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Abstract In this paper, we study the regularity of the solution of the initial-boundary value
problem with Dirichlet boundary conditions for second-order divergence parabolic equa-
tions in a domain of polyhedral type. We establish several results on the regularity of the
solution in weighted L ,-Sobolev spaces.
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1 Introduction

The L ,-theory of second-order parabolic equations has been studied widely under various
regularity assumptions on the coefficients and the domains. Let us mention some works
related to this topic. For the case of continuous leading coefficients and smooth domains, the
W,% o1 -solvability has been known for a long time, see, for example, [7]. In [2], Bramanti and

Cerutti established the Wg’l—solvability of the Cauchy-Dirichlet problem for second-order

P< Vu Trong Luong
luongvt@utb.edu.vn

Nguyen Thanh Anh
thanhanhsp @ gmail.com

Do Van Loi
dovanloi @hdu.edu.vn

Department of Mathematics, Tay Bac University, Sonla, Vietnam
Vietnam Education Publishing House, Hanoi, Vietnam

Department of Mathematics, Hong Duc University, Thanhhoa, Vietnam

Q) Springer Hanoi


http://crossmark.crossref.org/dialog/?doi=10.1186/10.1007/s40306-016-0172-1-x&domain=pdf
mailto:luongvt@utb.edu.vn
mailto:thanhanhsp@gmail.com
mailto:dovanloi@hdu.edu.vn

732 V. T. Luong et al.

parabolic equations with VMO coefficients in domains being of the C!-! class. For the case
of nonsmooth domains, let us mention the works [3] and [1] in which the unique existence of
weak solutions in W!I,-Sobolev spaces was established. In [8], coercive estimates for strong
solutions to the Dirichlet problem and to the Neumann problem for the heat operator in a
dihedral angle were obtained.

In this paper, we are concerned with the regularity of the weak solution obtained in
[1] in the case the domain is of polyhedral type. For elliptic boundary value problems in
domains of this type, many results on the solvability and the regularity in weighted L -
Sobolev spaces are known (see the monograph [6] and the references therein). Basing on the
regularity results for elliptic boundary value problems in [6] together with the solvability
result for the Cauchy-Dirichlet problem for parabolic equations in [1], we will establish
several results on the regularity of the weak solution in weighted L ,-Sobolev spaces. Our
method has similarities with [4] in which the authors considered only the case of weighted
Sobolev spaces with the Ly-norms.

Our paper is organized as follows. In Section 2, we introduce some notations and pre-
liminaries. Section 3 is devoted to studying the regularity in time of the weak solution. This
is an intermediate step to investigate the global regularity of the solution in Section 4.

2 Notations and Preliminaries

Let G be a bounded convex domain of polyhedral type in R3, i.e., the following conditions
hold (see [6, Chapter 4]):

(i) the boundary dG consists of smooth (of class C*) open two-dimensional manifolds
I'; (the faces of G), j = 1, ..., N, smooth curves My (the edges),k =1, ...,d, and
vertices x(D, ..., x@),

(ii) forevery & € My there exists a neighborhood U and a diffeomorphism (a C*° map-
ping) k¢ which maps G NU; onto D¢ N By, where Dg is a dihedron and B is the unit
ball.

(iii) for every vertex x/) there exists a diffeomorphism « ; mapping G NU; onto KC; N By,
where /C; is a cone with edges and vertex at the origin.

Let T be a positive real number. Set Q = G x (0, T) and S = dG x [0, T]. For each
multi-index o = (a1, ..., &) in N, set || = oy + -+ + oy, and 9% = 9% = 9y ... dx".
For a function u = u(x, t) defined on Q, we write u,« instead of % for each k € N.

In this paper, the letter p stands for some real number, | < p < oo, and g denotes its

conjugate exponent, i.e., — + — = 1.
P q
Let / be a nonnegative integer. By W,l,(G), we denote the usual Sobolev space of

functions defined in G with the norm

Iy = | [ 3 lozurras

la| <t

1
P

AWe denote the distance from x to the edge M by r¢(x), the distance from x to the corner
x(f_ ) by p j (x). Furthermore, we denote by X ; the set of all indices k such that the vertex
x) is an end point of the edge My. Let U, . .., Uy be domains in R? such that

Ui U...UUy DG, x D ¢U;ifi #j, andU; "My = ifk ¢ X;.
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L »-Regularity for the Cauchy-Dirichlet Problem for Parabolic Equations 733

We define Véy p.s(0) as the weighted Sobolev space with the norm

p(Bj—I+lel) Tk
lally: @ 2 /G X T [Tt |
’ n

i<l kex,

where 8 = (B1, ..., Ba) € RY 5 = (1,...,85) e R andlisa nonnegative integer.
It follows readily from [6, Lemma 4.1.3] that 1% .5, 5(G) is continuously imbedded in
pﬂ/a’(G) provided that I’ < I, B —1 < B, —1I',8; — 1 < 8’ I'fork=1,...,d,j =
1,....d.
By W},(G), we denote the closure of C§°(G) in W;(G)- The norm in the space VOV},(G)
is the same one as in W}, (G). We denote by Wp_l (G) the dual space of V?/(]] (G). The pairing

between WP_I(G) and W}I (G) is denoted by (., .). By identifying the dual space of L ,(G)
with L, (G), we have the continuous imbeddings L, (G) C w, 1(G) by setting

(f,v) :/vadx

iff € Ly(G)andv € W (G).
Let X be a Banach space We denote by L, ((0, T); X) the space of measurable functions
f:(0,T) - X with

1

T P
I fllz,0.1):x) = </0 ||f(f)||§dl> < 00.

For shortness, we set vk B, B(Q) L,((0,T); v! .5, 5(G)).
Finally, we introduce the Sobolev space p’*(Q) which consists of all functions u

defined on Q such that u € L,((0, T); W},(G)) and u; € L,((0,T); Wp’l(G)) with the
norm

Iy = Tl i + 1L, 0m7 G

In this paper, we consider the following Cauchy-Dirichlet problem for a second-order
parabolic equation in divergence form

u; —div(AVu) = fin Q, (1)
u =0onsS, )
Uli=0 = 0onG, 3)

where A = A(x,t) = (ajk(x, t))’; k=1 18 a symmetric matrix of real bounded measurable

functions defined in Q satisfying the following condition: there exists a positive constant
Mo such that

A(x,1)& - & > polel )

for all ¢ € R" and all (x,7) € Q. Since we are paying attention to the influence of the
singularity of the domain on the regularity of the solution, we assume that the coefficients
a i are infinitely smooth on Q.

con
S 9 /Vi
<1h
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734 V. T. Luong et al.

Definition 1 Let f € L,((0,T); Wp’l(G)). A function u € W;’*(Q) is called a weak
solution of the problem (1)—(3) if and only if u(., 0) = 0 and the equality

(ur, v) + B(t,u, v) = (f(2), v) ®)

holds fora.e.r € (0, T) and all v € V(E/(l] (G), where

B(t. u, v):f Ax, )V - Vodx = Z/ ajix D)5 ou e

jk=1 J

Theorem 1 If f € L,((0,T); W;l (G)), then there exists a unique weak solution u €
W;’*(Q) of the problem (1)—(3) which satisfies
””‘”W1 <O C”f”L »((0,7); W,,_](G))’ (6)

where C is a constant independent of f and u.

This theorem is deduced directly from Theorem 1 in [1] In fact, a weak solution of the
problem (1)—(3) in the sense of [1] means a function u € Wp (Q) = L,((0,T); W (G))

satisfying
T T T
—[ (u,v,)dt—i—f B(t,u,v)dt:/ (f, v)dt (7
0 0 0

for all smooth test functions v in Q vanishing in a neighborhood of the lateral surface and
the upper base of the cylinder Q, where (u, v) = f G uvdx. However, from (7), we obtain (5)
withu, € L,(0,T, W, (G)) and

luelly,0.7.w5 16y < € (”“”LP(O,T,W},(G)) + ”f”L,,(o,T,W;‘(G))) ’

where C is a constant independent of « and f, i.e., the function u in fact belongs to W,l,’* Q).
Thus, Theorem 1 follows directly from [1, Theorem 1].

3 The Regularity in Time

To investigate the regularity of weak solutions for initial —boundary value problems for
parabolic equations in non-smooth domains, it is reasonable to study, as an intermediate
step, the regularity with respect to the time variable of those solutions in Sobolev spaces in
which they are attained. So, the present section is devoted to this intermediate step.

We start by proving the following auxiliary lemma.

Lemma 1 Assume that for eacht € [0, T], F(t, -, ") : WII,(G) X Wé (G) — Cis a bilinear
map satisfying

F(t,u,0)| < Cllullyy ) IVl 6) ®)

for all u € WIP(G) and v € W;(G), where C is a constant independent of u, v and

t. Assume further that F (., u, v) is measurable on [0, T] for each pair u € W},(G) and
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L »-Regularity for the Cauchy-Dirichlet Problem for Parabolic Equations 735

v E IX/; (G). Suppose that u € W;,*(Q) satisfies u|;—o = 0 and
'
(ue (-, 1), v) + B(t, u(-, 1), v) =/ F(s,u(,s),v)ds )
0

forae. t €[0,T]andallv € W}I(G). Thenu = 0on Q.

Proof 1Tt follows from (8) that the function g : [0, T] — Wp_ 1(G) defined by

t o
(g(t),v) = / F(s,u(-,s),v)ds, t€[0,T], ve W}I(G),
0

is a member of L, ((0, 7); Wp_l(G)) for each t € (0, T] with

p
1917 oot <€ | [ sl st (10)
Hence, according to Theorem 1, it follows from (9) that, for each t € (0, T,
T t »
ey (or) < /0 /0 G )y gydsr (n

Especially,

Taking T = zlc’ it follows from (12) that = 0 on [0, %]. Repeating these arguments
leads to u = 0 on intervals [zc é] [é, %], ... and, consequently, u = 0 on Q. O

Now, we state and prove the main theorem of this section.

Theorem 2 Let h be a nonnegative integer. Assume the function f has weak derivatives
with respect to t up to order h and the following conditions are fulfilled.

() fr € Lp((0,T); W, N(G)) fork =0,...,h,
(i) fux,0)=0fork=0,...,h—1.

Then the weak solution u in the space W;’*(Q) of the problem (1)—(3) has derivatives
with respect to t up to order h with

ug € Wy (Q) fork=0,1,....h (13)
and
h h
< _
; luwllwy o) < C];) 1l co.mws Gy (14)

where C is a constant independent of u and f.

Proof This theorem can be proved by application of Lemma 1 and by an argument analo-
gous to that used for the proof of Theorem 3.1 in [4]. We will show by induction on /4 that

con
S 9 /Vi
<1h
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736 V. T. Luong et al.

not only the assertions (13), (14) but also the following equalities hold:
uli=0 =0, k=1,...,h, (15)

and
h h o
(s, )+ (k> By (t, upe,m) = (fn. ) forall n € W, (G). (16)
k=0

The case i = 0 follows from Theorem 1. Assuming now that they hold for 4 — 1, we
will prove them for 4 (h > 1). We consider first the following problem: find a function

ve W) (Q) satisfying v|,—o = 0 and

h—1

(ve,m) + B(t,v,m) = (fun, ) — Z (Z) B (t, g, n) 17)

k=0

forally € W, (G) and ae.t € [0, T].
Let F:[0,T] — Wp_1 (G) be a function defined by

h—1

(F@).m) = (fm.n)= Y (Z) Bk (t, um,m),n € v?/;(G). (18)
k=0

From the inductive hypothesis, we see that F' € L, ((0, T); Wp_ ! (G)) with

h—1
” FllL,,((O,T);Wp_l(G)) < ”fth ”Lp((O,T);Wp_I(G)) +C Z ”utk ”LP((O,T);W},(G))
k=0
h
< €YML, 0wy 6y
k=0

where C is a constant independent of f. Hence, according to Theorem 1, the problem (17)

. © l .
has a solution v € Wp,*(Q) with
h

||U||WI§’*(Q) <C ; ||f,k ”L,;((O,T);Wp_l(G))’

where C is a constant independent of f.
We put now

t
w(x, 1) =/ v(x,t)dt, x € G,t € [0,T].
0

Then, we have w|;—g = 0, w; = v, w;|;—9 = 0. We rewrite (17) as follows

h—1
(w”?ﬁ> + B(ts Wy, 7]) = (,fths n> - Z (Z) Bthik(t’ut]“ 77) (19)
k=0

@ Springer i ms



L »-Regularity for the Cauchy-Dirichlet Problem for Parabolic Equations 737

It is noted that 9
B(t,ws, n) = EB(I’ w,n) — B:(t, w, n),

and

h—2

9 h—1

o ( k ) By (t, upi, m)
k=0
h—2 W1

= ( k ) (Bz/sz (t, um,n) + Bpn—1-k(t, U+, 77))
k=0

S (h-1 h—1
:Bth(t,u,r))—i-Z(( k )+(k—1>> Bk (t,up,m) + (h — 1) B (¢, upn-1, n)
k=1

h—2
h
=Bu(t.u.n)+ Y (k ) Byt (t, g, 1) + (h — 1) By (¢, un-1, )
k=1

h—1 h
= Z (k) B« (t, um;,n) — B (t, upm—1,m).
k=0

Hence, we get from (19) that

0
(wtt’ ’I) + 58(1‘7 w, 77) = (fths 77) + Bl(ts W — Ush-1, 77)

P h—2

~3 (h ; ! ) Bk (t, us, m). (20)
k=0

Now by integrating equality (20) with respect to ¢ from O to ¢ and using the assumption
(ii) and the inductive hypothesis (15), we arrive at

t
(wr,n) + B@t,w, n) = (f-1. n>+/ By (T, w —up-1,ndt
0

h—2
_ Z <h ; ! > Bn—1-k(t, us, n). 21
k=0

Put z = w — un-1. Then z|,—¢ = 0. It follows from the inductive assumption (16) with
h replaced by & — 1 and (21) that

t o
(2 (1), m) + B(z, 2(1), m) :/ By (7, 2(., 7), n)d for all n € W, (G). (22)
0

Now by applying Lemma 1, we can see from (22) that z = 0 on Q. This implies u,» =

wy =v € W},’*(Q). The proof is complete. O

4 The Global Regularity

Firstly, let us review some notations and results on elliptic boundary value problems in
domains of polyhedral type (see [6, Chapter 4]).

Let & be a point on the edge My, and let I'x, , I'x_ be the faces of G adjacent to &. Then
by D¢ we denote the dihedron which is bounded by the half-planes I‘,‘(’i tangent to I'y, at &

Fus &\ Springer



738 V. T. Luong et al.

and the edge M¢ = l_“,‘C’Jr n 1:‘,‘{’7. Let r, ¢ be polar coordinates in the plane perpendicular to
M g such that

Iy, ={xeR:r>0¢=+6/2}.
We define the operator Ag (A, ) as follows:
As (A, DU = r*"*V(AE, D) V),
where u(x) = r*U(¢), A € C. The operator Ag (A, t) realizes a continuous mapping from

W22(Ig) N W%(Ig) into Ly (1) for every A € C, where I¢ denotes the interval (—6¢ /2, 6s /2).
A complex number A is called an eigenvalue of the pencil Ag (A, ¢) if there exists a nonzero

function U € WZZ(Ig) N W%(Ig) such that Ag (Ao, 1)U = 0. We denote by 6, (¢, ) and
3_ (&, t) the greatest positive real numbers such that the strip

—8_(£,1) < Reh < 8, (£, 1)

is free of eigenvalues of the pencil A¢ (A, t). Furthermore, we define

® ,
8y = inf ) ,t
£ = oM 00

fork=1,...,d.

Let x® be a vertex of G, and let J; be the set of all indices j such that x® ¢ f‘j. By
assumption, there exist a neighborhood I of x* and a diffeomorphism « mapping G N U
onto K; N By and I'y NU onto I'p N By for k € J;, where

Ki={xeR: x/|x| € @i}

is a cone with vertex at the origin, I'? = {x € R : x/|x| € &}, Q; is a domain of polygonal
type on the unit sphere S? with the sides yx, and By is the open unit ball. We introduce
spherical coordinates o = |x|, w = x/|x| in K; and define

G, DU = o> V(AGED, 1) Vu)

where u(x) = p*U (w). The operator 4l; (1, t) realizes a continuous mapping

W3 (Q) N WH(Qi) — La(Q0).
An eigenvalue of Ll; (X, ¢) is a complex number Ag such that ${; (Ao, 1)U = 0 for some
nonzero function U € W3(2;) N W(Q)).
For the following lemma on the regularity of the solutions to elliptic boundary value

problems in domains of polyhedral type, we refer to Corollary 4.1.10 and Theorem 4.1.11
of [6].

Lemma 2 Let I,1" be nonnegative integers, I,I' > 1, and let B = (B1,...,B4), B =

By By, 8 = B1,...,80), 8 = (8,..., 8(’1,) be tuples of real numbers. Let us fix

somet € [0,T]. Letu € V;,ﬁ,a (G) be a solution of the following elliptic boundary problem

div(A(x,t)Vu) = finG, (23)

u = 0onaG, (24)

where f € Vll;% s(G)N VIZ,/E? 5 (G). Suppose that the following conditions are satisfied.

(i) The closed strip between the lines Reh =1 — B; —3/p and ReA = 1" — ﬁ} —-3/p
does not contain eigenvalues of the operator pencils 4; (A, 1), j =1, ..., d,

@ Springer i ms



L »-Regularity for the Cauchy-Dirichlet Problem for Parabolic Equations 739

(i) =8 <& —1+2/p < 8W and -8 <5, 1 +2/p < 8® fork=1,....d.
Then u € V[l;’ﬁ,,a/(G) and

lalyr 6 S Mz 25)

with a constant C independent of u and f.
‘We now state the main theorem of this section.

Theorem 3 Let m, h be nonnegative integers, m > 2, and B = (B1,...,B4),6
(81, ..., 8)) be real tuples, —1 < B, 8 < 1. Let £y, be the greatest integer less than "
Assume that the following conditions are satisfied.

Q) freVr 320 fork=0.1,....h,

(i) S € Vo000 fork =01,
(i) fonrems 6 Lp((O, T); Wp (G)),
iv) fu(x,0) =0fork < h+ 4Ly

l
2

Additionally, suppose that the closed strip between the lines Re. = 1 — 3/p and
Rel = m — Bj — 3/p does not contain eigenvalues of the operator pencils U;(A,1), j =
1,...,d,t €[0,T], and

50 <2/p—1<8®, W <5 —m+2/p<s® k=1,....d.
Letu e W;,*(Q) be the weak solution of the problem (1)—(3). Then

e € VI)(0) fork =0.1,...h, (26)
and, if €, > 1
e € Vo5 20(0) for k =0, . Q7

Moreover, the following estimate holds

h L h
Z (17 ||Vm 0.(0) + Z [l2 14k IIszmfzk o(Q) (kz Il fx ”VZE,%O(Q)
=0

k=0 k=0
[Wl

+ DM sl yzepoato g, + 1l firsems ||Lp((0,T);Wp1(G))>, (28)
k=0

where C is a constant independent of u and f.

Proof According to [6, Lemma 4.1.3], we obtain Vg,ﬂ,a(G) C Wp_l(G) forall &, B; <L
Then it follows from (i), (ii), and (iii) that

Sk € Lp((0, T); WP_I(G)) fork=0,....,h+4£, +1.
Thus, by Theorem 2, we have u,« € W;’*(Q) fork =0,...,h + £, + 1. Moreover,
since W (G) C VOI3 s(G) for all 6, B; > —1, it holds that

up € Vo 5(Q) fork =0, h+by+1. (29)

Now we prove the assertions of the theorem by induction on m. Firstly, let us consider
the case m = 2. In this case, £,;, = 0. We will use induction on &. From the hypothesis

ox
$OMy,

-
“ 10
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740 V. T. Luong et al.

and (29), we have f — u; € Vg,;;,s(G)’ fora.e. t € [0, T] . Thus, we can apply Lemma 2
(for I=1,8;j=68=0,I'=2, ,3} = f;, 8, = &) to the following problem

—div(A(x,t)Vu) = f —u; in G, 30)
u=2~0 on 0G, 31
to deduce that u(-, t) € Vg,ﬁ,s(G)’ fora.e.r € [0, T], and
”””Vj“(G) <Clf - ut”vo 5(G) = =< C(”f”vo 5(G) + lu l“Wl(G))

Integrating with respect to ¢ from O to T and using Theorem 2 again, we arrive at

lelly20.0) < € (nfnvg,g(@ + ||f,||Lp(0,T,WI;1(G))> : (32)

where C stands for constants independent of u, f, and ¢. Thus, the assertions of the theorem
hold for 4 = O (in the case of m = 2). Assume inductively that they are true for & — 1.
Differentiating both sides of (30), (31) & times with respect to ¢, we have

—div(AVup) = f= fo —upn + (Z) div(A,s-«Vuu) in G, (33)
k=0

usn = 0onadG. (34)

From the inductive assumption, we see that

h—1
h
||I;<k)V(A,h K V)| V0 < cZnutkn 20.g) < cantkn 090

where C is a constant independent of f and u. Thls fact, together with (29) and the hypoth-
esis (i) imply that f € VS”?(Q). Thus, we can use the same arguments as above to get

from (33), (34) that u,n € V;{/(Q) and

h
7 C ) °
”utl ||V20(Q) ”f”vo O(Q) (};} ”ftk ”V,S,,?(Q) + ||thh+1 ”Lp((O,T);W})(G))>

h
<C (kZO I fixllypog) + Il fone llL,,(O,T,w,,uG»)

with the constants C independent of # and f. Thus, the assertions of the theorem hold for
the case of m =2 and h € N.

Now assuming that the claims of theorem are true for m — 1 and for arbitrary &, we will
prove them for m. Firstly, we will prove (27). From (29), we see that (27) holds for k = ¢,,,.
Suppose that it holds for k = ¢,,,, £, — 1,...,d+1 (1 < d < £, — 1). Differentiating both
sides of (30), (31) h + d times with respect to ¢, we have

hid=1 td
— div(AVunia) = finvd — Upha+r + Z < X >div(A,h+d7kVu,k) in G, (35)
k=0
uma = 0onaG. (36)

2Zm —2d,0

Notice that fiu+a € V (Q) by the hypothesis (ii). From the inductive assumption,
28y-1 2/ 0

we see that if h +1 < k < h+1+d—1 thenug = upnn+j € Vg (@)
Va2 200) for j = 0....d — 2, and if 0 < k < h, then ux € Vj3 Q) C

<ox
PN
P
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L ,-Regularity for the Cauchy-Dirichlet Problem for Parabolic Equations 741

sz”’_zdﬂ’o(Q). Therefore, the right-hand side of (35) belongs to Vgg’” _Zd’O(Q). Thus, we

8,8
can apply Lemma 2 to get from (35), (36) that u;n+s € Vﬁzygm_2d+2’0(Q), and therefore, (27)
follows.
Finally, it remains to show (26). We will use again induction on 4. If & = 0, from (27),

we have u; € Vﬁzf;’”’o(Q) C VE({Z’O(Q), since m — 2 < 24,,. Thus, applying Lemmas 2 to

problem (30), (31) leads tou € ng(’;O(Q). This means (26) holds for # = 0. Assume that it is

true for 4 — 1. To prove it for &, we use again (33), (34). There, the last term of f belongs to

ng s 2’O(Q) by the inductive assumption. On the other hand, we have u,s+1 € ng{”’o(Q) -

Vvi520(0) by @7) and £, € V;'5(Q) by the hypothesis (i). Thus, £ & V;'5>°(Q), and
therefore, we can apply Lemma 2 to the problem (33), (34) to conclude that u,» € Vg'f éO(Q).
So (26) holds for h. The estimate (28) follows from the estimates (25) and (14). The proof

is complete. O

5 An Example

To illustrate Theorem 3, in this section, we consider as example the case of operator
div(AV) = A. For the following information concerning the eigenvalues of pencils Ag (A, )
and 4; (A, t) introduced in the previous section, we refer to [5, Chapter 2]. The eigenvalue
of the operator pencil Ag (A, t) are

M =km/Og, k=x1,%2,...,
where 6 is the inner angle at the edge point & (see [5, Section 2.1.1]). We see that 5 (§) =
8_(&) = m /0 are the greatest positive real numbers such that the strip

—1/0: < Rek < /6

is free of eigenvalues of the pencils Ag (A, 1). Set

Or = sup 6,
EeMy
then we get

(k) :
sY — inf s = 7/0,.
+ _Elenk +(&) =m/0k

Let A be the eigenvalues of the Laplace-Beltrami operator —§ (with the Dirichlet condi-
tion) on the subdomain €2; of the unit sphere (£2; is defined in the previous section). Then
the eigenvalues of the pencils (A, t) are given by

1 /-
Ay = _Ei A+ 1/4.

It is well-known that the spectrum —§ is a countable set of positive eigenvalues (see
[5, Section 2.2.1]). Hence, the interval [—1, 0] is free of eigenvalues of the pencils 4/ (A, 1)
forall j = 1,...d". We denote the smallest positive eigenvalue of the [;(A, 1) by A;“.

Then the interval [—1 — A;T, A;r] does not contain eigenvalues of the pencils (; (4, f). Now,
the conditions about the eigenvalues of pencils Ag(X,t) and 4 (A, t) in Theorem 3 can be
written down simply as follows

—1—Aj<1—3/p, m—pB;=3/p<At, j=1,...d,

and
2/p— 1| <7/6, 12/p+8 —m| <70, k=1,...,d.
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