/t > A3(Ug).
o If U* € §;(UL), then the form (3.17) yields
U ifx/t<01(UL,U*),
U* if o1(Ur, U*) < x/t < Ma(U*) =2 (U ),
URie(x/t; Ur, Up) = Up*®" if MUz ") < x/t <0,
Fany(x/1; Ug, Ug) if 0 = A3(Ug) < x/t < A3(Up),
UR ifx/t>A3(UR).

Algorithm to Compute the Intersection Point (p,u) = W;(UL) N Rf.WOB.Sf.WOB
(U, ar). Similar to case C, since RE.WE.SBE.WE (U, ar) = WE.SB.WE (UL, av).

3.4.3 Construction D3

Take a state U = (p, u, p,ar) € W3B(UR) such that U € G, , i.e., U is located between
Uy and Ug, where

Ug = (pg.ug. pPg-ar) = W3 (Ur) NC™,
Up = (p%. u%. p.ar) = WEWUr) nC".
Then, the last part of the Riemann solution can be a 3-wave
W3(U, Ug).
The next backward part of the Riemann solution can be a stationary wave
Wo(U”, U),
where
Ub = <pb’ ul, pt, aL) 7
b ARPU

P = pUan), u”i= =, pPi=k(S)(p").
arp

We call the set

{Ub : U islocated between Uy and Ug on W3B(UR)}
as the backward composite wave curve W3B.WOB(U R, ar). Obviously, UEb and Ug are
two end-points of Wf.WOB (Ug, ar) (see Fig. 5). If the wave curve W;(UL) intersects

W3B.W0(UR, ar) at a point (pb, u?) in the (p, u)-plane, then the Riemann problem for (1.1)
has a solution of the form

Wi (UL, U*) @ Wa(U*, U @ Wo(U”, U) @ W3(U, Ug), (3.18)

Fus &\ Springer



532 M. D. Thanh, D. H. Cuong

where
U* = (p",u”, p*.aL) e W(UL).

Explicitly, the form (3.18) can be seen as follows.
oIfU € Rf(UR) and U* € R (UL), then the form (3.18) yields

U ifx/t <A1 (Ur),

Fany(x/t; UL, U*) if Ay < x/t < A1 (Uy),

U* if A1 (U*) < x/t < 2 (U*) = am(UY),
Uric(x/t; Up, Ug) = § U® if A\ (UP) < x/t <0,

U if0 < x/t < A3(U),

Fanz(x/t; U, Ugr) if A3(U) < x/t < A3(Ug),

Ugr ifx/t > A3(UR).

oIfU € Rf(UR) and U* € §1(Uy), then the form (3.18) yields

Ur ifx/t <oy (UL, U"),
U* if o1(Up, U*) < x/t < 2 (U*) = A (U),
‘ ) _Jub if L (U?) < x/t <0,
Urie(x/8: UL, UR) = 1 if0 < x/1 < A3(U),
Fanz(x/t; U, Ug) if A3(U) < x/t < A3(Up),
Ur if x/t > A3(Ug).

oIf U e S3B(UR) and U* € R1(UL), then the form (3.18) yields

Uy ifx/t <A (Up),

Fan|(x/t; Uy, U*) if A| < x/t < M (Us),

U* if A (U*) < x/t < 2(U%) = 2 (U"),
Urie(x/t: UL, UR) =\ 70 if A (U?) < x/t <0

U if0 < x/t < o3(U, Ug),

Ug if x/t > o3(U, Ug).

oIfU € Sf(UR) and U* € S1(UyL), then the form (3.18) yields

Up ifx/t <o1(UpL, U™,

U* if o1 (U, U*) < x/t < M(U*) = 1 (UY),
Urie(x/t; U, Ug) = { UY if Mm(UP) < x/1 <0,

U if0<x/t <o3(U,Upg),

Ur ifx/t > o3(U, Ug).

Algorithm to Compute the State U and the Intersection Point (p®,u”) = Wi (UL)
0W3B.W0(UR, ap). Similar to Construction C3, but the assignment p; = pg in Step 1 is
replaced by p; = pp.
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4 Building a van Leer-Type Numerical Scheme

Relying on the constructions of Riemann solutions in the previous section, we are now in
a position to build up a van Leer-type scheme to compute the approximate solution of the
Cauchy problem for (1.1). Let us set

o pu pu
pu pu”+p L pu

U := , FWU):= , HU):=—-
pe =1 swtoe + p) == ute+p
a 0 0

Then, the system (1.1) can be written in the compact form
U+ 0, F(U)=H(U)da, t>0, xek 4.1)
Accordingly, given the initial condition
Ux,0) =Uy(x), xe€eR,
then, the discrete initial values (UJ(.)) jez are given by

1 Xj+1/2
Ul

j = rx Uo(x)dx.

Xj-1/2
Suppose U" = (U j'.') jez at the time #, is known. Recently, the Godunov-type scheme
has been built as follows
At
Ut = Uf = 2 (FUkie0—: U} UY, ) = FURO+: U, U)o 42)
where URie(f; U, UR) denotes the exact solution of the Riemann problem for (1.1) cor-
responding to the Riemann data (U, Ug). Now, in this paper, we build a van Leer-type
scheme to compute the approximation urtl = (U;'+1 )jez of U(-, tyy1) as follows:
e (Reconstruction Step) From the sequence U™, we construct a piecewise linear function
Upi(x) defined by
n
Upl(x):UJr»’-f—Af]x(x—xj), Xj_1)2 <X <Xjy12, JEZ, 4.3)

n __ n n n n .
where the slopes Sj = (sj’l, 87287 3 sj,4) are defined by

St = (Ul — UDDED),

un — yn
o= LI (4.4)
' Ui = Uj
6] + 6
1+10]

e (Evolution Step) We solve the Cauchy problem for (4.1) with the initial condition
Ux,0) =Up(x), xeR, 4.5)

d@B) =

the van Leer’s limiter function.

to find the solution U (-, At).
e (Cell-averaging Step) We project (in the sense of L?) the solution U (-, Af) onto the
piecewise constant functions, i.e., we set

+1 1 Xjt1/2
Uit = —f U(x, At)dx. (4.6)
J Ax J,.
j—1/2
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To make sure that the waves of local Riemann problems centered at x;_;, and x;41,2 do
not interact, we use the following C.F.L. condition

At . 1
o max{[h U]k =123} < . 4.7

In order to derive a more explicit form of the scheme, we integrate (4.1) over the rectangle
(Xjfl/z, Xj+1/2) x (0, At). We obtain

Xj+1/2 At
/ (U(x, At)—U (x, 0))dx+f0 (F(U(xj_H/g -0, t))—F(U(Xj_l/z + 0, t))) dt

ji—1/2
Xjt12 AL
= / H(U(x,t))ocadxdt.
Xj,1/2 0
Using (4.3), (4.5), and (4.6), we get

At
Ax(Uj'.l“ -Up) +f0 (FWU&js12—0,0) = F(U(xj—12 +0,1))) dt

Xj+12 A1
= f H(U (x, 1)) adxdt. (4.8)
X./',l/z 0

Using the midpoint rule, we write

At

ar )y UG E0.0)r = FWU G2 %0, 81/2) + 0(AP). 4.9)

For approximating F'(U (x11/2 =0, At/2)), we use a predictor-corrector scheme. Follow-

ing an idea of Hancock (see [17], for example), we define values Uf:ll //22 L at time Ar/2
by

n+1/2 At
Uinija- = Uinip- = 55x (F( J+1/2,-) F(U}LI/H)) (4.10)
At aj —dj_,
toax AW )@ — ap® <_ ’
Jj+l1 J
n+1/2 At
Uispe = Viane = 9a; (F(Ufy't+1/2,—) - F(U;—1/2,+))
At a” —a'.‘il
—HU"! noo_ M| LI ,
+2Ax im0 @1 = a)) (Cl;‘lﬂ —a?)
where
1
U7+1/2,_ =Upi(xjt12—0) = U;-’ + ES?,
n w Lo
Ui_ijps = Uptxjm12 +0) = Uf = 87, .11)

Then, we solve the Riemann problem of (4.1) at the points x; 1,2, j € Z with piecewise

. 172 .
constant initial data U;.’:_r1 //2 ., whose solutions are noted as usual

X —X;
' JH1/2 L ont1)2 n+1/2
Urie (f Uit Ujiijng ) -
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The values U (xj41/2 =0, Az/2) in (4.9) are substituted by

_ RS ] n+1/2
URie (0:‘:’ Uit Uj+l/2,+) '

Next, we approximate the right-hand side of (4.8) as follows.

Xjr12 AL
/ H(U (x,t))0cadxdt
xj—1/2 0

~ AxAtH (U(xj, At/2)) dca(xj, At/2)
a(xj+12 — 0, A1/2) —a(xj—12+ 0, At/2)
Ax

a1 nt1/2 n+1/2 nt1/2 a2
N ALy (1 (i) + 1 (Ui152)) (amie (0= Uf A _ UFER L)
1/2 1/2
—arie (0H: U5 UTEL)).

Thus, the scheme (4.8) becomes

~ AxAtHUT?)

At
+1 _ . n+1/2 n+]/2 n+1/2 n+]/2
Ujr'l = Ujr‘l - Ax (F(URIE(O_v Uj+1/2,, j+1/2, +)) F (URie (0+, U —1/2,— ] 1/2, +))>
At n+1/2 n+1/2 n+1/2 n+1/2
ToAx (H(Uj+1/2 PDHHU; ) )) (aRie (0 sUifi- Uj+1/2.+) (4.12)

1/2 1/2
—aRie (0+ Un+l//2 _ U;-ljl//z’+)) .

The updated values U]"Ll //22 + can be interpreted as follows:

12
U.;'lj-rl//z,_ ~ Uxjr12 — 0, At/2)
At U

~ U(xjt12—0,0) + ff(xjﬂ/z -0,0)
At IF(U)

~ U}’+1/2,—+7< T (xj+12 — 0, 0)+H(U) (x]H/z 0,0)>
At OF(U)

~ U;'+l/2’7 737()6]+1/2 0,0)

o @~
+2Ax H(U;l"'l/z’_)(a?"'l B a;’)cb (cz’.‘+l — a;'
J

n At n
Uis12- = 5A; (F(Uj+1/2 - F(Uj—1/2,+))

At ai —a’_,
U " Al ,
+2 H(Uj, )(aﬂrl aj;) (a;‘“ a;‘

since

"—a’?

1 -1
dya(x,0) = 5(074-1 a; 1) <ajn> s Xj—1/2 <X < Xjy1/2-

j+1 T4

A similar argument can be made for U, +1] / 22

To complete the van Leer-type scheme (4.12), we will specify the values Ugje(0;
Uy, Ug) as follows.

R
)
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Construction  URije (0—; Up, Ug)  URie (0+; UL, UR)

Al (3.1) UL U;s
A2 (3.4) UL U
A3 (3.6) U Ul
BI (3.7) Uf U
B2 (3.8) Uy U
B3 (3.9) U Ub
CI (3.10) Us U
C2 (3.13) User Ug
C3 (3.15) U’ U
DI (3.16) Ug® Ug
D2 (3.17) Ug @ Uy
D3 (3.18) U’ U

5 Numerical Experiments

This section is devoted to numerical tests by using MATLAB. For each test, by taking

y = 1.4 and CFL = 0.5, we plot the exact solution and its approximations corresponding to

the Godunov-type scheme (4.2) and the van Leer-type scheme (4.12) at t = 0.02.

5.1 Approximations of Smooth Stationary Solutions

Test 1 Consider the Cauchy problem for system (1.1) with the initial data given as follows:
Ux,0) = (p(x), u(x), p(x),ax)), xeR, (5.1

where

a(x) =2+ arctan x,
a(x)px)u(x) = a(0)p0)u(0),

2 0))?
O+ npeen = “OC 4 oo,
P pO

(p(x)” (07
(p(0), u(0), p(0)) = (3,10,0.2) € G,

(p(x), u(x), p(x)) € G-
The exact solution in this test is just the smooth stationary wave
Ux,1) = (p(x), u(x), p(x),ax)), xeR, =0

Figure 6 displays exact solution and its approximations for the mesh sizes h = 1/20, h =
1/80 by the van Leer-type scheme (4.12). The errors and orders for different mesh sizes
h=1/20,h =1/40,h =1/80,h = 1/160, h = 1/320, h = 1/640, and h = 1/1280 are
reported in Table 1. The order of accuracy in this test is close to 2.
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Fig. 6 Exact solution and approximate solutions for the mesh sizes 7 = 1/20 and # = 1/80 by the van
Leer-type scheme in test 1

5.2 Test for Simple Waves

Test 2 Consider the Riemann problem for system (1.1) with the initial data given as follows

U = ur, pL,ar) =(7.0,2.0,0.5,3.0) ifx <O,
U0y = UL (pL,ur, pr,ar) = ( ) i 52)
Ur = (pr, ur, pr,ar) = (7.0,2.0,0.4,3.0) if x > 0.
Table 1 Errors and orders of accuracy for test 1
van Leer-type scheme
N L!-error L!'-order
20 0.00652770 -
40 0.00159440 2.03
80 0.00041149 1.95
160 0.00010669 1.95
320 0.00002751 1.96
640 0.00000697 1.98
1280 0.00000176 1.99
g )
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t A
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Fig.7 Exact solution and approximate solutions for the mesh size h = 1/640 corresponding to the Godunov-
type scheme and the van Leer-type scheme in test 2

Since pr, = pr, ur = ug, and a;, = ag, the exact solution for this test is just the 2-contact
wave

Uy ifx <2,

Ugr if x > 21,

see the left top of Fig. 7. Figure 7 displays exact solution and its approximations for the mesh
size h = 1/640 corresponding to the Godunov-type scheme and the van Leer-type scheme.
The errors and orders of accuracy of this test are reported in Table 2. We also evaluate
from Table 2 that the L'-order of the van Leer-type scheme is approximately equal to 0.89,
while the “second-order” van Leer scheme for usual gas dynamics equations has order of
accuracy approximately equal to 2/3 for contact wave. Moreover, Fig. 7 and Table 2 show

URrie(x,t; UL, UR) = {

Table 2 Errors and orders of accuracy for test 2

Godunov-type scheme van Leer-type scheme

N L'-error L'-order L'-error L'-order
40 0.004705 - 0.004909 -

80 0.002260 1.06 0.001576 1.64

160 0.001599 0.50 0.000881 0.84

320 0.001169 0.45 0.000646 0.45

640 0.000846 0.47 0.000442 0.55
1280 0.000583 0.54 0.000224 0.98
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Fig.8 Exact solution and approximate solutions for the mesh size & = 1/640 corresponding to the Godunov-
type scheme and the van Leer-type scheme in test 3

that the accuracy and the order of accuracy of the van Leer-type scheme are better than the
Godunov-type scheme.

Test 3 Consider the Riemann problem for system (1.1) with the initial data

Ur = (pr,ur, pr,ar) = (10.0, —3.787322, 0.234483, 2.0) if x < O,

Ur = (pRr, ur, pr,ar) = (8.0, =5.0,0.2, 2.0) if x > 0.
5.3)

We can check that Uy € 533 (UR), so the exact solution for this test is just the 3-shock wave

U(x,O):{

Up ifx <o3(UL, Up)t,

Urie(x, 1; Ur, UR) = { Ur ifx > o3(Ur, Up)t

Table 3 Errors and orders of accuracy for test 3

Godunov-type scheme van Leer-type scheme
N L'-error L!'-order L'-error L'-order
80 0.096384 — 0.075138 —
160 0.054626 0.82 0.024822 1.60
320 0.036961 0.56 0.017647 0.49
640 0.023646 0.64 0.011612 0.60
1280 0.012798 0.89 0.003850 1.59
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Fig.9 Exact solution and approximate solutions for the mesh size 7 = 1/640 corresponding to the Godunov-

type scheme and the van Leer-type scheme in test 4

(see the left top of Fig. 8). Figure 8 displays exact solution and its approximations for the
mesh size h = 1/640 corresponding to the Godunov-type scheme and the van Leer-type
scheme. The errors and orders of accuracy of this test are reported in Table 3. We can
evaluate from Table 3 that the order is approximately equal to 1.07, while the “second-order”
van Leer scheme for usual gas dynamics equations has order of accuracy approximately
equal to 1.0 for shock wave. Moreover, we also see from Table 3 that the accuracy and the
order of accuracy of the van Leer-type scheme are better than those of the Godunov-type

scheme.

Table 4 Errors and orders of accuracy for test 4

Godunov-type scheme

van Leer-type scheme

N L'-error L'-order L'-error L'-order

40 0.118600 — 0.124170 —

80 0.056447 1.07 0.032811 1.92

160 0.040175 0.49 0.025166 0.38

320 0.027308 0.56 0.015104 0.74

640 0.018498 0.56 0.007769 0.96

1280 0.011947 0.63 0.003880 1.00
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Table 5 States in test 5

U* Ut U
P 16.669020 16.669020 14.542474
u —2.240080 —2.240080 —4.115752
) 0.702386 0.374312 0.339545
a 25 25 15

Test 4 Consider the Riemann problem for system (1.1) with the initial data given as follows

Ur = (prL,ur, pr,ar) = (10.0,7.0,0.4, 1.0) ifx <O,

Ur = (PR, ur, pr,ar) = (8.0,7.928082, 0.341066, 1.0) if x > 0. -4

U(x,O):{

It is not difficult to check that Ug € R (UL); thus, the exact solution for this test is just the
1-rarefaction wave

Ur if x < M (Up)t,
Urie(x,t; U, Ug) = § Fani(x/t; Ur, Ug) if M (Up)t < x < A1 (Up)t,
Ur if x > A (Up)t

(see the left top of Fig. 9). Figure 9 displays exact solution and its approximations for the
mesh size & = 1/640 corresponding to the Godunov-type scheme and the van Leer-type
scheme. The errors and orders of accuracy of this test are reported in Table 4. We can
evaluate from Table 4 that the order is approximately equal to 1.00. This is consistent with

t 28 — Exact solution
Godunov-type scheme
--------- van Leer-type scheme
W, % Leer-t h
W,
. R,
U
UR
X - - .
(6] X
05
— Exact solution — Exact solution
0 Godunov-type scheme Godunov-type scheme
os5F | van Leer-type scheme | O™ k| van Leer-type scheme
0.65
06
=] (=N
0.55
05
0.45
04
0.35
8 0.2 0.1 0 0.1 02 03 03 —0‘2 0.1 0 0.1 02 03
X X
Fig. 10 Exact solution and approximate solutions for the mesh size 1 = 1/640 corresponding to the

Godunov-type scheme and the van Leer-type scheme in test 5

<oay
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Table 6 Errors and orders of accuracy for test 5

Godunov-type scheme van Leer-type scheme

N L'-error L'-order L'-error L'-order
40 1.122100 — 0.957610 -

80 0.656010 0.77 0.435920 1.14

160 0.432860 0.60 0.228890 0.93

320 0.284290 0.61 0.117430 0.96

640 0.185340 0.62 0.060191 0.96
1280 0.117570 0.66 0.029807 1.01

the fact that the “second-order” van Leer scheme for usual gas dynamics equations has
order of accuracy approximately equal to 2/3 for contact wave, and the order of accuracy is
approximately equal to 1.0 for shock wave.

5.3 Tests for the Cases When Initial Data Belongs to Same Supersonic
or Subsonic Region

Test 5 Let the Riemann data be given by

Ur = (pL,ur, pr,ar) = (20.0, =3.0,0.8,2.5) € G5,
Ugr = (pr. ur. pr.ag) = (25.0,—1.0,0.5,1.5) € G, . (5.5)

The exact solution of this test is computed by Construction D3
Ri(Ur, U*) @ W2 (U*, U") & Wo(U", U) ® R3(U, Ug),

where U*, U”, and U are reported in Table 5. Figure 10 displays exact solution and its
approximations for the mesh size & = 1/640 corresponding to the Godunov-type scheme
and the van Leer-type scheme. We can see from this figure that the approximate solution
corresponding to the van Leer-type scheme is closer to the exact solution than the one cor-
responding to the Godunov-type scheme. The errors and orders for different mesh sizes
h =1/40, h = 1/80, h = 1/160, h = 1/320, h = 1/640, and 1/1280 are reported in
Table 6. We can evaluate from this table that the L'-order corresponding to the van Leer-type
scheme is approximately equal to 0.98, while the one corresponding to the Godunov-type
scheme is approximately equal to 0.64. So, the order of accuracy of the van Leer-type
scheme is better than the one of the Godunov-type scheme.

Table 7 States in test 6

U* Ut U
p 37.348163 37.348163 32.925856
u —2.132637 —2.132637 —3.889198
P 1.007640 0.874118 0.798869
a 25 25 15
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1/

Fig. 11 Exact solution and approximate solutions for the mesh size & =

(0]

— Exact solution i
Godunov-type scheme
......... van Leer-type scheme |y

—— Exact solution
Godunov-type scheme
--------- van Leer-type scheme

— Exact solution
Godunov-type scheme
--------- van Leer-type scheme

Godunov-type scheme and the van Leer-type scheme in test 6

1/640 corresponding to the

5.4 Test Cases for Initial Data in Different Regions Without Resonance (No
Wave Collisions)

Test 6 Let the Riemann data be given by
U, =(pL,uL, pr,ar) = (27.0,-0.5,0.8,2.5) € G5,

Ur = (pr, ur, pr,ar) = (12.0, -9.0,0.4,1.5) € G. (5.6)

According to Construction C3, the exact solution is

S1(UL, U*) @ Wa(U*, U") @ Wo(U”, U) @ S3(U, Ug),
Table 8 Errors and orders of accuracy for test 6

Godunov-type scheme van Leer-type scheme
N L'-error L'-order L'-error L'-order
40 2.059300 - 1.916200 -
80 1.451800 0.50 1.303000 0.56
160 0.660860 1.14 0.494660 1.40
320 0.367600 0.85 0.241730 1.03
640 0.203470 0.85 0.121080 1.00
1280 0.108820 0.90 0.055893 1.12
s @ Springer
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Table 9 States in test 7

U* U[;s @b U[;r @ U;s U];
p 10.105278 10.105278 8.585095 2.968002 6.858253
u —2.933774 —2.933774 —4.339061 —8.956347 —6.233950
P 0.417667 0.314994 0.280368 0.135829 0.247067
a 2.5 2.5 1.899086 1.899086 1.5

where U*, U”, and U are reported in Table 7. Figure 11 displays exact solution and its
approximations for the mesh size & = 1/640 corresponding to the Godunov-type scheme
and the van Leer-type scheme. The errors and orders for this test are reported in Table 8.
We can see from Table 8 and Fig. 11 that the accuracy and the order of accuracy of the van
Leer-type scheme are better than those of the Godunov-type scheme.

5.5 Test Cases for Resonance

Test 7 Let the Riemann data be given by

Up = (pL,ur, pr,ar) = (13.0, —4.0,0.5,2.5) € G, ,
Ur = (PR, URr, PR, agr) = (9.0, =5.0,0.3, 1.5) € G,.

(0}

— Exact solution
Godunov-type scheme

--------- van Leer-type scheme ||

Fig. 12 Exact solution and approximate solutions for the mesh size &

0.5

0.4

0.3

Godunov-type scheme and the van Leer-type scheme in test 7
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Table 10 Errors and orders of accuracy for test 7

Godunov-type scheme van Leer-type scheme

N L'-error L'-order L'-error L'-order
40 0.575220 - 0.486200 -

80 0.359630 0.68 0.276780 0.81

160 0.200990 0.84 0.135570 1.03

320 0.127810 0.65 0.071263 0.93

640 0.080678 0.66 0.036109 0.98
1280 0.051547 0.65 0.018114 1.00

The exact solution is constructed by Construction D2:

Ri(Ur, U*) @ Wa(U*, Ug*®?y @ Wo(Ug*®", Ug*®)
® S3(UR ", Ug®) ® Wo(Up*, Ug) ® R3(Ug, Ug),

where U*, U;‘@h, UES@, Ug®, and Uy are reported in Table 9. Figure 12 displays exact
solution and its approximations for the mesh size &4 = 1/640 corresponding to the Godunov-
type scheme and the van Leer-type scheme. The errors and orders for different mesh sizes
h =1/40, h = 1/80, h = 1/160, h = 1/320, h = 1/640, and 1/1280 are reported in
Table 10. We can see from Table 10 and Fig. 12 that the accuracy and the order of accuracy
of the van Leer-type scheme are better than those of the Godunov-type scheme.

6 Conclusions and Discussions

Nonconservativeness often causes lots of inconvenience for standard numerical schemes
in approximating solutions. This work deals with numerical approximations of solutions
of a nonconservative system. A van Leer-type scheme is built and tested. Tests show that
the scheme can work through for all types of data, and of the class of high-order numeri-
cal schemes. The proposed scheme can give very desirable results for approximating exact
solutions, even in the resonance cases where the exact solution may contain several waves
with coinciding shock speeds. Moreover, it has a much better accuracy than the Godunov-
type scheme. Note that when we deal with non-smooth solutions, a high-order scheme
may give orders of accuracy below 1. Further developments for numerical approxima-
tions of solutions of more complicated systems such as multi-phase flow models will be
considered.
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