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1 Introduction

The study of geometric properties of Banach spaces such as Kadec-Klee property, Opial
property, and their several generalizations play very important role in metric fixed point
theory. In particular, the Opial property of a Banach space has a great importance in the
fixed point theory, differential equation, and integral equations. On the other hand, the
Kadec-Klee property has several applications in Ergodic theory and many other branches
[23].

Recently, several authors are interested in studying the geometric properties of Cesaro,
Cesaro-Orlicz, and Musielak-Orlicz sequence spaces due to their several applications
in various branches of mathematical analysis. Some topological properties such as
order continuity, separability, completeness, and relations between norm and modular
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as well as some geometric properties such as the Fatou property, monotonicity, Kadec-Klee
property, uniform Opial property, rotundity, local rotundity, etc. are discussed in [2, 3, 6, 11,
20, 21]. Khan [13, 14] has introduced the Riesz-Musielak-Orlicz sequence space and studied
some geometric properties of it. Recently, Mongkolkeha and Kumam [16] studied (H)-
property and uniform Opial property for the generalized Cesaro sequence space Ces(p)(q).
Quite recently, Manna and Srivastava [15] introduced the generalized Cesaro-Musielak-
Orlicz sequence space Cese(g), which include the well-known Cesaro [25], generalized
Cesaro [21, 22], Cesaro-Orlicz [2, 20], Cesaro-Musielak-Orlicz [26] sequence spaces, etc.
as in particular cases, and studied coordinatewise uniformly Kadec-Klee property and uni-
form Opial property for these spaces equipped with the Luxemberg norm. In this paper, we
continue our study by investigating these properties in generalized Cesaro-Musielak-Orlicz
sequence space with respect to the Amemiya norm.

Throughout this paper, we denote by N, R, and R™ the set of natural numbers, of reals,
and of nonnegative reals, respectively. Let (X, ||.||) be a Banach space and 19 be the space
of all real sequences x = (x(i ));’il. Let S(X) and B(X) denote the unit sphere and closed
unit ball, respectively.

Let (E, ||.]| ) be a real normed linear subspace of I9. E is said to be a normed sequence
lattice [12] if it satisfies the following two conditions:

(i) Foranyx e Eandy € 19 such that |y(k)] < |x(k)| for every k € N, then y € F and

Iyle < lxlle.
(i)  There exists a sequence x = (x(k))2, € E such that x(k) > Oforall k € N.

A normed sequence lattice (E, ||.||g) with complete norm is called Banach sequence
lattice [12].

Note In many literatures, Banach sequence lattice E is also called Kothe sequence space
[2, 20]. O

An element x € E is said to be order continuous if for any sequence (x;) C E4, where
X = (xl(i));.’il,l € N such that |x(i)| > x;(i) N\ 0, i.e., x;(i) decreases to zero as [ — o0
for each i € N, implies that ||x;||r — 0. The set of all order-continuous elements in E is
denoted by E,. A Banach sequence lattice E is said to be order continuous if E, = E. Itis
known that E is order continuous if and only if [2]

100,0,....,xG + 1), x@+2),..)|[g > 0asi - oo forany x € E.

A sequence (x;) C X is said to be e-separated sequence if the separation of the sequence
(x1), defined by sep(x;) = inf{||x; — x| : I # m}is > & for some ¢ > 0 [9].

A Banach space X is said to have the Kadec-Klee property, denoted by (H), if each
weakly convergent sequence on the unit sphere is strongly convergent, i.e., convergent
in norm [10]. A Banach space X is said to possess coordinatewise Kadec-Klee property,
denoted by (H,) [7], if x € X and every sequence (x;) C X such that

lxzll = llx|l and x;(i) — x(i) foreachi € N, then ||x; — x| — O.
It is known that X € (H.) implies X € (H), because the weak convergence in any Kothe
sequence space X implies the coordinatewise convergence (see also [7]). A Banach space

X has the coordinatewise uniformly Kadec-Klee property, denoted by (UKK,) [27], if for
every € > 0 there exists a § > 0 such that
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Geometric Properties of Generalized Cesaro-Musielak-Orlicz Spaces 93

(x;) C B(X), sep(x;) > &, |lx7]l = |lx|l and x; (i) — x(i) foreachi € N, implies ||x]| < 1—34.

It is well known that the property (UKK,) implies property (H,).
A Banach space X is said to have the Opial property [24] if for every weakly null
sequence (x;) C X and every nonzero x € X, we have

liminf ||x;|| < liminf|Jx; + x]|.
[—00 [—00

A Banach space X is said to have the uniform Opial property [24] if for each ¢ > 0 there
exists u > 0 such that for any weakly null sequence (x;) in S(X) and x € X with ||x|| > &,
the following inequality holds:

1+ u < liminf [|x; + x||.
[—o00

In any Banach space X the Opial property is important because it ensures that X has the
weak fixed point property [8]. Opial in [18] has shown that the space L, [0, 27 ](p # 2,1 <
p < 00) does not have this property but the Lebesgue sequence space [,(1 < p < 00) has.

For a real vector space X, a functional o : X — [0, oc] is called a modular, if for
arbitrary x, y € X, the following conditions hold:

(i) o(x)=0ifandonlyif x =0,
(i)  o(=x) = o),
(i) eo(ax+ By) <o(x) +o(y) fora, = 0,0+ =1.

If instead of (iii), there holds

(iii)  o(ax+By) < ap(x)+Bo(y) fora, B > 0, + B = 1, then the modular g is called
convex.

For any modular ¢ on X, the modular space generated by the modular g is denoted by X,
and is defined as

Xo={xeX: o(Ax) - Oas A — 0T},

It is shown by Orlicz [19] that the modular space X, is equivalent to the set XZ ={x e
X : o(Ax) < oo for some XA > 0} in the case of convex modular .

A sequence (x,) of elements of X, is called modular convergent to x € X, if there exists
a A > 0 such that o(A(x;, — x)) — asn — oo.

In particular, in the case that g is a convex modular, X, becomes a normed linear space
with the norm ||. ||, induced by the convex modular ¢ defined by

||x||£; = inf[r >0:0 (f) < 1} for x € X,.
r
In the case of convex modular g, it is shown in [17] that the functional
1
A .
= inf — {1 k
llxll, ]:gok{ + o(kx)}

defines a norm on X, and the relation IxlE < |Ix|4 < 2||x||g holds for every x € X,. The

norms || x|| é and ||x||§ defined on the modular space X, are called the Luxemberg norm
and the Amemiya norm, respectively (see [17]).

A map ¢ : R — [0, oo] is said to be an Orlicz function if it is an even, convex, left
continuous on [0, 00), ¢(0) = 0, not identically zero, and p(u) — oo as u — o00. A
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sequence @ = (@,);-; of Orlicz functions ¢, is called a Musielak-Orlicz function [17]. A
Musielak-Orlicz function @ = ((,an);’l":1 is said to satisfy condition (ocoy) if for each n € N,
we have
(o01) : lim L(u) = 400
u—+00 u

For any Musielak-Orlicz function @, the complementary function ¥ = () of @ is defined
in the sense of Young as

Y, (u) = sup{ |ulv — ¢, (v)} forallu e Randn € N.
v>0

Given any Musielak-Orlicz function @ and x = (x(n))}2, € 19, a convex modular I :
19 — [0, 0o] is defined by

Io(x) =Y ga (Ix())
n=1

and the linear space lp = {x € 19 : Ip(rx) < oo for some r > 0} is called a
Musielak-Orlicz sequence space. The sequence spaces (lp, ||x||%¢) and (lp, ”’CM@) are
Banach spaces. The set of all k > 0 such that ||x ||?® = %(1 + Iy (kx)) is attained for a fixed
X € lg is denoted by K (x). Moreover, it is known that for any x € [3, there exists ak > 0
such that ||x||’14® = %(1 + Iy (kx)) whenever %’T(”) — oo as u — oo for eachn € N (see
[5]). For the details about Musielak-Orlicz sequence spaces and their geometric properties,
we refer to [1, 3, 11, 17].

A Musielak-Orlicz function @ satisfies the (Sg -condition, denoted by @ € 89, if there are
positive constants a, K, a natural number m, and a sequence (c,,)z":1 of positive numbers
such that (c,)52,, € /1 and the inequality

©nQu) < K@y (u) +cp (D

holds for every n € N and u € R whenever ¢, (1) < a. If a Musielak-Orlicz function @
satisfies 88-condition with m = 1, then @ is said to satisfy §>-condition [17].
A Musielak-Orlicz function @ = ((,on)flo | is said to vanish only at zero, which is denoted

by @ > 0if ¢,(u) > Oforanyn € Nand u > 0.

2 Class Cesq (q)

Letx € ®and @ = (@n)52; be a Musielak-Orlicz function. Let ¢ = (g,)52 |, g0 > 1V 1 €
N be a sequence of real numbers such that O, = Y ;_; g«. The sequence space Cesq (q),
being studied in [15] and is defined as follows:

Cesp(q) ={x € 19: Rix ¢ lo}=1{x € 19 : 64 (rx) < oo for some r > 0},
where o (x) = Ip(R7x) = ) 2| %(ﬁ Y k1 gklx(k)|) and RY is a generalized Cesaro
means map on [° defined as
1 n
Rix = (Rix(n))o2,, with R9x(n) = o qu|x(k)| foreachn =1,2,...
" k=1

Clearly, Cesg(q) is a linear space and also becomes a normed linear space under the
norms ||x||§¢ = ||qu||%¢ and ||x||?¢ = ||qu||?® introduced with the help of the norms

$ ) (zi “,
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on [p. The space Cesg(q) will be called generalized Cesaro-Musielak-Orlicz sequence

space. For simplifying notation, we write ||x||é and ||x||g instead of ||x||§® and ||x||f}®,
respectively.
The class Ces g (q) includes the following classes in particular cases:
(i) Forg,=1,n=1,2,...,the Cesq(g) reduces to Cesaro-Musielak-Orlicz sequence
space ces ¢ studied by Wangkeeree [26], where
o0 r n
0
cesp = : — .
® {x el gn (n > |x(k)|> < oo for some r > 0}

n=1 k=1

(ii)) For ¢, = ¢ for any n, the space cesgp becomes the well-known Cesaro-Orlicz

sequence space cesy, studied recently by Petrot and Suantai [20], Foralewski et al.
[6], and Cui et al. [2].

@iii) For ¢,(x) = |x|P", p, > 1 for all n, the space Cesgp(q) reduces to the sequence
space Ces(,)(q) studied by Mongkolkeha et al. [16], and for ¢, (x) = |x|’* with
pn = p > 1forall n, then Ces g (q) reduces to the sequence space Ces ,(¢g) studied
by Khan [13].

Notation For any x € [® and i € N, we shall use the following notations throughout the
paper:

xli = (x(1),x(2),x3),...,x(),0,0,...), called the truncation of x at i,
xIN—i = (0,0,0,...,0,xG + 1), x(@ +2),...),

x|y = {x el :x()#0foralli e ] CNand x(i) =0foralli e N\ I} and
suppx = {i e N:x(i) # 0}.

For simplifying notation, we write Cesg (q) = (Cesap(q), ||.||4A>). O

3 Main results

We assume throughout that the sequence space C esg (¢) is nontrivial, i.e., C esg (q9) # {0}
It is easy to observe that the space Cesg (q) belongs to the class of normed sequence lattice.

Theorem 1 The space Cesg (@) = (Cesa (g), |l |Ig) is a Banach space.

Proof 1t is shown in [15, Theorem 1 (i)] that Cesé(q) = (Ceso(q), ||.||é) is a Banach
space. But the norms ||.||é and ||. IIQ are equivalent, so the proof follows easily. O

Theorem 2 Let (Cesg(q))a ={x € Cesg(q) :op(rx) < oo, forallr > 0}. Then the
following statements are true:

@) (Cesq’; (9))q is a closed subspace of Cesg (q),
(i) (Cesp(@))a S {x € Cesy(q) : llx —xljll — O}

con
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(iii)  if @ is a Musielak-Orlicz function satisfying the condition 8, then (Cesé @)a =
C esé‘, (q)-

Proof (i) Clearly (Cesg(q))a is a subspace of Cesg(q). It is required to show that
(Cesg (g))q is closed in Cesg(q). For this, let x € (Cesg(q))a, the closure of
(Cesi3(q))a- So there exists x; = (x; (k)2 € (Ces’y(q))q for eachi € N such that
lx — x; ||g — 0asi — oo. We prove that x € (Cesé(q))a. By the equivalence def-
inition of norm and modular convergence, we have og (r(x — x;)) — 0asi — oo
for all » > 0. So for all » > 0, there exists J € N such that o 2r(x — xy)) < 1.
Since x; € (Cesg (9))a, so we have op (2rxj) < oo for all » > 0. Now, consider

n

o[ Y ak®l) = e [ 5 S Caxlx(k) — xs (K)))
n=1 Qn k n=1 20n k

=1 =1

t35 szxj(kn)

k=1

A

1 1
§o¢(2r(x —xy)) + 50’@(2}".}(’]) < 0.

Since r is arbitrary, so we have x € (Cesg @)a-
(i) LetA = {x € Cesi(q) : |x — x|;lI5 — 0}, x € (Ces5(q))a and € > 0. Since
X € (Cesg(q))a, so there exists jo € N such that

— x| 0 1 n
oo (x E"")= > o | g 2l | <«

n=j+1 k=j+1

for all j > jo. Hence, by the definition of norm ||. ||g, we have

Jx —xlj|p <e (1 + 0o (%)) <e(l+e)

for all j > jo. Since € is arbitrary, we have ||x — x|j||;‘) — 0as j — o0.Sox € A.

(iii)) We show only the inclusion Cesé(q) C (Cesg(q))a because the other inclusion
is always true. Let x € Cesg(q). Then for some ¢t > 0, op(tx) < o0, ie.,
dome <Pn(ﬁ Y ko1 gklx(k)|) < co. We show that for any r > 0

o0 r n
Yoo | o D lakx(o)l ) < o0
n=1 Qn k=1

holds. If r € [0, t], ¢ is fixed, then it follows easily because

Y on (Q’ qu|x(k>|> <> o (Qt unx(kn) < o0.
n=l " "k

=1 n=1 =1

Now choose r > ¢. Since x € Cesg(q), i.e., forsomet > 0, 0¢ (tx) < 00, there exists
a finite positive constant a such that

> o (Qt qulx(kN) <a.
n=1 "k

=1
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Therefore for each n > 1, we have

on (’ unx(kn) <a.
Qn k=1

Since @ = ((p,,)ff:l satisfies the §,-condition, so by definition there are positive constants
a and K and a sequence (c,),2, of positive numbers such that (c,);2, € 1 and the
inequality

©nQu) < K@y (u) +cp

holds for every n € N and u € R whenever ¢, (1) < a.Letu = é 22:1 qgrlx k)|, K >0

be a constant and a be chosen as above. Since r > t, there exists [ € N such that r < 2/r.
Now applying the §;-condition for all n > 1, we have

n 2[ n
n (’ qu|x<k>|> n (f qu|x<k)|> +cn
Qn k Qn k

=1 =1

n -1
K'on (Q’ qulx(kﬂ) + (Z K") Cn-
"k

=1 i=0

IA

IA

Taking summation in both sides over n > 1, we obtain
[e'e) , n [e'e) ; n -1 00
o= D alx®l) <KDY gn | =D alx @)+ [ DK D e < 0.
—"\ o, £ — "\ 0. & — )=
n= k=1 n=1 k=1 i=0 n=1
Hence, x € (Cesg @))a- O

We will assume in the rest of the paper that the Musielak-Orlicz function @ = (¢,);2

with ¢, (1) < oo for each n € N,u € R. The following lemmas are useful to prove our
result.

Lemma 1 Suppose @ € 8, and @ > 0. Then for any (x;) C Cesg (q), where x; =
()2, 1 eN, ||x1||g — Oifand only if o (x;) — O.

Proof See [7, 11]. O

It is noted that, for a fixed x € Cesg (g), the set K (x) defined earlier (see Section 1) has
the form K (x) = {k > 0 : %(l + o¢ (kx)) = ||x||g}.

Lemma 2 Let x € Ces)y(q) be given and x # 0. If K(x) = ¢, then |x|5
Yo AnRIx(n), where ky = limy_ oo “”’T(“) and Rix(n) = é Y gilx(@)],n e N

Proof Let f(k) = (I + oo (kx)), where 09 (x) = 302, ¢alg- 2imy @ilx()]) =

Zflozlgon(R‘/x(n)). Since f(k) is continuous and K(x) = {, so we have ||x||g

n(u)
u

limg o0 £ (k) = limg oo 2285 Then A, = lim,_ o0
not, there exists a ng € supp x such that

is finite for all n € supp x. If
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98 A. Manna, P. D. Srivastava

k kR4
Ix]|4 = lim o0 (kx) > i Mqu(no) — 00
k—00 k k—oo  kRix(ng)
So we have
oo
A Urp(k) ©n(kRx(n)) RY _ g
el = lim k_)ooz Rixgy Rxm = > A RIx(n).

n=1

O

Lemma 3 Let x € Ces{g (q) be given and x # 0. If @ = (pn),2, is a Musielak-Orlicz
Sfunction satisfying condition (001), then K (x) # (.

(u)

Proof Suppose on contrary that K(x) = ¢. Then by Lemma 2, we obtain lim "’”T <
Uu—>00

oo for each n € supp x, a contradiction to the assumption that @ satisfies the condition
(co1). O

Theorem 3 The sequence space C esé (q) has the U K K .-property whenever @ = (¢,);2 |
satisfying condition (001), @ € 87, i.e., (1) and @ > 0.

Proof Lete > 0 be given, (x;) C B(Cesé(q)),x € Cesg(q), ||x1||g — ||x||g,x[(i) —
x(i) for each i € N and sep(x;) > €. We prove that ||x||g < 1 —§. It trivially holds when
x = 0. Let us assume that x # 0. Then using Lemma 3, we have K (x) # 0, i.e., for each
x € Cesg(q), there exists a k; € R, such that ||x||§‘5 = %(l + o (k;x)). Since x; — x
in C esg(q) weakly, it implies x;(i) — x(i) for each i € N, so we may select a finite
set I = {1,2,3,..., N — 1} for which x; — x uniformly. So, there exists /[y € N such
that

€
G — xm)1r 1l < 5 foralll,m > 1y. 2)

Since sep(x;) > €, we have ||x; — x;, ||g > ¢ for [ # m by definition. This, together with
(2), implies that || (x; — Xm)lN—[Hé > S forl #mandl,m > Iy. Hence, foreach N € N,
there exists a [y such that ||x;, [N—s |Ig > %. Without loss of generality, we may assume that
lx7IN—y ||g > ¢ foralll, N € N. Therefore, by Lemma 1, there exists §; € (0, €) such that
og (Xi|N-1) = 81.

Since x € C esg (g) implies that ||x — x|y ||g — 0 for sufficiently large N, there exists a
%‘ > 0 such that ||x|1||<’;‘5 > ||x||g — %‘. Also, since x;(i) — x(i) for each i and ||x1||{;> —
Ilx ||g, there exists No € N such that

)
lxilzlly > lxl5 — - forl > No.

Since ||x; ||g < 1 implies k; > 1 for all [ € N, so by the convexity of ¢, and the inequality
©n(u +v) > @, (1) + @, (v) for all u, v € R for each n € N, we have
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A
1> xle

1 N-—1 kl n 00 kl n
=l Do gD+ D e | =D ailui)
n=1 =1 n=N =1

1 N-—1 kl n 1 00 kl N—-1
=t e 5 gl |+ [ e | 5 2 aiu)l
1 —1 Qn —1 kl N n
n J n J
ki« .
+= > gl
0, =,
J_
1 N—1 kl n 1 00 kl N—-1
>+ ) o | =D ailaD) |+ D e | = Y ailu()l
kl — Qn i—1 kl _ Qn 1
n= J= n= Jj=
1 & ki .
o2 o o > ajla()l
-y " j=N
1 R ki — .
= o (oo RulD) + 5> on | 5= D ajlu
! kl n=N Qn j=N

v

1 > 1 & A
o (100 Gaxilo) + > o o D ajla)l]  (since kg > 1)
n=N =N

A%

A
lxil7lle + oo (xiln—1)

81 81
>m%—3+&:w%+3mU>m.

Therefore, ||x||$ <1- %‘ Thus, Cesg(q) has the coordinatewise uniform Kadec-Klee
property. O

Corollaryl () If¢, = ¢ foralln € N,q, = 1 forn € Nand ¢ € &, then the
Cesaro-Orlicz sequence space ces(f [20] has the (UK K .).

() Ife,(u) = |ulP forallu e R, 1 < p, < oo Vn then Ces,’?(q) has the (UK K,).

Theorem 4 Let @ > 0 be a Musielak-Orlicz function satisfying conditions (001) and 87,
i.e., (1). Then, C esé (q) has the uniform Opial property.

Proof Take any € > Q0 and x € Cesg(q) with ||x||$ > €. Let (x7) C S(Cesf})(q)) be any
weakly null sequence. We show that for every € > 0, there is a u > 0 such that

liminf lx; + x5 > 1+ p
[—o00

for each x € Cesg(q). Since @ € 6 and @ > 0, so by Lemma 1, there is a § € (0, %)
independent of x such that mp(%) > §. Since @ € &, implies Cesg(q) = (Cesg(q))a by
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100 A. Manna, P. D. Srivastava

Theorem 2 (iii), we have ||x — x|, ||g — 0 as n — oo (by Theorem 2(ii)). Therefore, for a
given § > 0, there exists a natural number ng € N such that

! )

A A
X — Xlng ||¢> = “xlN—"O ”zp < g

and
[o,0) n
1 . 8
Yoo D ailxl] < <.
20, 4 8
n=ngp+1 j=1
Since o¢ (%) > §, it follows that

no n [e%s} n

1 ‘ 1 .

§<Y on|5 D ailxDI+ D o |55 D ailx(l
n=1 20n j=1 20x j=1

n=ngp+1
no l n 8
<Y on EZq,,~|x<j)| +3
n=1 j=1

This gives > 10, (pn(%Qn ijl qjlx(HD > %. Since x; — 0 weakly, it implies x;(i) — 0
as | — oo for each i, so we have 0 (x/|s,) — 0 as ! — oo. Hence, by Lemma 1, there
exists a natural number /; such that ||x1|,,0 ||; < % for all [ > ly. This, together with (x;) C

S(Ces$(q)), ie. lIx/|l3 = 1, implies that

)
7 IN=ng ||g >1—g forall =1 3)

Now, for all [ > [, we have

b+ 2018 = [ G+ 0lng + 1+ ) INcno [
A 0
> [ G+ %) lng + X1 INzno | — 3
) )
= ||-x|no +xl|N—n0 ”g - g - g = ||x|no +xl|N—n0 ”g - Z

Since @ satisfies condition (co1), so by Lemma 3, there exists k; > 0 such that for [ > I,
we have

1
|*1ng + 1IN | 5 = i (100 (8 (xlag + 1l1v-1,))) -

Now, using the fact that o (1 + v) > 0 (1) + o4 (v), whenever supp u N supp v = @, we
have

1 1 1 )
Il + x5 > PR (kix1ny) + P (kixtIN=ny) — Z

v

1 8
215 ||;§ + 00 (kixln) — 7 )
k; 4

Without loss of generality, we may assume that k; > % for all [/ because if k; < %, then
we have ||x; + xllqA5 >2— % > 1 + §. Using the convexity of @, we have o¢ (k;x|,,) >

$ ) (ii “,
@ Springer W
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2kjop (%xlno). Now using (3), from (4), we have

8

1
b+ = [l + 200 (33000 ) - 5

no 1 n 8
>l +2 " @ 30, 24k =5
n=1 =1
>1—§+2E—§—1+L18
- 8 T8 4 8’

which implies that lim inf,,_, o [|x; +x ||§g> > 14 u, where  depends upon §. This completes
the proof. O

Corollary2 (i) Letq, =1,n=1,2,...and ¢,(u) = |u|P" forallu e R, 1 < p, <
oo Vn. Then, @ € & if and only if limsup,,_, o, pn < 00. Therefore, ceséj) [21] has
the uniform Opial property.

) Ifen=¢Vn,q, =1forn=1,2,...and ¢ € 8, then the Cesaro-Orlicz sequence
space ces(? [20] has the uniform Opial property.
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