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Abstract In this paper, we consider the second-order cone tensor eigenvalue com-
plementarity problem (SOCTEiCP) and present three different reformulations to the
model under consideration. Specifically, for the general SOCTEiCP, we first show
its equivalence to a particular variational inequality under reasonable conditions. A
notable benefit is that such a reformulation possibly provides an efficient way for
the study of properties of the problem. Then, for the symmetric and sub-symmetric
SOCTEICPs, we reformulate them as appropriate nonlinear programming problems,
which are extremely beneficial for designing reliable solvers to find solutions of the
considered problem. Finally, we report some preliminary numerical results to verify
our theoretical results.
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1 Introduction

A tensor, as a natural extension of the concept of matrices, is a multidimensional
array, whose order refers to the dimensionality of the array, or equivalently, the number
of indices needed to label a component of that array. Mathematically, a real mth order
n-dimensional square tensor, denoted by A, can be expressed as A = (a;,...i,,), Where
each component a;,..;,, € Rfor1 <y, --- , i, < n.For the sake of convenience, we
denote by 7, , the space of mth order n-dimensional real square tensors. If the entries
of A € 7,, , are invariant under any permutation of its indices, we call .4 a symmetric
tensor. For a vector x := (x1, -+, x,)L € R” and a tensor A = (@i-ip) € Ton, We
define Ax™~! as an n-dimensional vector whose ith component is given by

n
m—1 .
(Ax"70); = E iy i Xiy =+ Xiyy, fori=12,--- n,

[2’... ’lmzl
and throughout, let Ax™ be the value at x of a homogeneous polynomial, defined by

n

m 2
.Ax = Ajjin-ipgXiyXip = * * Xiyy

1,02, im=1

Given two tensors A, B € 7, ,, we say that (A, B) is an identical singular pair, if
{x e RM\{0} | Ax™ 1 =0, Bx"~! = o} £

Under the assumption that (4, B) is not an identical singular pair, we call (x, 1) €
(C"\{0}) x C an eigenvector—eigenvalue pair of (A, 13), if we could find a nonzero
solution x to the following n-system of equations:

(A= B)x" =0, (1.1

where the nonzero vector x satisfying (1.1)is also called an eigenvector of (A, 15),and A
is the associated eigenvalue to the eigenvector x of (A, 13). The concept of eigenvector—
eigenvalue pair for tensors can be dated back to the independent work of Lim [1] and Qi
[2], and the appearance of such a concept has greatly initiated the rapid developments
of the spectral theory of tensors. In 2009, Chang et al. [3] further introduced a unified
definition of eigenvector—eigenvalue pair for general square tensors, thereby making
the study of tensor in the direction of complementarity problems more interesting,
e.g., see [4-7]. Indeed, the importance of tensor and its eigenvalue/eigenvector has
been highlighted due to the concise mathematical framework for formulating and
analyzing many real-world problems in areas such as magnetic resonance imaging [8,
9], higher-order Markov chains [10], and best-rank one approximation in data analysis
[11]. Accordingly, many nice properties such as the Perron-Frobenius theorem for
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eigenvalues/eigenvectors of nonnegative square tensor have been established, see,
e.g., [12,13].

In the literature, e.g., see [14,15], complementarity problems have been developed
well due to the widespread applications in engineering and economics. As an important
special case of complementarity problems, the eigenvalue complementarity problem
(EiCP) for matrices also has been studied extensively, see [16-22] for example. Most
recently, the EiCP for matrices has been generalized to tensors in [5], where the authors
called it tensor generalized eigenvalue complementarity problem (TGEiCP) which
has been further studied from both theoretical and numerical perspective in [23-26].
It is well known that the second-order cone is an important class of cones in applied
mathematics, whose high applicability encourages the study of the specific EiCP on
second-order cones for matrices, which is called SOCEiCP. By utilizing the special
structure of second-order cones, some more interesting results have been developed,
see, e.g., [27,28]. To the best of our knowledge, the development of TGEiCP is still
in its infancy. Therefore, a natural question is that can we also extend the SOCEiCP
to tensors and obtain more interesting properties for such a specific TGEiCP.

In this paper, we study the second-order cone tensor eigenvalue complementarity
problem (SOCTEiCP), which seeks a nonzero vector x € R” and a scalar A € R
satisfying

xek, wi=RxA-B)x" ' eK* and (x,w) =0, (1.2)

where A and B are two real mth order n-dimensional tensors, (-, -) denotes the standard
inner product in real Euclidean space, K* is the dual cone of I, and here K is the
second-order cone defined by

K:=K"xK"?x...x K" (1.3)
with K" = {x" € R" | xI > ||x{||} fori = 1,2, -, r. Note that the n-dimensional
vector x can also be separated into r parts, i.e., x = (xl,xz, e, x") e RM x
R™ x ... x R™ with Zle n; = n, and each part x* := (x,x)) € R x R 1 for
i =1,---,r.Itis obvious that each cone K" is pointed and self-dual, which means

that (IC")* = K", where the dual cone (K")* of K" is defined by
(KM y* = {yi eRM | (yl,x1) >0, Vx € IC”"} .

As a consequence, we know that K is also pointed and self-dual.

The main contributions of this paper are summarized as follows: First, we show
that SOCTEICP (1.2) is provably equivalent to a variational inequality, thereby estab-
lishing the existence of a solution to SOCTEICP (1.2). Actually, one more important
benefit is that such a characterization might provides an efficient way for the study
of properties (e.g., sensitivity and stability) of SOCTEICP (1.2) in the context of
variational inequality. Then, we focus on two special cases of SOCTEICP (1.2) with
symmetric and sub-symmetric tensors, and reformulate both of them as two nonlin-
ear programming problems for the purpose of designing numerical algorithms to find
some of their eigenvector—eigenvalue pairs. To illustrate the solvability of SOCTE-
iCP (1.2), we employ the so-named scaling-and-projection algorithm (SPA) [5] to
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solve SOCTEICP (1.2) and report some preliminary computational results to verify
the reliability of SPA.

The structure of this paper is divided into five parts. In Sect. 2, we first show that
SOCTEICP (1.2) is essentially equivalent to a variational inequality problem. In Sect.
3, we consider two special cases of SOCTEICP (1.2). More concretely, in Sect. 3.1, we
are concerned with the symmetric SOCTEICP, that is, the underlying tensors A and
B are symmetric. Based upon such a symmetry condition, we can gainfully formulate
the symmetric SOCTEICP as a fractional polynomial optimization problem. As a
more general case, in Sect. 3.2, we discuss the case where SOCTEiCP (1.2) has two
sub-symmetric tensors .4 and 5. Similarly, we also give a nonlinear programming
formulation for the sub-symmetric SOCTEICP. In Sect. 4, we report some numerical
results to verify the reliability of the SPA proposed in [5]. Finally, we complete this
paper with drawing some concluding remarks in Sect. 5.

Notation Let R” denote the real Euclidean space of column vectors of length n. The
superscript T represents the transpose. Denote R% :={x e R" | x > 0}. For givenx €
R”, we also rewrite x := (x1, x2, -+, x,)¥ as r parts, i.e., x := (xl,x2, . x") e
R™ x R™ x - x R", with >/_ n; = nand x' == (x{,x]) € R x R"~! for
i=1,---,r.For A € 7, , and a subset J of the index set [r] := {1,2,---,r},
we denote by A; the principal sub-tensor of A, which is obtained by homogeneous
polynomial Ax™ for all x = (xl, x2, ... , x") with xi =0fori e [r1\J.So, A;isa
tensor of order m and dimension |J|, where |J| = >, n;. Correspondingly, denote
by x; the sub-vector of x = (xl,xz, -+, x"), which is obtained by removing the
components x’ with i € [r]\J. For given C := (Ciyigeip) € T and x € R", Cxm—2
denotes the n x n matrix with the (Z, j)th element given by

n

m=2\ . e .
(Cx )ij = E CijigeimXiz =+ Xipy -

i3, ip=1

2 A Variational Inequality Characterization to SOCTEiCP (1.2)

As a special case of TGEiCP introduced in [5], it is clear that SOCTEiCP (1.2) also
has at least one solution under some mild conditions. In this section, we reformulate
SOCTEICP (1.2) as a variational inequality from a different perspective used in [5]. We
start this section with recalling some basic definitions and properties on second-order
cones and tensors, which will be used in this paper.

For the second-order cone XC defined by (1.3), it is well known that the complemen-

tarity condition on X can be decomposed into complementarity conditions on each
K, that is,

x,yeKand (x,y) =0

& xi oyl e K% and (x%, y)) =0, fori=1,2,---,r, 2D
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where x = (x!,x2, -, x")and y = (yl,yz,n- , ) € RM x R x -+« x R,
Moreover, for any z = (2o, Zo) and w = (w,, W) € R X Rl_l, we define the Jordan
product between z and w as

Zow = ({2, W), WoZe + ZoWs) . (2.2)

With the above definition of Jordan product of vectors, we have the following result
from [29].

Proposition 2.1 For any vectors z, w € R!, we have
z,welCl and (z,w)=0 < z,welCl and zow =0y,

where 0 is a zero vector in RL.

For given tensors A and B € 7,, ,, we define the function F : R" — R”" by

F(x) = A0)Ax™ 1 — Bx™ 1, 2.3)
where
a) = B2 2.4)
- Axm ’ .

which is called the generalized Rayleigh quotient related to A and 5. Throughout
this paper, we assume that Ax™ # 0 for any x € K\{0}, which means that A (or
—A) is strictly [C-positive, i.e., Ax™ > 0 (or —Ax™ > 0) for any x € K\{0}. Under
this assumption, it is clear that F' defined by (2.3) is well defined and continuous on
Ko :={x = (&, x% -, x") € K| eTx = 1}, where e := (¢!, ¢%,--- , ¢") with
e = (1,0, 0T e R™. Obviously, K is exactly a convex compact basis of /C.

Consider the following variational inequality problem (VIP), which refers to the
task of finding a vector x € Ky such that

F@)T(z—-%) >0, VzelKko. (2.5)

In what follows, we denote (2.5) by VIP(F, Ky) for simplicity. Since Ky is a non-
empty convex compact set, we have the following existence result on the solutions of
VIP(F, Ko) (e.g., see [14]).

Proposition 2.2 VIP(F, Ky) has at least one solution.

Now, we establish the equivalence of (1.2) to VIP(F, Ky), and show that (1.2) has
at least one solution.

'_I'heorem 2.3 Ifx is a solution of VIP(F, Ky), then (x, %) is a solution of (1.2), where
A= A(X) and A(x) is defined by (2.4).

Proof The proof is divided into two parts by distinguishing two cases of x’.

Case I We first consider the case where )Ef) > 0fori =1,2,---,r. Since x is a
solution of VIP(F, Ky), it immediately follows that x is a minimizer of the following
optimization problem:
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min [F()E)Tx |x /CO},
X
which can also be rewritten as

min F(%)Tx
st () = [x1? =0
x,20,i=1,---,r,

eTx = 1.

Since X! > 0 for every i = 1,2,---,r, the linear independence constraint quali-
fication holds at x, we know that x satlsﬁes the KKT conditions (see [30 Theorem
4.2. 13]) Therefore, there exist Lagrange multipliers ,3 (,3], ,32, . ,Br)
V1,72, yr) € R" and § € R such that

F(X) = 2CB + Dy + e,
Bi =0, (x> — x> =0, B (FD)? — xi1?) =0, i=1,---,r,

il i (2.6)
7/120)6 >0, yix!=0,i=1,---,r,
eTx =1,
where
s ~
=1 0"1 Onl
—x! 1
2 0y, On,
X3 '
Onz |: _2i| . Onz Onz e N 0n2
C .= —X and D = . o . c RV
. -'r On, On, e’
xO
with 0y, being the zero vectorin R" fori = 1,---, r. By (2.6), we know TEE) =3,

which 1mphes together with the fact that X1 F (x) =0, that § = 0. Consequently, from
the first expression of (2.6), we get

F(X) =2CB + Dy. (2.7)
For the notational convenience, let us write
F@) =5:=G7 - .5)eR" xR x ... x R
with 3/ = (31, 1) € R x R"%~! By (2.7), it is easy to verify that

15 =2 (R 15 + 7 >0, i =1,
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which means that yi € K" fori =1,---,r,andhence y € K (= K*). Consequently,
we have AATL — Bym—l ¢ K as well as ¥ € K. Since ¥TF (%) = 0, we know
il ()»A)Em_l — B)E’"_l) = 0, which implies that (x, A) is a solution of (1.2) because
of ¥ £ 0.

Case II Now we consider the case of )Eg = 0 for some j. It follows from X e KM
that x/ = 0. Using the constraint eTx = 1, r > 2, we assume, for simplicity, that
there is exactly one such j and that j = 1,i.e., ¥ = (¥!, i) € R" x R*~" with

=0, a=@G% - ,%) and ¥ £0,i=2,---,r

Correspondingly, we have

o [ Apam ! B '] [ Fi@) . _ . Bpu"
F(x)=An) |:A22L_tmli| — [Bzzﬁml] = |:F2(12) with A(u) = A

Here, for a given tensor C := (¢j,iy--i,,) € Zm.n, let C12 and Cy; be sub-tensors of C,
whose elements are defined by

(C12)ijinew iy “=Ciy(n1tin)(nitim)> 1=1,2,- 015 do, -+ ,im=1,2,--- ,n —ny
and
(C22)ijin-ipg = Clny+in) (1 +in)(r1+im)s 11502, im =1,2,--- ,n —ny,
respectively. Since x = (0, «) is a solution of VIP(F, KCp), it turns out that
FO '@ -3 =F@'x" + R w—i >0 2.8)

forany x! € R and u € R* ™1 satisfying x := (x', u) € Ko. Taking x! = 0in (2.8)
immediately leads to

F(@) (u—i) >0, Yueko,
where Ko := {u = 2, -+ ,u") € R"™ |ul > |lulll,u® + -+ u, = 1}, which

means that u is a solution of VIP(F3, I@o). Since ! #0fori =2,---,r,it follows
the proof of Case I that (i, A(«2)) is a solution to

uek, vi=adAnu" ' = Bpu"'eK and (u,v) =0, (2.9)

where K is the second-order cone defined by K := K2 x - - - x K. By (2.9), we have
Fr(i)Tia = 0. Consequently, by taking u = 01in (2.8), it can be seen that F @Tx!' >0
for any x! € K", and hence F(it) € (K™)* = K"1. Therefore, we conclude that
(x, A(x)) is a solution of (1.2). We complete the proof.

As a direct result of Proposition 2.2 and Theorem 2.3, if A and B are matrices, we
can easily obtain the solution existence result of SOCEiCPs.
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3 Nonlinear Programming for SOCTEICP (1.2) with Special Structure

In this section, we focus on two special cases of SOCTEiCP (1.2) with symmetric
and sub-symmetric tensors A and B, and reformulate them as nonlinear program-
ming problems for the purpose of utilizing or designing optimization methods to find
solutions of the model.

3.1 The Symmetric SOCTEiCP

When A and B are symmetric, it is easy to see that the gradient of the generalized
Rayleigh quotient A(x) defined in (2.4) is

m _ _
V() = o (Bx’" L A0 Ax™ 1) . 3.1)
Here we should notice that the gradient formula (3.1) of the Rayleigh quotient holds
only for the case where A and B are both symmetric.

The following lemma states two fundamental properties of A (x), which have been
studied in [31] for matrices. Its proof is elementary and skipped here.

Lemma 3.1 For all x € R"\{0}, the following statements hold:

1) AMrx)=A(x), VT >0;
(i) xTVar(x) =0.

Now, we consider the following fractional programming model:

maxlk(x)::%\xé/co],

which, from the definition of Xy, can also be rewritten as

max A(x) := %;—’,Z

st (xD)2 — |Ixi|?> >0,
. (3.2)
x£>0,i=1,---,r,

eTx =1.

Then, as a result of Theorem 2.3, the following theorem clarifies the relationship
between (1.2) and (3.2), that is, solving the symmetric SOCTEICP actually reduces
to finding a stationary point of (3.2), which is greatly helpful for efficiently solving
the model under consideration.

Theorem 3.2 Assume that A and B are symmetric tensors and A is strictly IKC-positive.

Let x be a stationary point of (3.2). Then (x, 1) is a solution of (1.2), where = A(X)
and A(x) is defined by (2.4).
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For given nonempty subset J C [r], we now consider the following second-order
cone optimization problem

By(xp)"
max Aj(xy) i= ————
. Ay Gep)m
[
s.t. Zxo =1, 3.3)
iel :
D) = xI* >0, i € J,
xL>0,iel.

Theorem 3.3 Assume that Aand B are symmetric tensors and A'is strictly KC-positive.
Let (x, \) be a solution of SOCTEICP (1.2) with the second-order cone IC defined by
(1.3). There exists a nonempty subset J C [r] such that xXj is a stationary point of
(3.3).

Proof By the homogeneity of the complementarity system SOCTEiCP with respect
to x, we assume, without loss of generality, that x € K\ {0} satisfies eTx = 1. Letus

write ¥ = (!, %2, .-+ ,X") e R" x R" x - - x R with ¥ = (&, x}) e R x R"~!
fori =1,2,---,r.For the sake of simplicity, we write

- m- (s -m—1 —m—1

y = W (A.Axm — Bx™ ) .

It is clear that y € KCas w = AA¥™ ! — Bi"™~! € K and AX™ > 0. Since (%, 1) is
a solution of SOCTEiCP, which implies (x, y) = 0. By (2.2) and Proposition 2.1, it
holds that

Vx4 =0 Vi=1,2,--,r (3.4)

Since x € KC\{0}, there exists a nonempty subset J = {i e [r]] )‘cf) > O} of [r]. Itis
clear that X’ = 0 for i € [r]\J, and hence » = By (x;)"/A;(x;)™. Like Theorem
2.3, let &, B , and y be Lagrange multipliers associated to the constraints of (3.3),
respectively. Accordingly, we take § = 0. And for every i € J, since ¥/ > 0, we take
y; = 0 and .

Bi = ﬁii- (3.5)

Obviously, B; > 0 and 7;X. = 0 forevery i € J. Moreover, from (3.4) and (3.5), it is
not difficult to see that o '
—2%,Bi =y, Viel. (3.6)

Combining (3.5) and (3.6) leads to

. S 7
§ =2 [_x;i } Bi, foriel. 3.7)
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Moreover, it follows from (X, ) = 0 and (2.1) that (x’, ') = 0fori = 1,2,--- ,r.
Consequently, from (3.7), we immediately obtain

_ . . 1 . .
Bi (@) - IEI?) = 3.5 =0, viel. (3:8)

Finally, using (3.7) and (3.8), together with the fact that T X = 1, we have

m - _ _ _ _ - _ -
Y IER [)»Aj(xj)m LB 1] =2> () sBi+ D (d) i+ ey,
Aj(xy) , ,
i iel ie
>t
1 ieJ
Bi =0, )2 — %117 >0, Bi ((F)? — IXL)I?) =0, i € J,
720, % >0, ;¥ =0, i e J,

3.9
where ¢; and d; are the ith columns of C and D, respectively. By (3.9), we conclude
that x is a stationary point of (3.3).

As an interesting by-product of Theorem 3.3, we have the following result showing
that some special solutions of the symmetric SOCTEiCP are precisely stationary points
of (3.2).

Corollary 3.4 Assume that A and B are symmetric tensors and A is strictly K-
positive. Let (x, 1) be a solution of SOCTEICP with the second-order cone K defined
by (1.3). If x}, > O fori =1,2,--- ,r, then X is a stationary point of (3.2).

3.2 The Sub-symmetric SOCTEiCP

For many real-world problems, the symmetry assumption on the two tensors A
and B is usually regarded as a little stronger condition. In this section, we consider a
slightly general case where the underlying tensors .A and B of SOCTEICP (1.2) are
sub-symmetric.

Before our discussion, we first introduce the key concept of sub-symmetry on
tensors. Let A € 7, ,. We say that A is sub-symmetric with respect to the indices
{io, - imh if A i= (Giiy.iy) 1<in, - ,ipy<n»> @0 (m — 1)th order n-dimensional higher
tensor, is symmetric for every i = 1, - -+ , n. Apparently, a symmetric tensor .4 must
be sub-symmetric, but the reverse is not true. Hereafter, we further assume throughout
this section that m is even. Then, following the idea used in [20], we introduce an

additional vector y = Am-Tx, i.e.,

. 1 .
y=am-1x', fori=1,2,---,r

to derive the nonlinear programming formulation of the sub-symmetric SOCTEiCP,

where the complementarity requirement of (1.2) is absorbed into the objective func-
tion. More concretely, the nonlinear programming model can be expressed as follows:
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1
min f(x,y, w, 1) = ||y — 2nTx|? + (xTw)?

st w—Ay" 4 Bx"~1 =0,
V2 i 12 > i>0 i=1....

(xoi)2 IIx,ll 7 0, x! i/O, i=1-.r (3.10)

(wH)” = lwell“ =0, wl >0, i=1,---,r,

eTx =1,

1

eTy = amT,

where x = (x!,x%, .- x"), y = (p', ¥ - Y, and w = (' w?, - w) €

R" x R"™ x ... x R with x' = (x],x]), w' = (w!,w!), and y' = (yo,y.) €
R xR fori=1,--,r

With the preparation of the nonlinear programming (3.10), we have the following
theorem.

Theorem 3.5 The sub-symmetric SOCTEICP has a solution if and only if the nonlin-
ear programming problem (3.10) has a global minimum with its objective value being
zero.

Proof Let (X, ¥, w, A) be a global minimum of (3.10) such that f(x, ¥, w, ) =0
It is obvious that x, w € K and X # 0. Moreover, it follows from f(x, y, w,A) =0

that y = Xﬁi and xTw = 0. Consequently, it holds that

U_)Z.A)_/m — Bi"™ I _ .A)Cm 1 B)Em_l,

which, together with the fact that Tw =0, implies that (x, 2) is a solution of the
sub-symmetric SOCTEiCP.

Conversely, let (x 1) be a solution of the sub-symmetric SOCTEiCP. Denote ¥ :=
%/(eT%), 7 = PEeF: %,and 0 := A"~ —Bx"m- 1.1t~1$ easy to verify that (¥, ¥, i, A)
is a global minimum of (3.10) satisfying f(x, y, w, A) = 0.

Notice that any global minimum of a nonlinear programming problem is a sta-
tionary point. Comparatively speaking, computing a stationary point is much easier
than finding a global minimum. Therefore, it is important to investigate when a sta-
tionary point of nonlinear programming problem is a solution of the sub-symmetric
SOCTEIiCP, which will be addressed in the subsequent theorem.

Theorem 3.6 Assume that A, B € T’E’” are sub-symmetric tensors. Let (x,y,w, )_L)
be a stationary point of (3.10) with » # 0. Then f(x,y, w,A) = 0 if and only if
6 = n = 0, where § and n are the Lagrange multipliers associated with the constraints

1
eTx = 1 and e¥y = An=T in (3.10), respectively.

Proof Since (X, ¥, w, A) isastationary point of (3.10), there exist Lagrange multipliers
aeR,BeR 7R, ieR,0eR,§ecR, and i € R, such that the following
KKT conditions for (3.10) hold:
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—207 (5= A7 %) + 2 (FT) i = (m — 1) (B#"2)" & + 2CB + E7 + Be,
2(y—xﬁyz = —(m—1) (A7) @ + e,

2(x"w) ¥ =a+2Dp + E9,

— L5 (5 —Xml—lx) = —_Lim 1y,

w— Ay 4+ By~ =0,

Bi >0, ()zo)2 T2 =0, B [GD* —IZ 7] =0, i=1,---,r,
Vi > 0, x Oxy,—0,1=1,~~,r,

fii =0, (wo)2 — wil? =0, i [@)? — [wi|?] =0, i=1,---.r,
6 >0, w. >0, wo =0,i=1--,r

x=1,

eTiz)_unLI,

(3.1
where B;, yi, iii, 6; are the ith components of vectors S, y, i1, 6 € R”, respectively;

— )EC! — — '[Z)l —
y On, -+ O y 0n, -+ Oy
_x. _w.

x2 w2
On, e O Ony Sl O
C:= -5 D= — e R™

X0 wh
L 0,, 0, -
i —x, ] L —w, ]

and E := D used in (2.6).
Multiplying the first three expressions in (3.11) by xT, yT, and w7, respectively,
and using the last six expressions in (3.11), we have

which, together with the fifth expression in (3.11), implies that

20m — DGETD)? +2fF, D,k ) = 8+ AnTH, (3.12)

3 |

where_m > 2. )
If 6 = n = 0, it is clear from (3.12) that f(x, w, A, y) = 0. Conversely, if

f(x, v, w,A) = 0, then it holds that y — %775 and ©T = 0. By the fourth
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expression in (3.11), it holds that Xﬁﬁ = 0, which implies 7 = 0 from the given
condition that A # 0. Consequently, from f(x, w, A, y) = 0 and (3.12), we conclude
that § = 0.

4 Numerical Experiments

In [5], the authors introduced a so-called SPA for TGEiCP. As remarked in that
paper, such an algorithm is computationally efficient as long as the underlying pro-
jection step has closed-form solution. Thus, in this section, we further report some
preliminary results to verify the efficiency of SPA for solving SOCTEiCPs.

Note that the underlying SOCTEICP has more complicated structure than the
TGEIiCP studied in [5]. It is necessary to summarize some numerical notes on the
second-order cone before the employment of SPA. For any vector z := (2o, Ze) €
R x R~ it is well known from [32] (see also [29,33]) that the spectral factorization
of z is defined as

Z = qQu1 + Sua, 4.1

where ¢; € Rand u; € R! (i =1, 2) are the spectral values and the associated spectral
vectors, respectively, given by

5i = zo+ (= 1)1zl 42)
and .
- (1, (—1)1'Z—°) . ifze #0,
;= % _ lIZell 4.3)
> (1, (—1)’w) , otherwise,
with any vector w € R/~! satisfying ||w]|| = 1. Clearly, decomposition (4.1) is unique

for the case z, # 0. Define the projection of a given vector z € R’ onto a convex set
£2 as
Mg (z) :=argmin {||' —z| | ¢ € 2}.

Then, the projection of z € R/ onto the second-order cone K can be further written
explicitly as
i (z) := max {0, {1} uy + max {0, o} uo, 4.4)

where ¢; and u; (i = 1,2) are defined by (4.2) and (4.3), respectively. We refer the
readers to [29] for the detailed derivation of (4.4).

Taking a close look at the SPA (see [5, Algorithm 1]), there is a notable relaxation
factor « in the projection scheme, which was taken as @ = 1 in [18]. In fact, such a
constant « actually plays an important role in enlarging the step size s to achieve the
acceleration of SPA in practice (see the numerical results reported in [5]). Here, we
can take « € (1, 8) empirically to speed up the convergence.

Throughout the experiments, we wrote the code in MATLAB R2012b and con-
ducted the numerical experiments on a TOSHIBA notebook with Intel(R) Core(TM)
17-5600U CPU 2.60 GHz and 8GB RAM running on Windows 7 Home Premium
operating system.
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In our experiments, we consider two concrete examples, where the underlying
tensors A and B are symmetric. Note that A is a strictly K-positive tensor. We thus
take .4 as a sparse tensor throughout this section so that we can ensure and verify the
strict KC-positiveness of .4. Note that all tensors here are symmetric, and we only list
the nonzero upper triangular entries.

Example 4.1 We consider two 4-order 4-dimensional symmetric tensors A and B,
where the second-order cone is specified as K := K* x K2. The tensors A and BB take
their components as listed in Tables 1 and 2, respectively.

Example 4.2 This example deals with two 4-order 6-dimensional symmetric tensors
A and B, where all components of B are normally distributed in (—2, 2) and then
rounded to one digit by utilizing the MATLAB script ‘roundn’. The second-order cone
is given by K := K* x K2, and both tensors A and B are specified as listed in Tables
3 and 4, respectively.

Following the suggestion in [5], we use
RelErr: = [|y®] := st(x(“)m—l — A AE®yn=1 H < Tol (4.5)

to be the termination criterion and attain an approximate numerical solution with a
preset tolerance ‘Tol’. Now, we test four scenarios of ‘“Tol” by setting Tol := {10’3,
510741074, 5 x 10_5}. In our experiments, we consider two cases of the starting
point u® e K, which is generated in two steps. The first step is that we generate two
vectors z(9: one is a vector of ones, i.e., 2@ = a,---, 1)T and the other one is a

Table 1 Nonzero components of the symmetric tensor A for Example 4.1

ajpp =2 apzip =3 axpi) =3 aszj; =3 agq1) =2 ajp =2
ajzpn =2 az =3 azzp =3 ag4 =3 a3z =2 a3z =3
a3z =2 azzzz =2 a4433 =2 ajj44 =3 ajzqs =3 axpas =3
azzqq =2 aqqq4 =2 apy =2 axpiy =2 ajp;z =3 a3z =2
axpiz =2 a3 =3 as413 =3 aj414 =3 as414 =2 aip3 =3
a3 =3 a4 =3 aj434 =2 az43q =3

Table 2 Nonzero components of the symmetric tensor 13 for Example 4.1

by =1 biznn =1 by =3 by =1 boann = -1 baa1) = -2
by =1 b1z =2 by =1 by =12 byzpn =1 by = —1
baay =1 baany =1 brizz =-2 b3z =1 bi333 =1 b33 = -2
byazz = —1 b3333 = —1 b3azz =1 baazz = —1 brags =1 byag = —1
byasg = —1 b33qq =1 bagas = —1 b =1 b1z = -1 biapp = -1
by =—1 by312 =1 bagp =1 baarp = —1 byy3 = -2 b3313 =1
b3a13 =1 baqiz =1 bi214 =2 bia14 =1 bypia =1 by31a =1
braa =2 biapz =1 bynz =1 b33p3 =2 baanz =1 briog = -2
bi24 = -1 bi3pa =1 bazpa =1 b3zpa =1 baspa =1 bizg = -2
bioza =1 biaza =1 byza = -2 baaza = —1
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Table 3 Nonzero components of the symmetric tensor .A for Example 4.2

ajppp =2 ajsip =3 apir =3 assj;p =2 asap; =2 assip =3
age11 =2 apy =2 ars;p =2 aj3;3 =3 a3z =3 azs;3 =2
ajaj4 =3 agsig =2 ajps =2 ajsi;s =3 ayps =3 aszls =3
agqys =3 agels =3 aiele =2 asele =3 apn =2 apsp =2
azp =2 aszpn =2 asa =2 assyp =3 aee22 =2 a3 =3
a4 =3 apns =2 arsys =3 a6 =2 apzz =2 ajs3z3 =2
a3z =2 azzzz =2 ag433 =3 ass3z =2 a3z =3 az4zs =2
ajzzs =3 azszs =2 aze3e =2 ajjas =3 ajsaq =3 axpaq =3
aszqq =3 agaqq =2 assqq =2 agead =2 ajges =3 agsqs =2
aseae =2 apyss =2 ajsss =2 anpss =2 aszss =3 agqss =3
agess =2 aiese =2 asese =3 arles =3 arses =2 anee =2
azzee =2 asae6 = 2 assee = 2 ase66 = 2.

Table 4 Nonzero components of the symmetric tensor /3 for Example 4.2

by =-10 bz =11 bz =1.0 big11 = -04  Dby511 =08 bie11 = —0.3
by11 =0.1 by311 = =03 bpa11 =—-08  by5;1 =—-0.1  brgi1 =—0.1 b3311 =02
b3a11 =09 b3s;) =—03 b1 =—1.0  baa11 =12 bysp =04 bas11 = —0.6
bss;p = 1.4 bse11 =0.2 bee11 = 0.5 bi1i2=-26 bppp2=10 b13120 = —0.7
biaip=-12  bi512=15 bi612 =0.3 b1 =038 bz =04 byg1p = —0.4
bye12 =0.3 b3zl =—23  b3a12 =08 b3s1p =—0.6 D312 =0.7 bag1n = —0.5
basio = =22 bae1n =07 bssip =—1.6  bsgi2 =02 bi113 =0.1 b1213=103
bi313=-0.1  bj43=03 bis;i3=—-11 bie13=—-0.6 b3 =-03  by3;3=-03
bpa13=-0.6  bys5;3=1.0 bye13 = 0.1 b3z13=—-12  b3a13=-03 b35;3=-138
b3e13 =0.3 baa13 = —=0.7  bys13 =05 ba613 =0.3 bss;3=-02  bsgi3 =10
bee13 = 0.9 bi114 = 1.0 b1o14 = —0.8 big414 = —0.1 bisig =—04 big14 =04
byg = 1.7 by314 = 1.0 brq14 = 0.6 bys514 =0.2 bre1a = 1.4 b3314 =04
b3gla = —0.9  b3s14=-0.6 D364 =03 bag1a = —03  bys14 =02 bag14 = 0.3
bssia =—1.0  bsg14 =02 bee1a = —0.8  byy35 =0.1 b1215 =023 b1315 =023
bia1s = —0.1  bie15 =—02  by15=-05 b5 =-0.7 bpy5=07 bys15 = —0.1
bre1s = —02  b33;5=04 b3a;s =—-02  b3s;5 =18 b3e1s = 0.4 bag1s = —1.1
bysys = 0.4 byg1s = —0.1  bssis=—12  bsg1s =—04  begis=—-12 bijje=12
bi216 = 1.6 b1316 = 0.4 bia16 =-03  bisi16 =14 bi616 = 0.2 b16 =02
by316 = 0.8 bya1e =—1.1  bpsie =—04 b6 =0.1 b3z1e = —0.1  b3g16 =—0.6
b3s16 =0.1 b3e16 = —0.6  bagic =—0.7  bysie =—0.7  bysi6 =0.8 bss16=10.8
bsgi6 = =05 besie =—12 b2 =0.6 by =-12 bz =-14  bup=-12
bisp =0.3 bigoa = =04 Dby =-04  Dby3n =05 bz = 1.2 byspp = 1.1
byepr = —0.8 b3z =09 b3y =0.4 b3spp = 1.0 b3epp = =03 baapp =03
byspp = —0.1  bagpp = 0.6 bsspp = 0.3 bsgon = 1.0 beeo2 = 0.1 bi123 =09
b1223 =023 b33 =14 bia3 =—-08  bysp3=—-07  b1e23 =0.5 b3 =1.0
b33 =—05 bz =-09  basp3=-0.1  basp3 =—1.4  b333=-0.6 b3503 =0.1
b3ga3 = 0.4 baanz =15 byspz = 0.8 bag23 = 0.1 bsspz = 0.2 bsea3 = 1.7
bee23 = 0.6 b1124 =0.2 bi2oa =—-02  bizpa=-0.6  buaoa=-12  bisp4 =-07
bie2a = 0.8 byoog = —04  bp3a =05 boapg = —0.1  bpspg = —0.5  boeoa = 0.6
b3zpa =23 b3404 = 0.4 b3spa =0.2 b3eoa = —1.1  bagpa = —1.1  bys5p4 =09
bagna = =09 bsepa = —0.9  bee2a = —0.6 b5 =0.7 b1225 =05 b13s = —0.8
biaps = 1.2 bys25 =0.3 bieas = =04 bapps =—=0.9  byaps =0.1 bysys = —0.1
bagrs = 1.1 b3zps = =21 b3gps = —0.8  b3s5p5 =0.5 b3gns = =04 baaps = —0.1
bysps = 0.5 bagps = 0.7 bssps =0.3 bseps = —0.7  begas = —1.6 b6 = —2.0
bi2e = 1.1 b1326 = 0.6 biane = 1.3 b1s26 = 0.6 bisas = —0.5  bape =1.0
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Table 4 continued

br3r6 = 0.5 brane = 0.4 bysoe = =02 baepe =04 b336 = 1.7 b3a06 = 0.7
b3sng = —04  b3e26 = 0.1 baarg = =04 baspe = —0.7  basre = 0.2 bssp6 =0.2
bsene = —0.7  bee26 = 0.5 b33 =—-05  bj33 =028 b1333 =109 brazz =-03
bis33 =0.1 b1633 =0.6 b33 =—1.1  b333 =03 baz3 = —0.6  bpszz =-—1.1
bre3z =—12  b3333 =038 b3a33 =—-0.6  Db3s33 =15 b3633 = 0.8 baazz = —1.5
bas33 = =03 baezz =07 bss33 = —0.1  bse3z3 =02 be633 = 1.6 b1134 =09
b1234 =0.7 b1334 = —04  bjaza = —0.6  bys33 =02 bie34 = 0.4 by3q =02
by3za = —04  bogzga =—1.0  Dbys3a =—-03  breza =1.6 b3334 = 1.0 b3434 = 0.1
b3s34=—-0.6  b3634 =13 baazs = 1.0 b4s34 =0.9 bae3s = —1.0  bss34=—13
bse34 = 1.1 bee34 = 2.3 bii3s =—23  bipzs =—0.1  bi335=—-02  bju3s =—0.1
b1535 =0.2 biess = =03  ba3s =—-03  bazzs =—-03  bagzs =—0.1  bys35=-0.3
byezs = —0.9  b3zzs = —04  b3y35 =0.1 b3s35 = 0.4 bygzs = =04  byszs = 0.1
bagzs = =02 bs535 = 1.6 bsez3s = —0.9  beezs = —04  biize =1.1 b1236 = 0.5
bi336 = 0.2 biaze = —0.5  bisze =—0.3  biezg =—0.1 b3z =02 by336 = —0.2
brze = —0.5  basze=—0.6  bag3e = 0.1 b3336 = —0.6  b3sze =14 b3s536 = 0.6
b3636 = 0.1 baaze = —0.7  basze = 0.7 bae36 = 0.9 bss36 = 1.0 bse36 = 0.2
beess =—1.0  Dbriaga=—-14  Dbioag=-08  b1344 =06 biaaa = =22  bysqqa =—-03
bi644 = 0.9 byag = =11 by3aa = 0.6 boaag = =05 bpsay =02 bogaq = —0.7

b3344 = 1.6 b3gaq = =08 b3s544 =0.1 b3gas = —0.5  bagag = —0.8  bys44 =0.3
basas = 0.4 bssqq = —03  bseaqs = 0.4 besas = 1.1 biigs =—13  broas =—-0.6
blags = =13 Dbisys =—-02  bies5 =02 by345 =0.2 brasgs = 0.1 bys4s = —1.5

bagas = 0.4 b3345 =0.2 b3ags = 0.8 b3s45 =09 b3gas = =03 baay5 =05
bysss = 1.6 bagas = 1.6 bssas = 1.5 bseas = —0.9  beeas = —0.6  broge = 1.1
b1346 = 0.1 b1aa6 = 0.6 bisa6 = 0.7 bieas = 0.5 byoae = 0.4 br346 = 0.3
braae = =03 bosae =—03  boeae = 0.4 b3346 = 0.6 b3aa6 = 0.4 b3s46 = —1.0
b3ess = —0.1  bygas = 0.5 bysa6 = 0.2 bagae = 0.9 bssa6 = 0.8 bseae = 0.5
besas = —1.8  by155 =04 biass =22 bizss = 1.1 bigss = 1.0 bysss = —0.1

biess = 0.9 byss = —1.1  b3s5 =0.1 byass = 0.5 bysss = 0.2 byss = —0.7
b33ss = —0.7  b3ass =04 b3s55 = 0.9 b3ess = 0.3 baass = =09 bysss = —0.2
bagss = —1.0  bssss =—02  bgess = —0.4  brise=—-05  brose=-05  byzse =—0.7
b1ase =04 b1556 = 0.1 bies56 = 0.1 bys56 = 0.3 by356 = 0.8 byss56 = 0.1
byssg = —0.1  bygse = 0.7 b3zs6=—08  b3usg=—-03  b3s556 =05 b3es6 = —0.8
basse = —0.5  baese = 0.9 bssse = =02 bsese = 0.2 beese = —0.6  brigs = 1.5
bioes = —0.6  b13e6 = 0.6 biags = —13  bysee =12 biees = 0.5 byes = —0.4
boaes = 0.9 bysee = =02 bagec = 0.3 b3ze6 = =02 b3466 =0.5 b3see = —1.7
b3ees = —0.6  baass = 1.8 bases = —1.1  bages = 0.6 bsses = —0.4  bsees = 0.4
besss = —1.0

random vector uniformly distributed in (0, 1). Then, to guarantee the starting point
u® e K, we project the intermediate vectors z© onto the second-order cone K, i.e.,
u® = ITic(z@) in the second step. As suggested in [5], we throughout the experiments
take o as @ = 5. To support that the SPA is reliable for finding one of solutions of
SOCTEIiCPs, we report the number of iterations (‘Iter.”), computing time in seconds
(“Time’), the relative error (‘RelErr’) defined by (4.5), eigenvalue (‘EigValue’), and the
associated eigenvector (‘EigVector’). The numerical results with respect to different
initial points are listed in Tables 5 and 6, respectively.

It can be easily seen from the data reported in Tables 5 and 6 that the SPA can
successfully find some eigenvector—eigenvalue pairs of SOCTEiCPs, even though it
seems that the number of iterations increases significantly as the precision improve-
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ment on solutions. All numerical results sufficiently show that the SPA is a reliable
solver for SOCTEiCPs.

5 Conclusions

We study a class of SOCTEiCPs, which generalize the SOCEICP for matrices
introduced in recent papers [27,28]. Although SOCTEICP (1.2) is a specific case of
TGEiCP, we propose a new potentially helpful variational inequality reformulation
for the problem under consideration. As we know, variational inequality is a powerful
tool for mathematics analysis. Thus, such a variational inequality characterization
might help us analyze further properties of SOCTEICP (1.2), which are also our
future concerns. Besides, we consider a special case of SOCTEICP (1.2) with two
symmetric tensors .4 and B, and present a nonlinear programming reformulation. To
break through the limitation of the symmetry condition, we discuss a class of slightly
general SOCTEiCPs with sub-symmetric tensors, and similarly show that solving
the sub-symmetric SOCTEICP reduces to finding a stationary point of a nonlinear
programming problem. However, our results do not completely break the bottleneck of
(sub-) symmetry condition, and in the future, we will study more general SOCTEiCPs
in the absence of symmetric and sub-symmetric properties.
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