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Abstract We proved direct and inverse theorems on B-spline quasi-interpolation sampling
representation with a Littlewood-Paley-type norm equivalence in Sobolev spaces W, of
mixed smoothness r. Based on this representation, we established estimates of the approx-
imation error of recovery in Lg-norm of functions from the unit ball U}, in the spaces W/,
by linear sampling algorithms and the asymptotic optimality of these sampling algorithms
in terms of Smolyak sampling width r, (Uy,, Ly) and sampling width r, (U, Lg).
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1 Introduction

The purpose of the present paper is to study B-spline quasi-interpolation sampling rep-
resentations with Littlewood-Paley-type norm equivalence in Sobolev spaces of a mixed
smoothness, linear sampling algorithms on Smolyak grids based on them for recovery of
functions from these spaces, and the optimality of these algorithms. We are interested
in quasi-interpolation sampling representation and sampling recovery of functions on R?
which are 1-periodic at each variable. It is convenient to consider them as functions on the
d-torus T which is defined as the cross product of d copies of the interval [0, 1] with the
identification of the end points. To avoid confusion, we use the notation 4 to denote the
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84 D. Diing

standard unit d-cube [0, 1]¢. Let us first briefly describe the main contributions of our paper.
The historical comments will be given after.
For1 < p < oo and r > 0, denote by Wl’7 the Sobolev-type space of functions on T¢

having uniform mixed smoothness r. If 1 < p < oo and max(%, %) <r < {—1, then we
prove that every function f € W), can be represented as B-spline series

F=Y aH)=> Y cs(fHNs. e
keZd kezd sel (k)

converging in the norm of W/, where the coefficient functionals cx s( f) are explicitly con-
structed as linear combinations of at most mq of function values of f for some my € N
which is independent of k, s and f, Ny s are the tensor product of integer translates of dyadic
scaled periodic B-splines of even order ¢ (see Section 2.1 for details), and

Ik :=(sezl :5;=0,1,....25 — 1, j e [d]}.

Moreover, for this representation there holds the norm equivalence

172
2
2 Mgy () <Ifllw, YfeWp. @)

p

2

d
keZ4

Let X, = {Xj}7:1 be a set of n points in T¢, &, = {(pj};',:1 a family of n functions
on I¢. If f is a function on T¢, for approximately recovering f from the sampled values
f(xl), ..., f(x"), we define the linear sampling algorithm L, (X, ®,, -) by

Ly (Xn, @, f) =Y f(x))g;. 3)

j=1

Based on the B-spline quasi-interpolation representation (1), we construct linear sam-
pling algorithms on Smolyak grids induced by partial sums of the series in (1) as follows.
For m € N, the well known periodic Smolyak grid of points G¢(m) c T is defined as

Gim):={y=2"%: ke N, k|, =m,s e I(Kk).

Here and in what follows, we use the notations: Z; = {s € Z : s > 0}; xy =
(X1Y1y « s Xgya); 2% = (2%, ..., 2%); x| = Z?:l |x;| for x,y € R4; [n] denotes
the set of all natural numbers from 1 to n; x; denotes the ith coordinate of x € RY, ie.,
X = (x1,...,xq). Form € Z, we define the operator R,, by
Ru(f)i= > ax(H)= Y > cxs(fINis
k|1 <m k|1 <m sel (k)

For functions f on T¢, R,, defines the linear sampling algorithm on the Smolyak grid
G?(m)

Ru(f) = La(Y0, @, /)= Y fWVy,

yeG?(m)

where n := |GY(m)|, Y, := {y Gim)}, ®, = {goy}yecd(m) and fory = 2-Kg, @y are
explicitly constructed as linear combinations of at most m B-splines Ny j for some my € N
which is independent of k, s, m and f.
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Let 1| < p,g < oo and max(<, %) < r < {. Then by using the B-spline
quasi-interpolation representation (1) with norm equivalence (2) we prove that

27rmm(d71)/2’ p=>q,
I = R (Dllg = f llwy % {2—(r—1/p+1/q)m, p=q "TE€ w. )

Let us introduce the Smolyak sampling width r, (F), characterizing optimality of
sampling recovery on Smolyak grids G¥(m) with respect to the function class F by

ra(F, Lg) = inf  sup [|f = Sp (P, fllg
|Gd(m)‘§"s¢’m feF

where for a family ®,, = {¢y}ycgd () Of functions we define the linear sampling algorithm
Sy (P, ) on Smolyak grids G¥(m) by

Sn@m, )= Y. [Wey

yeG4(m)

The upper index s indicates that we restrict to Smolyak grids here. Let 1 < p, g < oo and
r> max(%, %). Denote by U, the unit ball in the space W7,. Then we prove the asymptotic

order

(M " (logn) =712 p> 4.
S r -~
r,(Uy, Lg) < (lognyd—1\ =1/ P+1/a)
(?) 9 p < q'

The upper bound follows from (4), while the lower bound is established by construction
of test functions which is based in the inverse theorem of sampling representation (see
Theorem 3.2 below). Moreover, the linear sampling algorithms R, (-) on the Smolyak grid
G4 (m) for which n := |G%(m)|, are asymptotically optimal for ;) (U ;, Ly).

To study optimality of linear sampling algorithms of the form (3) for recovering f € F
from n of their values, we can use also the sampling width

ra(F, Lq)::Xin(tI; fsuLI/? | f — Ly(X;, @y, f)”q
ns¥n fe [’]

For r > max(<L, %) andl < p<g<2o0r2<p<gq < 00,as aconsequence of (4) and a
result on linear width proven in [22] we obtain the asymptotic order

(10gn)d71 r—1/p+1/q
)

(U, Ly) < (

The sparse grids G (m) for sampling recovery and numerical integration were first con-
sidered by Smolyak [35]. In [36—39] and [10-12], Smolyak’s construction was developed
for studying the trigonometric sampling recovery and sampling width for periodic Sobolev
classes and Nikol’skii classes having mixed smoothness. Recently, the sampling recovery
for Sobolev and Besov classes having mixed smoothness has been investigated in [5, 6,
17, 18, 20, 32, 33, 41]. In particular, for non-periodic functions of mixed smoothness lin-
ear sampling algorithms on Smolyak grids have been recently studied in [40] (d = 2), [17,
18, 20, 33] using B-spline quasi-interpolation sampling representation. For 1 < p, g < oo,
0 <6 <ooandr > 1/p, the asymptotic order of the Smolyak sampling width r; (U;ﬁ, Ly)
has been established in [17, 20] where U K is the Besov class of uniform mixed smoothness
r. The first asymptotic order of sampling width rn(U;.oo, Lyforl<p<qg=<2r>1/p,
among classes of mixed smoothness was obtained in [10, 11]. For Sobolev classes of mixed
smoothness, the first asymptotic order of sampling width r,, (Uzr , L) was obtained in [38].
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S 9 /Vi
R

s @ Springer



86 D. Diing

It is remarkable to notice that so far the asymptotic orders of the sampling widths

(U 12,9’ Ly) and r, (U}, Ly) are known only in some cases with the condition p < ¢, for

which the sampling algorithms R, on the Smolyak grid G%(m) are asymptotically opti-
mal. Even the asymptotic order of the “simplest” sampling widths r, (U}, L») is still an
outstanding open problem.

In numerical applications for approximation problems involving a large number of vari-
ables, Smolyak grids was first considered in [43]. For non-periodic functions of mixed
smoothness of integer order, linear sampling algorithms on Smolyak grids have been inves-
tigated in [4] employing hierarchical Lagrangian polynomials multilevel basis. There is a
very large number of papers on Smolyak grids and their modifications in various problems
of approximations, sampling recovery and integration with applications in data mining,
mathematical finance, learning theory, numerical solving of PDE and stochastic PDE, etc. to
mention all of them. The reader can see the surveys in [4, 25, 30] and the references therein.

Quasi-interpolation based on scaled B-splines with integer knots and constructed from
function values at dyadic lattices, possesses good local and approximation properties for
smooth functions, see [9, p. 63-65], [8, p. 100-107]. It can be an efficient tool in some
high-dimensional approximation problems, especially in applications ones. Thus, one of the
important bases for sparse grid high-dimensional approximations having various applica-
tions are the Faber functions (hat functions) which are piecewise linear B-splines of second
order [3, 4, 24-28]. The representation by Faber basis can be obtained by the B-spline
quasi-interpolation (see, e. g., [17]).

A central role in sampling recovery of functions having a mixed smoothness (or more
generally an anisotropic smoothness) play sampling representations which are based on
dyadic scaled B-splines with integer knots or trigonometric kernels and constructed from
function values at dyadic lattices. These representations are in the form of a B-spline or
trigonometric polynomial series provided with discrete equivalent norm for functions in
Holder-Nikol’skii- and Besov-types spaces of a mixed smoothness. By employing them, we
can construct sampling algorithms for recovery on Smolyak-type grids of functions from
the corresponding spaces which in some cases give the asymptotically optimal rate of the
approximation error. While the quasi-interpolation and trigonometric sampling representa-
tion theorems are already established for Holder-Nikol’skii- and Besov-types spaces of a
mixed smoothness [11, 14, 17, 18], they are almost not formulated for Sobolev-type spaces
of a mixed smoothness. Only a few particular cases are known for a small uniform mixed
smoothness [7, 40]. The relations (1) and (2) present a Littlewood-Paley-type theorem on
B-spline quasi-interpolation sampling representation for periodic Sobolev-type spaces of
arbitrary uniform mixed smoothness. Its proof requires tools from Fourier analysis, i.e.,
maximal functions of Peetre and Hardy-Littlewood type. Moreover, it is essentially based
on a special explicit formula for the coefficients ck s(f) in the representation (1) which
is associated with high order difference operators, and on its specific property of that the
component functions gs(f) can be split into a finite sum of the B-splines Nk having
non-overlap interiors of their supports.

A trigonometric counterpart of this theorem as well as sampling recovery based on it
have been investigated in [6]. Finally, we refer the reader to the survey [19] for various
aspects, recent development and bibliography on sampling recovery of functions having
mixed smoothness and related problems in particular for announcement of the main results
of the present paper.

The paper is organized as follows. In Section 2, we present a B-spline quasi-interpolation
sampling representation for continuous functions on T¢, and prove an explicit formula
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for the coefficient functionals in this representation. In Section 3, we prove direct and
inverse Littlewood-Paley-type theorems for Sobolev spaces W), In Section 4, we investigate
the sampling recovery in L,-norm for Sobolev classes U [’, by linear sampling algorithms
induced by partial sums of B-spline quasi-interpolation sampling representation, optimal-
ity of sampling recovery on Smolyak grids and the asymptotic order of r; (U}, L,) and
rn (U 1r7’ Ly).

2 B-Spline Quasi-Interpolation Sampling Representations
2.1 B-Spline Quasi-Interpolations and Sampling Representations

In order to construct B-spline quasi-interpolation sampling representations for continuous
functions on T¢, we preliminarily introduce quasi-interpolation operators for functions on
R?. For a given natural number ¢, denote by M, the cardinal B-spline of order £ with support
[0, £] and knots at the points 0, 1, ..., £. We fix an even number £ € N and take the cardinal
B-spline M = M, of order £. Let A = {A(s)}|j|<, be a given finite even sequence, i.e.,
A(—j) = A(j) for some p > % — 1. We define the linear operator Q for functions f on R by

Q(f,x) =Y A(f,)M(x —s), (5)
SEZ
where
A s) = D M f(s—j+£/2). (6)
[J1=u

The operator Q is local and bounded in C(R) (see [8, p. 100~109]). An operator Q of the
form (5)—(6) is called a quasi-interpolation operator in C(R) if it reproduces Py_1, i.e.,
O(f) = f forevery f € Py_;, where Py_; denotes the set of d-variate polynomials of
degree at most £ — 1 in each variable.

If Q is a quasi-interpolation operator of the form (5)—(6), for 2 > 0 and a function f
on R, we define the operator Q(-; h) by Q(f; h) := o, 0 Q o o1/, (f), where o (f, x) =
f(x/h).Let Q be a quasi-interpolation operator of the form (5)-(6) in C(R). If k € Z,, we
introduce the operator Qy by

Ou(fix) == 0(f,x;h®), xeR, h® .= ¢~ 127k
We define the integer translated dilation M s of M by
My s(x) = M(2*x —5), keZi,sel.

Then we have for k € Z,

Ok(f)(x) =Y ars(fH)Mp(x) Vx €R,

SEL

where the coefficient functional ay ¢ is defined by

ars(f) = A5 h®) = Y () BB s = j+7r)). @)
/=1
Notice that Qg (f) can be written in the form:
k(X)) =Y f(hP (s +r)Li(x —s) VxeR, ®)
SEZ
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88 D. Diing

where the function Ly is defined by
Ly ==Y A(j)My,. )
[J1<u

From (8) and (9), we get for a function f on R,

19x(Nllcw < ILallewll fllew < AN e, (10
where
La):==)" Y aPM&x—j—s., IAl= Y ()l (11)
SEZ |jl<pn il

Fork € Z‘L let the mixed operator Qx be defined by

d
Ok =[] Q. (12)
i=1

where the univariate operator Qy; is applied to the univariate function f by considering f
as a function of variable x; with the other variables held fixed. We define the d-variable
B-spline My s by
d
Mis®) = [ [ Mi5, (i), k € 29, s eZ?, (13)
i=1

where Zi ={se 74 -5 >0,i € [d]}. Then we have

Ok(f,%) = ) aks(f)Mis(x) VxeRY,

seZd

where My g is the mixed B-spline defined in (13), and

d
aks(f) = | [Tax.s; | (). (14)
j=1

and the univariate coefficient functional ay, s, is applied to the univariate function f by
considering f as a function of variable x; with the other variables held fixed.

Since M (£2%x) = 0 for every k € Z4 and x ¢ (0, 1), we can extend the univariate B-
spline M (£ 2%-) to an 1-periodic function on the whole R. Denote this periodic extension by
Ny and define

Nis(x) = Np(x —h®s), keZy,selk),

where I (k) := {0, 1, ..., 2% — 1}. We define the d-variable B-spline Ni s by

d
Nis®) == [ [ Nipos; (i), ke Z9,s € I(K),

i=1
where 1 (k) := ]_[ﬁl=1 I (k;). Then we have for functions f on T,
Ok(fiX) = Y aks(f)Nks(x) VreT (15)
sel (k)

Since the function L defined in (11) is 1-periodic, from (10) it follows that for a function

fonT,
19x(Nllcr) < ILalleeryllfllce < WAIfllcc)-
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Fork € Zi, we write kK — oo if k; — oo fori € [d]). In a way similar to the proof of
[18, Lemma 2.2], one can show that for every f € C(Td),

If = Ox(Dllcerey > 0, k— oo. (16)
For convenience, we define the univariate operator Q_; by putting Q_1(f) = 0 for all
f on I. Let the operators gk be defined in the manner of the definition (12) by
d

ac:=[](Qk — Qx-1), keZi.
i=1
From the equation Qx = )}/ gk and (16), it is easy to see that a continuous function
f has the decomposition f = ikezi gk (f) with the convergence in the norm of C (T%).
From the refinement equation for the B-spline M, in the univariate case, we can represent
the component functions gk (f) as

a(f)= > cks(f)Nis a7
sel (k)

where cy s are certain coefficient functionals of f. In the multivariate case, the represen-
tation (17) holds true with the ¢ ¢ which are defined in the manner of the definition (14)
by

d
as(f) = | []ers | (P
j=1

See [17] for details. Thus, we have proven the following periodic B-spline quasi-
interpolation representation for continuous functions on T¢.

Lemma 2.1 Every continuous function f on T? is represented as B-spline series

=Y ahH=> D as(fHHNus. (18)

d 1
keZq kezd sel (k)

converging in the norm of C(T¢), where the coefficient functionals cx s(f) are explicitly
constructed as linear combinations of at most mgy of function values of f for some mg € N
which is independent of Kk, s, and f.

2.2 A Formula for the Coefficients in B-Spline Quasi-Interpolation
Representations

In this subsection, we find an explicit formula for the coefficients ck s(f) in the represen-
tation (18) related to the £th difference operator Af, which plays an important role in the
proof of a direct theorem of sampling representation of functions in the Sobolev space W,.

For univariate functions f on T, the ¢th difference operator Aﬁ is defined by

l
Af(fox) = Y (= 1) (f ) £t ). (19)

Jj=0

If u is any subset of [d], the mixed (¢, u)th difference operator Aﬁ’” for multivariate
functions on T¢ is defined by

lu Vi (Lo
Ah ’_HAN Ah =1,

i€u

Ful @ Springer



90 D. Diing

where the univariate operator Afz,» is applied to the univariate function f by considering f
as a function of variable x; with the other variables held fixed, and 7 (f) := f for functions
f on T¢. We also use the abbreviation Af; = Aﬁ’[d].

If h € R?, we define the shift operator Ty, for functions f on T¢ by Ty (f) := f(- +h).
Recall that a d-variate Laurent polynomial is a function P of the form

P(z) = Z cs2’, (20)

seA

d

where A is a finite subset in Z¢ and z° := [] =1 z';j . A d-variate Laurent polynomial P as

(20) generates the operator TlEP] by

() =" esTin(f). @1)

seA

(P _ i@

Sometimes we also write T |, Notice that any operation over polynomials

generates a corresponding operation over operators Th[P]. Thus, in particular, we have
Pi+ay P P P PP P P
Th[a] 1+az 2](f) =a1T}E l](f)+a2Th[ 2](f)» Th[ 1 2](f) — T}E I]OT}E 2](f)

By definitions we have

d
D L, [Deul
A =10 D=6 =D Ay =1, Doy =[] = DY

j=1 J€u
We say that a d-variate polynomial is a tensor product polynomial if it is of the form P(z) =
]_[‘;:1 Pj(z;), where P;(z;) are univariate polynomial in variable z;.

Lemma 2.2 Let P be a tensor product Laurent polynomial, h € R with h j # 0, and
£ € N. Assume that Th[P](g) = 0 for every polynomial g € Py—_1. Then P has a factor Dy
and consequently,

L =Tl Vo AL, P(z) = Di(2) P*(2),

where P* is a tensor product Laurent polynomial.

Proof By the tensor product argument, it is enough to prove the lemma for the case d = 1.
We prove this case by induction on /. Let P(z) = Z?:—m csz° for some m,n € Z,.
Consider first the case / = 1. Assume that Th[P](g) = 0 for every constant function g. Then

replacing by go = 1 in (21) we get Th[P](go) = Z’;:_m ¢s = 0. By Bézout’s theorem P has
a factor (z —1). This proves the lemma for / = 1. Assume it is true for / — 1 and Th[P] (g =0

for every polynomial g of degree at most/ — 1. By the induction assumption, we have

T =1 o A7 P2 = - DT P(2). (22)
We take a proper polynomial g; of degree [ — 1 (with the nonzero eldest coefficient). Hence,
Y = Ail_l (g1) = a where a is a nonzero constant. Similarly to the case [ = 1, from the
equations 0 = Th[P](gl) = Th[Pl](lﬁ[) we conclude that P; has a factor (z — 1). Hence, by
(22) we can see that P has a factor (z — 1)!. The lemma is proved. O

@ Springer i ms



B-Spline Quasi-Interpolation Sampling Representation and Recovery.. 91

Let us return to the definition of quasi-interpolation operator Q of the form (5) induced
by the sequence A as in (6) which can be uniquely characterized by the univariate symmetric
Laurent polynomial

PA(z) =27 ) M) (23)
Is|<p
Let the d-variate symmetric tensor product Laurent polynomial P, be given by

d
Pa(@) = []2/* D aspzl.

j=1 0 lsjlsn

For the periodic quasi-interpolation operator

ak(f) =Y axs(f)Nis

sel (k)

given as in (15), from (7) we get
aws(f) = Ty () (sh®) (24)

where h® ;= h&kl), o hg(") )
Let us first find an explicit formula for the univariate operator Q (f). We have for k > 0,

0x(f) = Y TN D)) Ne g

sel (k)
= Y 1NN @hO)Nas+ Y TN (@5 + DA®) Ny o
sel(k—1) sel(k—1)

From (24) and the refinement equation for M, we deduce that

¢
Qi-1(f) = Y TLEM (Hsh* D)) 2*”‘2(?)Nk,zs+j
Jj=0

sel(k—1)

,
_ £ -
=2 “‘Z(zj) S Tl (AN N s
j=0

sel(k—1)
r—1 )
+27H Y (21’ + 1) > Tt (DA )N+
j=0 sel(k—1)
= 09N (f) + Q%% ().

By the identities /*~1 = 20®, N e, = N and £ (R0 (028 +m) = f(h®m) for
k € Z4 and m € Z, we have

sz_e;‘(f)=2—“12(;j> Yoo T s = HEO) N
j=0

sej+1(k—1)
.
_ 14 i
— o—t+l Z <2j) Z Th[{;g\](f)(Z(s — RO N o
j=0 sel(k—1)

[Pe/ven]
= Y 15 (H@sh PN
sel(k—1)

Fu 4 Springer



92 D. Diing

where

Plyen(@) =27 ”lPA(zZ)Z(Z J) i (25)

j=0
In a similar way, we obtain

0P (=3 T (p)@s + DA®) N2,
sel(k—1)

where

r—1
_ £ i
Plyg(@) =2 “lPA(zz)Z(sz)z 2t (26)
j=0

We define
Peyen := Pp — Pévent Podd := PA — P(;dd' 27
Then from the definition gx (f) = Qr(f) — Qr—1(f), we get the following representation

for qr (f),

q(f) =Y TN h))Nos, (28)
sel(0)
and for k > 0,
ak(f) = g2 " (f) + g9 (f) (29)

with
i) = Y T (H@sh®)Neas,

sel(k—1)
@M = Y TR @s + DA®)Neags.
sel(k—1)

From the definitions of Qj and g it follows that

Tivl(©)2sh®) =0 and T3 (g) (@25 + Dh®) =0 forevery g e P,

By using Lemma 2.2, we prove the following lemma for the univariate operators gy.

Lemma 2.3 We have

Peven(z) = Dy(z) even( ),
Podd(z) = D¢(2) Pyyy(2), (30

where Pl.., PX, are a symmetric Laurent polynomial. Therefore, in the representation

28)-(29) of Qi (f), we have for k > 0,

N = Y T o AL (DEsh PN,
sel (k—1)
odd ]
@40 = 3 TR G AL (1)@ + DA®)Neagh.
sel(k—1)

Equivalently, in the representation (17) of Qx(f), we have for s € 1(0)
cos(f) = T () sh ),
and fork > 0 and s € I (k),

(f) - 7;,[(k§wn ° Af;(k) (f)(sh®), s even,
Ck,s = ]
7h(lc(;dd ° Ai(k) ()sh®), s odd.
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Proof Consider the representation (17) for Q¢ (f) and d = 1. If g is an arbitrary polynomial
of degree at most £ — 1, then since Qy reproduces g we have Ok (g) = 0 and consequently,
ck,s(g) = 0 for k > 0. The (28)—(29) give an explicit formula for the coefficient ¢ ;(g) as

Tl (9)(25h®) and T\ (5 (g) (25 + 1)hP). Hence, by Lemma 2.2 we get (30). O

PutZ, :={s€eZ:s ZO}andZi(u) = {seZij|r 25, =0,i ¢ u}forasetu C [d].

Theorem 2.1 In the representation (17) of Qk(f), we have for every k € Zi(u) and
s € 1(k),
h®
Cks(f) h(k) (f)( ),
where
=[1Pacp [1F @D ] Petp,
Jj¢u Jjeu jeu

(z7), s even,
* ) — even J
ijv"j (zj) = { Pla(z), s odd.

Proof Indeed, from the definition of ¢k s(f) and Lemma 2.3, we have for every k € Zi (u)
and s € 1(k),

QU

[P 5]
s(f) = H (kf (/)sh®), = Tk 1) (sh®),

where
Pa(z)), kj =0,
Pr;.s5;(zj) = 1 Paven(2j)De(z;), kj > 0,5 even,
P(;kdd(zj)Dl(Zj), kj > 0, s odd.

2.3 Examples

The operator Q is induced by the sequence A as in (6) which can be uniquely character-
ized by the univariate symmetric Laurent polynomial P, . In this subsection, we give some
examples of the univariate symmetric Laurent polynomial P, characterizing the quasi-

interpolation operator Q of the form (5). For a given Py, the Laurent polynomials P, and
PJ,4 can be computed from (25)—(27).
Let us consider the case £ = 2 when M(x) = (1 — |x — 1|)4 is the piece-wise linear

cardinal B-spine with knots at 0,1,2. Let A = {A(s)}j=0 (« = 0) be given by A(0) = 1. If
Ny is the periodic extension of M (25*1.), then

Nis(x):=Nik(x —s), keZy,sel(k),

where I (k) :=1{0,1, ..., 2k+1 _ 1}. Consider the related periodic nodal quasi-interpolation
operator for functions f on T and k € Z,

Oc(fox) =Y fQ V(s + 1)Nes().

sel (k)
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We have
Pp(2) = z,
1 5 N 1
Peyen(z) = _E(Z =17, Pien(@) = 5
Podd(z) = Pyyq(z) = 0.
Hence,
1
qo(f) =Y TN 5)Nos = £(0),
s=0
and for k > 0,

2k—1 1
aw(f)=a"*" (=) {——A;(H,)f(z—@ﬂ} Nias.

2
s=0

We show that after redefining Nj 25 as @ s, the quasi-interpolation representation (18)
becomes the classical periodic Faber series. We introduce the univariate hat functions ¢y ¢
by

©0,0 =1, @rs:=Nras, k>0,5¢€Z(k),
where Z(0) := {0} and Z(k) := {0, 1, ..., 251 —1}. Put Z(k) := [[%_, Z(k;). Fork € Z4,
s € Z(Kk), define the d-variate hat functions

d
Pks(®) = [ ] ore.s ),

i=1
and the d-variate periodic Faber system JF; by
Fa={pxs : s € Z(k), k € 21},

For functions f on T, we define the univariate linear functionals Ax ; by

1 _
bes () 3= =5 A3 (£,275F19), k > 0, and A,0(f) 1= f(0).
Let the d-variate linear functionals A ; be defined as

)"k,s(f) = )‘k|,sl ()‘kz,sz(~ . )"kd,sd(f)))a

where the univariate functional Ay, g, is applied to the univariate function f by considering
f as a function of variable x; with the other variables held fixed. It is well known that the
d-variate periodic Faber system F is a basis in C(T¢), and a function f € C(T¢) can be
represented by the Faber series

=Y aH=> D rs(Pegxs.

d d
keZ4 kezd sel(k)

converging in the norm of C (T¢).

Let us consider the case £ = 4 when M (x) is the cubic cardinal B-spine with knots at
0,1,2,3,4. We define a sequence A of the form (6) inducing a quasi-interpolation Q via the
polynomial P, as in (23) which uniquely defines A. One of possible choices is

2 8, 1

Z 1 I 5
PA(Z)=€(—Z+8—Z )=_8Z +8Z e
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Then, we have
1
Paen(2) = @ = D*Pien(D). Pien(@) = 3577 <z4 F42% 482 v 4z 1),

1
Podd(2) = (2 = D*PXu(@).  Ply(@) :=E(z2+4z+1).

3 Direct and Inverse Theorems of Sampling Representation
3.1 Function Spaces of Mixed Smoothness

We define the univariate Bernoulli kernel

o0
Fr(x):=1+2) k™" cos(kx —rm/2), xeT,
k=1

and the multivariate Bernoulli kernels as the corresponding tensor products

d
F) =[] FGp, xeT
j=1
Letr >0and 0 < p < 00. Denote by L, = L p(’JI‘d) the quasi-normed space of functions
on T¢ with the pth integral quasi-norm || - |, forO < p < oo, and the ess sup-norm |- ||, for

p=o00.Ifr >0and 1 < p < oo, we define the Sobolev space W/, of mixed smoothness r
by

Wy = {f €Ly: f=Frrp:= fT Fx—yemdy.  llel, < oo}, (31)

and ”f”W/rr = |l¢llp for f represented as in (31). For 1 < p < oo, the space W; coincides
with the set of all f € L, such that the norm

I s = Y FoA+ 15172 (1 + [sal) /e

sezd »

is finite, where f (s) denotes the usual sth Fourier coefficient of f. There are some different
equivalent definitions of W’ for instance, in terms of Weil fractional derivatives (see, e.g,
[13D).

We use the notations: A, (f) < B,(f) if A,(f) < CB,(f) with C an absolute constant
not depending on n and/or f € W, and A, (f) =< B,(f) if A,(f) < B,(f) and B, (f) <
A, (f). Denote by | y| the integer part of y € R. For a function f € L, and a vectork € Zi
we define the set

Mk) = {seZd S8 < s < 2N e [d]},

and the function

Sk (f, x) := Z f(s)e”i(s*x).

sell(k)
For the following lemma see [31] (also [2, Chapter III, 15.2]).
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Lemma 3.1 Let | < p < oo and r > 0. Then we have the following norm equivalence

12

Ly =< ||

d
keZ4

Kk 2
ol '18k(f)‘ View

p

Put P, ;= {h e R? : |h;j| <275, i € [d]}. The following lemma has been proven in
[42].

Lemma 3.2 Let | < p < oo andr < L. Then we have the following norm equivalence

172

2
Iy = 301 22 (2"“)“"‘ / ‘Aﬁ‘e(.f)‘dh) Vfew,.
Py

eCld] || \ kezd (e) »

For u C [d], let
@ (fiHp = sup AT (Hllp, tel,

h,‘ <t; ,iEu
be the mixed (¢, u)th modulus of smoothness of f (in particular, wlz (i) =11lp)-
If0 < p,6 < oo, r > 0and £ > r, we introduce the quasi-semi-norm |f|B”; for
P,
functions f € L, by

T ot 6 71 /9
|f|Br.u = ! (-[Hd{l—[lEM i (f t)]7} nzeu i dt) ) 0 < 00,
n supgerd [ i 1 @} (f. O)p, = o0

(in particular, |f|BaVJ = [1flp)-
For0 < p,0 <ocand0 < r <, the Besov space B), , is defined as the set of functions
f € L, for which the Besov quasi-norm || f| B, is finite. The Besov quasi-norm is defined
by
I, = D 1l

ucCld]
3.2 Maximal Functions

For a locally integrable function f on T, the Hardy-Littlewood maximal function is defined

as
x+h

1
M(f, — dy.
(f,x):= :lipo ), [f()Idy

For i € [d] and a locally integrable function f on T¢, the partial Hardy-Littlewood
maximal function M;(f) is defined as the univariate maximal function in variable x; by
considering f as a univariate function of x; with the other variables held fixed. The mixed
Hardy-Littlewood maximal function is defined as

M(f) := Ma(Mg—1(--- My (f)---))

From a result in [21], one gets
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Lemma 3.3 Let 1 < p < oo and ( fk)kezi be a sequence of locally integrable functions
on T¢. Then we have
12 172

> IM(fiol? < || > AP

d d
keZ4 keZg

P P

Let m, n € R? with positive components. For a continuous function f on T¢, the Peetre
maximal function is defined as

(x+h)
Pmn(f.X) := sup lJ: | g
nerd (1 +milhi)" - (1 4+ mqlha)"

Ifn=(n,...,n), we write Py n(f,X) := Pmn(f,X).
For the proof of the following lemma see [34, Lemma 2.3.3] and [42, Lemma 3.3.1].

Lemma 3.4 For the univariate trigonometric polynomial f of degree < m, we have
|AL(f, )| < Cmin(1, |mh|%) max(1, [mh|") Py n(f. x),

where C > 0 is a constant independent of f, m, h.
For the proof of the following lemma see [42].

Lemma 3.5 Let 1 < p < oo and ( fk)kezi be a sequence of trigonometric polynomials fx
(k)

of degree m®, and n® be such that n; > max(%, %), i € [d]). Then we have

172 172

> 1P nto (fi) 2 <c|| X 1Al :

d d
keZg keZ4

p p

where C > 0 is a constant independent of f and (m(k))kezd+ .

3.3 Direct Theorem of Sampling Representation

In this subsection, we prove the following direct theorem of B-spline sampling representa-
tion in Sobolev space of mixed smoothness.

Theorem 3.1 Let 1 < p < oo and max(%, %) < r < L Then every function f € W,
can be represented as the series (18) converging in the norm of W', and there holds the
inequality

172
rlkly ?
> [ | <1/ llw;. (32)
d
keZq »
Proof Let f € W,,. Put
1K) = {s € I(K) : 5 =0,6,2¢, ..., 2= 1)t,i e [d]}, (33)
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and In(k) ;= n+ I*(k) forn € {0, ..., ¢ — 1}4. Then we can split gk (f) into a sum as

a(H= Y, aH)= > cks(f)Nics.
nef0,....0—1}4 nel0,...,0—1}d s€ln(k)
Hence,
1/2 1/2
2 2
> M) < ¥ > pkigacn)|
kezd ,  PEl0 =1y | \kezd »

and consequently, to prove (32) it is sufficient to show that each term in the sum in the right
hand side < || f|| W - We prove this for instance, for the term corresponding to n = 0. Let
us rewrite the inequality to be proven in the following more convenient form

172 N 1/2

2
A= | 3 Mg = M ST s (F)Nics < 11 llw.

keZzd kezd4 sel*(k)
+ P + r

For a vector k € Zi, we define the function
fio = sk(f), kezd,
k=10, otherwise.

Notice that since f € W; with r > %, we can write for every k € 74 s

fO=) furm® VxeT?,

meZ4
which yields the inequality
N 172
DM Y s (F) Nics
keZ’i sel*(k) »
o 172
= D 0D 2™ DT cks(fierm) Nics : (34)
meZd kezd sel*(k) )
We give a preliminary estimate for the terms in the right-hand side
12 2\ /2
2
Am() = | 20 Mg icsm)| =] 3 2™ 3T s Uiorm)Nics
kezd Ll \kezt sel*(k) )

In the next step, we establish an estimate for g} ( fk+m). Denote by o (k, s) the support of the
B-spline Nk s. Then by the construction, for every k € 74, the intersection of the interiors
of o (K, s) and o (K, §') is empty for different s, s’ € I*(Kk), and

T = User+ a0 (k. ). 35)
Hence, we derive that

|gx fierm) | = lek,s(ficrm)| ymax Nis(¥) < leks(firm)| Vxea(k,s). (36
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Fix a number v > 0 such that max(%, %) < v < r. For the last inequality, we need the
following inequality
d
Iy (fam)(X) < Pysm, (ficrm, X) l_[min(l, 20miy max(1,2"™)  Vx € T Vk € Z%, ¥m € 7.
i=1
(37
We first obtain the univariate case of this inequality which is of the form
¢ Sream) (X)) K Poicsm ) (fitm» x) min(1, 2"y max(1,2"") Vx € T,Vk € Z,,Vm € Z.
(38)
from the inequality for every k € Z,

g (feam) 0] K leks (fram)| Vx € ok, 5), Vs € I (k) (39)

which is the univariate case of (36). Let x € T and k € Z be given. Then by (35) there is
as € I*(k) such that x € o (k, s). Notice that |x — sh®| < 27 If k = 0, then by Lemma
2.3 we have

P
c0.s(firm) = TN firm) (sh @),
and therefore,

| feam (x + )|

ks Sietm)l < 1 fictm (RO < sup | fim(x + )| < sup 200 < Py ().
yl=<1 yl<t (14 2%[yl)
If k > 0, by Lemma 2.3 we have
[P;/eﬂ]
ks (f) = { Th[(l@* ] ° Afﬂk) (f)(sh®), s even,
Th(k?dd o Afl(k)(f)(Sh(k)), s odd.

and therefore,

lek.s fram)| << 1AS o Fipm) (SR <25 sup | frgm (x + 3]

ly|<2-*
X+
< sup |fk+m(k yv)l < Py (o).
=2k (14 2K]y)
Notice that for a continuous function g and a > 0,
Py (8, x) < 2" Pprsa (g, X). (40)

All these together give
|ck,s (Feam)| K Pok , (fems X) < 2" Poktm , (fim, X) Vm > 0. (41)

On the other hand, if m > —k, we have by Lemma 3.4 another estimate the trigonometric
polynomial fiy,, of degree 2K+

lck,s (ferm)l < 1A g (fram) (shO))]
< min(1, 257" R ® 6 max (1, 125" O 1) Py, fipms sh®). (42)
Hence, there holds the inequality
ek, fem)| L 25" Posm o (fitm, ) ¥Ym < 0. 43)
Indeed, if m < Oandm + k > 0,

| fitm (sh™® + y)| | frtm (x + ¥)I
Poiim ,sh(k) =Sup————-5——————— = Su .
2k+ ,u(fk+m ) ye% 1+ 2k+m|y|)v yE% (1+ 2k+m|sh(k) —x 4y
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Since |x — sh(k)l < 27k we have for all m < 0,
1
L 2 sh® —x y = 14257 y] = 1sh® = x) = S(1+ 27y,
and consequently, by (40),

| feam(x + )
Poiin ,sh®) < 2sup ——T— =
otm y (fierm, Sh) < §2¥<1+2k+m+1|y|>v

= 4P2k+m,v(fk+mv X)
which together with the equation h® = ¢=127% and (42) proves (43) for m < 0 and
m-+k > 0.Inthe case m < 0Oandm+k < 0, (43) is trivial because by definition fxt, = 0.
By combining (39), (41), and (43), we prove (38). The d-variate inequality (37) can be
easily derived from the univariate inequality (38) by a tensor product argument.

We are now in position to estimate A, (f). Indeed, putting for m € Z¢,

d
20=rmi if m; < 0;
bm 1= Hbmi’ b, = { 2w=rym; if mz >0 (44)
i=1 -

from (34) and (38) and Lemmas 3.5 and 3.1 it follows that

172
2
An() < || 20 [0 b Py, fictm)|
kezd »
1,2
2
<bm|| > 2r|k+m|lP2k+m,u(fk+m)’
keZ{i »
12
2
<bm|| > 2"k+’“"(fk+m)‘
kezd »
12
rikly g |?
< bm || D0 A = bull f 1wy
kezd
4

Hence, by (34), (44) and the inequalities £ —r > O and v — r < 0, we have

AN < Y A < fllwy D7 b < I fllws -

meZ4 meZd

The proof is complete. O

Theorem 3.1 has been proven in [7] for the case £ = 2 in terms of Faber series (see
Section 2.3).
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3.4 Inverse Theorem of Sampling Representation

Theorem 3.2 Let 1 < p < oo and 0 < r < £ — 1. Then for every function f on T¢
represented as a B-spline series

=) a=Y_ D cksNs (45)
keZ4 kezd sel (k)
we have f € W]’, and
172

Ay < | D2

p
whenever the right hand side is finite.

Proof Fork € Zi, let 7*(k) be the subset in (k) defined in the proof of Theorem 3.1. By
the same argument as in the proof of Theorem 3.1 it is sufficient to prove that for a function
f on T represented as a B-spline series

f= Z ‘th = Z Z Ck,st,s,

kezd kezd sel*(K)
we have
12
rik|y = 2
Ity < [ D |2 Mgy ,
keZd
+ P

whenever the right-hand side is finite. Due to Lemma 3.2, the last inequality is equivalent to

172 1/2
2 2

3 (2““”'"1 /Pk )Aﬁ_l’e(f)‘ dh) <[] 32 [orngg Ve C [d].

keZ4 (e) » keZd »

Let us verify this inequality for the case e = [d] what is
1/2 1/2
2 2
B(f) =[] (2“*““"1 / ‘Afjl(f)‘ dh) < || 3 g
keZ{ B » kezd »

(46)

The case e # [d] can be proven similarly with a slight modification. For k € Z? \ 74, we
introduce the convention: /*(k) := @, g; := 0, cxs := 0, Nk s := 0 for s € I*(k). With
this convention we can write

Z cksNks Vke Vi
sel*(k)

I

Put Z4w) :={me Z% : mj > 0,i € u,m; <0,i & u} foru C [d]. Notice that we have
for every k € 74,

f®=>" > gim® ¥xeT

uCldl meZz4 (u)
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which yields the inequality

B(f)< Y. > Bum(f). 7

uCldl meZ4 (u)

where
1/2

2
Bu(f) = Y (2(’“)“"1/ ‘Aﬁ_l(qlerm)‘dh)
kezd P p

For a given x € T, we preliminarily estimate the univariate integral

2k /
Py

Let I*(k 4+ m; x) be the subset in I*(k + m) of all s such that |x — s27%—"| < ¢27F if
k+m >0,and I'*(k +m; x) = @ if k +m < 0. Then from the equation

Afl_](q,’f+m,x)‘ dh.

-1 -1 _
AT @m0 = ) Cms Ay (Nigms x), Bl <275,
sel*(k+m;x)

we have

2K /
Pr

If m > 0, from the definition (19) we derive that

2k f
<27

Notice that for k+m > 0, the B-splines Ny, s have the £ — 1 derivative uniformly bounded
by C2(¢=D&+m) with an absolute constant C. Hence, we get for || < 27,

Ay~ (Netm,s. )| dh.

Ai*l(q;;m,x)\dhs Do leksmsl2t / )
sel*(k+m;x) Ih<2~

—1
_ -1 .
A (Nigms. 0)|dh < Y (700 )28 |Nem.s x + jh)| dh
j=0 J |h|<2—%

& Nigm,s(x) +277.

|AF Nk )] <[] 120600 o=,

and consequently,

AL Nim,so )| dh < 20670,

ok /
|h|<2-k

Taking into account that g, ,, = 0 for k+m < 0, and summing up we arrive at the estimate
2¢ f
P
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ZSEI*(k+m;x) [Cktm.s] (Nk+m,s(x) + 2—m) , m=>0;
sel*(k4+m;x) |Ck+m,s|2(lil)m, m < 0.
(48)

Afzil(q;;rm’ x)‘ dh < {

Jox
oy
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We introduce some notations: for u C [d] and x € R i := [d] \ u, x(u) is the element in
R? such that x(u); = x; if i € u and x(u); = 0 otherwise. Then for a given x € T¢, from
(48) by a tensor product argument we obtain for every k € Zi and every m € Zi (u),

Sherm(x) = 20 f | AL @ 0] aB (49)
P
< Z |Ck’s|2(é—l)\m(12)|1 l_[NkiqSi (x;) + Z |Ck’s|2(é—l)\m(12)|12—|m(u)|1,
sel*(k;x) icu sel*(k;x)

where I*(k; x) := ]_[;1:1 I*(k;; x;). By using the inequality for the univariate periodic B-
splines

2k / Nis(y)dy > C
T

with an absolute constant C > 0, we can continue the estimation (49) for every k € Zf’F and
every m € Zi(u) as

8k+m(X)
< Y o2 K@hrtm@n (H Nig.s (xi)) (1‘[ / Ni s (xi +h,~>dh,~)
sel*(k:x) icu iei YT
+ > |ck,s|2“‘<“)'l<1"[ / Nk,-,s,(x,»+h,-)dh>2k<ﬁ>"+"'“@“(H f Nk,-,s,-(xi+h,->dh>
sel*(k:x) ieu’T iei”T
:2Ik(ﬁ)lu+i|m(ﬁ)|1/ > clsNicsms(x + h(@)| d
T ser ki)
_I_Z\k(u)ll2\k(ﬁ)|1+€|m(ﬁ)\1/ Z ¢k sNk+m.s(X + h)| dh. (50)
Td

sel*(k;x)

For a fixed x € T consider the univariate function on T in variable y

GiamM = > ChpmsNesms(y). keZimel.
sel*(k+m;x)

By the construction of the set I*(k +m; x) and the inequality [Supp(Ng4m.s)| < k=M e
have

27k m >0;
supp(GE )l < 53 20

Hence, by the definition of the Hardy-Littlewood maximal function, we receive for every
yeT,

27 MG, ), m=0;

27 M (G, (), m < 0.

flGi+m(y+h)|dh <<{ (51)
T

Let u C [d] and x € T¢ be given. We consider the function on T¢ in variable y

b= Y aamsNoms®), keZ{ mez{w.
sel*(k+m;x)
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From (51) by a tensor product argument we can show that for every y € T¢, every k € Zi
and every m € Z‘i (u),

/‘Ed |G§+m(y +h)|dh < 2_“((")'1_lk(ﬁ)_lm(ﬁ)“M(Gﬁﬂn(y)).
and
[, 16 (s + i@ ah < 27 KO ImOMGE 9)

Applying these inequalities for y = x to the right hand side in (50), by the equation
Gy im®) = gy, (X) We arrive at

Srm () « 27 EDMOINV(GY, | (x) = 27 DM@hiv e | (x))

which by Lemma 3.3 yields for every m € Zi (),

1/2
Ikl g
Bu(H) = || 32 (2™ giem)
kezd
€24 »
172
_ 2
& 2= I=nima@n-meon | [ 3™ (M (2r\k+m|1 ql;m))
kezd »
1/2
_ 2
& 2t m@i—pmeo | 3 (2r|k+m\1 qu’
d
keZ4 »
1/2
_ 2
< pU=1=n)mG)} = ImGh Z 2f|k\1ql>(k
kezd
S/ »

From the last inequality and (47) taking account of the inequality £ — 1 — r > 0, we obtain

172
i 2
B(f) « Z Z A (C=1=r)Im(@)] 1 —m()| Z 27kl g
uCldl meZ4 (u) kezd ,
1/2
rikly ]
< Z 27 g
keZd
€ + »
which proves (46) and therefore, the theorem. O

Theorem 3.2 has been proven in [7] for the case £ = 2 in terms of Faber series (see
Section 2.3). Theorems 3.1 and 3.2 immediately yield
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Theorem 3.3 Let 1 < p < oo and max(%, %) <r < £ — 1. Then we have

1/2

2
2 Mg ()| = Ifllw; VfeW,

p

2

d
keZ4

3.5 Some Theorems of Sampling Representation in Besov Spaces

Several theorems on B-spline quasi-interpolation sampling representations with discrete
equivalent quasi-norm in terms of coefficient functionals have been proved in [15-18, 20]
for various non-periodic Besov spaces. Let us now state some direct and inverse theorems
ona quasi-interpolatif)n representation in periodic spaces B;_ ¢ by the B-splines series (18),
which can be proven in the same way as for non-periodic Besov spaces.

Theorem 3.4 Let0 < p,0 <ocoand 1/p < r < 2L. Then every function f € B;’e can be
represented as the series (18) converging in the norm of B;’ g» and there holds the inequality
1/6
Yo Mg | < I lsy,

d
keZi

forall f € B; g» With the sum over K changing to the supremum when 6 = oo.

Theorem 3.5 Let 0 < p,0 < ocoand0 < r < min{2¢,2¢ — 1 + 1/ p}. Then every function
f on T9 represented as a B-spline series (45) belongs to B;’g and

1/6

1A ley, < [ D2 27 lgill
kezZd

with the sum over k changing to the supremum when 0 = oo, whenever the right-hand side

is finite.

Corollary 3.1 Let0 < p,0 <ocand 1/p <r < min{2¢,2¢ — 1 + 1/p}. Then a periodic
function f € B;.g can be represented by the B-spline series (18) satisfying the relation

1/6

SO 2 Mg HI% ] =1 fls

p.0
d
keZf

with the sum over k changing to the supremum when 6 = oo.

4 Sampling Recovery

For m € Z., we define the operator R, by

Ru(f)i= Y ax(H= Y D cks(fINks

[k|i<m |k|;<m sel (k)
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For functions f on T¢, R,, defines the linear sampling algorithm on the Smolyak grid
G?(m)
Ru(f)=8,(Yn, @, )= Y fW¥y,

yeG9 (m)

where n := |G4(m)|, Y, := {y € G4(m)}, , := {goy}yecd(m) and for y = 27Ks, @y are
explicitly constructed as linear combinations of at most m B-splines Ny j for some my € N
which is independent of k, s, m and f.

Theorem 4.1 Let 1 < p,q < oo and max(%, %) < r < L. Then we have

2 E@=D2 s .
f - Rm(f)”q < ”f”W[’) X {2—(r—l/p+l/q)m’ p<g Vf e Wp.

Proof Let f be a function in W’, since r > L, f is continuous on T¢ and consequently,

we obtain by Lemma 2.1 ?
f=Ru()= ) ax(f) (52)
|k|y>m

with uniform convergence.
We first consider the case p > g. Due to the inequality || fll; < || |l p, it is sufficient to
prove this case of the theorem for p = ¢. From (52) and the Holder inequality and Theorem

3.1 we have
172 1/2
2
— R = gk = : qx

If = Ru (Pl H| = 22k 2 Mg (f)

|k|;>m p k| >m k| >m

12 1/2
2
< ( > 22"") > M| <27 m IR £y
(k| >m keZq

P
We next consider the case p < ¢. From [1, Lemma 3] one can prove the inequality
1/p-1
1/ lg <N gima Y € Wy/P7H1,

Hence, by (52), Theorems 3.2 and 3.1 we derive that

1/2
2
Lf = Ru(Hlly < | D ax() <[ > ]2“/"—”‘1)"“'%(1")
K| >m wl/p=1/4 |k|y>m
4 p
1/2
2
< 27O Uptiam| | 7 2’“"1qk(f)’ <oy £y
d
keZ »

The theorem is completely proven. O

Denote by U, the unit ball in the space W,.

@ Springer i ms



B-Spline Quasi-Interpolation Sampling Representation and Recovery.. 107

Corollary 4.1 Let 1 < p,qg <ococandr > max(%, %). Then we have

d—1\7"
(%) (logm)@=V72 p > ¢,

,
n(Up. L) < ((10gn)d—1 )(rfl/lwl/q)
n

(53)
»  P<q.

Proof This corollary (53) is directly derived from (7) by considering special values of n =
1G4 (m)| < 2mmd=1. O

Corollary 4.1 was proven in [32, 41] in the case p = q.

Theorem 4.2 Let 1 < p,q <ocoandr > max(%, %). Then we have

d—1\7"
((log:ll) ) (logm)@=D/2 p > g4,

<(1Ogn)d—1 )(r—l/P'H/q) G4
n

Uy, Lg) <
, p<gq.

Proof We fix an even number £ = 2V for some v € N such that »r < £ — 1. Consider
the operator R,,+4, constructed on the B-splines of order £. It is a sampling algorithm on
the grid G9(m). The upper bound of (54) is directly derived from (7) and the relations
n =< |G(m)| < 2"m?~! for the largest m such that |G?(m)| < n.

To prove the lower bounds, based on the obvious inequality

raU,, Lg) > inf sup Ifllg (55)
|G m)|=n feur : f(y)=0,yeG?(m)

we will construct test functions g € U}, with g(y) =0Vy € G?(m), and then estimate from
below the norm || g||,. Take the index set /*(k) as in (33) and consider the test function

g1 = C12_rmm_(d_l)/2 Z Z Nk,s
|k|;=m seel*(k)

with a constant C. Here, Ny s are the d-variate periodic B-splines of £. By the construction
one can verify that g;(y) = 0 Vy € G?(m). By applying Theorem 3.2 and the inequality

> N[ <1 vxeT,
seel*(k)

we can see that g; € U’ for some properly chosen value of C. Hence, by (55)
P

\Y

rUL Ly) > lgilly = lgilh > 27 m@=D/2

(ogm)®~"\" d-1/2
(logn) .
n

This proves the lower bound for the case p > ¢. For the case p < ¢, we take a k* with
|k*|1 = m and a s* € I*(k), and consider the test function

X

g2:=C2 TP Ny o
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with a constant C;. Similarly to the function g;, we have g2(y) = 0 Vy € G4 (m), and
g2 € U, for some properly chosen value of C>. Hence, by (55) we obtain

(logm)*~!

(r=1/p+1/g)
n )

rsUn, Ly) > llgally > 27— ptl/om - (

which proves the lower bound for the case p < gq. O

From Theorem 4.1 and the proof of the lower bounds in Theorem 4.2, we also obtain

Corollary 4.2 Let 1 < p,q < oo and rnax(%, %) < r < L. Then we have

{ 2—rmm(d—l)/2’ p>q,

sup. If - Rm(f)”q = 9—(r=1/p+1/q)m p<gq.

feu,

Theorem 4.3 Let 1 < p <ocoand 1/p <r < L. Then we have

sup | f — Ru(f)llo = p—(r=1/pym,, (d=D(A-1/p)
erI’,

Proof The upper bound follows from the embedding W), — B, },/ P 129] (see also [19,
Lemma 3.7]) and the estimate

sup |1f — Ru(f)lle < o= (r=1/pym,, (d=1)(1-1/p)
proven in [17, Theorem 3.1], where U;;,l/ P s the unit ball in Bg; 1p/ ? The lower bound can
be proven in a similar way to that of [38, Theorem 2.1]. O

Theorem 4.4 Letl < p <qg <2o0r2<p<qg<ooandr > max(%, %). Then we have

(logn)?~!
n

r=1/p+1/9)
) (56)

ra(U”, Ly) =< (

Proof The upper bound of (56) already is in Corollary 4.1. To prove the lower bound we
compare the sampling width with the well known linear width which is defined by

)\n(Ur; Lq) := inf sup ”f - An(f)”q,
An few

where the infimum is taken over all linear operators A, of rank » in the normed space L.
The lower bound follows from the inequality r, (U}, Ly) > A, (U7, L) and the inequality

(logn)?~!

(r=1/p+1/q)
n )

I (U, Lg) > (

proven in [22] (see also [23]). O
Theorem 4.4 has been proven in [5] for the case 2 = p < g < o0.
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Final Remarks All the results in this paper can be in a natural way extended to the Sobolev
space Wzl; and the class U]‘; of nonuniform mixed smoothness r withr =r; = ... =r, <
rv41 < ry42 < --- < rgq by using the same methods and techniques. In particular, the
direct and inverse Littlewood-Paley-type theorems of B-spline sampling representation for
the space W), hold true, and in the results on asymptotic orders, upper and lower bounds of
rfl(UI';, Ly) and r,, (U}, Ly) the number d is replaced by v.

The direct and inverse theorems of B-spline sampling representation and the results on
sampling recovery for Sobolev spaces of mixed smoothness in Section 3 can be also easily
extended to Triebel-Lizorkin spaces of mixed smoothness. In this way, one can replace
the smoothness restriction r > max(l, %) in Theorems 4.1, 4.2, 4.4 and their following
corollaries with the weaker restriction » > 1/p in the Sobolev context.
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