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Abstract This paper is concerned with some sufficient conditions ensuring the stochastic
stability and the almost sure exponential stability of stochastic differential equations on time
scales via Lyapunov functional methods. This work can be considered as a unification and
generalization of works dealing with these areas of stochastic difference and differential
equations.
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1 Introduction

The direct method, named also Lyapunov functional method, has become the most widely
used tool for studying the exponential stability of stochastic equations. For differential
equations, we mention the interesting book of Khas’minskii [11] dealing with necessary
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and sufficient criterion for almost sure exponential stability of linear It equation, which
opened a new chapter in stochastic stability theory. Since then, many mathematicians have
devoted their interests in the theory of stochastic stability. We here mention Arnold [1],
Baxendale [2], Kolmanovskii [12], Mohammed [19], Pardoux [20], Pinsky [22], ... Most of
these researches were restricted on the study of the stability for the classical 1t6 stochastic
differential equations.

In 1989, Mao published the papers [15, 16] which can be considered as the first works
concerning the stability of stochastic differential equations with respect to semimartingales.
For the stability of nonlinear random difference systems, we can refer to [21, 23-25].

On the other hand, in order to unify the theory of differential and difference equations
into a single set-up, the theory of analysis on time scales has received much attention from
many research groups. While the stability theory for deterministic dynamic equations on
time scales have been investigated for a long history (see [3, 13, 18, 26]), as far as we
know, we can only refer to very few papers [4, 8] dealing with the stochastically stability
and the almost sure exponential stability of stochastic dynamic equations on time scales. In
[8], the authors studied the exponential P-stability of stochastic V-dynamic equations on
time scales, via Lyapunov function. Continuing these ideas, we investigate the stochastical
stability and the almost sure exponential stability of V-stochastic dynamic equations on
time scale T

dVX(t) = ft, X(t_)d 1t + g(t, X (t-))d" M(t)
X@)=x,€RY, teT,,

where (M;);cT, is a R-valued square integrable martingale and f : T, X RY — RY and
g : Ty xR? — RY are two Borel functions. This work can be considered as a unification and
generalization of works dealing with the stability of stochastic difference and differential
equations.

The organization of this paper is as follows. Section 2 surveys some basic notation and
properties of the analysis on time scales. Section 3 is devoted to giving definition and
some results for the stochastical stability for V-stochastic dynamic equations. The last sec-
tion deals with some theorems, corollaries concerning the almost sure exponential stability
for V-stochastic dynamic equations on time scales. Some examples are also provided to
illustrate our results.

2 Preliminaries on Time Scales

Let T be a closed subset of R, endowed with the topology inherited from the standard
topology on R. Leto(t) = inf{s € T : s > t}, u(t) = o) —t and p(t) = sup{s € T :
s < t},v(t) =t — p(t) (supplemented by sup@ = inf T, inf@) = supT). A point ¢ € T is
said to be right-dense if o (t) = t, right-scattered if o (t) > t, left-dense if p(t) = t, left-
scattered if p(t) < t and isolated if t is simultaneously right-scattered and left-scattered.
The set ;T is defined to be T if T does not have a right-scattered minimum; otherwise it is T
without this right-scattered minimum. A function f defined on T is regulated if there exist
the left-sided limit at every left-dense point and right-sided limit at every right-dense point.
A regulated function is called [/d-continuous if it is continuous at every left-dense point.
Similarly, one has the notion of rd-continuous. For every a, b € T, by [a, b], we mean the
set{t e T:a <t <b).Denote T, ={t € T:t > a}and by R (resp. R") the set
of all rd-continuous and regressive (resp. positive regressive) functions. For any function f
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defined on T, we write f° for the function f o p; i.e., f,p = f(p()) forall t € ;T and
limg (5)1¢ f(s) by f(¢-) or f;_ if this limit exists. It is easy to see that if ¢ is left-scattered
then f;_ = f/. Let

I ={r: ¢ is left-scattered}.

Clearly, the set I of all left-scattered points of T is at most countable.

Throughout this paper, we suppose that the time scale T has bounded graininess, that is

=sup{v(t) : t € T} < oo.

Let A be an increasing right continuous function defined on T. We denote by ,ué the
Lebesgue V-measure associated with A. For any u’é-measurable function f : T — R we
write fa’ Jf: VA for the integral of f with respect to the measure pfé on (a, t]. It is seen that
the function ¢ — fat f: VA; is cadlag. It is continuous if A is continuous. In case A(¢) = ¢t
we write simply f at f:Vr for f a’ fr VA;. For details, we can refer to [5]. If the integrand f
is regulated then

b b
/ f(z)Vr =/ f(t)AT Va,beTk.

Therefore, if « is a regressive function on T, the exponential function e, (¢, a) defined by
[4, Definition 2.30, pp. 59] is a solution of the initial value problem

yW() =a)y), ya@ =1, teT,, 2.1)

(see [7] for details). Let (2, F, {F:}eT,, P) be a probability space with filtration {F;};eT,
satisfying the usual conditions (i.e., {F; };e, is increasing and ({F ) : s € T, s > t} =
F; for all t € T, while F, contains all P-null sets). The notions of continuous process,
rd-continuous process, /d-continuous process, cadlag process, martingale, submartingale,
semimartingale, stopping time... for a stochastic process X = {X,};cT, on probability space
(2, F, {Filier,, P) are defined as usual.

Denote by M5 the set of square integrable J;-martingales and by M the subspace of
the space M consisting of martingales with continuous characteristics. For any M € M,
set

== Y (M, M),

s€(a,t]

It is clear that A//it is an J;-martingale and M, =M o(r) for any ¢ € T. Further,

(M), = (M), — Y (M) — (M) ) - 22)

s€(a,t]

Therefore, M € ./\/lg if and only if M e ./\/lg In this case, M can be extended to a regular
martingale M defined on [a, c0) by setting M, = Mp(,) ifs €[p),t],t € T,.

Denote by B the class of Borel sets in R whose closures do not contain the point 0. Let
3(t, A) be the number of jumps of M on (a, ] whose values fall into the set A € *B. Since
the sample functions of the martingale M are cadlag, the process (¢, A) is defined with
probability 1 for all t € T,, A € B. We extend its definition over the whole 2 by setting
3(t, A) = 0 if the sample ¢t — M;(w) is not cadlag. Clearly the process 3(¢, A) is F;-
adapted and its sample functions are nonnegative, monotonically nondecreasing, continuous
from the right and take integer values. We also define S(I A) for M, in a similar way. Let
8(1, A) =ti{s € (a,t] : My — M, € A}. Itis evident that

8(t, A) =38(t, A) + 3(t, A). (2.3)
Further, for fixed ¢, §(z, ~),§(t, -) and g(t, -) are measures.
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The processes 5(¢, A),;S\(t, A) and g(t, A),t € T, are F;-regular submartingales for
fixed A. By Doob-Meyer decomposition, each process has a unique representation of the
form

8(t,A) = ¢(t, A)+m(t, A), 81, A) =C(t, A) +7(1, A),

81, A) = L1, A+ 71, A),
where 7r(t A), 7'[(1 A) and 7(r, A) are natural increasing integrable processes and
c(t, A), ¢ (t A), ¢(t, A) are martingales. We find a version of these processes such that they
are measures when ¢ is fixed. Throughout this paper, we suppose that (M), is absolutely con-

tinuous with respect to Lebesgue measure v, i.e., there exists an F;-adapted progressively
measurable process K; such that

t
(M), :/ K. Vr. 2.4

Further, suppose that there exists a positive constant N such that
P{uv—esssupr |K:| < N} = 1. 2.5)

From (2.2) it follows that (ﬁ )¢ is also absolutely continuous with respect . Let
M = / WZ(t, du) and BI€ = 7, — MY
R

We note that ?S\(t, A) is also the number of jumps of M on (a, t] whose values fall into the set
A € B. Therefore, by applying [9, Theorem 9, pp. 90] to regular martingale M on [0, c0),
we conclude that

(M), = / R, du). 2.6)
R
Further, from the relation
(M), = (M), + (M?),,

it follows that (IVIC), and (/VId )+ are also absolutely continuous with respect to uy on T.
Thus, there exist JF;-adapted, progressively measurable bounded, nonnegative processes K c
and K/ K¢ satisfying

t t
(M), =/ Kvr, (Md),=f Kivrt. 2.7)
a a

Moreover, it is easy to show that 7 (¢, A) is absolutely continuous with respect to v on T.
This means that it can be expressed as

t
7t A) = / Y(z, A)Vr, (2.8)

with an F;-adapted, progressively measurable process ’/T\(t, A). Since ‘B is generated by a
g\ountable family of Borel sets, we can_ find a version of Y (¢, A) such that the map ¢
Y (z, A) is measurable and for ¢ fixed, Y (¢, -) is a measure. Hence, from (2.6) we see that

t
(A?d)t:/ /Ruz?(r,du)w.

Eﬁ:/»ﬂ?(z,du).
R

This implies that
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On the Stability of Stochastic Dynamic Equations on Time 115

For the process 7 (¢, A) we can write
7, A=Y Ella(My — Mp(s) |[Fpo)1-
s€(a,t]

E[1A(Mi—Mpt)| Fp]

Putting Y (¢, A) = if v(r) > 0and Y(r, A) = 0if v(r) = 0 yields

v(t)
tN
T(t, A) = / Y(t,A)Vr. 2.9)
a
We see by the definition that if v(z) > 0 then
~ E(M, — M F
/RuT(f»du) = [ v(f)(t)| o) =0, (2.10)

and

E|(M F _
/uzq(h g — [(: — M) | ﬂ<f>]_<M>, My o1
R V(1) v(t)

Let Y(t, A) = Y(t, A) + T(¢, A). We see from (2.3) that

t
w(t, A) = / Y(z,A)Vr.

Denote by E]IOC (T,, R) (resp. by L'IZOC (Ty; M)) the family of real valued, F;-progressively
measurable processes ¢ (¢) with faT|¢(r)|Vr < 400 a.s. for every T > a (resp. the space
of all real valued, F;-predictable processes ¢ (¢) satisfying E faTqbz (r)V(M), < oo,for any
T > a).Let C12(T, x R4; R) be the set of all functions V (7, x) defined on T, x R4, having

continuous V-derivative in ¢t and continuous second derivative in x.
Consider a d-tuple of semimartingales X (t) = (X1(¢), ..., X4(¢)) defined by

t t
Xi(1) = Xi(a) + ﬁ(f)Vf+fgi(f)VM17

where f; € L(T,,R) and g; € LX*(T,; M) fori = 1,...,d.ForV € C}(T,xR%; R),
put

LV, x) 2.12)
d V(t x)
= vVt x Z — OO + (Vi x + FOV0) = V(. x) D)

1 a“V(t, =~ aV
+§Z#gi(r)gj(zm; 5 e [ au
= XiXj

i=1

+/(V t,x+ @) +gOu) = Vi, x+ f(OHv@)Y(, du),
R

with f = (f1, f2. ..., fa): g = (g1, &, ..., ga4) and

0 if t left-dense

—— if t left-scattered.

o(r) = {
v(t)

Fus &\ Springer



116 L. A. Tuan et al.

By using the It6’s formula in [7] we see that

t
H; V(t, X (@) —V(a, X(a)) — / LV (t, X(t_))Vt (2.13)

d t t
> [ @it + [ [ v
i—1Ya axi a JR

d
8V X ~
/ f (\v( ) — . = (e ))g,m)/;(w,du)

is a locally integrable martingale, where \I/(t) = V@ X))+ f@v(r) + g(tu) —
V(t, X(z-) + f(T)v(7)).

3 Stochastical Stability of Stochastic Dynamic Equations

Let M = (M;);eT, be a square integrable (F;)-martingale. Let f : T, x R? - R? and
g : Ty x R? — RY be two Borel functions. Consider the stochastic differential equation

{dVX(t) = f(t, X@-)advt +gt, X(t_Nd"M@) VteT,

X(a) = x5 € RY. G.D

Throughout this paper we will assume that the (3.1) has a unique solution defined on T,,.
This assumption holds if the coefficients of (3.1) are Lipschitz and the condition (2.5) is
satisfied (see [6]). We denote by X (¢; a, x,) the solution of (3.1) with initial condition x,.
We write simply X (¢) for X (¢; a, x,) if there is no confusion.

Denote by K the family of all continuous nondecreasing functions ¢ : Ry — R, such
that ¢(0) = O and ¢(r) > Oifr > 0. Forh > 0,1let S, = {x € R? : ||Ix|| < h} and
CL2(T, x Sp: R ) be the family of all nonnegative functions V (¢, x) from T, x S, to R+
such that they are continuously once differentiable in # and twice in x. We assume further
that

f(@,0=0; gt¢,00=0 VreT,.

This assumption implies that (3.1) has the trivial solution X (¢; a, 0) = 0. The definitions of
stochastic stability; stochastic asymptotic stability and stochastic asymptotic stability in the
large for the trivial solution of (3.1) are referred to [17]. Precisely,

Definition 3.1 (i) Stochastically stable: for every pair of ¢ € (0, 1) and r > 0, there exists
§ = 8(e, r,a) > 0 such that

]P’{sup 1X(t; a, xa)| < r} >1—¢foranyx, € R? with lxqll < 8.
teT,

(ii) Stochastically asymptotically stable: it is stochastically stable and, for every ¢ €
(0, 1), there exists o = Sg(e, a) > 0 such that

]P{ lim X(t;a,x,) = 0] > 1 — & whenever ||x,|| < do.
1—00

(iii) Stochastically asymptotically stable in the large: it is stochastically stable and,
moreover, for all x, € RY

IP’{ lim X(t: a.x,) :0} =1
=00
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On the Stability of Stochastic Dynamic Equations on Time 117

Theorem 3.2 Suppose that for a h > 0, there exists a function V (¢, x) € C12(Ty x Sp; Ry)
satisfying V (t, 0) = 0, such that for some ¢ € IC,
Ve, x) = ex),

and
LV(t,x)<0
forall (t,x) € T, x Sy. Then, the trivial solution of (3.1) is stochastically stable.

Proof Lete € (0,1) and O < r < h be arbitrary. By the continuity of V (¢, x) and the fact
V(a,0) =0,wecanfinda0 < § = (e, r,a) < r such that

l sup V(a, x) < ¢(r). 3.2)
€ xeSs
For any x, € Ss, consider a stopping time
kr =inf{t >a:X(t) ¢ S,}.
By [7, Corollary 2, pp. 325], for any ¢ > a,
Vk, Nt, X(kr A 1))

Kr AL

= V(a, X(a)) + LV (t,X(t_))Vt
d Kr AL Ky AL
+2/ W& (r. X (1)) VM, + / / W(D)Z (V. du)
ket d LV X ~
/ / (w ) - Sl ))g,(r,xu_)))c(w,dw.
Because LV (¢, x) < 0, we obtain that
EV(c At, Xk A1) < Va, xq). 3.3)
Since | X (k, A1) = I X (k) || > 7 if k, < tand V¢, x) > o(||x]) forall (¢, x) € Ty x Sp,
EV (e At, X(cr A1) = E[Lje, <y Viker, X ()] = @(r)Pli, < t}. (34

Combining (3.2), (3.3) and (3.4) we obtain
Ple, <t} <e.
Letting t — o0, we get P{k, < 0o} < ¢. This means that
P{sup | X(t;a,x)|l <rg>1—¢.
teT,

The proof is complete. O

Theorem 3.3 Suppose that for a h > 0, there exists a function V (t, x) € C12(Ty x Sp; Ry)
such that for some @1, @2, p3 € K,

pr(lixll) = V@, x) < ea(llx|),

and
LV (t,x) < —p3(llxI)

Fus &\ Springer



118 L. A. Tuan et al.

for all (t, x) € Ty x Sp. Then, the trivial solution of (3.1) is stochastically asymptotically
stable.

Proof From Theorem 3.2, the trivial solution (3.1) is stochastically stable. So, we need only
to show that for any ¢ € (0, 1), there is a 8o = dp(e, a) > O such that

P {tlim X (1 a, xg) = o} > 1 — ¢ for any x, € R? with [xa]| < 8. 3.5)
— 00
By Theorem 3.2, there is a §o = do(g, a) > 0 such that
h £
Pisup [X(t;a,x)ll < = ¢ =1——, (3.6)
teT, 2 4

provided x, € Ss,. Fix x, € S5, and choose 0 < b < [|x,4]|. Let 0 < a; < b be sufficiently
small such that

¢2(a1) < £ 37
pi(b) ~ 4
Define the stopping times
kg =1inf{t > a | XD < a1},
and
. h
Kp = mf{t >a: | X@)| = 5}'
From (3.6) we get .
P{kp =00} > 1 — 7 (3.8)

By [7, Corollary 2, pp. 323], we can derive that for any ¢ > a,

0 < EV(kg Nicp At, X (kg ANk AE)) = V(a, xq)
Kul/\’(h/\f
—HE/ LV (t, X(t_))Vt < V(a, xz) — @3(a1)E(kg, Akp At —a).
a

Consequently,

Via,

(t —a)Pleg, Ak >t} SEkg Akp At —a) < M.
@3(ar)

Letting ¢+ — oo implies that

P{kq, A kp =00} =0. 3.9
Combining (3.8) and (3.9) yields P{x,;, = 00} < %. Therefore, we can choose ¢ sufficiently
large such that

e
Plkg, <c}21—§.

Hence,
Plia, < ¢ Akn} = P({ka, < ¢} N ey = 00})

3
> Plig, < ¢} — Plicy < 00} = 1 — f. (3.10)

Now, define two stopping times

d— Kaq, if Kkq <Kkn Aec,
oo otherwise

and
kp = inf{t > d : | X(@)|| = b}.
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On the Stability of Stochastic Dynamic Equations on Time 119

By [7, Corollary 2, pp. 323], for any t > c,
EV(kp At,X(kp A1) <EV(d AL, X(dAL)).

Noting that
Vikp ANt, X(kp A1) =V(A AL, XA AT)=V(t, X (1))

onw € {kq, >k A c}, we get
E [ e <ennct V&5 A 1 X (o A1) | < B [y <ipne) V Kay A1 Xy A1)
Since {kp <t} C {kqy < kn Ac},
P1(B)P{xp < 1} < pa(ar).
From (3.7) it yields
Plep < 1} <

E

Letting t — oo we have
Pl{kp < 0o} < 2
It then follows, using (3.10) as well, that
P{d < ocand kp = 00} > Plig, < kp Ach—Plkp <00} >1—e.
So
P {a) limsup | X (1) < b} >1—e.
—00
Since b is arbitrary, we must have
P{w limsup | X (1) = O} >1—¢
t—00

as required. The proof is complete. O

Theorem 3.4 Suppose there exists a function V (¢, x) € CM3(T, x R4; Ry) withV(¢t,0) =
0 such that for any h > 0
ei1(lxll) < V&, x) < @a(lixl)) forall (t,x) € Tq x Sp,
LV(t,x) < —@3(lx|) forall (t,x) € Tq x Sh, (3.11)
Sfor some 1, g2, @3 € K. Further,

lim inf V(¢, x) = oc.
[|x||—oc0t=a

Then, the trivial solution of (3.1) is stochastically asymptotically stable in the large.

Proof From Theorem 3.2, the trivial solution is stochastically stable. So we only need to
show that
P{lim X(r:a,x) =0} =1 (3.12)
11— 00

for all x, € R?. Fix any x, and write X (¢; a, x,) = X(¢) again. Let ¢ € (0, 1) be arbitrary.
Since limy |- o0 inf;>4 V (¢, x) = oo,we can find an h > 2||x, || sufficiently large for
4V (a,
inf V(.x) > V@X)

2| xl=h,t>a

(3.13)

Let
kp =inf{t > a : 2| X ()| = h}.

Fus &\ Springer



120 L. A. Tuan et al.

Similarly as above, we can show that for any ¢t > a,

EV(kp At, X(kp A1) < V(a, xg). (3.14)
But, by (3.13), we see that
4V (a,
EV@n At, X(kp A1) > MIE”{K;, <t}
&
It then follows from (3.14) that
£
Plep <t} < -
{kn <1} < 2
Letting 1 — oo gives P{x;, < oo} < §. That means
h £
P ||X(t)||§§ forall t >at > I_Z' (3.15)

Thus, we get the inequality (3.6). Hence, we can follow the same argument as in the proof
of Theorem (3.3) to show that

IP{ lim X(t):O} >1—¢.
11— 00
Since ¢ is arbitrary,
IP’[ lim X(1) =0} =1.
11—

The proof is complete. O

We now consider a special case. Let P be a positive definite matrix and V (¢, x) = x ' Px,
where x T is the transpose of a vector x. Using (2.12) we have

LV(t,x) = (1 - 15(1)) (xTPf(t,x)—l—f(t,x)TPx)
+ [(x £ @) TP+ £, () — xTPx] (1)
+g(, 1) Pg(t, )RS — (x7 Pglt, x) —i—g(t,x)TPx) /Ru?(r,du)
+fR [+ £ 00 + g0 00T P+ £ 200 + g1, 1))
= (3 W) PG+ £ w) | T du), (3.16)
It is easy to see that
(1 = 13(6)) (xTPf(t,x) + f(t,x)TPx)

+ [(x + ft, )T P(x + f(t, x)v() — xTPx] D (1) (3.17)
= x"Pf(t,x)+ f(t,x) Px+ f@t,x)" PF(t, x)v(t).
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On the Stability of Stochastic Dynamic Equations on Time 121

Paying attention that v(z) fRu?(t,du) = 0, v(t) fRu?(t,du) = 0and Y(t,A) =
Y(t, A) + Y(¢, A), we have

f [(x + f(t, )0(0) + g(t, Du) " P(x + ft, x)v(t) + g(t, x)u)
R

— (x4 f(, x)v(t))TP(x + f(t, x)v(t))] Y(t,du) (3.18)
= f g(t,x) " Pg(t, x)u*Y(t, du)—i—(xTPg(t,x)—i—g(t,x)TPx)/ uY (t, du).

R R

Since K; = I?f + fR u?Y (¢, du), we can substitute (3.17) and (3.18) into (3.16) to obtain

LV(t,x) = x Pft,x)+ ft,x)" Px + f(t,x) Pf(t, x)v(r)
+g(t,x)" Pg(t, x)K;. (3.19)

Thus, if we can find a positively defined matrix P such that LV defined by (3.19) satisfies
(3.11) then the trivial solution of (3.1) is stochastically asymptotically stable in the large.

Example 3.5 Let T be a time scale

roOfe(3) #(30) 0]

where b is a positive real number. We have

i 0o 1 1
v(r) = {? ifre U ("(13 D)k +0)+0] (3.20)
3 if t e U2 (k(5 + D)}
Consider the stochastic dynamic equation on time scale T
dVX(@) = AX@_)dVt+BX(t_)d "W (),t €T (3.21)
X(0) = xg € RY, :

where W (¢) is an one dimensional Brownian motion on time scale defined as in [10] and
A, B are d x d - matrices. In this case K; = 1. Let P be a positive definite matrix and
V(t,x) =x' Px.By (3.19), we have

LV, x)=x" (PA+ATP+ATPAv(t) +BTPBKt>x. (3.22)

Hence, if the spectral abscissa of the matrix PA + ATP + %ATPA + BT PB is bounded

by a negative constant —c, then we have LV (f, x) < —c||x||2. By virtue of Theorem 3.4,
the trivial solution of (3.21) is stochastically asymptotically stable in the large.

4 Almost Sure Exponential Stability of Stochastic Dynamic Equations
In this section, we keep all assumptions imposed on the coefficients f and g of (3.1).
Definition 4.1 The trivial solution of the (3.1) is said to be almost surely exponentially

stable if
. In||X(t; a, xo)|
limsup ————— <

t—00 t

0 as. (4.1)

holds for any x, € RY.

con
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Theorem 4.2 Let oy, c1, p be positive numbers and o be a positive number satisfying
l++v(t) < ay. Suppose that there exists a function Ve CY2(T, x R?; R,) such that for all

(t,x) € T, x RY,
cilxlI? =V, x), 4.2)
and
LV(t,x) < —a1V(t_,x)+n, a.s., 4.3)

where 1, is a nonnegative ld-continuous function defined on T, satisfying
o
/ eq(t—,a)yn;Vt < 00 a.s. “4.4)
a

Then, the trivial solution of (3.1) is almost surely exponentially stable.

Proof From (2.13), (4.3), we have
eq(t,a)V(t, X (1))

t
Via, x,) + / eq(t_,a) (@V(t_, X))+ +av(@)LV(r, X(t_)) VT

t
+ / ea(, )V H,
a
V(a, xa)

IA

t
+/ ea(t—,a) (@V (-, X(7-)) + (I + av(D) (—a1 V(1—, X(7-)) + n:)) VT

t
+/ ey(t,a)VH;.
a

It follows from inequality H‘+V(I) < «aj that
t
f ea(t—,a) (@V(t—, X (7)) + (1 + av(z)) (a1 V(r—, X(7-)) + 1¢)) V7
a

t
S/ea(f—,a)(l-IrotV(f))th.

Therefore,
eq(t,a)V(t, X (1)) < V(a,xs) + Fr + Gy,
where

t t
F :f (I'+av(t))ey(t—, a)n: VT; G Z/ea(r, a)VH;.
a a
By assumption (4.4), it follows that
Foo = lim F; < o0.
—00
Define

Yl‘ = V(a,xa) + Fl‘ + Gt forall ¢t € T(l-
Then Y; is a nonnegative semimartingale. By [14, Theorem 7, pp. 139], one sees that

{Foo < 00} C { lim Y; exists and finite } a.s.
11— 00
Since P{F5 < 00} = 1,

]P’[ lim ¥, exists and finite} —1.
—0o0
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Noting that 0 < ey (¢,a)V (¢, X (t)) < Y; forall t > a a.s., we have

P{limsupea(t,a)V(t,X(t)) < oo} =1.

—00
So,
limsup [ey(t,a)V(t, X (1))] < 00 a.s. 4.5)
11— 00
The relations (4.2) and (4.5) imply
In || X@®)|? | t, 1 t,a)V(t, X(t
tim sup XN | i e @) e V@ X@)
t—00 t =00 t t—00 t
It is easy to see that liminf;_, o w = B > 0. Therefore,
In| X (¢
lim M < —E a.s.
1—00 1 P
The proof is complete. O
Consider now a special case of function V (¢, x) = ||x 2. By (3.19)
LV (t,x) =2x" f(t, ) +llgt, O K, + 1 £ ¢, ) IPv (). (4.6)

We can impose conditions on the functions f and g such that there are a positive number o
and a nonnegative 1d-continuous function 7, satisfying (4.4) such that

26T f(t,x) + 1 f @ 01700 + g, )IPK, < —allx]|* + ;.

Example 4.3 Let T be a time scaleand 0 < a € T. Let 1, = (1,1, ..., 1)T. Consider the
stochastic dynamic equation on time scale T

{ dVX(t) = (AX(t-) + e " sin(| X (t2)ID1e) dVt + BX (1-))dY W (1),

X(0)=xp R4, t €Ty, S

where A and B are d x d matrices and W (¢) is an one dimensional Brownian motion on
time scale defined as in [10]. Let V (¢, x) = ||lx||%. By (4.6) we have

LV(t,x) = 2x " Ax +2¢ " sin(|lx|)x " 1o + [|Ax + e sin(|lx[)1.>v(#) + x T BT Bx
2x T Ax + 2¢7H|x|Vd + 2| Ax||> + e X d)v(t) + x ' BT Bx
xT (2A 1247 Av* 4 BTB) X+ 2(Vd||x | + dvHe.

IA

IA

Suppose that the spectral abscissa of the matrix 24 + 2AT Av* + BT B is bounded by a
negative constant —f. Then, we have

1
LV(t,x) < —gnxn2 +2(Vd||x|| +dv¥)e™" — gnxn"‘ < —gnxu2 +2d (v* + 3) et

forallt € T,. Fora = % min{1, 8}, all assumptions of Theorem 4.2 are satisfied. Thus, the
trivial solution of (4.7) is almost surely exponentially stable.
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