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Abstract

This paper studies scheduling games with potential penalties on the move of jobs.
There are a set of machines and a set of jobs. Each job could choose one machine
and be processed by the chosen one. Jobs that try to change their original choice will
incur additional costs, which is proportional to its processing time with proportional
parameter 6 > 0. A schedule is a §-NE if no job has the incentive to change its choice
unilaterally. The §-NE is a generation of Nash equilibrium, and its inefficiency can be
measured by the §-PoA, which is also a generalization of the Price of Anarchy. For
the game with the social cost of minimizing the makespan, the exact §-PoA for any
number of machines and any § > 0 is obtained. For the game with the social cost of
maximizing the minimum machine load, an upper bound on the §-PoA is presented,
and tight bounds are given for 2 < m < 11 and any § > 0, where m is the number of
machines.

Keywords Scheduling game - Price of Anarchy - Nash equilibrium - Parallel machine
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1 Introduction

In recent years, scheduling games have gained more and more attention in the oper-
ations research and computer science community [1]. In contrast to the assumption of
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classical scheduling problems that all jobs are arranged by a central decision maker,
every job is an independent decision maker who can decide the way how it is pro-
cessed. This assumption adapts to the requirement of decentralized applications such
as network economy and cloud services. One platform may have various resources
with different performances and prices and provide services for multiple customers at
the same time. However, the platform cannot or should not decide customers’ behavior,
but let their customers be free to make choices. Each customer has the right to choose
one of these resources based on their interests. The change in the decision-making
body leads to distinct features from classical optimization problems.

Without a centralized arrangement, schedules occurring in scheduling games are
usually determined by the decision of each job rather than a particular algorithm.
One basic hypothesis of game theory is the rationality of the players [2]. That is,
each decision maker will choose a strategy to minimize his cost. In the case of the
scheduling game, each job could choose one machine from a set of parallel machines
and be processed by the chosen one. The costs of the jobs are also determined by the
choices of the jobs [3]. Since all the jobs are scheduled on the same set of machines,
there is an interaction effect between the choices of the jobs. Each job will also seek
the possibility of reducing its cost by changing its choice, i.e., moving from one
machine to another. However, this kind of movement may not be endless. Under most
circumstances, the choices of jobs will eventually form a steady schedule, which is
known as a Nash equilibrium (NE) [3]. In the NE, no job will reduce its cost by
changing its choice unilaterally. This kind of schedule is one of the main focuses of
scheduling games.

Although each customer makes a decision based on its own cost, the platform has to
pay attention to the overall interest, which is called social cost. It is not surprising that
decentralized decisions will suffer losses on the social cost compared to centralized
decisions. High loss indicates that the decision mechanism is not effective and requires
to improve. Possible improvements include limiting the choice of jobs, guiding jobs
in their choices through economic means, or even returning to centralized decisions.

The Price of Anarchy (PoA) is a kind of quantitative index that measures the inef-
ficiency of the NE. The PoA of an instance is defined as the ratio between the social
cost of a worst NE and the optimal social cost. The PoA of the game is the supremum
value of the PoA of all instances. Analogous to the worst-case ratio of an approxima-
tion algorithm, PoA reflects the performance of an NE in the worst case in terms of
social cost. To obtain the value of the PoA is one of the central roles of research on
scheduling games.

Naturally, more complex scenarios exist in real situations. For example, it may not
be very smooth to change the previous choice of the job. Sometimes the change of
choice will produce extra cost or require additional time, so the job is preferred to
keep the current choice. Under this circumstance, the scope of the steady schedule
will be wider than the NE. The consequence is that the loss from the decentralized
decision may be underestimated, which further influences the evaluation of the decision
mechanism. So it is necessary to study the property of the new kind of equilibrium
and to generalize the notion of the Price of Anarchy.

In this paper, we will study the scheduling game with additional penalties on
the change of the choice of the players. There are a set of machines M =
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{M{, M3, --- , My,} and a set of jobs J = {Ji, J2, -+, J,}. The processing time
of job Jjis pj, j = 1,---,n. The player set of the game is 7, and every player
Jj € J has a strategy set that consists of all the machines. A strategy profile of the
game is essentially a schedule in which every job is scheduled on one of the machines.
A load of a machine is the sum of the processing times of all the jobs that choose this
machine in the schedule. Given a penalty parameter § > 0, a profile o is a §-NE if
the cost of any job in o is no larger than its new cost when it unilaterally moves to
another machine. Suppose that J; is scheduled on M; in o, and the schedule that J;
unilaterally moves to My is denoted o’. Then, the cost of J j in o is the load of M; in
o, whereas its new cost is the load of My in ¢’ plus the penalty cost. Although there
may be different settings on the penalty cost, we assume that the penalty cost of a job
is proportional to its processing time with a proportional factor §. Two kinds of social
costs are considered. The first is minimizing makespan, i.e., the maximal load of all
the machines. The second is maximizing the minimum load of all the machines.

The inefficiency of the §-NE is measured by §-PoA, which is a generalization of the
classical PoA [3]. For the games with the social cost of minimizing the makespan, the
5-PoA of an instance is defined to be the ratio of the social cost of a -NE, which has
the largest social cost among all the 5-NEs to the optimal social cost. For the games
with the social cost of maximizing the minimum machine load, in reverse, the §-PoA
of an instance is defined to be the ratio of the optimal social cost to the social cost of a
8-NE, which has the smallest social cost among all the §-NEs. The 5-PoA of the game
is the supremum value of the §-PoA of all instances.

The framework of scheduling games and the notion of the Price of Anarchy were
formulated by Koutsoupias and Papadimitriou in their seminar work [3]. For the

scheduling game with the social cost of minimizing the makespan, the PoA is mz—:'_’l [4,

5]. For the social cost of maximizing the minimum machine load, the PoA is }—(7) for any

number of machines [6]. When the number of machines is small, the bound of % — @
is better and is tight when 2 < m < 7 [6]. Research on the PoA for other social costs
and more sophisticated paradigms of scheduling games can be found in [7-14].

There are also some models of scheduling games that additional costs incurred by
the move of jobs. For the scheduling game with migration cost [15], a set of jobs and a
set of original machines, as well as an initial schedule, are given. Machines can either
be removed, or be added, but not both. The processing time of a job will increase by a
constant ifitis scheduled on a machine that is different from the machine it is scheduled
in the initial schedule. However, in their model, no penalty cost would occur if a job
moves from one machine to the other machine, but both machines are different from
the machine it is scheduled in the initial schedule. The concept of a steady schedule
does not change, but whether a schedule is a NE or not heavily depended on the initial
schedule. Remind that in our model, the penalty costs are virtual and only act as a
disincentive to the change of choice.

Aterm similar to §-NE is e-approximate NE [16—18]. An (additive or multiplicative)
e-approximate NE is a profile from which no player has the incentive to deviate so
that it decreases its cost by more than ¢, or by a factor larger than 1 4 ¢. However, in
our model, the penalty cost is neither a constant, nor proportional to the new cost.
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In this paper, we study the inefficiency of the equilibrium with potential penalty
cost for the change of choice. For the game with the social cost of minimizing the
makespan, we show the §-PoA is

[a]
{max {m[(ﬂ ’(m D{+3)° L“J} . 0
)

m’

where o = 1+ mm;l (1+6). The bound is tight for any § and m. For the game with the
social cost of maximizing the minimum machine load, we show the §-PoA is at most

( 2L J 3(L%J*1))
2LVI1J

(Ref. Fig. 1) A]ower bound of -5 7+ 1S 5 + 2 5 + 12(6 5 is also given for m > 12.

and tight bounds are obtained for any § and m < 11

As a corollary of our result, the PoA is g up to 11 machines, and at least 17221 for more
than 11 machines, which extends some results of [6] for a small number of machines.

The paper is organized as follows: In Section 2, we present some preliminary results.
In Sections 3 and 4, we prove upper and lower bounds on the §-PoA for the game with
the social cost of minimizing the makespan and maximizing the minimum machine
load, respectively.

2 Preliminaries

We first introduce some notations, which will be used throughout the paper. An
instance / of the scheduling game can be represented by an ordered pair I = (J, M).
A schedule of instance I is denoted o (I). We omiit [ if no confusion can arise. Given a
subset Jy € J, the total processing time of the jobs in Jj is denoted P (7). We abbre-
viate P(J) to P.For any schedule o A (1), the subset of jobs that are scheduled on M; is
denoted 7A(1),i =1, -+ ,m.Letn(I) = |JA ()| and LA(I) = P(JA(I)) be the
number of jobs scheduled on M; and the load of M;, respectively. Denote by C?lax(l )
and Crflm (I') the maximum load (makespan) and the minimum load of all the machines,

respectively. That is CA (1) = max LA(I)and CA (1) = _min LA).
[ 1=1,---,m

min

1 2 3 4 5 6 o 02 03 04 05
Fig. 1 Left: The §-PoA for the game with the social cost of minimizing the makespan on 2(bottom),
4(middle), and 6(top) machines. Right: The §-PoA (solid line) for the game with the social cost of maxi-

mizing the minimum machine load on 2(bottom), 4(middle), and 6(top) machines, and an upper bound of
the 6-PoA (dashed line) on 12 machines
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Let 0% be an arbitrarily §-NE. W.l.o.g., we assume that L‘f > Lg > e > Lfn.
Denote by Jg;, Jp,, J;; the job with the largest, the second largest, and the smallest
processing time among Ji‘s, respectively. By the definition of the §-NE, for any 1 <
i,k <mandany J; € Ji‘s,

L <L+ (1+08)p;. (1)

In fact, assume that there exist i and k, J; € ji‘s and L;.S > Li + A+ 8p;. If J;
moves from M; to My, the new cost of J; is L,‘z + pj +3pj, which is smaller than its
cost in o It contradicts that o is a §-NE.
Though (1) is also sufficient, we have a simpler criterion for whether a schedule
4 is a §-NE or not. IfJ; € jiA and n;“ = 1, then LiA =pj < L,‘? + {1 +8)p; for
any k # i. Hence, any job that scheduled on a machine separately has no incentive to
move to another machine. If Ll.A < L,?, then L[A < L,? + (14 8)p; trivially holds for
any J; € jiA. It follows that no job has an incentive to move to a machine with an
equal or larger load. Therefore, we have the following lemma.

Lemma1 Ifforany J; € Jl.A where nf‘ > 1 and LA Clﬁm, LA mm ++8p;,
then o is a §-NE.

From (1), it is clear that any NE is a §-NE for any 6 > 0, but the reverse is not true.
Due to the existence of NE for the classical scheduling game [19], §-NE also exists
for any § > 0. When § = 0, §-NE degenerate to the classical NE. Moreover, for any
81 < &2, 81-NE is also a 6,-NE and thus §;-PoA is no more than §,-PoA. Note that
0-PoA is equal to the PoA.

Denote by o* and o** the optimal schedule with the social cost of minimizing the
makespan and maximizing the minimum machine load, respectively. The 6-PoA for
the scheduling game on m machines with the social cost of minimizing the makespan
is

Cuax (1)

Us.m = sup {
! Cirax (D)

|1=<J,M),|M|=m}.

The §-PoA for the scheduling game on m machines with the social cost of maximizing
the minimum machine load is

Vo = s { G _
5,m = Sup (I)II—(J,M),IMI—m :

The following lemma provides some basic bounds on the optimum.
Lemma 2 (Folklore) (i) Cl . = max{%, _max pjl
j=Loon
(ii) C** =

min < m'
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3 Minimizing the Makespan

In this section, we present the exact value of the §-PoA for the game with the social
cost of minimizing the makespan.

Theorem 1 For the scheduling game on m identical machines with the social cost of
minimizing the makespan, the §-PoA is

mla]
U = |l ey Lo} 0 <3 <m =1,
’ m, §=2m—1,

where o = 1 + 22— (1+8)

Proof We start from the relatively easy case of § > m — 1. Obviously, Cfnax <P <
mC

rax by Lemma 2(i), and thus, Us ,, < m. To show the bound is tight, consider an
instance [ consisting of m jobs of processing time 1. Clearly, C%,. (/1) = 1. On the

other hand, the schedule o' that all the jobs are scheduled on M is a 8-NE. In fact,
note thatL% = m and L1 = 0 for any i # 1. Thus, C (I)=1land CL. (I}) = 0.

max min
Since L} =m< 1+ 8 =Cl ()4 (1+6),0!isas-NE by Lemma 1. Hence,

min
I
Us.m = CZ?“‘EI'; = m. Thus, Us ,, = m forany § > m — 1.

We assume 0 < § < m — 1 in the rest of the proof. Note that

n?pll X Crsnax = ? nlpal (2)
Moreover, by (1),
LY <L+ (14 8)pyy,i> 1. (3)

Ifnd > =114+ 8) = o — 1, by (3) and (2),

m m
P=>"L}=L{+> L} >L{+(m- DL - 1+8p;)
= =2

- DA +6
—mL} = on— (1 +8)ps, > mrd — L= DU s

n’ !
(m —1)(1+9)
= (m - S Cfnax
m
Combining the above inequality with Lemma 2(i), we have
P
EIED]
C;Snax " "? mn(]S
* < P = 8 : )
Clax o mn{ — (m — 1)(1 + 8)
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On the other hand,
S L(S
C;;lax pa1

by Lemma 2(i) and (2).
§

mn;

. . . (S 8
Note that =D (175) is amonotone decreasing functionof n{. If 2 < n{ < |/,
then by (5),
CS
ﬂgn‘igLanmax{ mie] ,L(XJ}.
Chax mla]l —(m— 11 +6)

If n§ > [a], then by (4),

Crnax mnj . m[a]
Chax  mnd —(m—1)(1+8)  m[a]—(m—1)(1+3)
e |
< max , L]t
mla] — (m — 1)(1 + )

Therefore,

Us,m < max

mlo]
{ 9|_aJ}'
mfa] — (m —1)(1+49)

We introduce two instances to show that the bound is tight. Note that « < m when
8 < m — 1. Instance I consists of (m — |a])(m — 1) + |«] jobs, including |« |
large jobs with processing times 1, and (m — |« ])(m — 1) small jobs with processing
LzJ_ Llods’
and each of the remaining m — 1 machines processes m — |« ] small jobs. Clearly,
L3 = |a) and L? = max{la] — 1 —§,0},i =2,--- ,m. Thus C2,,(I») = |e] and

max
Clznin(lz) = max{|la] — 1 — 8, 0}. Moreover, since

times max i 0}. In a schedule o2, all the large jobs are scheduled on M,

L% = |la] < max{la] —1—-6,0}+(14+9) = Célin(lg) + (14 9),

o2 is a 8-NE by Lemma 1.

In another schedule o”, each large job is scheduled on a machine separately. Each
of the remaining m — |« | machines processes m — 1 small jobs. Since |a| < 1 +
”’T_l(l +68),m > ml|a] — (m — 1)(1 4+ §) and thus

la] —1-8 (m —D(la] —1-19)

m— |o] mla| —(m— 1D +95) — |«

The loads of all the machines in ¢’ are no more than 1. Therefore, C;,, (12) < 1 and
Chux(12)
Usm = [0 2 |a].
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Instance I3 consists of (2m — [a])(m — 1)+ [a] jobs, including [« ] large jobs with

processing time 1, (m—[a1) (m—1) small jobs with processing time ———,andm(m—1)

tiny jobs with processing time {41=1= 5)((m 1)) m=ToD) Since [a] > 1+ mT_l(l +9),

m(m—1

(Tal =1=8)(m—=1) = (m—[a]) =m[a] —m —(m = 1)(1 +45) =20

and thus the instance is well-defined.
In a schedule o3, all the large jobs are scheduled on M, and each of the remaining
m — 1 machines processes m — [«] small jobs and m tiny jobs. Clearly,

L} = [o],
Lg_m—ﬂﬂ (fal=1—=38)(m —1) — (m — [a])
T w1 m—1

=fal—1-68,i=2--.,m

Thus, C3 (I3) = [a] and c3 (I3) = Ja] — 1 — 8. Moreover, since

=[a] = ([a] =1 =8) + (1+8) = Coyy (13) + (1 +6),

o3 is a 8-NE by Lemma 1.

In another schedule o, each of the first [o] machines processes a large job and
m — 1 tiny jobs. Each of the remaining m — [o] machines processes m — 1 small jobs
and m — 1 tiny jobs. The loads of all the machines in ¢’ are

1_i_(|—0f|—1—5)("1—1)—(’"—|—Ol-|) _mfa] —(m—1)(1+96)
m a m ’

Cavax (13) m[a]

Therefore, C* o Z mTa=m=DaT

max

(I) = mfﬂﬂ—(n:n—l)(l-ﬁ-ﬁ) and Uy, >

4 Maximizing the Minimum Machine Load

In this section, we present lower and upper bounds on the §-PoA for the game with
the social cost of maximizing the minimum machine load. Unlike the game with the
social cost of minimizing the makespan, the §-PoA is unbounded for any m > 2.

Theorem 2 For the scheduling game on m identical machines with the social cost of
maximizing the minimum machine load, the 5-PoA is infinity when § > 1.

Proof Consider the instance I; consisting of m jobs of processing time 1. Clearly,
C;;’fn(l 1) = 1. On the other hand, the schedule o’ that two jobs are scheduled on M|,
one job is scheduled on M;,2 < i < m — 1, and none of the jobs is scheduled on M,,
is a 8-NE. In fact, note that L} =2, L;, = 0and L} = 1 forany 1 < i < m. Thus,

Clin(I1) =0.Since L} =2 < 1468 =C]; (I)) + (1+6),0"isas-NE by Lemma
1. Hence, Vs, = 00.
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According to Theorem 2, we assume that 0 < § < 1 in the rest of the section. We
first show some further properties on the §-NE. Remind that L§ > L3 > --- > L%, and
Ja;> Jb;» Jz; 1s the job with the largest, the second largest and the smallest processing
time among j respectlvely Let My = {M;]1 <i <m-—1 andn = 2} and
Mpr={M;|1 <i<m-—1 andn = 3} be the subsets of M\{M,,} cons1st1ng of
machines that process 2 and 3 jobs in o, respectively. Denote by J7; = U \7,5

MieMy;
and J;7; = U jia the subsets of jobs that are processed on the machines of
M;eMir;
M and My, respectively. Clearly, | T = 2| M ;| and L7111| = 3|Myil.

3 - 5L‘fn andL‘S—pZ‘. <

Lemma 3 Ifnf > 2 forsome 1 <i <m — 1, then L?

5 - 3L§" Specifically, p; < ﬁLglfor any J; € Jp1.

Proof Since o? is a §-NE, n?pzi < L? < L3, + (1 + 8)p;, by (1). Thus, p;, <
§
; L1}, Hence, L} < L}, +(1+8)p;, < f"'l sLy, and L} — p; < Ly, +8p; <
8 1 aLfn
Ifn =2, then p;, < ps = L% — p;; < Lﬁ Therefore, p; < %(SL;SH for any
Ji e Jir.

Next we show that the §-PoA is non-decreasing for the number of machines.
Lemma4 Vs, < Vs mti.

Proof Let I = (J, M) be an arbitrary instance with |[M| = m, and ¢®(I) be an
arbitrary §-NE of /. Consider an instance I’ = (J’, M’) with m + 1 machines,
where J' = J U {J,+1} and M’ = M U {M,,+1}. The processing time of J,4 is

Pny1 = Cip (D).

Obviously, Ci* (I') > Ci* (I), as we can easily obtain a feasible schedule o of

I' with C; . (I’ ) = C* (I) based on o**(I). That is
JAY =T i=1,- m, Ty (") = {Jny1}.
On the other hand, let o® (1) be a schedule of I’ such that
T = TN i =1, om, Ty (1) = (1)
Note that

L) () = pup1 = Ciin (1) = Con (1) = L), (1) = LY, (1.

Thus, C2. (I') = C%. (I) = L3,(I). Since o (1) is a 8-NE of I, forany 1 <i < m,

min

and Jj € 73 (I') = j%(l)
L) =L <L)+ (1 +8)pj =Coo(I)+ (1 +8)p;.

@ Springer



Z-Y.-N.Wang et al.

By Lemma 1, 0®(1') is a 8-NE of I’, and gg“f“g,; > g{;““Z; By the arbitrariness of 1

and o%, we have Vs.m+1 = Vs.m.

Lemma 4 indicates that the §-PoA for m machines is no less than the §-PoA for
fewer machines. However, the ratio between the social cost of an optimal schedule
and a §-NE will not exceed the §-PoA for m — 1 machines in some circumstances, as
we will see in the next lemma.

Lemma 5 Suppose that o®(I) and o’ (I) is a 8-NE and a feasible schedule of I,

respectively. If there exists k # m such that j,f(l) - jk’(l), then gg“—"g; < Vsm—1.
Proof Let I— = (J~, M™) be an instance with m — 1 machines, where J~ =

j\jk‘s(l) and M~ = M\ {My}. Construct a schedule o® (I ™) of I~ based on o®(I)
such that 7 (I7) = J?(I) for any i # k. Obviously, 0°(I7) is a §-NE of I~ and

8 - C N E ) : 8 8
Chind ™) = rl};é]?L,- )= r,-I;Z/?L" ()= ;_fom ,mLi([) = Chin(1), (6)

where the third equality is due to k # m.
Next we provide another schedule o'(I~) of I~ based on o' (I). Let

T I7) =T, (D) U(T(ID)\ jka(l)), T =TJ/U),i #k,m.
Then, L;(I7) > L;(I) for any i # k. Hence,

(7)) = Crp(I7) = r&i?L;(r) > rgzl?L;(l) > _min mL;(l) = Crin(D).

(N

i=

By (6), (7) and the fact that o® (/™) is a 8-NE of instance I~ with m — 1 machines,
Cran(D) _ Com) _
8 T -y
Cmin(l) Cmin(I )
In the next lemma, we provide two specific situations that meet the condition
of Lemma 5. It significantly simplifies the proof of the §-PoA in companion with
Lemma 4.

V(S,m—lo

Lemma 6
(1) Ifthere exists i # m such that n® =1, then Cin D) <V
i = b Cfﬂin(l) X Vém—1-
il ere exists a machine that processes at least two jobs of Jrr in o™, then
(i) If th t hine that p t least two job J ** th
Crnn )
—min__~ Voo 1.
Cﬁlin(l) = Yom—]
Proof

(i) If there exists i m such that n® = 1, then 7° = {J,}. Since J,, must be
l l i i

processed on some machine in o **, we can assume that jf C J;** by renumbering

)

Coin(D)

the indexes of the machines of o**. Hence, Vs.m—1 by Lemma 5.
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(i) Construct an instance I = (J T, M) whose job set has a one-to-one map to
the job set of I = (J, M). For any J; € Ji, the corresponding job J;r has a

processing time 1]T5L‘rsn (I). For any J; ¢ Jjj, the corresponding job J]T" has the
same processing time as J;. By Lemma 3, pf > pj forany j.

Let o (I™) be a schedule of I+ such that 7 (1) = J7(I) for any i. Since p;' =pj
forany J; ¢ Jy7, LS(IT) = Li(I) for any M; ¢ M . Thus, L3,(I") = L8 (I) <
Lo(I) < LY(I) forany i # m. It follows that C3, (IT) = C;jm(l) = LJ (I). For
any M; € My,

Liat) = 2 L5 ) = Lfn(l)+(1+s)1—18L;§1(1):cﬁm(1+)+(1+s)ﬁL;‘n(1).

Hence, 0% (I7) is also a 8-NE of I by the fact that o® (1) is a §-NE of I and Lemma
1.

Let o/(I™) be a schedule of It such that 7/(I*) = J**(I) for any i. Clearly,
Cx (1) < Cl. (I"). Recall that all the jobs of I* correspond to the jobs of J;;
have the same processing time. Since there exists a machine which processes at least
two jobs of J;; in o**(I), we have J2(IT) € J/(I) for some M; € M, by
renumbering the indexes of the jobs correspond to the jobs of J;; and the machines

T):‘l(ﬂ(l) mm(l )
e S choam S

min min

in o’. Therefore,

< Vs,m—1 by Lemma 5.

By Lemmas 4 and 6(i), to prove that the §-PoA for m machines does not exceed
Vs.m, it is sufficient to assume that n? > 2 forany 1 < i < m — 1. Under such
circumstance, it is easy to obtain an upper bound of Vs, by Lemma 3, as we will
show in Lemma 8. However, the upper bound is too crude to be tight. With the help
of Lemma 6(ii), we get a tighter and still universal upper bound in Theorem 3. It
matches the lower bound of V; ,, up to 7 machines. To obtain the tight bound for more
machines, a careful investigation on the jobs of J;;; is required, which forms the last
and the most technical part of the paper.

For simplicity of notation, denote w; = % for any i > 1. Clearly,
. i+1 1+54
(l+1)wi=m_l+_8:1+(l+8)w’ ()

We list some simple algebraic properties of w; below.

Lemma7 (i) w; > 2wy > 3w3 > dws > 6we > 1.
(i) Foranyk > 1, 1 +kwy = 2(k+ 1)ws. Forany k > 2, 1 +2kwy > 3(k+ 1)w3
and1+kw2>2(k+2)w4
(iii) 2+a)1 < 7 +w1+w3§4+a)1+4w2 +a)1+a)2
(iv) 10+w1+ w2+ wz< + w1 + w2+ w3 +w1+wz
(V)Foranym>21+6a)1+3(m 4)w2<1+8a)1+3(m 6)a)2+4a)3.

(vi) Foranym < 12, $+ '”T’lcm + %wz < ﬁ + 12w1 + 3w2 +w1 +w2.
(vii) Foranym > 8§, % (1 4+ 8wy +3(m—6)wy +4ws3) < g —i—a)] —|—4a)2+2a)3 <
%—I—an + w».
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(viii) Foranym 29,%(1+8w1+3(m—5)a)2) + a)1+ wy < —|—a)1+a)2
(IX) 9 +0)1 + 3 CU2+ 0)4 \ 6+a)1+w2
(X) 17 + 1101 + ffo2 + f7o3 < 1 + [fo1 + 502 < § + 01 + o).

Proof (i) and (ii) can be proved by direct algebraic calculation. (iii) can be proved
by (i). Both inequalities of (iv) are equivalent to 1 + 6w, > 12w3, which is valid
according to (ii). (v) can be proved by 2w; + 4w3 > 2w + 1 > 6w,, which is valid
according to (i) and (ii). The first inequality of (vi) can be proved by (i), and the second
inequality of (vi) is equivalent to 1 4+ @ > 4w», which is valid according to (ii). The
first inequalities of both (vii) and (viii) can be proved by 1 4+ 8w; > 18w,, which is
valid according to (ii). The second inequalities of (vii) and (viii) can be proved by (iv)
and (vi), respectively. (ix) is equivalent to 1 + 2w, > 8wa, which is valid according to
(i1). The first and second inequality of (x) can be proved by (i) and (vi), respectively.

Lemma 8 Ifn 2forany 1 <i <m—1, then
Coin _ 1
o s - + 2[Mrlwr + 3IM ]y +4m — 1 — M| = [IMprhws)
min
1 1
< o (1 +2[Myrlowr +3(m — 1 — [MDw2) < P (1+2(m — Do)

Proof By Lemmas 2(ii), 3 and 7(i),

P 5 16 m—1 )
C$Tn<i:lZ;n1Li:l nt2ini L <L 1+Z—ni
ci Ly, m L m LS, m ol —1-36

1 nf nf

ail ERD Dl e v D Dl sy
MieMy 1 MieMy 't

+ n?

n?—l—S

M; e M\(M ;UM 11U{Mp})

N

1
-~ (I 4+ 2IM oy + 3IMyprlwr +4m — 1 — [ M| = IMpri)ws)

N

1 1
. (I +2IMjrlwr +3(m — 1 = [Mhwr) < P (14+2(m — D).

Forany 0 < § < 1 and m > 2, define
1 m m
li _ o m .
VB,m_ZL%J (1+2L2Jw1+3(L2J 1)a)2). )

Set V(S/,l = 1. We will show that Vé/,m is an improved upper bound of Vs ,,. As a
preparation, we present some properties of the V; m

Lemma9 (i) If m is an even number; then Vs”m = V(S/,m+1 < V(S/,m+2'
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(i) Vi, >~ (142301 +3(m— %] - 1))

Proof (i) Since m is an even number, |7 | = LmTHJ. Obviously, Vs , = V{

5.m+1- BY
(9) and Lemma 7(i),

1 1 3m
Vim=Vimsz = 5 (14 mor +3(5 = 1)) - mi2 (1 +(m+ Do + 7“’2)

2
2.1 1N o2
m m+2 m(m + 2)

2

=m(m+2>+3‘”2(

(I =3awn) <0

(i1) If m is an even number, then V(S/,m = % (l +2|5 o +3 (m - 15] - 1) a)z)
by (9). Otherwise, | %] = [ 5! ] = 31, By (9) and Lemma 7(ii),

VBml <1+2|. Jw1+3<m_L J_ ) )
1 3 1 3
= (1—|—(m—1)a)1+ (m—3)a)2) —(1+(m—1)w1—|— (m—l)wz)
m—1 m
1 2m — 3(m + 1) m—3
:m<l+(m_l)wl_§(m+l)w2>> =1 2" amm =2 ="

Therefore, Vi ,, = V{ ,,_; > i (1 + 2[5 )01 + 3 (m — [ %3] — 1) @2) by ().
Theorem 3 For the scheduling game on m identical machines with the social cost of
maximizing the minimum machine load, the §-PoA is at most Vﬁ/,m when § < 1, and
the bound is tight for2 < m < 7.

Proof We will prove that V(S/,m is an upper bound on the §-PoA for m machines by
induction on m. Obviously, Vs | = V(S/,l = 1. Assume that the §-PoA is at most Vs/, X
for any k < m machines.

C**

If there exists i # m such that n = 1, then 2 <
mm

Lemmas 6(i) and 9(i). Therefore, we assume that n >

M| < |5 ], then by Lemmas 8, 7(i) and 9(ii),

Vsm—1 < Vﬁlm—l < Vi, by
2forany 1 <i <m—1.1f

Kk 1

min . +2IMyrlwr +3(m — 1 — [Mjr)w2)
min

< % (14215 o +3 (m = 151 = 1) @2) < Vi,

If Myl = |5 | +1,then | J;;| > m+ 1. Thus there exists a machine which processes
at least two jobs of 7;; in o**. By Lemmas 6(ii) and 9(i), gm'“ Vsm—1 < V(S/,m—l <

min

’ { - The proof of the first part of the theorem is completed by induction.

The remaining part of the proof includes instances to show the bound is tight for
2 < m < 7. To prove the tightness of m = 2, consider an instance I4 consisting of
two large jobs of processing time w1 and two small jobs of processing time % Clearly,
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Crs (Iy) = 2 + w1. On the other hand, consider a schedule o that the two large jobs

are scheduled on M and the two small jobs are scheduled on M>, which is an §-NE.
Clearly, L} = 2wy > 1 = L3. Thus, C#. (I4) = 1. By (8) and Lemma 1, 0% is a

min

8-NE. Hence, CT‘"E;‘; + w1, and Vs o = Va h = 2 + w1. The tightness of m = 3
can be obtainednhgf Lemmas 4 and 9(i).

To prove the tightness of m = 4, consider an instance /5 consisting of four large
jobs of processing time wg, four small jobs of processing time w;, and four tiny jobs

of processing time }T(l — wy). In the optimal schedule, each machine processes a large

job, a small job and a tiny job. Thus, Cf;:n(ls) =witw+g Ll—w) = i Lt +3 7@2.
On the other hand, consider a schedule ¢ that two large jobs are scheduled on each

of the first two machines M and M», three small jobs are scheduled on M3, and the

remaining jobs are scheduled on M. Clearly, by Lemma 7(i),

LS=15=20w>3wm=L3>1= 4.11— = L]
1=Ly=2w1 23w =L3>1=w + 4( wp) = Ly.

mm(ls)
3. (Is)
%a)z, and V5 4 = V(s/,4 = }1 + w; + %wz. The tightness of m = 5 can be obtained by
Lemmas 4 and 9(i).
To prove the tightness of m = 6, consider an instance I consisting of six large
jobs of processing time w1, six small jobs of processing time w», and six tiny jobs

of processing time é In the optimal schedule, each machine processes a large job, a

Thus, C>. (Is) = 1. By (8) and Lemma 1, o is a §-NE. Hence,

min

P I

small job and a tiny job. Thus, C}* (Is) = % + w1 + ws.

On the other hand, consider a schedule o'® that two large jobs are scheduled on each
of the first three machines M1, M> and M3, three small jobs are scheduled on each
machine of M4 and M5, and the tiny jobs are scheduled on Mg. Clearly, by Lemma
(),

=L =18 =20 230 =Ly =L%>1=1LL

6 6 Cmm(le) 1
Thus Cp; (Ie) = 1.By (8) and Lemma 1, 0 is a §-NE. Hence, Co. (o) Z gtoito,

and Vs ¢ = Va/,e = % + w1 + w2. The tightness of m = 7 can be obtained by Lemmas
4 and 9(i).

In fact, § T w1+ isalso the §-PoA for 8 < m < 11 machines, butis strict smaller
than V/ . In order to get an upper bound smaller than V5 > We need more accurate
estlmates of the optimum than Lemma 2(ii), which can be achieved by examining the
processing times of the jobs of 7;;; and the machines they are scheduled on in o*

Denote by M;* and M7* the subset of machines that process 0 and 1 jobs of J;7;
in o**, respectively. Then

MY = 2m — |T111] = 2IMGT|. (10)
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In fact, if M| < 2m — |Typ1] — 2| MG¥| — 1, there are at least m — (2m — | T 1] —
2| ME*| = 1) — | M*| machines each of which processes at least two jobs of J;;7 in
o**. Then

| Trrrl = 2(m — Cm — |Tyr1| = 2IMGF = 1) — IMG*D)
+@Cm — T = 2IMG* | = 1) = Tl + 1,

a contradiction.

Though L? = pa; + Db + Py < SwQLﬁ, for any M; € Mj;; by Lemma 3, we
cannot assert that p; < wp LY for any J ; € J111. To get an effective upper bound on
the total processing time of a subset of 77y, further classification of Jj; is necessary.

Let Jir1a = LAJA {Ja;} € 111 Clearly, |Tr11a| = |Myis] = $1J111]. For any
Mie M

job Jg; € J1114, both Jp, and J;; are called slave jobs of J,,, and {J),, J;} is called a

companion pair of J,;. Meanwhile, J,, is called the master job of Jp; or J,.

In the next three lemmas, we give upper bounds on the total processing time of a
subset of J;;; in various situations. Together with the upper bound on the processing
time of jobs of 77, we are able to derive upper bounds on the total processing time
of jobs that are processed on a certain subset of machines in ¢**, and then get more
precise upper bounds on the C'% .

Lemma 10 Suppose that Jo < Jii1-

(1) If for any job of Jrira N Jo, at least one of its slave job is also in Jy, then
P(Jo) < |JolwnL?,.
(i) If Jo does not contain any companion pair, then P(Jr11\Jo) < |j111\j0|w2Lf,1.

Proof By Lemma 3, for any M; € My, po;, + pp, = Lf — Py < 20)2L§n and thus
Dz < pp; < a)zLﬁr Therefore, unless Jy contains some job of 77y, but does not
contain any of its slave job, any two jobs of Jy has a total processing time of no more
than 2a)2L,‘Sn. This clearly leads to (i). If Jp does not contain any companion pair, then
whenever Jr;7 \ Jo contains a job of J7;;4, it also contains at least one of its slave
jobs. (ii) can be proved by (i).

Lemma 11 If J** contains a companion pair {Jp;, J;;}, then P(Jr\J') <
(Trrrl — 3)w2L§1 + pa;, and there exists My € MN\{M;} such that P(Jp1\(J;* U
TN < Uil = 3w Ly,

Proof By Lemma 10(i),

P(Tiir \ F7™) < P(T1ii \ by I 1) = P(T1ir \Jays Ibjs Iz 1) + Pa;

<
< (1 T111) = DwaLy, + ;-

If {Ja;, Ib;» Iz} © J**, then for any My € M\{M;},

P \ (TP U T < P(Trir \ T < P(Ti1i \ Ua; . Iy I, D) < (1 T1nil = Dan L,
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Otherwise, assume that J, ;€ J*, then
P(T1ir \ (J7* U T)) < P(Trir \ ays oy I, 1) < (1 Ti11) = 3)on Ly,

Lemma 12 (i) Suppose that MS € Mi* If [ 3 (MP| =1 T111aD1 < 1 Ti11al < IM5),
then there exists a subset M' € M5 with |M/| = I’%(|MS| —|TJ1114l)] such that the
total processing time of the jobs of Jyyy that are processed on M' is no more than
|./\/l/|a)2Lfn.

() If 2| T111al < m — \ME*| < 31T111al, then there exists a subset M" C M with
|IM'| = 3m —=2|T; 11| = 3| MG*| such that the total processing time of the jobs of Jr11
that are processed on M’ is no more than |./\/l’|a)2L?n.

Proof (i) The subset M’ can be constructed as follows. Initially set M’ = &. Obvi-
ously, there are |./\/lS| — | J1114| machines of M5 that do not process any job of Jj74-
Add these machines to M’ and denote the set of the remaining |7;;;,| machines of
M35 by MC. Select f%(l/\/lsl —|J1114])] jobs from the jobs of J; that are processed
on the machines of M5 \ MC, such that no two jobs belong to the same companion
pair. Since [M5| =T/ 114l jobs of J711\ J1 114 belong to atleast [ 3 (|M5| = T111a])]
different companion pairs, the selection is feasible and the subset of the selected jobs
is denoted J'. For each job of 7', if its master job is processed on a machine of
ME, add this machine to M’ and delete it from MC. If its master job is not pro-
cessed on the machines of MC, select an arbitrary machine of ME that does not
process any job of J7;74, and add the machine to M’ and delete it from ME. Since
IMC| = |Ti11al = (%(|MS| —|J1114l)], the required machines can always be found.
At the end of the process, there are (%(IMSI — |J1114])] machines in M’. For any
job of Jrs14 that is processed on the machines of M/, at least one of its slave jobs is
also processed on the machines of M’. By Lemma 10(i), the total processing time of
the jobs of J;; that are processed on M’ is no more than |M/|w; Lfn.

(i) By (10), IM7*| = 2m — |T111] — 2| M§¥|. Let MS be an arbitrary subset of
M with [MS| = 2m — | Ty 1| — 2IMG*|. By (i), there exists a subset M’ C M
with

3 3
M| = f5<|MS| = 111DV = [5@m = 1T111] = 2AMG*) = 1T111aD)]
=3m = 2|TJ111] — 3IIMG,

and the total processing time of the jobs of 77, that are processed on M’ is no more
than [M/|wy L8,

So far we have done all the preparation, we will show the exact value of the §-PoA
for 8 < m < 11 in two theorems.

Theorem 4 For the scheduling game on 8 and 9 identical machines with the social

cost of maximizing the minimum machine load, the §-PoA is % + ﬁ + ﬁ when
s < L.
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Proof Note that Vs 7 = % + w1 + w2 by Theorem 3. We only need to show that
Vsm < % + o) + o for 8 < m < 9. If there exists i # m such that n® = 1, or
there exists at least a machine which processes at least two jobs of Jj; in o**, then

g‘g““ix Vs.m—1 by Lemma 6(i) and Lemma 6(ii). Assume in the following that
‘3 > 2 forany 1 < i < m — 1 and each machine processes at most one job of J7; in

** . Thus, (M| < L | =4.
If IMy] < 3, then by Lemmas 8 and 7(1)(v)(vii),

Coin _ 1

—5 - S — (L+2Mylor +30m — 1 — [Mj1))w2)
C m

min

1 1
Z (146w +3(m—4)wy) < 3 — 4+ w; +w;.

If IMy;| =4 and [My;;| < m — 6, then by Lemmas 8 and 7(i)(vii),

C*x 1
—5 < — (L +2IMyglwr + 3IMyprlwz +4m — 1 — | M| — [IMyrhws)
len m
1 1
< n—1(1+8a)1 + 3(m — 6)wy + 4w3) < 6+w1 + w>.

We are left with the case of |[M;;| = 4 and |[Mj;;| = m — 5. Then, J = J,fl UJiu
Jrrand | T = 8, |Jr11| = 3(m = 5).

For the case of m = 8, each machine processes exactly one job of 7;; with process-
ing time of no more than w L‘fn ino**, Since | Jy77] = 9, there must be a machine, say
M, which processes at least two jobs of 7 in o **. If 7;** does not contain any com-
panion pair, then by Lemma 10(i), P(J;;/\J}™) < 1T \J™* |a)2Lfn < 7a)2L§n.
Even if all the jobs of J,fl are processed on M\ {M}, we still have

8

1
C:::n = ? ZLT* <
i=2

1
< (8 +or+ wz) Coin-

If 7, 1** contains a companion pair, then there exists a machine, say Mg, such that
P(Jr\(J}[* U Jg™)) < 6a)2Lfn by Lemma 11. Thus even if all the jobs of Jrﬁ are
processed on M\{M, M3}, we still have

§ S S\ 1 $
(Lm +7wi L, + 7a)2Lm) = ? (147w 4+ Twn) L;,

| =

7

1
Cin < YL <

i=2
1 §
= 8 +w + w Cmin'

Combining the above analysis with Vs 7 = % + w1+ w2, wehave V5 g = % +w| +w>.

) ) ) 1 )
(Lm + 6w L, + 6a)1Lm) = 5 (14 6wy + 6wy) L;,

N =
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For the case of m = 9, by Lemmas 2(ii), 10(i) and 7(vi),

(L3, + 8w LS, + 12w, L))

= §+§a)1+§a)2 ng 6+CU1+602 Cmin'

Combining the above analysis with V5 g = % + w1+ w2, wehave Vs g = % +wi +ws.

ooo|~

Theorem 5 For the scheduling game on 10 and 11 identical machines with the social
cost of maximizing the minimum machine load, the §-PoA is % + ﬁ + ﬁ when
s < 1.

Proof Note that Vs ¢ = % + w1 + w2 by Theorem 4. We only need to show that

Vs.m < % + w1 + wy for 10 < m < 11. If there exists i #% m such that nf =1,or

there exists at least a machine which processes at least two jobs of Jj; in o**, then

C{;““ D < Vsm—1 by Lemma 6(i) and Lemma 6 (ii). Assume in the following that
‘S > 2 forany 1 <i < m — 1 and each machine processes at most one job of J7; in

** . Thus M| < L | =5.
If IMy] < 4, then by Lemmas 8 and 7(i)(viii),
C;;’fn 1 1
o S (14201 M|+ 3w2(m — 1 — [Myq])) < . (148w + 3(m — S)wn)

min

1
< 6+a)1+a)2.

Therefore, we assume that [M;| = 5 in the rest of the proof.

First consider the case of m = 10. Then each machine processes exactly one job
of Jr; with processing time of no more than wlLfn in o**. We distinguish several
subcases according to the value of | Mj]|.

If M| < 2, then by Lemmas 8 and 7(iv),

Cmin !
. S0 (1 + 201 IMyr| + 3w Myp1| +dwz(m — 1 — M| — [My1]))

min

1 3 4 1
—(l—|—10a)1+6a)2+8a)z)—E+w1+5w2+5w3\6+a)1+w2

If IMyy;| = 3, then let k < m and My ¢ M;; U M. Thus J = J5 U JP U
Jir YT and L < 4w3L8, by Lemma 3. Consider the assignment of 9 jobs of J;;

in o**. If IM{¥| > 4, then even if all the jobs of j,fl U Jk‘s are processed on M*, we
still have

8 ) )
Cotn < M** Y L < M** (Ly, 4+ 4w3Ly, + |IM§ |1 Ly,)
MG e | M|

1 1
< (4_1 + w1 +w3> Lﬁl < (6 + w1 +a)2> Cl‘iﬁn,
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by Lemma 7(iii). If 2 < [M§*| < 3,by Lemma 12(ii), there exists a subset M" € M7T*
with |M'| = 3m — 2|Tp77| — 3IM§¥| = 12 — 3| M¥| such that the total processing
time of the jobs of Jj;; that are processed on M’ is no more than |M’|a)2L§3n. By
Lemma 7(i)(iii), even if all the jobs of jn‘i U j,f are processed on M’ U M3$*, we still
have

1

Hok < - - Lfk*
min X _ Kok i
12 = 2IM57| M; e MIUME*
1
< ———— (L), + 43 Ll + (12 = 2IMF Dot LY, + (12 = 3IMF* Do L))
12 — 2| M|
= w1+w2+;(1 +4w3 — [M§F|wn) ) L)
12 — 2| M| m

1
< (w1 + wy + 3 (1 +4w3 —2a)2)) Lfn

1 3 1 s 1 8
= §+a)1+za)2+5w3 Ly < 64‘0)1""02 Crnin-

Therefore, it is sufficient to assume that | M{*| = 1 and each machine of M \ {Mo}
processes exactly one job of J7;; in o**. We further discuss below the number of jobs
of Jka and the machines that they are processed on in o**.

If ni > 5, then by Lemma 3, Li — pzy < 4L, If no job of J,f is processed on
M\{Mp} in o**, then by Lemma 10(i),

9
1 1
Coin < 5 2L < 5 (Ly + 9011y, +9nLy,) = <§ tort ‘“2> Ly,

Otherwise, assume that some jobs of jk‘s are processed on M7 in o**. Then, the total
processing time of the jobs of jk‘s that are processed on M \ {M} is no more than
4w4L?,. By Lemmas 10(i) and 7(ix),

10
1 1
Coin < 5 YL < 5 (LY, + 44 LS + 901 LS, + 8wnLd,)
i=2
1 8 4 5 1 s
= 5—{—0)1 +§w2+§w4 L, < 6—}-0)1 + w2 | Chiin-

We are left with the case of n,‘i =4,

If no job of jk‘s is processed on Mg in o**, then there exist at least 5 machines
of M\ {Mjo} that do not process any job of jk‘s, and 3 machines among them, say
M7, - - -, Mo, process jobs of J;;; with a total processing time of no more than 3w> L‘fn

@ Springer



Z-Y.-N.Wang et al.

by Lemma 12(i). Then by Lemma 7(iii),

1 1 3
C < ZL** < g Ly +HdorLy, +3mL;) = (Z +or+ sz) Ly,

1
(6 +wr + a)2> len

If exactly one job of j,f is processed on Mg in ¢**, then there are 6 machines
of M\ {Mjp} that do not process any job of jk‘s, and 5 machines among them, say
Ms, - -+, My, process jobs of Jyr; with a total processing time of no more than 5w, Lfn
by Lemma 12(i). If p,, < a)szn, then

10

1 1 1
Crin < — ZLT* < = (L;Sn +(,U2Lfn + 66!)1Lfn + Sngfn) =|l-4wi+w )L
65 6 6
1
6 + w; + w2 Cmm
Otherwise, we have
Ly, +2py < pa + 2Pz < L} — pey <Ly +py (1)

by (1). Thus,

<1(1— LS = wr(1 —an)L? = 1—1 L5<1L‘S
PuS 55 wy)Ly, = wr(1 —wy)Ly, = — | L, < zwoL,;,.

Combining the above inequality with (11), we have
8 8 5o, 1 8 1 8 1 8
Ly, —p; <L, +8p;, <L, + E(Sa)sz =1+ E&uz L, = 5 +w | L,
(12)
Assume that M| processes at least one job of \7,(5 in o**. By Lemma 10(i), the total

processing time of jobs of [J;;; that are processed on M \ {M;} is no more than
8w, LY,. Then by (12),

CcH < ZL** L‘S + L§ — pzy + 901 LS, + 8w LL)

1

1 1
< 6(14—5—}-(1}2—}-9(1)1—{—80)2)[/;31: (6 +CUI+602> Cfnim

If at least two jobs of J,f are processed on Mg in o™*, then there are at least 7
machines of M \ {Mg} that do not process any job of J,f , and 6 machines among
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them, say My, - - - , Mg, process jobs of Jjr; with a total processing time of no more
than 6a)2Lfn by Lemma 12(i). Then,

9
1 1 1
Coin < ¢ § LY < — (LS, + 6w LY, + 6anLd,) = <—

O\

L
6+a)1+a)2>

=

1 §
= 8 + w1+ w ) Cphiy-

If M| = 4, consider the assignment of 12 jobs of J;; in o**. If [M§*| > 2
then by Lemma 7(iii),

1 1 5 5 1 5
0 M;e MG* 0

1
< (5 + o) + wz) Corin-

If [IMG*| < 1, by Lemma 12(ii), there exists a subset M’ C M7* with IM'| =
3m —2|Jp11| = 3IMG*| = 6 — 3| M| such that the total processmg time of the jobs
of Jyys that are processed on M’ is no more than | M’ |w2L By Lemma 7(i), we
have

1
** kek
i 0

S m (LI(?H + (6 = 2l M N1 LS, + (6 — 3|M3*|)a)2Li)

1 s 1
= <601 + w2 + m (1 - |M3*|w2)> L, < (6 + wi +a)2) Ly,

1 §
= 6 + w1 +w ) Chip-

So far, all the cases of m = 10 have been discussed. Combining the above analysis
with Vs g = % + w1 + wy, we have Vs 10 = % + w1 + ws.

Next consider the case of m = 11. We assume that each machine of M \ {M{}
processes a job of J;; with processing time no more than w1 Lfn ino™. If My <4,
then by Lemmas 8 and 7(x),

C** 1
Cgm“ 17 U 200Mur| + 302l My + 4wz (m — 1= M| = M)

min

1 1
< H(1+10w1 + 2wy + 4w3) < g+w1 + w3.

In the following, we assume that |[M;;| = 5. Thus, J = ._7,2 U Jrr YU Jrrr and
[Trirl = 15.

@ Springer



Z-Y.-N.Wang et al.

If there exists M; € My, such that p,, > %a)szn, then by Lemma 3, p,, <

Py < 30pLd, and L = LY — p,, + p., < 2w0L3, + 30,18, = 8w, L3, Thus, by
Lemmas 2(ii), 10(i) and 7(x),

Crr P 1

TR (LY, + P(T1) + P(Tiir \ ) + LY)
1

< L% + 10w L2 + 12w, L8 +§w L}
\11 m 1Ly, 2L, 32m

1 44 § 1 )
=11 1+10w1+?w2 L, < 84‘0)1“‘0)2 Chnin-

Hence, we assume in the following that p,, < %‘szfn for any M; € Myy;.

Suppose that there exists a machine of M\{Mj1}, say M;, which processes at
least two jobs of Jj;; in o** If J;** does not contain any companion pair, then
P(j”[\jl* 13w2Lm <3 a)zL‘S by Lemma 10(ii). Otherwise, P(j”,\j1 <
12w, L8, + %a)szn = a)zL,‘Sn by Lemma 11. Therefore, by Lemma 7(vi),

111

1 s 5 40 s
C:;:n = E ZLT* < 1_0 <Lm + 9w L;, + ?a)sz
=2

10 1+9w1+?w2 L, < 6—}-(1)1—}-(,02 Criin-

We are left with the case that each machine of M\{M11} processes at most one
job of Jyy; in o**. Then, M{§* U M7* = M\{My}. If IM*| > 2, then by Lemma
7(iii),

1 1 8 8 1 8
0 MiEME;* 0

1
< (6 + wy + a)z) Cfmn
If IM§*| = 1, then by Lemma 12(i), there are 6 machines of M\{M}, say

Ms, - - -, Mg, process jobs of Jr;; with a total processing time of no more than
6a)2L§Sn. Thus,

—_—

cH < ZL** — (L8, + 6w L8, + 6w L3))

1 8 1 8
= 6+w1+a)2 L, = 8+a)1+a)2 Crin-

If IM§*| = 0, then by Lemma 12(i), there are 8 machines of M\{M}, say
Ms, - - -, Mg, process jobs of Jr;; with a total processing time of no more than

O‘\
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8w L) . Thus

OOI»—

E: ok
mm\ L

1
< <g + o1 + w2> Cg’lm

All the cases of m = 11 have been discussed. Combining the above analysis with
Vs.10 = é + w1 + w2, we have Vs 11 = é + w; + wy.

1
(L3, + 8w L], + 8anLd) = <§

+w1+w2>L

At the end of the paper, we present a lower bound for m > 12 machines.

Theorem 6 Forthe scheduling game onm > 12 identical machines with the social cost
of maximizing the minimum machine load, the §-PoA is at least % + IITB + 2175 + ﬁ
when § < 1.

Proof Consider an instance /7 consisting of 12 huge jobs of processing time wy, 12
large jobs of processing time wj, 5 medium jobs of processing time 1—12 + %0)6, 7
small jobs of processing time wg, and 7 tiny jobs of processing time % — ]5—2506. In the
optimal schedule, each of the first 5 machines processes a huge job, a large job and a
medium job. Each of the last 7 machines processes a huge job, a large job, a small job
and a tiny job. Thus, C* (I7) = 11—2 + w1+ wy + %c%.

On the other hand, consider a schedule o’ that two huge jobs are scheduled on
each machines of My, ---, Mg, three large jobs are scheduled on each machine of
M7, - -+, Mjp. All the small jobs are processed on M1, and the medium and the tiny
jobs are scheduled on Mj,. Clearly, by Lemma 7(i),

L= =Ll=2w1 23y =L]=--- =L, > L], > 1 =Tws = L],.

Thus, Cr7nm(17) = 1. By (8) and Lemma 1, o’ is a 8-NE. Hence, C‘;““E;; = ﬁ + w1+
7

min

w2+ﬁw6,andV3,m>§+m+ﬂ+mform>12.
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