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Abstract We propose a two-phase-SQP (Sequential Quadratic Programming) algo-
rithm for equality-constrained optimization problem. In this paper, an iteration process
is developed, and at each iteration, two quadratic sub-problems are solved. It is proved
that, under some suitable assumptions and without computing further higher-order
derivatives, this iteration process achieves higher-order local convergence property in
comparison to Newton-SQP scheme. Theoretical advantage and a note on /; merit
function associated to the method are provided.
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1 Introduction

Sequential quadratic programming (SQP) method is one of the most successful
methods for solving constrained nonlinear optimization problems. This is an iterative
procedure which generates a sequence of points (not necessarily feasible points),
obtained by solving quadratic programming sub problems, and converges to the
Karush-Kuhn-Tucker (KKT) point. This idea was first proposed by Wilson [1] in
1963. Since then SQP method has been studied extensively by many researchers (see
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[2-8]). The readers may see Boggs [9], Gould et al. [10], Schittkowski et al. [11]
for some good reviews on SQP algorithms, discussed so far. Some SQP methods use
convex quasi-Newton approximation which makes the algorithm slow in case of large
scale problems, whereas some other SQP methods employ the exact Hessian of the
Lagrangian, which are Newton like methods. Under suitable assumptions the Newton
version of the SQP algorithm converges to the minimum point without the use of line
search and additional parameters. The Newton-SQP framework is the same as solving
a Newton system derived from the KKT conditions, in which case it is often difficult
to choose an initial iterate, close enough to the true solution to guarantee the conver-
gence of the algorithm. These SQP methods, discussed so far, at most show quadratic
or superlinear local convergence property. For the past few decades, researchers have
shown their interest (see [12—16]) in iterative algorithms with higher-order conver-
gence property. Again we notice that equality-constrained optimization emerges as a
special branch of interest in constrained optimization theory (see [17,18]).

In this paper, we suggest a two-phase-SQP method for equality-constrained
optimization problems, which provides local cubic-order convergence under some
comfortable assumptions. We have also discussed the conditions for the associated
line search method to the scheme, under the /; merit function.

Section 2 explains the Newton-SQP method. The two-phase-SQP is proposed in
Sect. 3 which is followed by the convergence analysis in Sect. 4. We propose a note
on [ merit function of the new scheme in Sect. 5. Numerical examples are provided
in Sect. 6, and finally some concluding remarks are provided in Sect. 7.

2 Background: Existing Newton-SQP Method

Consider the following optimization problem with equality constraints.

(EP): Min f(x) 2.1a)
s.t.h(x) =0, (2.1b)

where f : R" — R and 2 : R* — R™ are smooth functions. The motivation
behind the local SQP approach is to model (EP) at the current iterate x; by a quadratic
programming subproblem, then use the minimizer of the subproblem to define a new
iterate Xgy1.

Lagrangian function for the problem (EP) is £ (x, A) = f(x) — 2Th(x), » e R™,
Denote A(x) = [Vh(x), Vha(x), -+, Vi, (x)]T where h; (x) is the ith component
of the vector /(x). The KKT system for (EP) is

T
Px.a) 2 [Vf (x)hzx;‘(x) A} —0. 2.2)

Any solution (x*, 1*) of (EP) for which A(x) has full rank, satisfies (2.2). System
(2.2) consists of n + m equations in n + m unknowns x and A. Let P’(xg, Ax) be the
first-order Frechet derivative of P at (xg, Ax). The next iterate (xz41, Ak+1) is given by
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Xpl = Xk +Xp and Ay = Ak + Ak, where (R, A) is the value of (a, ) € R" x R™,
satisfying the following system:

o

P (X, M) [ﬂ] = —P(xx, M),

which is same as

V2% — Al [e] [V + Afa
A | I A B

where £ £ 2L (xp. M), fi & fx). Ax 2 A(xp).
The Newton step generated from the iterate (xi, Ax) is thus given by

X+1 Xk Xk
= + 1=, 24
ol &
where X; and /):k can be obtained by solving (2.3). If the following assumptions are

true, then (2.3) has unique solution (see [19]).
Assumptions

(A-1) The constraint Jacobian matrix A(x) has full rank.
(A-2) The matrix V%Xf (x, A) is positive definite on the tangent space of the con-
straints, i.e., dTfo.,iﬂ(x, Ad > 0ford e {d e R" | A(x)d =0,d # 0}.

Consider the following quadratic programming problem as an approximate model
of (EP) at (xg, Ay):

) 1
(QPy): Mingern fi + Vfls + EsTvﬁxﬁc s

s.t. Ags 4+ hx = 0.

The Lagrange function of (QPy) is

1
Lo & i+ VIils+ ESvaxfk s =T (As + ho),

where / is the Lagrange multiplier of (QPy). If the assumptions (A-1) and (A-2) hold,
then (QP,) has a unique solution (s, /x), that satisfies the first-order KKT conditions
of (QPy), which are:

V2 Lisk + Vi — AFl =0, (2.52)
Agsy + hy = 0. (2.5b)

These two equations can be written in the following matrix form:
Vi —A][se] Z[-VA] (2.6)
A 0 I —hy
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Subtracting Ag)\k from both side of the first equation of (2.3), we have

Vi % —AT S | _[-Vhk
A 0 M| | —he |

ie.,
V3% —AT[ % —Vfi
= 2.7
[ Ag 0 Akt —hi |’ @7)

where Axy1 = Ax +/):k+1.

Now the local SQP iterates are (xgy1, Ak+1), Where xg41 = xg+sg and Agq1 = I If
the assumptions (A-1) and (A-2) hold then P’(xy, Ax) becomes a non singular matrix.
Hence from (2.6) and (2.7) we have that s = X and [y = Ar,. In this way, the
new iterate (xx41, Ak+1) can be generated by solving (QP},). Further it is proved in [9]
that chosen (xg, Ag) close to the solution (x*, A*) of (EP), then sequence {(xi, Ar)}
converges to (x*, 1*) quadratically.

In the next section, this concept is used to develop a new algorithm to solve (EP)
with higher-order convergence property.

3 Two-Phase-SQP Technique

Let (sk, Ix) be the solution of (QP}), which is obtained using the process described
in Sect. 2. [ is the Lagrange multiplier at kth stage. Denote

Xp =X +sx and Ap =Ig.

At this new point (xg, Ag) find A £ [Vhi(xp), Vho(xp), - - ,th(x,;)]T and
V2. % & V2, Z(x;, Ap)- Consider the following optimization problem (QP;1) at
(ks Ak

(QP;1): Mingern fi + (VAT + 3ATB)s + 15T (V2% + V2,.%) s (3.1a)
s.t. $Cks +hi =0, (3.1b)

where By = Ap — Ay, Cr = Ap + Ay .

(QP;1) is a convex quadratic programming problem on the tangent subspace
{d | dTfof(x, Ad > 0, A(x)d = 0}. Assume that Cy is of full rank. The unique
solution (sg, [3) of (QP, 1) satisfies the first-order KKT optimality condition of (QP1).
I} be the Lagrange multiplier of (QP;1). Then from KKT optimality conditions

1 1 1
5 (V2L + VL) s+ V fe + 5Bl = 5ClIE =0, (3.22)
1
5Chsi+ i = 0. (3.2b)
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Adding %C,{T)\k to both sides of (3.2a), we get

| 1 1 1
5 (vﬁx.zk + vfx.,zﬂ,;) St + Vet 3 Bl — S CTUg —h) = 3CT. (33a)

1
5 Crsg + hic = 0. (3.3b)

(3.3a) and (3.3b) can be written as the following matrix equation:

PR+ Vi) [ s | J [V ATk
3Ci 0 | llk—M —h '

This is equivalent to

1([V2.% —A] N Vit A} st | _ [~V S+ Al
2 Ag 0 Aj 0 Ig — X —hy ’

ie.,

(P (xes i) + P (xg, 2p) [l]; ?xk] — —P(xp, A0). (3.4)

| =

Denote
= Sk and’):,; =lp — M.

The iteration process discussed above can be summarized in the following two steps:

AR EY X
-ERE e

where (X} ,3:1() is the value of («, B) satisfying

First step:

P’ (et o) [Z] = —P(xp, M) (3.5b)
Second step:
X1 | [ X X%
R e

where (X ,3:,;) is the value of («, B) satisfying

o

1 / /
E(P (XK, M) + P'(xg, Ap)) [,3

] = —P(xg, Ak). (3.6b)

@ Springer



390 S. K. Chakraborty, G. Panda

Since Ag+1 = Ak +X,;, sofrom (3.4) and (3.6a), Ax+1 = Ax + (Il —Ax) = [;. Hence the
new iterate (xi1, Ak41) can be generated by solving the KKT optimality conditions
given in (3.2a) or by its equivalent form given in (3.5) and (3.6).

We state the algorithm for the proposed two-phase-SQP (TP-SQP) scheme in its
simplest form in the following algorithm:

Algorithm 1: Algorithm for Two-Phase-SQP method
Select an initial pair (xg, Ag)
do { Evaluate fi, V fi, V2. %, hy and A;
Solve (QP,) to obtain s; and Ii;
Set xp < xp + s and A < Ik
Evaluate Aj and V2, .%;
Solve (QP1) to obtain s; and I — Ax;
Set xpy1 < xp + s and Agy < I )
Until (A Convergence test is not satisfied);

For solving the equality-constrained optimization problem, a good initial estimate
xo for x* can be used to obtain a good initial estimate X¢ for the optimal multiplier
vector 1*, which may be considered as follows in the light of [9]:

—1
2o = [AG0 AT AGOY f (x0). (3.7

Ao can be made arbitrarily close to A* by choosing xg close to x*.

4 Convergence Analysis
Theorem 4.1 If P is thrice Frechet differentiable function and (xq, o) is sufficiently
close to the solution (x*, \*) of (EP), then sequence (xi, A;) generated by Algorithm

1 converges cubically to (x*, 1*).

Proof Let uy and vy are m + n dimensional vectors, where u; £ (xx, Ax) and vy £
(xz, Ap), respectively. Then the steps (3.5) and (3.6) can be written as follows.

v =g — [P'u)]” Plug), (4.12)
k1 = e — 2 [P'Gu) + P'(wp)] ™ Pug). (4.1b)

We denote o = (x*, A*). Here P : R"™" — R"™"_ Using Taylor expansion of P ()
about uy, we have

1
P(a) = P(ug) + P'(ui) (e — up) + 5P//(uk)(a — up)?

+%P/N(Mk)(a — )+ 4.2)
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Subtracting « from both the sides of (4.1b), and denoting e, = uy — o, we have

ekst = e — 2[P'u) + P'wo)] ™ Py,
[P'(u) + P'(vo)] ex1 = [P'(ui) + P'(vi) ] ex — 2P (up). (4.3)

Since (x*, A*) is the solution of (EP), so P(x*, A*) = 0. From (4.2),

1
Pup) = — P (up) (o — ug) — — P" (up) (o — ug)?

2!
1
- yPW(uk)(Ol —up)? + -
1 1
= P'(u)ey — 5P”(uk)e,f + §P///(uk)el% Fo

[P ()]~ P (ur)

1 1
= e = [P')) ™' P/ () e + [Pl ™ P i) e+ (44)
Expanding P’(vy) with respect to uy we get,

1
P'(ve) = P'(aue) + P (i) (v — ) + 5 P (i) (v — up)? + -

/ 7 / -1 1 " l -1 2
= P'(u) =P () [ P @)™ Pup) |+ 5 P (ww) [ Py~ P |+
(From (4.1a))

1
= P'w) = P e = [P'@)) ™ P i) 5y

+[P/(Mk)]_1PW(Mk)%€2+"'] l1’3”’(14k)e,§+-.- (from (4.4))

2!
4.5)
The right hand side of (4.3) gives
1 -1
[P'(up) + P'(vi) ] ex — 2P (uy) = EP//(Mk) [P'(uo)] ™ P (ui)e}
1 2
+ 5P”/(uk)e,f - 5P/”(uk)e,f +0 (4.6)
Using (4.6), Expression (4.3) can be written as
[P'(u) + P'(vi)] exs1 = Brej + O(|lexl), 4.7)
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where
1 ” ’ =1 5 1 i
B = EP (o) [P ()] P (Mk)+§P (up) |-

This shows that the Algorithm 1 has cubic-order convergence.
One may observe the following theoretical advantages of the TP-SQP scheme.

— Without computing higher-order derivatives, a higher-order convergence is
achieved in comparison to Newton-SQP framework.

— TP-SQP scheme involves the same order of arithmetic operations as compared to
Newton-SQP method.

One may associate a line search technique to each iteration of Algorithm 1 with the
help of a merit function, which can decide whether a trial step should be accepted or
not. In the next section, we limit our discussion to /; merit function for the proposed
scheme. It has been discussed how to choose the penalty parameter p that makes the
chosen direction a descent one in every iteration.

5 A Note on /1-Merit Function for the Proposed Scheme

The /1-merit function is of the form ¢y : R+ 5 R, as

¢1(xs ) = f(x) + pllh(x),

where u is the penalty parameter, ||.||; is /; norm. In TP-SQP method, the step length
is of one unit length. The steplength oy € (0, 1] is associated if the following decrease
condition holds:

@1 (xk + ke pic; i) < o1 (s k) + no (1 (xi; 105 pr),

where n € (0, 1) and Z(¢; (xx; 0); px) denotes the directional derivative of ¢ in the
direction py. This requirement is analogous to Armijo condition of unconstrained opti-
mization problem provided that py is a descent direction, that is, Z (¢ (xx; W); pr) <
0. Descent direction holds if p is chosen sufficiently large as shown in the following
theorem:

Theorem 5.1 Forthe TP-SQP scheme, ifmax {|| Agsgll1, 13 (Az—Aosglli} < Akl
then > 4| Aglloo + 2| Ak+1lloc implies

D(1(xi; s sp) < 0.
Proof

d1(xx + asg; 1) — o (s @)
= flxx +asp) — fi + mllhCx +asplln — pllhxl
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T 1 2 T2
= (fk +aVfesp+ S%SE V= f (x4 tisp)sp) — fi

1
+ pllhg + aAgsg + Eazsgvzh(Xk +ospsplln — plld
(where t1, 1 € (0, @))
< aV filsp + ullhe + aArsglh — plihell + ve? sl
(y is the upper bound of the second derivatives of f and h)

= aV filsp + ullhe + a(=2h — Agsplh — wllelh + ye? lisgl?
1
(Since from (3.3b), E(Ak + Ap)sp +hy = 0)

= aV flsp + ul(l — a)hg — alh + Agsplls — wllhl
+ya?|Isglit

<aV filsp + n(l — o) |lhelly + perllhe + Agsglln — wllhll
+ya?|spI3 (for0 < a < 1).

This implies

o1 (xk + asg; u) — @1 (xe; 1)
[07

limg 0 < VLsp — mlhell + mlhe + Agsgl,

ie.,
D1 (s )i sp) <V fi-sp — mllhel + sl + Agsglli.

Multiplying sET in left to both sides of (3.2a) and using [ = Aj1, the above inequality
becomes

D (1 (xx; 10): Sp)
1 1
< =57 (Ve + VD) st + 57 (F (AL + AD Ot = 20))

+ 7 Afh = il + el + Agsg

Using (3.3a), we get
1
D (1 (xk; ); sp) < =8 (5 (V,%xz@ +v$,c$,;)) st— kit + R+ (Arsp) T h

1
— el + Mllz(Azz — Asglh

1
<5 (5 (V§xﬁ<+foz;)) eIkl 2 oo+ Vel 3k o

1%
+ 1 Aksgll I Melloo — pellrlln + E||hk||1~
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Using the given condition max {||Agsgll1, ||%(A,; — Apsplit} < llhkllr, we get

1
D (1 (x5 10); sp) < —S,;T (E(V)%xi”k + foi”;;)) g
uw
+ el (e tlloo + 2lAkloo = 5)
<O (for > 2krlloo +4lIAx o)

It follows that under the assumption stated, s; will be a descent direction for ¢ if
fo.,?j; is positive definite and & > 2||Ag+1lloo + 412k co-

6 Numerical Examples

Following two examples are examined with the proposed algorithm, and the results
are analyzed. The algorithm will terminate whenever the norm of the gradient of the
Lagrangian comes close to zero.

Example 6.1

(P1): min x; + x7

s.t.x%+x§—2:0
Example 6.2

(P2): min («/§)3x1x2x3

stxl+x54+x5—1=0

(P1) and (P2) are solved in MATLAB R-2013(b) by Newton-SQP method and TP-
SQP method with the tolerance limit is 10~!3 and different initial points. Value of Ao
is chosen using (3.7). The number of iterations by both the methods are provided in
Table 1. Since the proposed scheme has local cubic-order convergence property, it is
expected that the number of iterations of the proposed scheme to attain the solution
must be less than the number of iterations of Newton-SQP scheme, which has quadratic
convergence property. Table 1 certainly meets this expectation.

7 Conclusion

In this paper, we have proposed a local scheme to solve a nonlinear equality-
constrained optimization problem with higher-order convergence property. Without
computing higher-order derivatives, TP-SQP scheme achieves higher-order conver-
gence property more quickly than Newton-SQP method. However, since we are solving
two quadratic subproblems in each iteration, for the aspect of software implementation,
TP-SQP scheme is more suitable than the Newton-SQP method for those optimization
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Table 1 Comparison between the number of iterations for Newton-SQP and TP-SQP

Minimizer (x*; A*) (x05 A0) Number of Number of
iterations iterations (TP-SQP)
(Newton-SQP)

P1

P2

(—1,-1;0.5) (0.8, -0.8; =0.6250) 6
(=0.2,-03,-1.9231) 10
(=1,0;-0.5) 8
(—0.9, —0.3; —0.667) 8
(3*0»5, 3-05 3-05, 71.5) (0.2,0.3,0.1: 0.334 0) 9
(0.4,0.5,0.6; 1.217 4) 6
(0.7, 0.6, 0.5; 1.488) 6
(0.23,0.34,0.45,0.7393) 7

TR RC NNV TN

problems, where the former one takes almost half the number of iterations than the
latter one. In future, in the light of TP-SQP scheme, one may propose schemes even
having order of convergence more than three.
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