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1 Introduction

A nonconvex duality with zero gap, called quasigradient duality, was developed by Thach
in two well-known articles [9, 10]. An important feature of this duality theory is that, with a
suitable definition of quasiconjugate of a function, it transforms certain classes of difficult
nonconvex optimization problems into simpler ones, sometimes even into convex problems.
Moreover, the corresponding duality relationship often reveals important properties useful
for the theoretical and computational study of the original problem. In particular, in [12], by
defining the quasiconjugate of a function f : R, — R as

1
sup{f(x) : pTx <1, x >0}

the maximization of a Leontiev production function over a convex feasible region is con-
verted by duality into the maximization of an increasing linear function over a convex

f(p) = Vp e R,
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region. In [13], this duality theory, extended to vector maximization problems, is used to
establish important properties related to weak Pareto efficiency. More recently, in [14], qua-
siconjugate duality scheme is applied for studying a specific nonlinear optimization problem
under resource allocation constraints. It turned out that the feasible set of the dual to this
problem is a singleton (in the case of a single resource) or the set of Pareto efficient solutions
of an associated vector-maximization problem (in the case of k > 1 resources).

So far, quasiconjugate duality has been restricted to the classes of concave scalar-
maximization and concave vector-maximization problems involving concave criteria func-
tions. However, many functions encountered in mathematical economics and other applica-
tions are not concave but only quasiconcave. Outstanding examples are the Cobb-Douglas
function, generalized Cobb-Douglas function, generalized Leontiev function, constant
elasticity of substitution (C.E.S) function (cf. [3]), and posynomial function (under the
assumption that all goods are useful).

To overcome this limitation, we will attempt, in the first part of the present paper, to
extend quasiconjugate duality to the very general class of nonconvex scalar-maximization
and vector-maximization problems involving continuous quasiconcave and increasing func-
tions. The extension will preserve the main properties earlier established in [13], especially
the symmetric property and the zero gap duality property. Also, duality relationships will
be developed so that they can help to characterize the (weak) Pareto efficient solutions.

It is worth noting that most of the existing duality theories for vector-maximization
problems are based on applying Lagrange duality to a scalarized problem depending on
the weight parameters (cf. [2, 6, 8]). In some works, the theory of set-valued maps has
also been used for studying vector-optimization problems (cf. [4, 5]). However, in all these
approaches, the duality is not symmetric and often requires convexity of the primal problem.

Together with the extension of quasiconjugate duality, we will also present a new applica-
tion. Specifically, it will be shown that using quasiconjugate duality for vector-optimization
we can convert an optimization problem over weakly efficient sets into a bilevel optimiza-
tion problem. The latter in turn can be reformulated as a monotonic optimization problem
amenable to efficient solution methods developed by Tuy and his coauthors in [15-17].

The paper is organized as follows. After the introduction, in Section 2, together with a
review of basic results of quasiconjugate as presented in [7, 11] and [13], we will provide
some new related results and introduce the concept of quasi-subgradient of a function. Next,
in Section 3, we will develop quasiconjugate duality for scalar-maximization problems and
in Section 4, quasiconjugate duality for vector-maximization problems. Finally, Section 5
is devoted to an application of quasiconjugate duality to optimization over weakly efficient
sets.

2 Quasiconjugate of a Function
Throughout this section, we assume that f(x) is a nonnegative finite-valued function on R’
satisfying f(x) > O for all x from

te=xeR"x>0Vi=12,...,n}

Following Thach in [11], we define the quasiconjugate of f as the function f* : R} — R

*(p) = Vp eR", 1
0= m: pra<tixzo 7 M
(as usual, we use the convention +Lo =0).
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Since f is continuous and f(x) > 0 for every x € R’} |, we have
sup{f(x): plx <1,x>0}>0

for every p > 0, so f*(p) is again a nonnegative finite-valued function on R’ satisfying
f*(p) > Oforevery p e R .

In [13], we have established the following property:

If f is a polyhedral concave increasing and positively homogeneous function defined on
R" then so is f* and f is the quasiconjugate of f* on R, i.e., (f*)* = f.

We now extend this property to a larger class of functions f.

Proposition 1 If f is positively homogeneous, then so is f*.

Proof For x° > 0, we have pT (kx®) =0 < 1 forallk = 1,2, ...and f(kx") = kf (x0) —
+o0 as k — +o00. So,

() 12 0]~ Foo -

If p # 0, then for every 6 > 0, we have

70 =

1 /
sup{f(x): OpTx <1,x >0} = sup{f(gx’) cplx <1,x' > 0}

ésup [f(x’) cplx <1,x' > 0] )
and so f*(@p) =6 f*(p). =

A set X C R”" is said to be conormal if x” € X whenever x’ > x € X (see [16]). For
y € Ry, let F,, denote the upper levels of f :

Fy={xeR}: f(x)>y).

Lemma 1 (see [16]) If f(x) is an increasing function on R" then the set F), is conormal.
Lemma 2 Let F be a conormal set. If gTx > y forall x € F then q € RY.

Proof If we had ¢; < 0O for some i € {1,2,...n}, then x% € F would imply that xk =
(x?, .. .,x? +k, .. .,x,?) € F for all k (because xk > xo) while qTxk — —oo as k —
~+o00. O

Let X be an arbitrary set in R”. A set X* is said to be the upper conjugate of X if
X*:{peR’i:psz IVxeX}.

Let Fﬂ denote the upper levels of f*: Fﬁ ={p eR}: f*(p) = y}. In[13], it has been
shown that when f is a polyhedral concave increasing and positively homogeneous function
defined on R” then F, ]J and F) are upper conjugate of each other, i.e.,

Ff:{peR'jr:pTleVxeFl}, 2)
Fi={xeRy:pTx=1vpeFil. 3)

More generally, we have the following theorem.
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Theorem 1 If f is a continuous quasiconcave strictly increasing function on R} then F i
Y
and F, are upper conjugate of each other for any y > 0 such that F,, # {.

Proof For p € FE, we have p > 0 and
Y

" 1
fi(p) > —
Y
1 1
& > —
sup{f(x): pTx <1, x>0} ~ y
& f(x) <y Vx zOsuchthatpTx <1
& pTx > 1 Vx > Osuchthat f(x) > y. @)

Also, it is easily seen that pTx > 1 for every x > O satisfyingf(x) = y. Indeed, let
X > Osatisfy f(x) = 1. Since f is positive on R’} | and strictly increasing on R}, {x €
R%| f(x) > y} # @. Take any sequence (x'} c{x e R% | f(x) > y} such that x> %
By (4), pTx! > 1 for all I,s0 letting [ — +o00 we get p’x > 1. Thus, p’x > 1 for every
x > Osuch thatf(x) >y, ie., pTx > 1 for every x € F,,. Hence,

FiC{peR’i:pszleer}.
Y

Conversely, for any p > 0. we can write
pTx >1VxeF,
< pTx > 1Vx > Osuchthat f(x) >y
& f(x) <y Vx > Osuchthat pTx < 1
= f(x) <y Vx> OsuchthatpTx <1
Ssup{f(x):plx<Lx=0)<y
1 1
& > —
sup{f(x) : pTx <1,x =0} ~ ¢
1

& ff(p) = —
%

@peFE.

Y

Hence, F i is the upper conjugate of F), .
14

Next, we show that conversely F), is the upper conjugate of F' E Set
Y

A:{xeRi:pTxZIVpeFi}.
Y

Since Ftl is the upper conjugate of F), it is obvious that F,, C A. Suppose that x > 0

Y
and x ¢ F,. Since f is continuous quasiconcave and increasing, F), is a closed convex and
conormal set. So F), does not intersect the line segment [0, X]. By the separation theorem,
there are ¢ € R” \ {0} and number « € R such that

qTx >aVx € Fy, )
qTx <a Vx € [0, x]. (6)
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From (5), we have ¢ > 0 by Lemma 2, and from (6) it follows that « > 0. Setting p = —¢,
we can then write
pTx>1Vx e Fp, @)
pTx < 1. 8)
From (7), it follows that p € F i This together with (8) implies thatx ¢ A. O
Y

The above theorem exhibits a polarity correspondence between the level sets of the
function f and those of its quasiconjugate. It is easily seen that the function f can be
defined via its level sets, namely f(x) = sup{y > O] x € F,} (as usual, we use the

convention sup@ = 0). Similarly, we have f*(p) = sup{y > 0| p € Fﬁ}. Hence,
f*(p) = sup{y > 0| p € (F1)*} for any continuous quasiconcave and strictly increasing
Y

function f.
We now examine an important case when the equality (f*)* = f extends to nonconcave
functions f.

Proposition 2 Let f be a Cobb-Douglas function on R"., that is
n
fe)y =]]x
i=1

where a; > 0 for everyi = 1,2,...,n. Then, f* is also a Cobb-Douglas function on R’

and (f*)* = f.

Proof It p = (p1, p2,-.., pn) and p; = 0 for some i = 1,2, ..., n then pTxk < 1 for
every xk = x1,x2,...,kx;,...,Xn), where X > O satisfies pTY < 1. Since f(x) >
0, f(xk) = k% f(xX) - 400 as k — +oo it follows that f*(p) = 0. If p > 0 then
sup{f () |pTx <1,x > 0} =a® ]_[?:1(%)“", o =Y 7, a; (see [7, Example 4.9]). Hence,
f*(p) = (é)“ [T, (%)“i for every p € R’,. By an argument similar to the above, we can
show that (f*)* = f. O

Note that Cobb-Douglas production functions are quasiconcave but may not be concave
(for example for ; = 2 for all #). This raises the question: What is the largest class of
functions f for which we eliminate the gap between f and (f*)* ?

The following proposition provides a necessary condition for a function f to belong to
this class .

Proposition 3 The function f*, quasiconjugate of f, is quasiconcave and increasing on

RY.

Proof Let p, p’ € R For each t € [0; 1], we have
x=0:tp+U—-0)pHTx<lc{x=0:pIx<1}U{x>0:(p)Tx <1}.

It follows that

0 <sup{f(x):(p+(1 —t)p’)Tx <1l,x >0}
< max{sup{f(x) : p"x < L,x > 0} sup{f(x) : (p)x < 1.x = 0}}.

This occurs if and only if f*(tp+(1—1)p’) > min{ f*(p); f*(p’)}. So, f*is quasiconcave.
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342 T. V. Thang

Furthermore, let 0 < p < p’. Clearly, {x € R’} : PHTx<l}cixe R% - pTx <1),
and so sup{ f(x) : pTx<1,x>0}> sup{ f(x) : (p)Tx <1,x >0} > 0. This implies
that f*(p) < f*(p’), proving that f* is increasing. O

Next, we give a sufficient condition for f to be also quasiconjugate of f*.

Theorem 2 If f is a continuous quasiconcave and increasing function on R"., then f is
also the quasiconjugate of f* on RY}, i.e.,

1
sup{f*(p): pTx <1, p >0}

fx) = vx e RY.

Proof Set
1

sup{f*(p) : pTx < 1,p = 0}
Fory > 0, let F),, F,, denote the upper levels of f and f* respectively, i.e.,
F,={xeR,:f(x)>y},F,={xeR},: fx) >y}
To prove the equality f(x) = f(x) for every x € R", it suffices to show that F,, = F, for
any y > 0.LetX € F,.If X ¢ F,, then we have f(¥) < y, or
1
— <
sup{f*(p) : pTx <1,p =0}

hence, there exists p > 0, ﬁTf < 1 such that

fx) =

Vs

w1
@ > -
Y
1 1
N4 > —
sup{f(x) : pTx <1, x>0} ¥
& sup{f(x):p'x<1Lx=0l<y
& f(x) <y Vx> OsuchthatﬁTx <1.

It follows that f(X) < y. This conflicts with the fact ¥ € F,,. Hence, F,, C F,.
Conversely, let x € fy. We can write
f@® =y
1
& >
suplf*(p): pTx=<1,p=0}

1
& fH(p) < ” Vp > O such that p’x < 1

1 1
< < — Vp > Osuch that p”x < 1
sup{f(x): pTx <1,x >0} ~ y p = Osuch that p'x <

S sup{f(x): pTx <1,x >0} >y Vp=>0suchthat p’x < 1. 9)

For p > 0 such that p’x < 1, the set {x € R" : pTx < 1} is compact. Since f is
continuous, by (9) there exists a vector ¥ > 0, p7% < 1 such that f(¥) > . This implies
that X € F,. Hence, F, is nonempty.

Suppose now that x ¢ F,. The function f is quasiconcave continuous and increasing on
]Ri, so F), is a closed convex and conormal set. Since F), does not intersect the line segment

$ ) (zi “,
@ Springer W
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[0, X], by the strong separation theorem, there exist a vector g # 0 and real number « such
that

qTx >aVx € Fy; (10)
g'x < aVx €[0; X]. (11)

From (10), we have ¢ > 0 by Lemma 2. Furthermore, from (11), it follows that @ > 0 and
there exists t > 0 sufficiently small such that (g + te)Tf < «a,wheree = (1,1,...,1).
Setting p = é(q + te), we have p > 0 and

1

ﬁ &pTx > 1Vx € Fy; (12)
PE< 1. (13)
Consequently,
Pl x > 1Vx > 0such that f(x) >y (14)
& f(x) <y Vx >O0suchthat p’ x < 1. 15)

From (9) and (13), it follows that
sup{ f(x) : x<1x>0}>y

Since {x € R : plx < 1} is a compact set and f is continuous, there exists a vector
X >0,p'%x < I suchthat f(X) > y. This conflicts with (15). Hence, F, = fy. O

Remark 1 The property f = (f™)* has been established earlier in [13] for polyhedral
concave increasing positively homogeneous functions. Theorem 2 thus extends this property
to the substantially larger class of continuous quasiconcave increasing nonnegative finite-
valued functions on R’ and positive on R’ , . The latter class includes many important
production or utility functions in mathematical economics, such as:

— Generalized Cobb-Douglas function

[0 = H(f,(x)) iaj >0,

j=1

where fj(x), j =1,2,...,k are positive concave and increasing on R’j_. This function is
quasiconcave on R’} (see [3]).
— Generalized Leontiev function

f(x):<min{ﬁ|j:1,2,...,n}> ,
¢j

wherec; >0, j=1,2,...,n, « > 0. This function is quasiconcave and is concave if and
only if @ < 1 (see [3]).
— Constant elasticity of substitution (C.E.S.) function

S = (alJC’f +azx‘26 +---+anX,f)ﬂ ,

wherea; >0, i =1,2,...,n, 0 < B < 1. This function is quasiconcave on R’; (see [3]).

Ful @ Springer



344 T. V. Thang

— Posynomial function

m n
f) = "c;[[)® withc; > 0and a;; > 0.
j=1 i=l

This function is quasiconcave on R’} .

It is easy to check that f* is a continuous function on R’ if f is polyhedral con-
cave increasing, positively homogeneous, or if f is a Cobb-Douglas function on R’ . More
generally, the following proposition is true.

Proposition 4 If f(x) is a continuous function on R”, then f* is upper semi-continuous
on R and lower semi-continuous on R’} .

Proof We define the point-to-set map C : R’} = R’} by
Cp)={x=0: plx—1<0}.

For any p € R, since p”x — 1 is a continuous function on R x p and R’} is closed,
C is usc at p (cf. [8, Proposition 2.2.1]). It is easy to verify that the function p’x — 1 is
continuous on C(p) x p and convex in x for each fixed p € R’.. This together with the
convexity of R, implies that the map C is Isc at p (cf. [8, Proposition 2.2.2]). Hence, C is
continuous on R’ . Furthermore, from the continuity of f, it follows that the function

p = sup{f(x): pTx§ 1, x >0}

is Isc at any p > 0 (cf. [8, Theorem 4.1.1]). Noting that f* is finite-valued, this implies that
the function f*(p) is usc atany p > 0.

We now show that f*(p) islsc on R, | . For any p > 0, then C(p) is uniformly compact
near p, i.e., there is a neighborhood U of p such that the closure of the set U,cyC(p) is
compact. Indeed, since p > 0, there is a closed ball B with center p such that p > 0
for every p € B. If cl(U,ecpC(p)) were not compact, there would exist a sequence {x"}
in cl(UpepC(p)) satisfying ||x"|| — oo, so, for every p € B, pIx" - +ooasn —
+00,contradicting the fact that pTx" < 1 for some p € B. Hence, C(p) is uniformly
compact near p. This together with the continuity of f implies that the function

p = sup{f(x): pTx§ 1,x >0}

is usc at p (cf. [8, Theorem 4.1.1]). Noting that f* is finite-valued, the lower semicontinuity
of f*(p) at p > 0 follows. O

Next, we introduce the concept of quasi-supdifferential for quasiconcave functions.
Using this concept, we will obtain in the next section an optimality condition in the form of
a generalized KKT for a quasiconcave maximization problem.

Let f : R" — R U {400} be an arbitrary function. In [10], with the quasiconjugate of
f(x) defined by

ne [ —inflfe): pTx > 1) ifp #£0,
o) = { —sup{f(x): x eR"} if p=0,

a vector p is called a quasi-subgradient of f at x if

p'x=1and f¥(p)+ f(x) <0.

16)
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In a similar way, with f*(p) now defined by (1), we call a vector p € R, a quasi-
supgradient of f at x if
plx=1and f(x)f*(p) = 1.
The quasi-supdifferential of f at x, denoted by 3™ f(x), is then defined to be the set of all
quasi-supgradients of f at x. If 3* f (x) is nonempty, f is said to be quasi-supdifferentiable
at x.
An immediate consequence of the definition of quasiconjugate is the following:

FOf*(p) <1 V(x,p)eRL xRY st plx <1 a7
So x € 3* f(x) is equivalent to saying that
pTx=1land f(x)f*(p) = L.

Theorem 3 If f is quasiconcave continuous strictly increasing on R”_, then 9* f (x) is a
nonempty convex set for any x > 0. Moreover,

pedf(x) & xed fi(p).

Proof Since f is quasiconcave continuous and increasing on R}, Fy(y) is closed convex
and conormal. Suppose there is an open ball B of center x such that B C Fy(y). Then, there
exists ¥ € B such that ¥ < x. Since f is strictly increasing this implies that f (%) < f(x),
conflicting with X € F(y). Hence, x is a boundary point of F(yy. Consequently, there exist
a vector ¢ 7 0 and number @ € R such that

qu >a Vz € Fyp, (18)
qTx =a. (19)

From (18), by Lemma 2, we have ¢ > 0 and from (19), it follows that « > 0. Setting
p= éq , we have p > 0 and

pTz>1Vze Fpy, (20)
pix=1. (21)

From (20), we have, by Theorem 1, p € Fn1 , hence f*(p) > %, ie, f*(p)fx) > 1.
fx)

This together with (21) implies p € 8* f(x). The convexity of 3* f(x) then follows from

the definition of quasi-supgradient.

By Theorem 2, we have (f*)* = f. So, p € 3* f(x) is equivalent to x € 3* f*(p). O

The above theorem shows that quasiconjugate duality under consideration fits into the
quasigradient duality scheme originally introduced in [9, 10].
From the above proof we also have

Proposition 5 Let f be quasiconcave continuous strictly increasing on R',. A sufficient
condition for p € 8* f(x) is pTx = 1 and pTz > 1 forall 7 € Frx).

Let f be an arbitrary function on R”. Recall that a vector p is said to be subgradient
of f atx if pT(x —X) < f(x) — f(x) for every x € R". By df(x) denote the set of all
subgradients of f atXx.

The following theorem describes the relationships between the two concepts of subgra-
dient and quasi-supgradient.
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346 T. V. Thang

Theorem 4 If f is concave continuous and strictly increasing on R”, then for every X > 0
satisfying f(xX) > 0 we have

1
—p€I(=fGN\{0} = il €9 f(¥).

Proof Let —p € 9(— f(x)) \ {0}. Then
plx—%) = f(x) = f() Vx € Frm),

hence

pTx > pr Vx € Frx). (22)
By Lemma 2, p > 0 (because Fy ) is conormal) and so pTx > 0. This together with (22)
T

implies % p' x > 1forevery x € Fy(x). Hence, by Proposition 5,

1 _

3 Conjugate Duality for Scalar-Maximization Problems

Let f : R} — R be a nonnegative, quasiconcave continuous strictly increasing function,
X C R’} a compact convex normal set with nonempty interior (A set X C R’ is called
normal if for any two points x, x’ € R} satisfying x" < x € X then x” € X). Consider the
optimization problem:

max f(x), s.t. x € X. 23)
In this section, we will develop quasiconjugate duality for this problem on the basis of an
optimality condition in the form of generalized KKT condition.

If X represents a set of feasible activities and the production function is f, then this
problem amounts to finding an activity vector x € X with maximal output. Since quasi-
concave functions form a wide class of functions encountered in practice, the problem (23)
has potential applications in various fields. In earlier papers [11, 13], a conjugate duality
for (23) was developed when f is an increasing linear function on R’} or f is a polyhedral
concave increasing and positively homogeneous function defined on R"”. However, many
important production or utility functions in mathematical economics are only quasiconcave
but not necessarily concave (see Remark 1). Our next purpose is to extend conjugate duality
for problem (23) to this more general case.

Since f is continuous and X is compact, the problem (23) has a solution; moreover, its
optimal value is positive.

In [10], the quasi-subdifferential was applied to provide a sufficient optimality condition
for a quasiconvex minimization problem. We now use the quasi-supdifferential to develop
a necessary and sufficient optimality condition for (23). For every vector X € X denote by
N (x, X), the normal cone of X at x:

NE X)={p:pl(x —%) <0Vx € X}.

Theorem 5 A vector x € X is a global optimal solution of (23) if and only if it satisfies the
following generalized KKT condition

0€d*f(x) — N, X). (24)
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Proof Suppose x € X and (24) holds. Then there exists a vector p € 3* f(X) such that p €
N (X, X). Since p € 3* f(x), we have pTx = 1 and f*(p) f(x) = 1. Since p € N(x, X), it
follows that p” (x —X) < O forevery x € X or pTx < 1 forevery x € X. By (17), we have

fA(p) f&) =max{f*(p)f(x): x € X} = f*(p) max f (x),

consequently,
J(X) = max f(x),
xeX

so X solves (23).

Conversely, suppose that X solves (23). We show that int X Nint Fyx) = #. Suppose
there is an open ball B of center x%suchthat BC XN F r@- Then f(x) = f(x) for every
x € B and for x* € B such that x* > x°, one would have f(x*) > f(x%) = f(¥) (because
f is strictly increasing), a contradiction. Hence, int X N int F sz = #. By the separation
theorem, there are ¢ € R’} \ {0} and a real number « such that

g'x <aVxeX; (25)
qTx >aVx € Fr). (26)

From (26) by Lemma 2, we have g > 0 (because F ) is conormal). From (25), we have
o > 0. Setting p = éq, we can write

pTx <1Vx e X; 27
pTx > 1Vx € Fra). (28)
It follows that p”x = 1. This together with (28) implies p € 8* f(x) by Proposition 5.
From (27), it follows that p € N(x, X). Hence, 0 € 3* f (X) — N(X, X). O

Let P be the lower conjugate of X
P={p=0:p'x <1VxeX}

It can easily be checked that P is also a compact convex with nonempty interior set in R’} .
Moreover, X is the lower conjugate of P (see [13]):

X={x>0:p'x<1Vpe P}
Following [11], we define the dual of the problem (23) to be the following problem
max f*(p), s.t. p € P. (29)

By Proposition 4, f* is usc on R’ , so (29) has a solution. Since X and P are the conjugates
of each other and the conjugate of f* is f, the dual of the dual problem coincides with the
primal problem. So the duality is symmetric.

In [13], strong duality was obtained under the assumption that f is a polyhedral concave
increasing and positively homogeneous function on R’} . We now extend strong duality to
problems (23) and (29).

Theorem 6 Letx € X andp € P. Then X is optimal to (23) and p is optimal to (29) if and
only if
F@f(p) =1 (30)

Proof Suppose x € X and p € P satisfy the dual relation (30). Then
F&@) f*(P) =max{f(x)f*(p): x € X, p € P} = max f(x) max f*(p),
xeX peP
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hence,
f(X) =max f(x), f*(p) = max f*(p).
xeX pepP
Thus, x solves (23) and p solves (29).

Conversely, suppose X solves (23) and p solves (29). Since X solves (23), f(x) > 0. By
Theorem 5, we have

0€d*f(x) — N(x, X),

i.e., there is a vector g € ]R’fF such that

gTx =1, (31)
@ @) =1, (32)
g"x <1Vx e X. (33)

From (33), it follows that ¢ € P. Since X € X, X! p < 1 for every p € P. This together
with (31) implies that x(p— q) < 0forevery p € P,ie.,x € N(g, P). From (31) and
(32), we have x € 3* f*(gq). Thus,

0€d*f*(g) — N, P).
By Theorem 3, it follows that g is an optimal solution of the problem (29). Since p also
solves (29), we have f*(q) = f*(p). Therefore, f*(p)f(x) = 1. O
Corollary 1 Letx € X and'p € P. Then, X solves (23) and p solves (29) if and only if
PEVf(X) orx € d* fH (D).
Proof The “if” part is obvious. To prove the “only if” part, suppose that x solves (23) and
P solves (29). By Theorem 6, we have
f®re) =1

We show that p7 ¥ = 1. Since X solves (23), we have f(¥) > 0. By Theorem 6 again, we
have

‘i) — ! 1
;= sup{f(x): plx<1L,x>0} f(@)
Hence,
sup{ f(x) : ﬁTx <1l,x>0}= f(x). (34)

Suppose on the contrary that p’ x = « < 1. There exists then a real number ¢ > 0 such that
ﬁT(Y—i- te)=1(e=(1,1,...,1)). Since f is strictly increasing, f(x) < f(x + te). This
conflicts with (34). (I

4 Duality for Vector-Maximization Problems

Let R” be represented as the cartesian product of k subspaces R i =1,2,...,k :
k
R =] [R",
i=1
where n = Zf»‘zlni and_ ni > 1i =1,2,...,k. Then for any x € R" we have x =
(!, %%, ..., xk) where x € R} foreveryi = 1,2,... k.
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Given a compact normal convex set X C R’} withintX # ¢ and a function f; : Ri" —- R

foreveryi = 1,2, ..., k, consider the vector-maximization problem
fih > max i =1,2,....k (35)
s.t.x = (xl,xz, .. .,xk) € X.

This problem arises when one has to maximize the production output or utility under
a given resource constraints. In [13], the conjugate duality was developed for vector-
maximization problems when the objective functions are polyhedral concave increasing
positively homogeneous production functions on R’} . We now develop the conjugate duality
for the vector-maximization problem (35) when the functions f; (x') are quasiconcave.

Let C C R" be aconvex set. A function f : C — Ris said to be positively homogeneous
of degree o > 0 if for every x € X one has f(rx) = t* f(x) forevery r > 0. When o = 1,
the functions are simply called positively homogeneous. The class of functions positively
homogeneous of degree o > 0 appears frequently in Economics (see Remark 1).

Consider now problem (35) when each function f; : ]R'fr" - Ry (i =1,...,k) is
quasiconcave continuous increasing positively homogeneous of degree «; > 0 and satis-

1

fies f;(x’) > O for every x! > 0. Then it is easily checked that (f;)% is a quasiconcave
continuous, nonnegative, positively homogeneous, strictly increasing function on R'J’r" and

L .
satisfies (fi(x'))% > O for every x' > 0. Furthermore, it is immediate that the following
proposition holds true.

Proposition 6 A vectorx € X is (weakly) Pareto efficient of (35) if and only if it is (weakly)
Fareto efficient of the problem

L
(fix')e > max i =1,2,...,k (36)
s.t.ox = (xl,xz,...,xk) € X.
Under the stated assumption, the problem (35) can be replaced by problem (36). Thus,
we can assume that f; is positively homogeneous for every i = 1,2,...,k. Let p =
(pl, pz, R pk) € R" with pi eRY,i=1,2,..., k. Denote by P the lower conjugate of

X and by f;* the quasiconjugate of f; on Rﬁ'r" . The dual of (35) is defined to be the following
vector-maximization problem

Ay > max i =1,2,....k (37)
st.p= (pl,pz,...,pk) e P.

Since X and P are lower conjugate of each other and f; is quasiconjugate of f* for every
i=1,2,...,k, the above defined duality for vector-maximization problems is symmetric.

Example 1 Consider the vector-maximization problem

n; X
i =[] > max i =1,2,... k
j=1

S.t.x = (xl,xz,...,xk) € X,

%hm'n @ Springer



350 T. V. Thang

where Z;”:l ozj. =1, (x’}. >0, j=1,2,...,n;. By Proposition 2, the dual problem is
n; i
P i
]‘[(fj)“j —>maxi=12,....,k
Pioal
j=1 "
s.t.p:(pl,pz,...,pk) e P.

In [13], we have established the following theorems.

Theorem 7 (Weak duality theorem) For any x € X and p € P, we have

k
S AREHFFPH < 1. (38)

i=1

Theorem 8 (Duality relation) Letx € X and p € P. If (x, p) satisfies the equality

k
Y AE @) =1, (39)

i=1

then X is primal weakly Pareto efficient and p is dual weakly Pareto efficient.
Next, we establish strong duality for vector-maximization problems.

Theorem 9 If X is primal weakly Pareto efficient, then there is p € P such that (x,p)
satisfies the dual relation (39). Similarly, if p is dual weakly Pareto efficient, then there is
X € X such that (x, p) satisfies (39).

Proof Suppose X is primal weakly Pareto efficient. Set
Qr={zeRl: i) > i@), i=1,2,... k).

Since the function f; quasiconcave continuous increasing foreveryi = 1,2, ...,k, Qyisa
closed convex and conormal set in R, . We contend that intQzNint X = . In fact, if it were
not so, there would exist an open ball B of center z such that B C Qx N X. Since z € Qx,
we have f;(z') > f;(x') forevery i € {1,2,..., k). Taking Z € B such that > 7 yields
fi@Y > fi@) > f;(x") forevery i € {1,2,...,k} (because f; is strictly increasing),
conflicting with X being weakly Pareto efficient for (35). So, int Qx Nint X = . By the
separation theorem, there are u € R" \ {0} and o € R such that

ulz<avzeX, (40)
ulz >a Vz € Q. (41)

Since Qx is conormal, it follows from (41) that # > 0 by virtue of Lemma 2. Also, since
intX # ¢, it follows from (40) that @ > 0. Setting p = éu,we can rewrite (40) and (41) as

plz<1VzeX, (42)
plz>1Vze Qs (43)

@ Springer i ms



Conjugate Duality and Optimization over Weakly Efficient Set 351

From (42), it follows that p € P. From (42) and (43), we have further ﬁTf =1and
k
min {ﬁTz iz € ﬁf] = Zmin {ﬁiTzi e RY, i) > fi(f")}
i=1

=plx=1 (44)

Foreachi € {1,2,...,k}, putting oty = min{ﬁiTzi A= R'_ﬁ, fi(@) = fi(x")}, we then
have from (44) that

@; = min [ﬁiTzi 12 eRY, fid) = ﬁ(fi)} =ﬁini. (45)
o F+ar+---Fap=1. (46)

Setting I = {i € {1,2,...,k}: fi(x) > 0, a; > 0} yields
fi@) P =i =0Vi € {1,2,... . k}\ 1, 7

To see this, leti € {1,2,...,k}\ I.If f;(x') = O then, noting that f;(0) = 0 because f;
is positively homogeneous, we get from (45):

j = min {ﬁiTzi 2 eRY, £ = 0} -7 0=0.
Ifo; = 0and f;(x') > O then ﬁirfi = 0. This together with the homogeneity of f; implies
Sup[ﬁ(xi): ﬁiTxi <1, x> 0] = 400,

hence
* —I 1 1
sup{f;(x’): P xi <1, xi >0} TX
Therefore, as has been asserted in (47),
LHEYFPY=ai =0Vie(1,2,...,k}\ 1.

Now fori € I, we have f; (') > 0 and o; > 0. On the other hand, by (45),

T . . X . .
P = Ve el eRY:fi) = fiY),

or, equivalently,
L i
()Tip 7' >1V7 e Ffi(fi)’
where F @) is an upper level set of f;. By Proposition 5, we then get
1 —i * ool :
—p €ed fix")Viel,
o

consequently
G AP = Vi el (48)
From (47), (46), and (48), we obtain

k k
Y AEHFPH =) ai =1,
i=1 i=1

proving the duality relation (39).
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Since the duality sheme is symmetric, by the arguments similar to the above we can show
that if p is primal weakly Pareto efficient then there is X € X such that the duality relation
(39) holds at (x, p). O

Theorem 9, which is the main result of this paper, shows that the developed duality
for general quasiconcave vector-maximization problems has zero gap and, moreover, that
the corresponding duality relation (39) helps to characterize weakly efficient solutions of
the primal and the dual problems. Since polyhedral concave nondecreasing and positively
homogeneous function are special cases of quasiconcave continuous increasing nonnega-
tive positively homogeneous functions, the above results have thus extended those earlier
obtained in [13]. Specifically, strong duality theorem for vector-maximization problems
which was established in [13] when the objective functions f;,i = 1, 2, ..., k, are concave
and polyhedral still remains true when f; are quasiconcave and not necessarily polyhedral.
The proof of strong duality theorem in [13] requires concavity and finiteness of the objective
functions f; on R" . In the present paper, thanks to a different approach, only quasiconcavity
and finiteness on R'_ﬁ of the objective functions are needed.

5 Optimization over Weakly Pareto Efficient Set

In this last section, as an application of the above results, we present an approach to opti-
mization over weakly Pareto efficient set based on bilevel programming and monotonic
optimization.

Denote by X w g the set of all weakly Pareto efficient of the vector-maximization problem
(35) when each function f; : R:’j — Ry (i = 1,...,k) is quasiconcave continuous
increasing positively homogeneous and satisfies f;(x?) > 0 for every x’ > 0. Consider the
following optimization problem over the weakly Pareto efficient set

max{g(x)|s.t.x € XwEg}, (49)

where ¢ (x) is a continuous concave function defined on R’} such that g(x) > 0 for every
x > 0. If g(x) and X represent, respectively, a profit and a set of feasible production
programs, this problem amounts to finding a weakly efficient production program with
maximal profit. For this type of problems, several solution methods are available (see [1,
18]).

By Theorems 7, 8, and 9, a vector ¥ € Xwg if and only if X € X and there exists p € P
such that (X, p) is a optimal solution of the following problem

k
max{Zﬁ(xi)]‘i*(pi)| xeX,pe P}.

i=1

Thus, the problem (49) can be rewritten as the bilevel programming problem

maxq(x) s.t. (50)

x € X,peP, (x,p)solves (51)
k

maX:Zﬁ(xi)ﬁ*(Pi)lxex,peP}. (52)
i=1
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This problem belongs to the class studied in [16]. Using the method proposed in the latter
paper for solving bilevel programs, we define

k

9(p)=max{q(x)| Y AEOHPH =1 xeX Vp e RY
i=1

with the convention max ¥ = 0.

Note that the function Zle fi(xh S p') is quasiconcave in x for fixed p, so the fea-
sible set of the subproblem that defines 8(p) is a convex subset of X. Therefore, the value
of 6(p) is obtained by solving a convex problem (maximizing a concave function over a
convex compact set).

.. . . . . n
Proposition 7 0(p) is an usc increasing function on R’} .

Proof Since g(x) and Zf: 1 fi(xh S p') are continuous on R”., by an argument similar
to the one in Proposition 4, we can prove that 6(p) is an usc function on R’,. Suppose
0 < p<p. Since f;, f7* are nonnegative and f* is an increasing function on R’_’F" for any
i=1,2,...,k,wehave

k X k
S AEHFED =Y A () vx e X
i=1 i=1
This implies that

k k
xeX: Yy [P =clreX: Y DO = 1}.

i=1 i=1
Hence, 0(p’) > 6(p’). O

We now prove that problem (50)—(52) is equivalent to the following monotonic optimiza-
tion problem:
max{f(p)|p € P}. (53)

Since P is compact and 6 (p) is an usc function on R” , (53) has an optimal solution.

Theorem 10 The optimal values in problem (53) and problem (50)—(52) are equal, i.e.,
0* = g*. Moreover, if p is an optimal solution of (53) then X is an optimal'solutiqn of
(50)—(52), where x is a maximizer of the function q(x) on {x € X : Zle fiG) fr ) =
1}.

Proof Let X be an optimal solution of (50)-(52), i.e., ¢(X) = q* and there exists p €
P such that (x, p) is a maximizer of the function Zf-;l fi) fF(p') on X x P, ie,
Sk fi®) (@) = 1 by virtue of (38). Then,

*

q° =qX)

IA

k

max {q(x) P RGP = LxeX
i=1

= 0(p)

< 6*.
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This particularly implies 6* > 0. Conversely, let p be an optimal solution of (53), i.e.,
P € P and 6(p) = 6*. We show that {x € X : Zle i)Y fEP') = 1) # 0. In fact,
suppose on the contrary, that {x € X : Zle ﬁ(xi)]‘i* (p") = 1} = @. By Theorem 7, we
have

k k
{x eX: Y fiGHfFPY=l=(xeX: Y AP = 1} =0
i=l i=1

So,
6* = 0(p)

k
max {q(x) : Zﬁ(xi)]‘i*(ﬁi) >1, xe X}

i=1

k
— max {q(x) EY LGP =1, x € X}
i=1
= max {/
=0
< 0%,
which is a contradiction.
Let x be a maximizer of the function g (x) on the set

k
[x eX: Y fithfr @)= 1] .
i=1
Then x € XwE and
6% = 6(p)
k . .
= maxiq(x) : Zﬁ(x’)ff‘(ﬁ’) >1,xe€ X}

i=1

k
= max {q(x) CY AP =1, x € x}
i=1

q(x)

q".

Consequently, 0* = ¢*. This particularly implies that X is an optimal solution of the
problem (50)—(52). O

IA

6 Conclusions

In an earlier paper [13], we have studied the quasigradient duality for problems of max-
imizing a polyhedral concave increasing positively homogeneous function over a convex
feasible set. In the present article, the quasigradient duality is developed for problems of
maximizing a quasiconcave continuous increasing nonnegative positively homogeneous and
finite-valued, function over a convex feasible set. As we have seen, the main results in
[13] remain true for this more general class of problems. Specifically, the conjugate duality

<o
PN
“ 10
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scheme is still symmetric and a strong duality theorem is still true. We also present dual-
ity relationships that can help to characterize the (weak) Pareto efficient solutions, and to
derive a sufficient condition for Pareto efficiency. As a result, an optimization problem over
the weakly efficient set reduces to a bilevel optimization problem which can be solved by
an monotonic optimization algorithm.
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