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Abstract

Motivated by the problem to approximate all feasible schedules by one schedule in a
given scheduling environment, we introduce in this paper the concepts of strong simul-
taneous approximation ratio and weak simultaneous approximation ratio. Then we
study the two variants under various scheduling environments, such as non-preemptive,
preemptive or fractional scheduling on identical, related or unrelated machines.
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1 Introduction

In the scheduling research, people always hope to find a schedule that achieves
the balance of the loads of the machines well. To the end, some objective functions,
such as minimizing makespan and maximizing machine cover, are designed to find
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a reasonable schedule. Representative publications can be found in Csirik et al. [1],
Deuermeyer et al. [2], Graham [3], Graham [4] and McNaughton [5], among many oth-
ers. But these objectives do not reveal the global fairness for the loads of all machines.
Motivated by the problem to approximate all feasible schedules by one schedule in a
given scheduling environment and thus realizing the global fairness, we introduce two
new parameters: strong simultaneous approximation ratio (SAR) and weak simulta-
neous approximation ratio (WAR) for scheduling problems.

Our research is also enlightened from the research on global approximation of
vector sets. Related work can be found in Bhargava et al. [6], Goel et al. [7], Goel et al.
[8], Kleinberg et al. [9] and Kumar and Kleinberg [10]. Kleinberg et al. [9] proposed
the notion of the coordinate-wise approximation for the fair vectors of allocations.
Based on this notion, Kumar and Kleinberg [10] introduced the definitions of the
global approximation ratio and the global approximation ratio under prefix sums.

For a given instance Z of a minimization problem, we use V (Z) to denote the set of
vectors induced by all feasible solutions of Z. For a vector X = (X1, X2, -+, Xim) €
V(Z), we use 3? to denote the vector in which the coordinates (components) of X
are sorted in non-increasing order, that is, 3? = (X}, X}, -+, X,,) is a resorting of
(X1, X2,---,Xp) sothat X| > X, > --- > X, . For two vectors X,Y € V(Z),
we write X <. Y if X; < Y; for all i. The global approximation ratio of a vector
X € V(Z), denoted by c(X), is defined to be the infimum of « such that 3? <c a?
forall Y € V(Z). Then the best global approximation ratio of instance Z is defined
to be ¢*(Z) = infxey () c(X). For a vector X € V(Z), we use o (X) to denote the
vector in which the ith coordinate is equal to the sum of the first i coordinates of X.
We write X < Y if 0(()7) <c0( (17). The global approximation ratio under prefix
sums of a vector X € V(Z), denoted by s(X), is defined to be the infimum of « such
that X <; Y forall Y € V(Z). Then the best global approximation ratio under prefix
sums of instance Z is defined to be s*(Z) = inf xcy (1) s(X).

In terms of scheduling, the above concepts about the global approximation of
vector sets can be naturally formulated as the simultaneous approximation of schedul-
ing problems. Let 7 be an instance of a scheduling problem P on m machines
My, My, -, M,, and let S be the set of all feasible schedules of Z. For a fea-
sible schedule S € S, the load LiS of machine M; is defined to be the time by
which the machine finishes all the processing of the jobs and the parts of the jobs
assigned to it. L(S) = (LS, Lg, ce L,§1) is called the load vector of machines under
S. Then V(Z) is defined to be the set of all load vectors of instance Z. We write
c(S) = c¢(L(S)) and s(S) = s(L(S)) foreach S € S. Then ¢*(Z) = infgcs c(S) and
s*(Z) = infgcs s(S). The strong simultaneous approximation ratio of problem P is
defined to be SAR(P) = supz ¢*(Z), and the weak simultaneous approximation ratio
of problem P is defined to be WAR(P) = supz s*(Z).

A scheduling problem is usually characterized by the machine type and the
job processing mode. In this paper, the machine types under consideration are
identical machines, related machines and unrelated machines, and the job process-
ing modes under consideration are non-preemptive, preemptive and fractional. Let
J ={J1, o, Iyt and M = (M, My, --- , M,,,} be the set of jobs and the set
of machines, respectively. The processing time of job J; on machine M; is given
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by pij, which is assumed to be a nonnegative integer. If p;; = py; fori # k, the
machine type is identical machines. In this case, p; is used to denote the processing
time of job J; on all machines. If p;; = f—l’ for all i, the machine type is related
machines. In this case, p; is called the standard processing time of job J; and s; > 0
is called the processing speed of machine M;. If there is no restriction for p;;, the
machine type is unrelated machines. If each job must be non-preemptively processed
on some machine, the processing mode is non-preemptive. If each job can be processed
preemptively and can be processed on at most one machine at any time, the processing
mode is preemptive. If each job can be partitioned into different parts which can be
processed on different machines concurrently, the processing mode is fractional. We
assume that each machine can process at most one job at any time under any processing
mode.

Since we cannot avoid the worst schedule in which all jobs are processed on a com-
mon machine, it can be easily verified that, under each processing mode, SAR(P) = m
for identical machines, SAR(P) = (s1 +s2 + - - - + s;) /51 for related machines with
speeds s1 = 52 > - -+ = s, and SAR(P) = 400 for unrelated machines.

We then concentrate our research on the weak simultaneous approximation ratio
WAR(P) of the scheduling problems defined as above. For convenience, we use P,
O and R to represent identical machines, related machines and unrelated machines,
respectively, and use NP, PP and FP to represent non-preemptive, preemptive and frac-
tional processing, respectively. Then the notation Pm (NP) represents the scheduling
problem on m identical machines under non-preemptive processing mode. Other nota-
tions for scheduling problems can be similarly understood. The main results are given
in Table 1, where p is the value of WAR.

This paper is organizes as follows. In Sect. 2, we study the weak simultaneous
approximation ratio for scheduling on identical machines. In Sect. 3, we study the
weak simultaneous approximation ratio for scheduling on related machines. In Sect. 4,
we study the weak simultaneous approximation ratio for scheduling on unrelated
machines.

2 Identical Machines

For problem P2(NP), we have s(S§) = 1 for every schedule S which minimizes the
makespan. So WAR(P2(NP)) = 1. For problem Pm(NP) with m > 3, the following
instance shows that WAR(Pm(NP)) > 1.

Table 1 Weak simultaneous approximation ratio of various scheduling problems

Model Pm Om Rm

NP p=1 form =2 Vmtl o Jmtl o
l<p</5-1form=3 7o Sesym 7o Sesym
1<p<% form > 4

PP p=1 S < o< S S < o<

FP p=1 p= Lot Lol <p<ym
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In the instance, there are m jobs with processing time m — 1, (m — 1)(m — 2) jobs
with processing time m and a big job with processing time (m — 1)% + r,,,, where

L V3 —m?2 —m —2)2+4m@m — 1)(m —2) — (m> —m?® —m —2)
m — 2 .

It can be verified that 0 < r,,, < m —2. Let S be the schedule in which the m jobs with
processing time m — 1 are scheduled on one machine, the big job with processing time
(m — 1)2 + r,, is scheduled on one machine, and the remaining (m — 1)(m — 2) jobs
with processing time m are scheduled on the remaining m — 2 machines averagely. Let
T be the schedule in which the big job is scheduled on one machine together with a job
of processing time m — 1, and each of the remaining machines has a job of processing
time m — 1 and m — 2 jobs of processing time m. Then the makespan of schedule S
is m(m — 1), and the (m — 1)th prefix sum of Iim ismm — 12— (m —2 — ry).
Now we consider an arbitrary schedule R. If the big job is scheduled on one machine
solely in R, then the (m — 1)th prefix sum of l(m is at least m(m — 1)2. Thus, by

. . < <
considering the (m — 1)th prefix sums of L(T) and L(R), we have

m(m — 1) g Tm
mm—12—m—=2—ry) m@m — 1)

s(R) =

If the big job is scheduled on one machine together with at least one other job, then
the makespan of schedule R is at least (m — 1) + (m — 1)2 +r,,. Thus, by considering
the makespans of S and R, we have s(R) > 1 + % It follows that

'm

WAR(Pm(NP)) > 1+ ——
m(m — 1)

> 1form > 3.

To establish the upper of WAR(Pm(NP)), we first present a simple but useful
lemma.

Lemma 2.1 Let X and Y be two vectors of n dimensions, and let X' and Y’ be two
vectors of two dimensions. If X <5 Y and X' <; Y/, then (X, X') <, (Y,Y").

Proof Suppose that X’ = (x1, xp) and Y’ = (y1, y2). Without loss of generality, we
may further assume that x; > xp and y; > y2. Then x1 < y; and x1 + x2 < y1 + ».
Let Z, = (X, X)and Z, = (Y,Y'). For Z € {Z,, Z,}, we use (?)k to denote the
kth coordinate of (Z and use |(Z| « to denote the sum of the first k coordinates of ?

for 1 < k < n+2. Similar notations are also used for X and Y. Given an index k with
1 <k <n+2,weused(k, X’) to denote the number of elements in {x;, x} included

in the first k coordinates of (Z_x and §(k, Y') the number of elements in {y;, y»} included
e
in the first k coordinates of Z,. Then 0 < 8(k, X'), 8(k, Y') < 2.
If 8(k, X') = 8(k, Y"), then we clearly have | Zy|x < |Zyx.
<~ <~ <~ <«
If8(k, X') =0, then | Zy[x = [ X [k <Y |x < |Zylk.
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If §(k,Y) = 0 and 8(k, X') > 1, we suppose that x| is the ith coordinate of
<« <« <«
Zy. Then, for each j withi < j < k, (Zx); < x1 < y1 < (Z£y);. Consequently,
— « — <~ «— =
|Zx|k = |X |i—1 + Z,‘gjgk(zx)j < | Y |i—l + Z,’gjgk(zy)j = |Zy|k-

It 8k, X') = 2 and 8(k, Y') = 1, then (Y )i_; > ya. Thus, | Zlx = | X [x—a +

<~ <~ <

x1+x2<|Y|k—2+)’1+)’2<|Y|k—1‘<|'_yl:|Zy|k- - .

If5(k, X') = land8(k, Y') = 2,then (¥ )i—1 < y2.Thus, | Zxle = | X le1+x1
<« P Pas
[Y li—1+ 31 <Y k2 + 31+ 32 = 1Zylk.

The above discussion covers all possibilities. Then the lemma follows.

Theorem 2.1 WAR(Pm(NP)) < 3 for m > 4 and WAR(P3(NP)) < /5 — 1
1.236.

N

&

Proof Consider an instance of n jobs on m > 4 identical machines with J =
{J1, J2, -+, Jyyand M = {M{, My, --- , My,}. We assume that p; > po > - >
pn- Let S be a schedule produced by LPT algorithm (which is the LS algorithm with
the jobs being given in the LPT order) such that LIS > Lg > e > L;Z. Then
L(S) = L(S) = (L5, LS, L3).If n < m, itis easy to verify that s(S) = 1.
Hence, we assume in the following that n > m + 1. Then some machine has at least
two jobs in S.

Let ip be the smallest index such that either M;,1| has at least three jobs in S,
or M;,+1 has exactly two jobs in S and the size of the shorter job on M;,11 is at
most half of the size of the longer job on M; 1. If there is no such index, we set
ip = m. Then iy > 0, and in the case ip > 1, each of My, M, ---, M;, has at
most two jobs in S. Let Ji be the shortest job scheduled on My, M», - - -, M;, and set
Ik = {J1, J2, -+, Ji}. Then Ji contains the jobs scheduled on My, M>, --- , M.
We use My to denote the machine occupied by Ji in S. Let T be the schedule derived
from S by deleting Jx+1, Jx+2,- -+, Ju. Then T is an LPT schedule for J; with
LT =15, i=1,2,---,ip. Weclaim that s(T) = .

In the case ip = 0, the claim holds trivially. Hence, we assume in the following that
ig = 1.

If each of My, M>, - -- , M;, has only one job in S, then i) = k < m and it is easy
to see that s(7") = 1.
Suppose in the following that at least one of M, M», - - - , M, has exactly two jobs

in S. Then m 4+ 1 < k < 2m and the machine M} has exactly two jobs, say J; and
Jk, in S. Note that there are at most two jobs on each machine in 7. (Otherwise, some
machine M; withi > ip + 1 has r > 3 jobs, say Jp,, Jp,, -+, Jp,, in T. By LPT
algorithm, p, > Z;;ll Ph; = 2p, contradicting the choice of i.) From the LPT

algorithm, we have r = 2m + 1 — k. By the choice of i(, we have p; > %p2m+1_k.
Let R be an arbitrary schedule for Jj. If each machine has at most two jobs
in R, we set Ry = R. If some machine M, has at least three jobs in R, by the
pigeonhole principle, a certain machine M, has either no job or exactly one job in
{Jom+1—k» Jom+2—k> - -+ » Jk}. Let R’ be the schedule obtained from R by moving
the shortest job, say J,/, on M, to My. Then Lf/ 2 2pk > Pam+l—k = L§ and
LR = LR+ p > LR Note that LR > LX LK > LRand LR+ LB = LF 4+ LF.
Then we have L(R’) <; L(R) by Lemma 2.1. This procedure is repeated until we
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obtain a schedule R; so that each machine has at most two jobs in Rj. Then we have
L(Ry) =5 L(R).

If Ji, J2, - - -, Jyy are processed on distinct machines, respectively, in Ry, we set
R> = R;. If some machine M, has two jobs Jy/, J,» € {J1, J2, -+, Ju} in Ry, by
the pigeonhole principle, a certain machine M, is occupied by at most two jobs in
{(Joms Jms1, -+ » Jk}. Suppose that py > pr and Jy is the shorter job on M. Let R|
be the schedule obtamed from R; by shlftmg Jyr to M and shifting Jy/ to M Then

LR > Lfi, Lfl > L y and LB +Ly = Lx1 +Ly . Consequently, by Lemma 2.1,
L(R}) =y L(Ry). This procedure is repeated until we obtain a schedule R; so that
J1, J2, - -+, Jyy are processed on distinct machines, respectively, in R>. Then we have
L(R2) =5 L(Ry).

Without loss of generality, we assume that J; is processedon M in Ry, 1 < j < m.
Let t = k — m. Then the ¢ jobs Jy41, Jmt2, -+, Jr are processed on ¢ distinct
machines in R;. For convenience, we add another m — ¢t dummy jobs with sizes 0 in
R so that each machine has exactly two jobs. We define a sequence of ¢ schedules
Rél), Réz), o Ré’) for J; by the following way.

Initially we set Réo) = R». For each i from 1 to ¢, the schedule Rg) is obtained
from Rg_l) by exchanging the shorter job on M,,_; ;1 with job Jy, ;.

We only need to show that L(Rg)) <5 L(Rg_l)) for each i with 1 <
i < t. Note that the jobs Jy41, Jm+2, -+, Jm+i—1 are processed on machines
My, My, —1, - - -, My,—i 42, respectively, in R(F]) If Jy+i is processed on M,, ;41 in
R(’ D , we have R(Z) R(l b , and so, L(R(')) =<s L(R(l 1)) Thus, we may assume
that Jy,4; is processed on a machine M, with x < m — i in Rg D Let J; be the

shorter job on M,,_; 1 in Rg_l). Then p; < pm4i and py > pim—i41. Itis easy to see
RY) R(:)
that (L, , L, i) = (px+Pjy Pm—it1 + Pmti) s (Px + Pmtis Pm—it1 +Pj) =

R RV ) -1
(Ly* L, i+1)- Consequently, by Lemma 2.1, L(R,") <5 L(R, ).

The abovedlscusswnmeansthatL(Rg)) =<5 L(Ry) =<5 L(Ry) =<5 L(R).Since Rg)

. . $or Q) Q)
is essentially an LPT schedule, we have L(T) = L(R, "), and so, L(T) =<y L(R,").
It follows that L(T) <y L(R). The claim follows.

Now let S be an arbitrary schedule for 7, and let T be the schedule for Ji. derived
from S by deleting jobs Jii1, Jk+2, -+, Jo. Then L(T) <; L(S). Assume without

loss of ge.nerality that L‘f > Lg > > L;fl and L;(l) Lg(z) > .. L; (m)>
where 7 is a permutation of {1,2,---, m}. For each iwithl < i < i0, the above

claim implies that le=1 Lf = Zl] 1 LT < Z] 1 Ln(]) < le=1 L‘;. )

Write P = Z?:l pj, 0= Zifl LiS and Q = Zi:l LiS. Then Q < Q. Note that,
in the case ip = 0, we have Q = Q = 0. Let J; be the last job scheduled on machine
M;,+1 1n S. By the choice of iy, pgs < %(Lfo+1 — pq). From the LPT algorithm, we

haveLiSOH—pdgLf,j:io+l,io—|—2,~~,m.Hence,
S
3 YLy 301
N Jj=io+
Liyp1 < (Lzo+1 pd) < o —E'm_iO(P—Ql
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Thus, for each i with ig + 1 < i < m, we have

i —ip

i 3
ZL§<Q+(i—i0)L§)+1<Q+§~ _.O(P—Q), 2.1
j=1
and
i otlyS _ i—i
YLz 0+ - L =0+ —(P- D) > 0+——(P—-0Q). (22)
m — iy m — i — 10

J=1

From (2.1) and (2.2), we conclude that "', LY <3 Y L. Consequently, s(S) <
3. It follows that WAR(Pm(NP)) < 3 for m > 4.

Now let us consider problem P3(NP). Let Z be an instance. Denote by S the
schedule which minimizes the makespan and by T the schedule which maximizes the
machine cover. Without loss of generality, we may assume that

Li>LS >3, LT >0 >l andy + L5+ L = LT + LT + L] = 1.
Then
S S T
+L
(§) = ———rands(T) = —¢
LT+ 17 1
Consequently,
LS+LS LT
$*(7) < min{———2 —L}
Ll L2 Ll
Note that
LS4+ L5 1-1LS
Lh=1-0T 1T <1-20Fand L > ke R 3
: 2 2
Then
1—L5 1-2LT
* < mi 3 3
s (I)\mln{l_LZ, Ty
N 2
Set

x=1-2LTandr =1~ L§.
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Then%<t<land

2x
*(Z) < min , —1.
s*(D) 1{1+x t}
Ifx}—”“znz’l,then
2t 2t V14412 -1
(D) < < YT .
14+x 1+—\’1+4t2_1 t
2
Ifxg—”““;’z_l,then
2 V14412 — 1
DT e

Note that —“+‘,”2—1 < +/5—1forallr with 2 < 7 < 1. It follows that s*(Z) < /5 1.
The result follows.

For problem Pm(PP), [5] presented an optimal algorithm to generate a schedule
which minimizes the makespan. A slight modification of the algorithm can generate
a schedule S with s(S) = 1.

Algorithm 1 (with input M and .7)

Z eg Pj
Step 1 Find the longest job J; in J. If pp < J"Tjj then apply McNaughton’s

algorithm to assign all jobs in 7 to the machines in M evenly, and stop. Otherwise,
assign Jy, to an arbitrary machine M; € M.

Step 2 Reset M = M\{M;} and J = J\{Jp}. If |T| # O, then go back to 1.
Otherwise, stop.

Lemma 2.2 Assume p1 > p2 = --- = pn and let S be a preemptive schedule with
k k
LY>LS > > L3 Then Y pi < Y5 L3 k=12, .m.

Proof Let J, = {J1, J2, - - - , Ji}. Then at most k jobs in J; can be processed simul-
taneously in the time interval [0, L,f ] and at most k — i jobs of J; can be processed
simultaneously in the time interval [L,f i L,f_l.], i=1,2,---,k— 1. Therefore,

k k—1 k
Sopi <kLE Y —iLE, L, )= L}
i=1 i=1 i=1

The lemma follows.

Theorem 2.2 WAR(Pm(PP)) = 1.
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Proof Assume that p; > py > --- > pp. Let ip be the largest job index such that

Dip > %’:g’ +plj. If there is no such index, we set ip = 0. Let S be the preemptive

schedule generated by Algorithm 1 with Lf > Lg > > L,i. Then we have

LS =pi, i=12,-- i, 2.3)
and

n
Zj=i0+] bj
m — i

LS =

1

, I=io+1,ip+2,---,m. 2.4)
Let T be a preemptive schedule with LlT > L2T > e > L;. If1 <k <ip, by
1<

Lemma 2.2 and (2.3), we have Zle Lls = Zle pi < Zle LiT. If ip + k< m,
by noting that Y | L5 < 3% | LT, we have

RS DG 1 VD D)
B <1_ m-ﬁ)ZZiILiSJFﬁ =
()L TR
=Y (-
<YL

Hence, WAR(Pm(PP)) = 1. The result follows.

For problem Pm (FP), the schedule S averagely processing each job on all machines
clearly has s(S) = 1. Then we have

Theorem 2.3 WAR(Pm(FP)) = 1.

3 Related Machines

Assume that s1 > s > --- > s,. We first present the exact expression of
WAR (Qm(FP)) on the machine speeds si, 52, - -- , s;,. Then we show that it is a
lower bound for WAR (Qm (PP)) and WAR(Qm (NP)).

The fractional processing mode means that all jobs can be merged into a single job
with processing time equal to the sum of processing times of all jobs. Thus, we may
assume that 7 is an instance of Om (FP) with just one job J7. Suppose without loss of
generality that p7 = 1. A schedule S of 7 is called regular if Lf > Lg > > L,Sn.

<«
Then L(S) = L(S) if S is regular. The following lemma can be observed from the
basic mathematical knowledge.
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Lemma 3.1 Suppose that x; > xo =2 - 2 x, 2 0and y1 2y > --- =2 y, = 0.
Then Y 7| Xiyx() < D_i—; Xiyi for any permutation 7w of {1,2, - -+ , n}.

Lemma 3.2 For any schedule T of I, there exists a regular schedule S such that
<
L(S) =¢ L(T).

Proof Let T be a schedule of Z and 7 a permutation of {1,2,---,m} such that
LT >LT -> LT ByLemma3.l, Z:" | Si 7{([) >y, sn(,-)Lg(i) > 1.

) Z Lroy 2 m(m)’
Letip be the smallest machine index such that Z iy Si Ln () = 1. Let S be the schedule
in which a part of processing time San(z) is assignedto M;,i = 1,2,--- ,ip— 1, and
the rest part of processing time 1 — Z'O 11 s,Lg(i) is assigned to M;,. Then we have

s
Ly = n(l),forz =1,2,- -1,

io—1 T i
LS = =25 SiLya) < 2ilisil ﬂ<l> Z 2 =l Sl n(t) =T
io Sio = Si 7 (i)’

and LiS =0<L n(l) fori =ip+1,ip+2,--- ,m.Itcan be observed that § is regular

<«
and L(S) <. L(T). The lemma follows.

Let f(i) be the infimum of the sum of the first i coordinates of L(7') in all feasible
schedule 7 of Z,i = 1,2, --- , m. By Lemma 3.2, we have f(i) = inf{Z}( | LS :
Sisregular}, i = 1,2, -, m. Then, for each schedule 7' of Z with LT >LT

() = ﬂ(2)
- > L;(m) for some permutation 7 of {1, 2, --- , m}, we have
et L
s(T) = max | ==Ll=® L (3.1)
1<i<m f@)
The following lemma gives the exact expression for each f (7).
A ifi g T
Lemma3.3 f(i) = { 2k=1% i
1 lfl - Zk |\"k
s’ S1
Proof Fix index i and let S be a regular schedule. Then we have
Ly>L5>--->L3 (3.2)
and
m
Zs,-LiS > 1. (3.3)
i=1

So we only need to find aregular schedule S meeting (3.2) and (3.3) such that Zﬁ;:l L,f
reaches the minimum.

Ifi < ZE=1% by (3.2) and (3.3), we have
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Zi D 1Sk LS
t=1 i 4
. . m
! S ! D ke 15k N
- thlstL’ + thl ( i - St) b
. . m
! S ! Zk:lsk N
> Zt:lstL’ + thl < [ )LH_I
i s m s
= ZIZISILI T (Zt=i+l&> Li+]
i m
> Z;lefl‘fs + Z;:H.ls’l‘f
mn S
= ZI=IStLt

>1

=

The equality holds if and only if LY = Lg =...= L,Sn = T Then the regular
k=15
schedule S can be defined by the way that a part of processing time

to Mg, k=1,2,---,m. Thus, f(i) =

is assigned

t—l Si

i
Zm:1 sk

m
. 19 . .
Ifi > Z";ll k. we can similarly deduce

Z;lelL,f = Zj{:lsklﬁf + Z;Il(sl — 5L}
=z Z;lek[ﬂf + Z;Il(sl —sL?
= Zj{=1skl‘1§ + (isl — Z;:1Sk> L;-g
- Z:k lskLk + (Zk 1k Z;:1Sk> L}

l
S
2 Zk=1skLk + Zk=i+lskLk
k=1 k

> 1

The equality holds if and only if Lf = i, Lg == L,Sn = 0. Then the regular
schedule S can be defined by the way that J7 is scheduled totally on M7 in S. Thus,
f@) = % The lemma follows.

By Lemma 3.2, s*(Z) = inf{s(S) : S is regular}. For each regular schedule S, by
(3.1) and Lemma 3.3, we have Y, _; LY < s(L(S))f(i) fori =1,2, -

Let s;,+1 = 0 and Z’ L% — ¢ + A, where ¢ with 1 < ¢ < m is a positive integer
and 0 < A < 1.By Lemma3 3, we have

L(S d
i.%>ZL,§, i=1,2,- 1 (3.4)
= k=1
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and

i
>Y LY i=t4+ L4200 m. (3.5)
k=1

s(L(S))
51

From (3.4) and (3.5), we have

Z(St Sip1) -0 SELE) + Z (s; Sz+1)S(L(S)) Z(St _Sz+l)ZLS

i=1 Z, R i=1 =1
Y —slmth . zm
i=t+1
Hence, s(S) > ZZ 1% £i=1%_ Note that the equality holds
Y s ( i— 1'7t>s,+1 2 1bz+Aét+
51
. 7S _ 1S _ . _ 1S _ 1 s _ A
if and only if L} = L5 = =Ly = SR Ly, = T and
LS o = L[ 3 = = Lfn = 0. Then the corresponding regular schedule S can

be defined by the way that a part of processing time is assigned to M;,

s;
D ket Sk+HAS 11

i=1,2,---,t,and the rest part of processing time # is assigned to M, 1.
Diz1 SitAs
* _ Z,,'n=1 Si _ Z;'n=1 Si :
Hence, s*(Z7) = ST AT Consequently, WAR(Qm (F P)) = T A if the

machine speeds are fixed.
If machine speeds are parts of the input, by the fact that s; > 50 > -+ > 55, We
have

Z§:2 si + Asit1 Z o Si

= 3.6
t—1+A m—1" (3.6)
_ i T
Let0 = ==+ and ¢ = 7 > 1. Then
P AL S sk =18 tm—1 3.7

N S1 12

Obviously, 5% + (@ — 1) 22, /55 @ — 1) = 2/m. By (3.6) and (3.7), we have

Doiei Si
Yict St + Asit
-1 ZT:ZSI'
s1+ (m ) m—1

U .
S1+(t—1+A)Zi:tzj—iist+1
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s14+ (m — I)Z 231

S]+(t_1+A)Zl_2s’

m—1
TE T o) 12
<1 m—1 f—l—l
= 2f+2 2

So we have s*(7) < f“ , and therefore, WAR(Qm (FP)) < */»H

To show that WAR(Qm(FP)) = “/;H, we consider the followmg instance 7 with
pr=1s1=s=m+1>1lands; =s3 =--- =5, = 1. Let S be a regular
schedule and write x = st. Then > ", L,S = 1 — x. By Lemma 3.3 and (3.1), we
have

s(S)
S m S
> max L ’Zi:I L;
fa  fim)

{x(s—i—m—l)
=max{ ——=
s

,x—l—s(l—x)}

s2+sm—s
T s24m—1

Jm+1
= 5
where the inequality follows from the fact that M is an increasing function in
. . . Lo 1 s2dsm—
x, while x + s(1 — x) is a decreasing function in x and they meet with £5t5 = when

X = W Then s*(7) > f“ . Consequently, WAR (Qm (FP)) = “/>+1
The above discussion leads to the following conclusion.

Theorem 3.1 If the machine speeds sy, s2, - - - , sy are fixed, then WAR(Qm (FP)) =
Dy i
iy sitAs
0 < A < 1. Alternatively, if the machine speeds s1, 52, - - - , Sy are parts of the input,

then WAR(Qm (FP)) = 1EL.

m
, where Z":Il %=t 4+ A twithl <t < m is a positive integer and

Lemma 3.4 If the machine speeds s1, s2, -+ , S, are fixed, then WAR(Qm(NP)) >
WAR (Qm (FP)) and WAR(Qm(PP)) > WAR(Qm (FP)).

Proof We only consider the non-preemptive processing mode. For the preemptive
processing mode, the result can be similarly proved. Given a schedule S, we denote
by 75 the permutation of {1, 2, - - - , m} such that LSS(I) > L;S;S(Z) > > LJSTS(m)
Suppose without loss of generality that s, = 1. Write n = WAR(Qm (NP)). Let 7
be an instance of Q,, (FP) with only one job J7 of processing time 1. For each i, set

@ Springer



498 L. Wan, J.-J. Yuan

£ (i) to be the infimum of Y} i LS 250 of schedule S over all fractional schedules of
Z. We only need to show that s*(Z) <.

Assume to the contrary that s*(Z) > 5. Let ¢ > 0 be a sufficiently small number
suchthatn(f(i)+ie) < s*@)f),i = 1,2, -+, m.LetH be aninstance of O, (NP)
such that the total processing time of jobs is equal to 1 and the processing time of each
jobis at most €. For each 7, let g (i) be the infimum of Zk LS. of schedule S over
all feasible schedules of H. We assert that

7S (k)

g < f)+ie, i=1,2,---,m. (3.8)

To the end, let S; be the regular schedule of Z such that Z}( | L,fi = f@),i =
1,2,---,m. Fix index i, we construct a non-preemptive schedule § of H such that
Zk 1L55(k) < f(i)+ie. Thisleadsto g(i) < Y 1LSs(k) < f(i)+ie and therefore
proves the assertion. The construction of S is stated as follows. First, we assign jobs
to M; one by one until Lf > Lf" . Then we assign the rest jobs to M> one by one

until Lg > L“zg". This procedure is repeated until all jobs are assigned. According to

the construction of S, we have LS LSi + i < L,‘Ei +e,k=1,2,---,m. Note that
S; S; [ S; 1 Si .

Ly > Ly > > Ly Then Y }_, LS sty S k=t (Lis 18 < 2oy Ly +ie =

FG0) + ie.

Let R be the schedule of H such that s(R) = s*(H). It can be observed that there
exists a schedule T of Z such that L(T) <. L(R). Hence, for eachi with 1 <i < m,
we have

ZLT% \ZL T S ZL Ry <RI

<s (H)(f(l) +ie) < n(f(l) +ie) < s (D) f Q).
This contradicts the definition of s*(Z). So s*(Z) < 7. The result follows.

By Theorem 3.1 and Lemma 3.4, the following theorem holds.

Theorem 3.2 If the machine speeds sy, s2, - -+ , sy are fixed, then
Doisisi
WAR((P) > ———=————forP € {Om(NP), Om(PP)},
Zl 185+ Asiy1
where Z’ ‘ St 4+ A tis a positive integer with 1 <t < mand 0 < A < 1. If
the machme speeds s1, 82, -+ , Sy are parts of the input, then WAR(P) > ‘/'Z—H Sfor

P € {Om(NP), Om(PP)}.
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4 Unrelated Machines

Since Qm is a special version of Rm, from the results in the previous section,

the weak simultaneous approximation ratio is at least @ for each of Rm(NP),
Rm (PP) and Rm (FP). The following lemma establishes an upper bound of the weak
simultaneous approximation ratio for the three problems.

Lemma 4.1 WAR(P) < /m for P € {Rm(NP), Rm(PP), Rm(FP)}.
Proof LetZ be an instance of R, (NP), R (PP) or Rm (FP). Let S be a schedule which

minimizes the makespan with L{ > LS > - > LS. Let p;) = mini<;<m{pij}-
1 L < 22 jer 7 be a feasible schedule with L7, > LT, >+ > L,
for some permutation  of {1, 2, --- , m}. For each i, we have

i . n i

. 1
> LY <iLY < Vme > pijy SNmY Ly,
k=1 j=1 k=1

This means that s*(l') Jm.

If L3 > Zi=LP)
machine M; w1th pij = pij1- Let O be an arbitrarily feasible schedule and let m and
1> be two permutations of {1, 2, --- , m} such that LR nay = L (2) > LR

and L? L%(z) > > ng(m). For each i, we have

, let R be the schedule, in which each job J; is assigned to the

71 (m)

() Z
i i
R 0] 0]
Yo LR s Z%(k) ZP < VmL{ < /mLY ) <VmY LY.
k=1 k=1

This also means that s*(Z) < +/m. The lemma follows.
Combining with the results of the previous section, we have the following theorem.

Theorem 4.1 For each problem P € {QOm(NP), Om(PP), OQm(FP), Rm(NP),
Rm(PP), Rm(FP)}, we have Y%L < WAR(P) < /.

5 Conclusion

We introduced and studied the strong and weak simultaneous approximation ratios,
denoted by SAR(P) and WAR(P), of various parallel machine scheduling problems
‘P. Since determining SAR(/P) is trivial for most standard problems, we mainly pre-
sented research on the values WAR(P). Our contributions are summarized in Table 1.

For further research, it is worth studying to determine the exact value of WAR(P)
or improve the bounds of WAR(P) for

P e {Pm(NP), Om(NP), Rm(NP), Qm(PP), Rm(PP), Rm(FP)}.
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