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Abstract We prove the existence of a global attractor in Sg (2)NL2P~2(Q) for a semilinear
strongly degenerate parabolic equation in a bounded domain with the homogeneous Dirich-
let boundary condition, in which the nonlinearity satisfies a polynomial type condition of
arbitrary order and the external force belongs to L?(£2). This global attractor is then shown
to have a finite fractal dimension in L2(2). We also study the existence and exponential
stability of the unique stationary solution to the problem.
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1 Introduction

In this paper, we consider the following semilinear strongly degenerate parabolic equation

W Pepu+ fu)=gX), X=(x,y,2) € Q1t>0,
u(X,t)=0, Xe€0dQ,r>0, 1)
u(X,0) =uo(X), X € @,

where Q2 is a bounded domain in RY = RNt x RN x RN3 with smooth boundary 0€2, Py g
is a strongly degenerate operator of the form

Popu = Agu+ Ayu + x[*|y[* ALu, o, B >0,
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ug € L?(Q) is given, the nonlinearity f and the external force g satisfy the following
conditions:

(F) f:R — Ris acontinuously differentiable function such that for all s € R,

Cils|? — Co < f(s)s < Cals|? + Co, ()
flis) = =C3 3)

for some p > 2, where Cyp, Cy, C2, C3 are positive constants;
(G) gelL*Q).

Under the above conditions, following the approach used in [2], Thuy and Tri [15] proved
the existence and uniqueness of weak solutions to problem (1), and they also proved the
existence of a compact global attractor in L?(£2) for the continuous semigroup S(t) gen-
erated by weak solutions to (1). This result was then improved in [13] by showing the
existence of a global attractor in a more regular space, namely in the space S& ()NLP(Q).
For other results on the existence and long-time behavior of solutions to semilinear parabolic
equations involving this strongly degenerate operator, we refer the reader to some recent
works of Anh and Tuyet [3, 4], and Anh [1]. In this paper, we will continue studying some
properties, namely the regularity and fractal dimension estimates, of the global attractor
obtained in [15].

The first aim of the present paper is to prove the existence of a global attractor in the
space Sg(SZ) N L?P=2(Q) for the semigroup S(¢), that is, we study the regularity of the
global attractor obtained in [15]. As is known, the existence of a global attractor in LY(Q)is
obtained by showing the existence of a bounded absorbing set in Sé (2) N LP(L2) and using
the compactness of the embedding S& () — L2(S2). However, when proving the existence
of global attractors in L?P=2(Q) and 85(52) N L2P~2(), we cannot use embedding results
because under the conditions of the problem, the solutions only belong to the space Sg ()N
L2P=2(Q). To overcome this difficulty, we exploit the asymptotic a priori estimate method
introduced in [8, 16]. The regularity result obtained here seems to be optimal because under
the considered conditions, the stationary solutions, which belong to the attractor, in general
cannot belong to a function space smaller than 83(52) N L2P=2(Q). In particular, this result
improves the previous results in [13, 15]

The second aim of the paper is to show that the global attractor has a finite fractal
dimension in L?(£2). To do this, we will use the method introduced by Ladyzhenskaya.

The third aim of the paper is to study the existence and stability of weak stationary
solutions to problem (1). In particular, we will show that if A; > C3z, where A1 > 0 is
the first eigenvalue of the operator — P, g, then the global attractor has a very simple form
A = {u*}, where u* is the unique weak stationary solution of problem (1).

The paper is organized as follows. In Section 2, for convenience of the reader, we recall
some concepts and results on function spaces and global attractors which we will use. In
Section 3, we prove the existence of global attractors in various spaces by using the asymp-
totic a priori estimate method. The fractal dimension of the global attractor is estimated in
Section 4. In the last section, we prove the existence, uniqueness, and exponential stabil-
ity of a weak stationary solution to problem (1). It is worthy noticing that, in particular, the
regularity and dimension estimate results obtained in this paper extend and improve some
existing ones in [13, 15] and corresponding results for non-degenerate semilinear parabolic
equations in [5, 9, 10, 12, 16].
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2 Preliminaries
2.1 Function Spaces and Operator

To study problem (1), we use the weighted Sobolev space S(; (R2) defined as the completion
C§°(2) in the norm

el 0 = /Q (V2 + 1V, + ¢ [y 128 V) dX.
This is a Hilbert space with respect to the following scalar product
(V) 10 = /9 (vx uVev + Vyu - Vv + x|y Vou - Vzv> dx.

We also use the space SOZ(Q) defined as the completion C3°(£2) in the norm

2 2
u = Py pul“dX.
122 g, /Q | Papu

We recall some embedding results in [14], see also [7] for more general results related to
the function space S(]) ().

Proposition 1 Assume that Q is a bounded domain in RN = RM x RN2 x RN3. Then the
following embeddings hold:

@) S(; (Q) — L%s (R2) continuously;
(ii) S& (R) < LP(R) compactly if p € [1, 2;/3),
2N,
where 2;, 5 = =tb5, Nog = N1 + N2+ (@ + B + DNs.

The following result follows directly from the definitions of the spaces S(; (2), 802(52)
and the compactness of the embedding S& (Q) — L3(Q).

Proposition 2 [3] Assume that 2 is a bounded domain in RN (N > 3). Then the embedding
Sg(Q) — SOI(Q) is compact.

2.2 Global Attractors
We now recall some results in [16] which will be used in Section 3.

Proposition 3 Let {S(t)};>0 be a semigroup on L"(2) and suppose that {S(t)};>0 has a
bounded absorbing set in L" (2). Then for any ¢ > 0 and any bounded subset B C L" (L),
there exist two positive constants T = T (B) and M = M (¢) such that

meas(Q(|S(uol = M)) < ¢,

forallug € B andt > T, where meas(e) denotes the Lebesgue measure of e C Q2 and
QUS@uol = M) := {x € Q| |(S1)(uo))(x)| = M}.

Definition 1 Let X be a Banach space. The semigroup {S(#)};>0 on X is called norm-to-
weak continuous on X if for any {x,,}zc;l € X,x, > xandt, > 0,7, — t, we have
S(ty)x, — S(t)x in X.
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The following result is useful for verifying that a semigroup is norm-to-weak continuous.

Proposition 4 Let X,Y be two Banach spaces and let X*, Y* be their respective dual
spaces. We also assume that X is a dense subspace of Y, the injectioni : X — Y is con-
tinuous and its adjoint i* : Y* — X* is densely injective. Let {S(t)};>0 be a semigroup on
X and Y, respectively, and assume furthermore that S(t) is continuous or weak continuous
onY. Then {S(t)};>0 is norm-to-weak continuous on X if and only if S(t) maps compact
subsets of X into bounded subsets of X.

To prove the existence of a global attractor in the space L2?~2(S2) for the semigroup
generated by (1), we will use the following result.

Theorem 1 Let {S(t)};>0 be a norm-to-weak continuous semigroup on L1(2), and be con-
tinuous or weak continuous on L" (2) for some r < g, and have a global attractor in L" (R2).
Then {S(t)};>0 has a global attractor in L9(2) if and only if

(1) {S(®)}t>0 has a bounded absorbing set in L1(2);
(ii) for any ¢ > 0 and any bounded subset B of L1(), there exist positive constants
M = M(e, B) and T = T (e, B) such that

/ IS(uol?dX <e,
QS (t)uol=M)

foranyug € Bandt > T.

Definition 2 The semigroup {S(#)};>0 on X is called satisfying condition (C) in X if and
only if for any bounded set B of X and for any ¢ > 0, there exist a positive constant g and
a finite dimensional subspace X of X, such that {PS(#)x|x € B, t > tg} is bounded and

(I — P)S(t)x| <eforanyt >tpandx € B,
where P : X — X is the canonical projector.

The following result will be used to prove the existence of a global attractor for the
semigroup generated by problem (1) in the space Sg(Q).

Theorem 2 Let X be a Banach space and let {S(t)};>0 be a norm-to-weak continuous
semigroup on X. Then {S(t)};>0 has a global attractor in X provided that the following
conditions hold:

@) {S(®)};i>0 has a bounded absorbing set in X
(i) {S(®)}s>0 satisfies Condition (C) in X

2.3 Fractal Dimensions of Global Attractors

Definition 3 Let M be a compact set in a metric space X. Then its fractal dimension is
defined by

. —Inn(M,¢)
dimy M = lim ———
e—0 In(1/¢g)

where n(M, ¢) is the minimal number of closed balls the radius &€ which cover the set M.

The following result was given in [6].
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Theorem 3 Assume that M is a compact set in a Hilbert space H. Let V be a continuous
mapping in H such that M C V (M). Assume that there exists a finite dimensional projector
P in the space H such that

IP(Vuy — Vuz)llm

< Uuy —uzllg, ur,uz € M,
(I —P)(Vuy — Vu)llg < Slluy —uzllpg, ur,uz €M,

where § < 1. We also assume that | > 1 — 8. Then the compact set M possesses a finite
fractal dimension, specifically,

. , 91 2\
dimg(M) <dimP.In —— | In —— .
‘ 1-36 1+6

3 Regularity of the Global Attractor

It is proved in [15] that problem (1) generates a continuous (nonlinear) semigroup S(¢) :
L%(Q) — L?*() defined as follows

SHug :=u(t),

where u(t) is the unique weak solution of the problem (1) with the initial datum u, and
moreover, S(t) has a compact global attractor A in L?($2). We now prove that the global
attractor A is in fact in S3 () N L2 ~2(Q).

In the proof of the following lemmas, for the shake of brevity, we give some formal
calculations, the rigorous proof is done by use of Galerkin approximations and Lemma 11.2
in [10].

3.1 Existence of a Global Attractor in L2P~2(Q)

Lemma 1 Assume that (F) and (G) hold. Then for any bounded subset B in L2(), there
exists a positive constant T = T (B) such that

lue ()72 < p1 foranyuo € Bands = T,
where u;(s) = %(S(t)uo)h:s and p1 is a positive constant independent of B.

Proof By differentiating (1) in time and denoting v = u;, we get
vr — Py gv+ f(w)v =0.

Multiplying the above equality by v, integrating over €2 and using (F), we obtain

1 2 2 2
5 10+ 101G o) < Cllvla - )

Hence

< 2G3]1v1175 - )

Itis proved in [15] the existence of a bounded absorbing set in S(; ()N LP (), that is, there
exist a constant R and a time 7o(|luo |l L2(q)) such that

“ 2
d[ ”U”LZ(Q)

0031 gy + NI gy < R forall e = 1o (ol 2() - ©)

Ful @ Springer
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Taking the inner product of (1) with u,, we obtain

b s + =L (g2, +2/ Fw)dX =/guth<1||g||22 + N
etz \Msie T2/ o = 518072 F 5 el ()

N
where F(u) = [ f(£)dé, thus
gy + = (Nl g +2 [ Faax ) < g1 ®)
ey ™ gy 54(Q) o = 1872
Noting that from (F) we get
Ca(jul? = 1) < F(u) < Cs(|ul” +1). ©)
Integrating (7) from ¢ to ¢ 4 1 and then using (9), we get
1+1
/, sl 72y = 18172, +2C5120 + lu I o) + 2C5 14O q)-
By (6), there exist a constant C¢ which depends on || g|| L2(Q)> C4, C5 and R such that
t+1 5
f, 12 q) < Cor forall = to(Jluoll 2cc)- (10)
Combining (5) with (10), and using the uniform Gronwall inequality, we deduce that
12y = € (118122 1921)
as t large enough. The proof is complete. O

Lemma 2 The semigroup {S(t)};>0 has a bounded absorbing set in L2P=2(Q), i.e., there
exists a positive constant p2,—2, such that for any bounded subset B C L%(Q), there is a
number T = T (B > 0) such that

lu@l L2p-2(q) < p2p—2 foranyt >T,ug € B.
Proof Taking |u|? —2y as a test function, we obtain

f9|u|f’*2u.utdx + fQ (190 4+ 19y + 121y PP Vol 2) d X

+ / Fa)u|P?udX = / glulPudX.
Q Q
Hence, using (2) and the Cauchy inequality, we obtain

/ ('Vﬂ”z + | Vyul® + lez"‘lylzﬂIVZu|2|u|P—2dX) + C1/ |u|*P~2d X
@ Q

1 c 1
gcof |u|P—1dX+—/ |g|2dx+—‘/ |u|2P—2dX+—/ lu)?dX.
Q Cil)g 2 Ja CiJq

Using the Cauchy inequality once again, we arrive at
C] 2p—2 1 2 1 2
T/QM aX = N8l + o [ mlPdX +C.
By Lemma 1, we have

/ |u|2p—2dX < p2p—2, foranyt=>T,uge€ B,
Q
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where p2,,_> depends only on Cy, C, Ca, ||g||L2(Q). O

Choosing ¥ = L?(Q), X = L*’~%(), by Proposition 4, we see that the semigroup
{S(#)};>0 is norm-to-weak continuous on L?P~2(Q). Thus, by Theorem 1, to prove the
existence of a global attractor in L??~2(£2) for the semigroup S(¢), we only need to prove
the following

Lemma3 Foranye > 0and any bounded subset B C L?(), there exist positive constants
M =M(B,e)and T = T (B, ¢) such that

/ |u(t)|2p—2dX <Ce¢ foranyupe€ Bast > T,
Qu@®)|=M)
where the constant C is independent of B and e.

Proof For any fixed ¢ > 0, by Proposition 3 and (F), there exist M| = M{(B, ¢) > 0 and
Ty = T1(B, €) > 0, such that the following estimates are valid for any ug € B and ¢t > Ti:

/ Ig|?dX < ¢ and meas(Qu(r)| > M)) < ¢,
Qu(n)|=M))

/ lus (s)|?dX < Ce fors > Ty, (11)
Qlu@®)|=My)

and f(s) > Oforany s > My, f(s) <0foranys < —M;. Denote Qy, = Q(u(t) > M)
and Qop, = Qu(t) > 2My). Multiplying (1) by (v — Ml)f__z(u — My)4, where

u—My, u>M
(u—M1)+={O 1 u<M:.

We have

/ u—M)E " wdx
QMI

+p—U | =MDVl + 1Vyul? + X1y [ VoulPd X
QM]
[ rww-atax s [ jeax [ w-mn¥ax.
QMI QMI QMI

Using (11), we have

f) @ — M)P~ldx < Cs.
Qu,

Therefore, we have
1 o1ty
/ f(u)upili_ldx < / f(u)up 2(1 u ) dx
Qo 27 Qo
< f)@—M)P~'dX < Ce.
Qu,

Noting that meas(£2257,) < ¢ and (F), the above inequality implies that

/ u*P2dX < Ce ast>T. (12)
95378
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Now taking |(u + M) _|P~%(u + M;)_ as a test function, where

u—+ My, u>-—-M;

(”+M1)‘={o, u= M,

we have in the same fashion as above that
/ lu()|??72dX < Ce ast > Ti. (13)
Qu(t)<-2M)
Combining (12) and (13), we have
/ lu()*?~2dX < Ce foranyug € B,1 > Ty.
Q(|u@)|=2My)

This completes the proof. O

Theorem 4 Under the condition (F), (G), the semigroup {S(t)};>0 generated by problem
(1) has a global attractor A;2p— in L*P7%(Q), that is, Aj2p— is compact, invariant in
L2P=2(Q) and attracts every bounded set of L*(2) in the topology of L*?~2().

3.2 Existence of a Global Attractor in Sg(SZ)

Lemma 4 Forany2 < r < oo and any bounded subset B C L*(S2), there exists a positive
constant T, which depends on r and the L2%-norm of B, such that

/ lus(s)"dX <M foranyuye€ B,s > T,
Q

where the positive constant M depends on r but not on B, and u;(s) = %(S(t)uo)h:s.

Proof We prove by induction on k(k = 0, 1, 2, ...) the existence of T, depending on k and
B, such that

Na,

k
2 PENLLY -
f [z (s)] <Naﬁ—2+f) dX < My for any ug € B, s > Ty, (14)
Q

and

Ne,p
N,

141 2( o, B )k+1 Na,/j—ZJre
/ / lug (s)| \Nep=2e)  gx ds < My foranyug € B,s > T, (15)
t Q

where M} depends on k but not on B.

(1) Initialization of the induction (k = 0): The estimate (Aq) has been proved in Lemma 1,

while By can be derived by integrating (4) from ¢ to t + 1 and using the embedding
2Na.ﬂ

SH(Q) — L7 (Q).
(ii)) The induction argument: Assume that (Ax) and (By) hold for k, and we prove that
they are true for k + 1. By differentiating (1) in time and denoting v = u,, we have

v — a,ﬂv-l—f/(u)v:O. (16)

<ox
PN
“ 10
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Mg V',
Multiplying (16) by|v| ( 2“) .v and integrating over £2, we obtain

k+1

/|v| wh- 2“ dXx
Not‘ﬁ k+1 Not.ﬁ k+1
+C/Q <|Vx (v(Na,ﬁ_2+€) ) |2 + |V_y <U<Na’ﬂ_2+€) ) |2 (17)

( Ne g )k+l
Ha |y PPV (v T g )F) dx

1

k+
2
< Csflvl Nep=2te)dX,
Q

where the constant C depends on the spatial dimension Ny g and k. Using (By) and the
uniform Gronwall inequality, we infer from (17) that

k+1
2 .
/ [v] <Navﬁ’2+‘ dX < My, forany t > Ty, (18)
Q
which shows that (A + 1) is true. For (B + 1), we integrate (17) from # to r + 1 and use
(18) to get
t+1  Nap )k+| 2 ( Nup )k+1 2
/ / No,p— —2+€ + Vy v Na,ﬁ*2+5 (]9)
Ngp \FF! 2
+x | y|? |V, (U(N”ﬂZ“) ) dXds < My41.
ZNLY,ﬂ
Using the embedding S} () < L "7 (Q), we have
No,p—2+€
( Not.ﬁ )k+1 ZNot.ﬁ Na,ﬁ ( Na,ﬁ )k+l
/ |U| Na’ﬁ—2+e Na)ﬁ—2+e dX — ||U Na.ﬁ—2+e ”2 2Naﬂ (Q)
Q L Na"g;2+é

k+1 k+1
5 C/ <|Vx (U(No:\;;g+e) ) |2 + |Vy <U<N":\/]3;ﬂz+€) ) |2
Q

( N )k+l
+ [x[** |y P |V, (v N p=27¢ >|2>. (20)

Combining (19) and (20), we deduce (Bi41) immediately. Since % > 1, we have
k
r<2 (%) provided that k > logN 1\}15“;/32+€ L. O

Lemma 5 For any ¢ > 0 and any bounded subset B C L*(Q), there exist T > 0 and
ng € N, such that

/|v2|2dX§C8 foranyugy € B,
Q
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292 M. X. Thao

provided thatt > T and m > ng, where vy = (I — Py,)v = (I — Py)u; and the constant C
is independent of B and .

Proof Multiplying (16) by v, and integrating over €2, we have

L ol < [ 1 yollvldx
3 il 2l g, < [ 17 @vlivax.

Therefore
a2 + A 2, < "(u) dx 1)
2dt |Iv2||L2(Q) m||U2||L2(Q) — Q|f u U||U2| )
where A, is the m™ eigenvalue of the operator Au := — P, gu in Q. By (F), Lemmas 3 and
4, we have

p=2 1

f | @vPdX < (f |f/<u>|2<§3>)"_' (/ |v|2<P*‘>)”T' < Mo
Q Q Q

for any ug € B provided that + > T, where the constant My is independent of B and the
constant 7' depends only on B and p. Therefore, we infer from (21) that

d 2 2
E ||v2||L2(Q) + )Lm ||v2||L2(Q) = C.

Ift > T, the last inequality shows that

(i C o (—
1020172y = 102(DlTage ™ + = (1 = e 7T, (22)

m

O

Lemma 6 The semigroup {S(t)};>0 has a bounded absorbing set in Sg(Q), i.e., there exists
a constant pg > 0 such that for any bounded subset B C L%(Q), there is a Ty > 0 such
that

| Po gt 2() < pa foranyt > Tg,ug € B.

Proof Taking the L>-inner product of (1) with — P, gU, we obtain
1ol ey = [ P

+/ @) Veul* 4+ [Vyul® + x|y |Vu))d X — / g-PopudX.
Q Q
By the Holder inequality and assumption (F) we have

I Pepil} oy = € (2 ) + 113y ) + 181 72cq ) -

Hence, from Lemma 1 and the fact that {S(#)};>0 has a bounded absorbing set in S& (2) we
have

| Po, gt ()l 2y < PA
for ¢ large enough. This completes the proof. O

Let C(A) be the Kuratowski measure of noncompactness in L2%(Q) of the subset A
defined by
KC(A) = inf{§ > 0 | A has a finite open cover of sets of diameter < §}.

We have the following lemma in [16].
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Lemma 7 Assume that f(.) satisfies conditions (F). Then for any subset A C L*P~2(Q),
if K(A) < € in L>?~%(R), then we have

K(f(A)) < Ce in LX),

where f(A) = {f(u)lu € A} and the constant C depends on the L?P2 norm of A, the
Lebesgue measure of Q2 and the coefficients Cgp, Cy1, Ca in (F).

Let H,, = span{ej, e2,..., ey} in L%(S2), where {ej};o | are eigenvectors of the oper-

ator Au = — Py gu with the homogeneous Dirichlet boundary condition in € and P, :
L%(Q) — H,, be the orthogonal projection. We now verify that {S(¢)};>0 satisfies condition
(C) in S3(Q).

Lemma 8 Forany e > 0 and any bounded subset B C L%(Q), there exist T = T (¢, B) > 0
and ng € N, such that

fg|(1 — Py) Py pul’dX < & for any ug € B,
provided thatt > T and m > n,.
Proof Denoting uy = (I — Py)u, and multiplying (1) by — Py gu>, we have
/Q|(1 — Pp) Py pul*dX

§/utPa,5u2dX+/f(u)Payﬁude—/‘g(X)Pa,ﬁung.
Q Q Q

By the Cauchy inequality, we have

/ |(I — Py) Py pul®dX
Q

1 1
< ,f (I — Pm)utlde+/ |f)PdX + f/ (I — Pn)gl*dX.
2Jq Q 2Ja
From Lemmas 5 and 7, we have
f |(I — Py)Pypul®dX <& foranyug € B,t > T,m > n,.
Q
This completes the proof. O

From Lemmas 6, 8, and Theorem 2, we obtain the following result.

Theorem 5 Assume (F) and (G) hold. Then the semigroup {S(t)};>0 generated by problem
(1) has a global attractor .Asg in SS(Q), that is, AS% is compact, invariant in Sg(Q) and

attracts every bounded set of L*>(S2) in the topology of SS(Q).

4 Fractal Dimension Estimates of the Global Attractor

Lemma 9 Assume that (F) and (G) hold. Then there exist a positive integer Ny, a time T*
and a positive constant § < 1, such that for any ug, vg € A, we have

1T = Prg)(S(T o = S(T*)00) 172 < Slluo — voll72q)
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294 M. X. Thao

and there exists a constant | > 1 — § such that

”PN()(S(T*)MO - S(T*)v0)||i2(g) = l”l/l() - UO”%Z(Q)'

Proof Letu, v be two solutions of problem (1) with initial data ug, vg, respectively. Putting
w(t) = u(t) —v(), On, = I — Pny, w1 = Pyyw, wp = Qn,w. Obviously, the function
w(t) satisfies the equation

d
d%’ — Py pw + 1w =0, (23)

where [(t) = fol f'(su@) + (1 — s)v(t))ds. Multiplying (23) by w», we have

L gy + el g + [ 1OlwaPdX =0
2dr " lae) Hsi@ ™ Jg 2 e
Using the facts that
w205 ) = Aollw2lizagy, 1) = =Cs,
we have
d 2 2
E ||U)2 ||L2(Q) = 2(C3 - )"N()) I|w2”L2(Q)
Hence, by the Gronwall inequality, we obtain
-2 — 2 _
lwa D112y < €20 D w2 (0) 172, < € >H0 ™ Jw(0)[7 -
Since A,, — 400 as m — 400, we can choose Ny large enough such that for a fixed 7%,
1T = Prg)(S(T g — S(T*)00) 2, < Blluo — w0122,
—2(Any—C3)T*

where 0 < §:=e < 1.
On the other hand, multiplying (23) by wy, we get

d
577 1wl + 10115 o) = Callwilga gy

Hence it follows that

Wil gy = 2(Cs = A lwilz g,

Applying the Gronwall inequality, we have
w1 72q, < T w1172, < ST WO q)-

2(C3—A)T*

By choosing T* > 0 (small enough if C3 < Aj) suchthat/ := e > 1—4, we have

1PNy (S(T*)ug = S(TH)v0) |72 < Lluo = v0ll7a -

This completes the proof. O
From Lemma 9 and Theorem 3, we get the following

Theorem 6 Assume that (F) and (G) hold. Then the global attractor A has a finite fractal
dimension in L*(2), specifically,

91 2\
di < Nol 1
imy(A) < Onl—(S(nl—i—(S) ,

where Ny, 8,1 are given in Lemma 9.

@ Springer i ms



A Semilinear Strongly Degenerate Parabolic Equation 295

5 Existence and Exponential Stability of Stationary Solutions

A weak stationary solution to problem (1) is an element u* € S& (2) N L?(K2) such that
/Q(qu*~va+Vyu* Vvt |x 2 [y PPV u*- Vzv)dX—f—[Qf(u*)vdX = /ngdX (24)

for all test functions v € 8(} ()N LP(Q).

Theorem 7 Assume that conditions (F) — (G) hold. Then problem (1) admits at least one
weak stationary solution u* satisfying

12, o+ 2CH 612 0 < 2Col9 + — gl (25)
S4(Q) Ly @ = <+0 PURGATATOX
Moreover, if the following condition holds

A > C3, (26)

where Ay > 0 is the first eigenvalue of the operator — Py g, C3 is the constant in (3), then
the weak stationary solution u™ of (1) is unique and exponentially stable.

Proof (i) Existence. The estimate (25) can be obtained taking into account that in particular
any weak stationary solution u*, if it exists, should verify

Iy + [ fawrax = [ gurax,
RN o
Using (2) and the Cauchy inequality, we have

Al
Hu*|% o + Ci ||u*||ZI7(Q) —ColR] = ?llu*ll

2, o+ gl
SH@) 2@ T gy 8l

Hence, by using the inequality floe* |2 . > A ||u*||22 , we obtain the desired estimate
SH L2(©)
(25).

For the existence, let {vj}cl?o:1 be a basis of S& () N LP(2). For each m > 1, let us

denote V,, = span{vy, ..., v;;} and we would like to define an approximate strong stationary
solutions u™ of (1) by

m
u- = Ymi Vi,
i=1

such that

/ (Vo™ - Vv + Vyu™ - Vyu 4 x|y V,u™ - V0)d X + / fw™vdX
Q Q

= / gudX 27)
Q
for all v € V,,. To prove the existence of u”, we define operators R, : V,, — V,,, by

((Rpu, v)) = / (Vatt - Vv + Vyu - Vyu + |x[** |y 1P Vou - V,0)d X
Q

—|—/ fwvdX — / gvdX Vu,v eV,
Q Q
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For all u € V,,,, using (2) and the Cauchy inequality, we have

(Rt w) = [l +/Qf(u)udx—/ggudx

%

A 1
) p 1 2 _ 2
1l 3 )+ CrllelE gy = Colf2] = Sl = 5,812y

2 o0 —ColQ —

1 2
> — N
s 2”“”5&(9) 2)\‘1 ”g||L2(Q)

Thus, if we take

1 ) 1/2
B = (2co|s2| + Hngnmg)) ,

we obtain that ((R,,u, u)) > 0 for all u € V), satisfying ||u|| si@ = B. Consequently, by
a corollary of the Brouwer fixed point theorem (see [11, Chapter 2, Lemma 1.4]), for each

m > 1, there exists u,, € V,, such that R, (u,,) = 0, with |Ju,| < B. Taking v = u™ in
(27) we get
I Culla™ 12y — Col2 < 1 o, + gl
shey T HHI e @) — ROBA = 5 2@ T g, 18l
Hence we deduce that

121 gy + 16" 155 gy = € (14 18122g)) (28)

Hence we deduce that the sequence {#™} is bounded in S(; (2) N LP(L2), and consequently,
by the compact injection of 8& () into L2(R), we can extract a subsequence {u™'} C {u™}
that converges weakly in Sé ()N LP () and strongly in L?(Q) to an element u* € S& )N
LP(2). It is now standard to take limits in (27) and obtain that u* is a weak stationary
solution of (1).

(ii) Uniqueness and exponential stability. Denote w(t) = u(t) — u™, one has

/w,vdX—i—/(wa-va—}—Vyquyv—l—|x|2°‘|y|2ﬂVZw-Vzv)dX
Q Q

+/Q(f(u) — fWH)vdX =0

for all test functions v € S(% (2) N LP(L2). In particular, replacing v by w(t), we have

1 2 2 * *

EIIW(I)Ile(Q) + IIW(I)IISé(Q) + /Q(f(u) — fW)(u—u")dX =0.
Using condition (3) we have

lw(@)I32qy +20:1 = CHIw (D) 172, < O-
By the Gronwall inequality, we arrive at
lw @32y < WO e 2*1 =",

Hence if condition (26) holds, then we get the desired conclusion. O
Remark 1 Since every stationary solution, if it exists, must lie on the global attractor, from
the regularity results of the global attractor in Section 3, we deduce that the stationary solu-

tion u* belongs to the space S&(Q) N L2P~2(Q), that is, we get a regularity result of the
stationary solution.
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