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1 Introduction

Linear programming over cone X, or simply cone programming problem is defined
as minimizing a linear objective function subject to linear constraints and over cone
IC, which is a closed, pointed, convex cone with a nonempty interior in R”. In this
paper, we are interested in the interior-point-methods (IPMs) of the cone programming
where cone K is a symmetric cone, that is /C is self-dual and its automorphism group
acts transitively on its interior. Symmetric cones are intimately related to Euclidean
Jordan algebras (see [1] and [2], etc), and these algebras provide us a basic toolbox to
carry out our analysis.

It is well known that symmetric cone programming (SCP) includes linear program-
ming (LP), semidefinite programming (SDP), and second-order cone programming
(SOCP) as special cases. Thus, more and more attention has been focused on the
optimization problems over symmetric cones. Nesterov and Todd [3-5] provided a
theoretical foundation of the primal-dual IPMs on a special class of conic program-
ming, where the associated cone is so-called self-scaled cone. Giiler [2] observed that
the self-scaled cones are precisely symmetric cones, which have been studied much in
other areas of mathematical sciences (see, for example, [1]). Faybusovich [6,7] first
analyzed the IPMs over symmetric cones by using Euclidean Jordan algebraic tools.
Schmieta and Alizadeh [8] proved polynomial iteration complexities for variants of
the short, semi-long, and long step path-following algorithms based on commutative
class of search directions over symmetric cones. Vieira [9, 10] proposed primal-dual
IPMs for SCP based on the kernel functions. Recently, Wang et al. [11-13] presented
anew class of full Nesterov-Todd (NT) step IPMs for SCP and convex quadratic opti-
mization over symmetric cone. They derived the iteration bounds that matched the
currently best known iteration bounds for full NT step feasible IPMs. Liu et al. [14]
proposed IPM with the second-order corrector step for SCP and showed the poly-
nomial convergence. In IPMs, an interesting result was given by Ai and Zhang [15]
for linear complementarity problem (LCP). Their algorithm decomposes the classical
Newton direction into two orthogonal ones and proceeds in a new wide neighborhood.
It is proved that their algorithm stops after at most O(/nL) iterations, where n is the
number of variables and L is the input data length. This result yields the first wide
neighborhood path-following algorithm having the same theoretical complexity as a
small neighborhood algorithm for monotone LCP. Later, Li and Terlaky [16] gener-
alized Ai-Zhang’s algorithm [15] to SDP, and Potra [17] generalized the algorithm in
[15] to sufficient horizontal LCPs.

All above-mentioned methods are feasible IPMs, which require the starting point
is strictly feasible. However, it is sometimes difficult to obtain such starting point in
practice. Therefore, infeasible IPMs, which do not require that the iterates be feasible
to the relevant linear systems but only be in the interior of the cone /C, have been the
focus of active research. Rangarajan [18] first proposed an infeasible IPM for SCP
using the so-called negative infinity wide neighborhood N, and proved that the iter-
ation complexity bound is O(r2log e ') for NT search direction and O(r> loge™!)
for xs and sx search direction. Potra [ 19] proposed the broad class of infeasible IPM for
solving linear complementarity problems over symmetric cones and established poly-
nomial complexity and superlinear convergence of algorithm. Recently, Gu et al. [20]
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generalized the full-Newton step infeasible IPM for LP of [21] to symmetric cones.
Liu and Yang [22-24] proposed some new infeasible IPMs using a new class of wide
neighborhoods and proved polynomial iteration complexities based on commutative
class of search directions. Motivated by these works, we present an improvement
infeasible IPM for SCP. We prove that the complexity bound of the new algorithm is
O(rlog ¢~1) for the NT direction, and O(r!- log ¢~ 1) for the xs and sx directions.
The complexity bounds obtained here are the same as small neighborhood infeasible-
interior-point algorithms over symmetric cones.

In Sect. 2, we review the theory of Euclidean Jordan algebras and symmetric
cones. In Sect. 3, we first briefly explain the primal-dual path-following IPMs for
SCP problems, and then state the generic framework of our infeasible-interior-point
algorithm. In Sect. 4, we first demonstrate several technical lemmas, and then establish
the iteration complexity of the proposed algorithm based on the commutative class of
directions. Finally, some conclusions are given in Sect. 5.

2 Euclidean Jordan Algebras and Symmetric Cones

Let J be an n-dimensional vector space over real field R, along with a bilinear
map o : J x J +—— J. Then (7, o) is a Jordan algebra if for all x,y € 7,
xoy=yoxandxo (x?20y)=x2o(xoy)where x> = x o x. A Jordan algebra J
is called Euclidean if there exists a symmetric positive definite quadratic form Q on
J such that Q(x o y,z) = Q(x, y 0 z). An element ¢ € J is an identity element if
xoe = eox = x forallx € J.The cone of squares of a Euclidean Jordan algebra 7 is
the set K := {x” : x € J}. A cone is symmetric if and only if it is the cone of squares
of some Euclidean Jordan algebra (see [1, Theorems II1.2.1 and II1.3.1]). Since “o” is
bilinear for every x € 7, there exists a linear operator L, such that x o y = L,y for
all y € J. For each x € J define Qy := 2L§ — L >, which is called the quadratic
representation of x, and it plays an important role in our subsequent analysis.

For x € 7, let r be the smallest integer such that the set {e, x, x2, ... ,x"}is
linearly dependent. Then r is called the degree of x and denoted by deg(x). The rank
of J, denoted by rank(7), is the maximum of deg(x) over all members x € J. An
idempotent ¢ is a nonzero element of 7 such that ¢> = c. A complete system of
orthogonal idempotents is a set {c1, - - - , ¢} of idempotents, where ¢; o ¢; = 0 for all
i # j,and c1 + --- + cx = e. An idempotent is primitive if it is not the sum of two
other idempotents. A complete system of orthogonal primitive idempotents is called
a Jordan frame.

Theorem 2.1 [1, Theorem III.1.2]. Let J be a Euclidean Jordan algebra with rank

r. Then for every x € J, there exist a Jordan frame {c1, - - - , ¢, } and real numbers
Al, o+, A suchthat x = hic1+- - -+ A-cr. The numbers A; are called the eigenvalues
of x.

We define the following: The inverse x ! := Aflcl 4+ AT I¢,, whenever all

Xi # 0; The square root x /2 := ki/zm +-- ‘+)\-}/2Cr, whenever all ; > 0; The trace

tr(x) := A1 + - - - + A,; The determinant det(x) := Aq - - - A,. Denote the minimum
(maximum) eigenvalues of x € 7 by Amin(x) (Amax (x)). If x ! is defined, we call x
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invertible. We call x € J positive semidefinite (positive definite), denoted by x > 0
(x > 0), if all its eigenvalues are nonnegative (positive). It is clear that an element is
positive semidefinite (positive definite) if and only if it belongs to (the interior of) the
cone of squares.

Since tr(x o y) is a bilinear function, the inner product can be defined as (x, y) :=
tr(x o y). Since tr(-) is associative [1], it follows that the inner product is associative,
that is (x o y, z) = (x, y o z). Since the inner product is associative, it follows that
L, and L;l are symmetric with respect to (-, -), that is (Lyy, z) = (y, Lyz), and
(L;1 v,2) = (v, L;lz). From definition of Q, it follows that it too is symmetric with
respect to (-, -).

For x € J, with eigenvalues A;, 1 < i < r, the Frobenius norm, the spectral norm,
and one-norm are defined, respectively, as

r r
Ixll 7 == V/(x, x) = (ZA%), lixlla = max 2], el = > 1Al
i=1 i=1

We state some useful propositions as follows:

Lemma 2.2 [20, Lemma 2.15]. Ifx oy € int X, then det(x) # 0.

Lemma 2.3 [25, Theorem 3.1]. Forx,y € J, we have ||x o y||1 < |[x||[Flly]F-
Proposition 2.4 [1, Proposition I11.2.2]. Ifx,y € intK, then Q,y € int K.

Proposition 2.5 [8, Proposition 21].  Let x, y, p € int K and define X := Q px and
y:i=Q,-1y. Then

1. Qyi2y and Q 12x have the same spectrum.
2. Q.pyand Q;12y have the same spectrum.

We say two elements x, y € J operator commute if LyLy = LyLy. The tool of
operator commutativity is very useful in the analysis of algorithms.

Theorem 2.6 [8, Theorem 27]. Let x and y be two elements of Euclidean Jordan
algebra J. Then x and y operator commute if and only if there is a Jordan frame
i, -+ ¢ suchthatx = >i_ Aici andy = D ;_| [LiCi.

Lemma 2.7 [8,Lemma30]. Letx, y € int K and define w := Q 12y, thentr(xoy) =
tr(w). Moreover, if x and y operator commute then x oy = w.

3 SCP Problems and Algorithm Framework

Let J be a Euclidean Jordan algebra with dimension n, rank r, and cone of squares
IC. Consider the primal-dual pair of SCP problems

(P) min {(c,x) s.t.Ax =b, x € K,
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and
(D) max (b,y) st.A*y+s=c, s €K,y eR",

where ¢ € J and b € R™. Here, A is a linear operator that maps 7 into R”, and A*
is its adjoint operator. Define the feasibility set and strictly feasibility set as follows:

Fi={(x,y,5) e CxR" x K: Ax = b, A*y +5 = c},
7= {(x,y,5) €eint K x R" xintK: Ax =b, A"y +s5 =c}.

In this paper, we assume that A is surjective and Fo # . It is shown in [3,7] that
under the assumptions above, the sets of optimal solutions P* and D* are nonempty
and bounded, and moreover (x*, s*) = 0 for x* € P* and (y*, s*) € D*. They also
proved that, for x, s € K, (x,s) = 0 is equivalent to x o s = 0. Therefore, x* and
(y*, s*) are optimal solutions if and only if they satisfy the following system:

Ax =b, x ek,
Ay +s=c, sek,yeR",
xos =0, 3.1

where the last equality is called the complementarity condition. Replace x o s = 0 in
(3.1) with the perturbed complementary condition x o s = we for u > 0, we have the
relaxed system

Ax=b, x ek,
Ay +s=c, sek,yeR",
X os = le. (3.2)

Primal-dual path-following interior-point algorithms follow the solutions of the
relaxed system (3.2) as u goes to zero. The relaxed system have unique solutions
for all © > 0, and these solutions form the so-called central trajectory (central path).
Moreover, the limit of the trajectory as p goes to 0 yields optimal solution for (P) and
D).

In the classical IPMs, the iterates are allowed to move in a wide neighborhood of the
central path. The so-called negative infinity neighborhood that is a wide neighborhood,
is defined as

NZA —y) :={(x,y,5) €int K x R" x int K : Amin(Q,1/28) = yu},
where y € (0,1) and u = (x, s)/r is the normalized duality gap. Ai [26], Ai and
Zhang [15] introduced a new class of wide neighborhoods of the central path. Later,
Li and Terlaky [16] extended the algorithm in [15] to SDP problems. And then, Liu

et al. [22,27] extended the algorithm in [15,26] to SCP problems. Analogously, Yang
et al. [24] defined the wide neighborhood based one-norm as

Ni(z, ) == {(x, y,5) € int K x R" x int K : [[(zpee — Qu29) |1 < Byl
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where 7, 8 € (0, 1). This neighborhood is a wide neighborhood since one can verify
that

N —1) SN, B) SN -(1-pB)1), VO<71, B <. (3.3)

Most classic primal-dual path-following algorithms take Newton steps toward
points on the central path defined by system (3.2) for 1 > 0, rather than pure Newton
steps for the optimality system (3.1), sometimes known as the affine-scaling direction.
Since these steps are biased toward the interior of /C, it usually is possible to take
longer steps along them than along the pure Newton steps for (3.1) before violating
the positive definite condition. To move from the current point (x, y, s) toward the
target on the central path corresponds to 7, which leads us to the linear system

AAx = b — Ax,
A*Ay + As =c—s — A*y,
Axos+xoAs=tue —xos, (3.4)

where (Ax, Ay, As) € J x R™ x J is the search direction, t € [0, 1] is called
centering parameter.

The following lemma motivates different, but equivalent, ways of forming the
perturbed complementarity condition x o s = e, thus leading to different Newton
systems.

Lemma 3.1 [8, Lemma 28]. Let x, s, and p be in some Euclidean Jordan J, x,s €
int K, and p invertible. Then x o s = pe if and only if Qpx o Q 15 = pe.

Denote by C(x, s) the set of all elements so that the scaled elements operator
commute, i.e.,

C(x,s) == {p: p € int K such that 0 ,x and Q -1s operator commute}.

This is a subclass of the Monteiro-Zhang family of search directions called the com-
mutative class. In particular, choosing p = s'/2 and p = x~!/? we get the xs and sx
search directions, respectively. For the choice of

~1/2

—1/21-1/2
p= [Qx]/Z(Qxl/ZS) 1/2] 2 [QS_|/2(QA,1/2X)1/2] 3.5)
we obtain the NT search direction. In this paper, we restrict the scaling p € C(x, ).
In the following we denote by A = AQ,-1, c= Q)-1c, X=0px,ands = Q)-15.
With this notation, the Newton system (3.4) becomes

AAX = b — AF,
A*Ay + A§ = ¢ — A*y — 3§,
AXoS+X0oASs=Tue —XoSs. 3.6)
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In our new algorithm, we decompose the Newton system (3.6) into the following two
systems:

AAT_ = b — AZ,

A*Ay_ +A5_ =¢—A*y —35,

AX_ oS+ XoAS_ = (tue —Xxo5s)", 3.7
and
AAF, =0,
A*Ay+ + A§+ = 0,
AXyo§+XoAsy = (tpe—xo5)t. (3.9)

As pointed in [15,16], the negative part (e — X o5)~ is responsible for reducing the
duality gap, and the positive part (t e — % o §)™ is used to control the centrality. So,
we treat the negative part and the positive part separately and equip the two directions
with different step sizes. Let o = (a1, a2) € R%r be the step sizes taken along
(AX_, Ay_, As_) and (Ax4+, Ayy, Asy), respectively. The new iterate is

(X (@), y(@), (@) := (X, y,5) + ar(Ax—, Ay, As_) + a2(AXy, Ayy, Asy).

We denote by w = Q5128. By part (ii) of Proposition 2.5, w and w have the same
eigenvalues. In addition, o = (x,5)/r = (Qpx, Q-15)/r = (x,s5)/r = p. Hence
the neighborhood NV (z, B) is scaling invariant, that is (x, y, s) is in the neighborhood
if and only if (X, y, §) is.

Having introduced the key elements for the new algorithm, we state the generic
framework of our algorithm.

Algorithm 3.2 Input parameters: ¢ > 0,0 < 7,8 < 1, and an initial point
(x%,¥%, 5% e NMi(z. B). Set o = (x°,5°) /r. k := 0.

Step 1 If ug < epo, then stop.

Step 2 Choose a scaling element p € C (x*, s%) and compute (xk, 55,

Step 3 Compute the directions (AFK, Ay]i, A5%) and (Aiﬂ‘r, Ayi, AEfL) by solving
the scaled Newton systems (3.7) and (3.8), respectively.

Step 4 Choose step size vector af = (oz'l‘, oe'z‘) > 0, such that the new iterates

()’C~k+1, yk+l’ §k+l) — ()zk’ yk’ gk) +Ol]f(A)‘C~]i, Ayi, Agi)
+ah (AT, AYE, ASY),
remain in Vi (z, B).

StepS Let (xk+1,yk+1’sk+l) — (Qp—lik-’_l, yk-H’ st:k-i-l) and — (xk-i-l’
sy /r. Setk :=k 4+ 1 and go to Step 1.

We note that we will specify our choice for a* in next section, and present the con-
vergency and iteration complexity of Algorithm 3.2. Our choice is based on several
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factors, including keeping the centrality, improvement of the infeasibility, and decreas-
ing the duality gap. First, using (3.7) and (3.8) the following proposition is readily
verified.

Proposition 3.3 Let (&%, y’j, 55} be generated by Algorithm 3.2. Then for k = 0,
one has AX¥H —b = VK1 (A0 —b), and A* y* 1 4 5kH ¢ = VAt (A*)0 4 50 _¢),
where V0 = 1 and

k
V=@ =t =] (1 =) €10, 10. 3.9)
i=0
7k Teok sk
Then, we have vk = 14X =ble _ 1A +5 —Clr \which implies v* represents the
IAZ0—b| F |A*yO+50—¢| F P P

relative infeasibility at (¥, y¥, §%). Hence at every iterate, we maintain the condition:
(7, 55) > vz, 50, (3.10)

which ensures that the infeasibility approaches to zero as the complementarity (x, s)
approaches to zero.

We now specify a particular starting point for Algorithm 3.2. This choice was first
proposed by [28] for LCP, and then was extended by [18] to symmetric cones.

Let u° and (+°, v°) be the minimum-norm solutions to the linear systems Ax = b
and A*y + s = ¢, respectively. That is

u® = argmin{|lu||F : Au=b}, (°,0°) = argmin{||v||F : A*r +v=c}. (3.11)

We choose (X s yo, N ) such that
0 > max 0 0 3 12
X =95 —,0 e, )0 = {” ”2! ”U ||2}' ( . )

This implies that x%, 59 € int IKC, x0— w0 e K, and 50 — 00 € K.
Let
p* = min{max(||lx*[l2, [[s*[2) : x* € P*, (v, 5¥) € D*}, (3.13)

and in addition, we assume that for some constant ¥ > 0, it has po > p*/w. Note
that we can always increase p°.
For a given sequence of iterates {(x*, ¥, %)} we define

(uk'H, kL vk+l)
= (xk+1, yhFL skH) —(1- all‘) (xk —uk, =k sk — vk). (3.14)
The auxiliary sequence will be used in our analysis of complexity and need not be

actually computed in Algorithm 3.2. The following lemma gives useful properties of
the auxiliary sequence {(u*, rk, vF)).

Lemma 3.4 Let {(x*, y*, sX)} be generated by Algorithm 3.2, {(u*, r*, v¥)} be given
by (3.14), and {vk} be given by (3.9). Then for k > 0,
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(1) Au* = b and A*r% + 0% = ¢;
2) xF —uk = V¥ (x0 —u) € K and sF — vk =1k (s0 —0) e K.

Proof The proof follows from direct substitution.

4 Analysis of Complexity for Algorithm 3.2

In this section, we first give the strategy of choice for step size «¥. Then we develop
several technical lemmas. At the end of this section, we present our main result of
polynomial convergence. For simplicity, from now on we will suppress the superscript
k, except for k = 0 whenever no confusion arises. However, we will denote o by &
while using « as a free variable.

Our choice of & is based on several considerations. We require that the step size
vector & = (&1, @) satisfies the following three conditions:

(F(@), y(@), §(@)) € Ni(z, B), (4.1)

(F(@),5@)) = (1 —apv(x’, 59, (4.2)
and

(Z(@), (@) < (1 — Aay)(F, 5), (4.3)

where v = vF is defined in (3.9), and A € (0, 1) is a constant independent of r.
Condition (4.1) is a centrality condition that prevents iterates from prematurely getting
too close to the boundary of the symmetric cone /C. Condition (4.2), as we see in (3.10),
ensures that the infeasibility approaches to zero as the complementarity approaches
to zero. Condition (4.3) is needed in order to make a comparable progress in the
complementarity. From this point on, by Algorithm 3.2 we mean that the step size &
satisfies (4.1) ,(4.2), and (4.3).

4.1 Technical Lemmas

We will use the notation:

(AX (), Ay(a), As(@)) = a1 (AX—, Ay_, AS_) + o (AX4, Ayy, ASy),
x(@)=%os5+ai(tpe —%05)” +ar(tpue —xo0s5)t.

It can be easily verified that (Ax4, Asy) = 0, X () o§5(a) = x () + Ax () o As(w),
and

AF(a) o A§(a)

=l AT 0 AF_ +ajan(AT_ o AS; + A5_ o AX,) + s ARy 0 AFy, (4.4)
(X(a), ()

=tr (x(@) + af (AF_, A5 ) + ajon((AF_, ASy) + (A5, AZy)).  (45)
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By using tr ((tpe —%08) ") +tr (tue —%08)T) =tr(tpue —x035) = —(1 —1)rp,
we have
tr ((tjee — % 05)7) < —(1 — )rp. (4.6)

When (%, y, §) € Ni(z, B), we have
tr((tpe — X 05)F) = |[(rpe — ¥ 0 5)T |l < Brp. 4.7
The following lemma will be used frequently during the analysis.

Lemma 4.1 [8, Lemma 33]. Let p,q € J, and G a positive definite matrix which is
symmetric with respect to the inner product (-, -). Then

IplFllglle < veond (GG pllpGY2q ) F
1 _
< 3veond @) (1672 pI: + 16" 411}

where cond (G) = Amax (G)/Amin(G).

We note that, for x,s € intXC,and p € C, G := LsflL); is a positive definite matrix
and is symmetric with respect to the inner product (-, -). We can see that the mapping
defined by [|(u, V)l = (IG~2u|% +1G?v|12)2, u,v € Jisanormon J x J.

Lemmad4.2 Let x,s € intK,p € C, and G = LE_IL);. If B < 1/2, then
I(AZy, A5G < B

Proof Since x and s operator commute, there is a Jordan frame cy, - - - , ¢, such that
X = Z;:l Aici and § = 2;:1 uici. Then, X o § = Z?:l Aipici and LyLsc; =
X o (Soci) = Aipici, i =1,---,r, which implies

(LsL)~'ci = i/ (hipu). (4.8)

Multiplying the last equation of (3.8) by (LzL;)~!/2, we obtain
G '2A%, + G'YPAs. = (LiLy) VP (tpe — 5 05T
Taking norm-squared on both sides, we have

IG™' 2 A%, 113 + G2 A5, 1%
= l(LzLs) " *(tpe — % 0 5)T|1%
(LeLn™ P (ape — 505", (Ll Prpe — 7 05)*)

<(r,ue —Fod) T, (Lily) N(tpe — o §)+>
<Z(TM —ipi) e, (LeLy) ™' D (tp - )»iMi)+Ci>
<Z(TM —dip) e, D (tu - Kiui)+ci/(?»iui)>
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= > [n —him) P/ Gips)
< [Z(TM - )w'lti)Jr]z /i ki)

(Bri)?/(1 — B)Tp

<
< BT,

Here, the fifth equality follows from (4.8), the second inequality follows from w = xo§
and (%, y, ) € Ni(t, B), and the last inequality holds due to 8 < 1/2.

Lemmad4.3 Let G = LE_IL,;. Then |(AZ_, A5 )|lg < ST + (1 + V2)E, where
£ :=min{||(@t, V)|l : Al = b — AX, A*F + 0 =& — A*y —§}.

Proo[ Let (u,7,v) € J xR™ x J satisfy the equations Al = b— AX and A*F + 0 =
¢ — A*y — 5, then by system (3.7) we have

A(AZ_ — i) =0,
A*(Ay_ —7F) + (A5_ — D) =0,
Li(AZ_ — i) + Li(AS_ — D) = (tpe — ¥ 05§)” — (Lzii + L;0).

-1/2

Multiplying the last equation by (L3 L;) , we obtain

G2 (Ax- — i) + G*(A5- — D)
= (LzL;) Y (tpe — 505~ — (G %u + G'/?v).

Therefore

(A=, AF) |G
< INAF- — i, A5- — D)l + I, D)l g
= 1G2(AZ- — i) + GV(AS- = D)|IF + 11, D)llg
= I(LiLy) P (tpe — % 05)” — (G2 + G'20) |1 + 11, D)llg
SILiLy) P (rpe =507 Ir + 1G 2l F + 1G5l F + (@, 9) 6,
where the first equality holds due to the definition of || -|| g and (AX_ —i, As_—v) = 0.

Similar to the proof of Lemma 4.2,

I(LzLs) e = F08) 17 =D [(tpn— A,-u,-r]z/(xiu,») <D hipi = rp.
i=1

i=1

By the definition of || - ||, we have |G~ 20| + ||G'/20|| < ~/2||(i1, ¥)||g. Hence
the required result follows.

Lemma 4.4 Let (u°, 7%, v°) and (x°, y°, s°) satisfy (3.11) and (3.12), respectively.

Then& < (S+4¥)r /u//(1 - P)t.
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Proof Letu = Qpuandv = Q ,-1v. Then by Lemma 3.4 and Proposition 2.4 we have

Ail =b, A*r+9=¢%—i € Kand§—17 € K. Let (i, 7, v) == (X—u,y—r,5§—0),
then, we have A(—it) = b — A%, A*(—F) + (—0) = & — A*y — §. Hence,

£ < (=i, —d)llg < NIG 2l F + 1G5 .

Since X and § operator commute, then G = LE_IL 7 and Q; commute, and we have

_ - - 1/2 - 1/2 - — 1/2 -
IG"231% = (3, Go) = (0Y5, 07'GOY?D) < Amax(QF'G) QY5112
Then, by using [18, Lemma 4.1] we have

(x,0)2  (x,0-35)?% (X0-8? (x,v—s)?
Anin(@)  Amin(@)  (1—PTu A —-Pru’

IG'25)% <

(vux

1/2
Paly < G550

. Therefore,

Similarly it can be shown that |G~

(x,s —v)+{(x —u,s)

VA =B)Tu

Forx* € P*,and (y*, s*) € D*, wehave A(x*—u) = Oand A*(y*—r)+(s*—v) =0
by using part one of Lemma 3.4. Hence,

£ < (4.9)

O=(x*—u,s"—v)y=@" " —x+x—u,s —s+s—0)
=(x* s+ ) F s =) —u, s (x—u, s —v)

— (x5 — (x, 8%y — {x,5s —v) — (x —u,s).

It follows that

(x,s —v) + (x —u,s)
= (x*, ")+ (x,s) + x*, 5 —v)
Hx—u, s+ (x —u, s —v) — (x*,5) — (x,5)
<8+ s —v) (v —u, s+ (x —u, s —v)
<1+(x*,s—v)+(x—u,s)+( —u, S_v))(x,s)

(x,s)
( vix*, s9 — 00 + v(x0 — w0, %) + 12 (x0 — O, sO—vo))
=1+ ru

(x,s)

. (1 . (x*, 59 — 00y 4+ (x0 — 00 sy + (20 —u0, 0 — v

%)
(0, 50) )ru, (4.10)

where the third equation follows from part two of Lemma 3.4, and the last inequality
follows from (3.10), (3.12),and 0 < v < 1. For the initial points choice as in Sect. 3, it
holds that (x°, s%) = r(0°)? and max{[|x*||2, ||s*|l2} < p*. Using Cauchy—Schwarz
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and the fact || - [|[F < /7|l - [l2, we have that (p,q) < lIplrllglr < rlpl2lgll.
Therefore,

()C*, SO _ UO) + ()CO _ uO’ s*) + ()CO _ MO, SO _ UO>

(x0, 59)
o 2rp*p0 4 2rp*p° + 4r(p0)?
h r(p%)?
=4+4p*/p°
< 444w (4.11)

By substituting (4.11) and (4.10) into (4.9), we obtain the required result.

Lemmad4.5 Let G = L, 'Ly. Then ||(A%_, AS_)|1% < o*r?u, where

- (1+(1+J§)(5+4uf)) /M> 13.

By Lemma 4.2 and Lemma 4.5, we have the following corollary.

Corollary 4.6 Let B < 1/2, then

(1) AF-, AS_)| < &*rPu/2;
(2) AT, ASy) + (A5, AZL)| < 24/Brorp;

Proof By Lemma 4.5, we have

(AT, AS_)| = HGTV2A%_, G2 A5
SNGTV2AF_|IFIGY A | F

/N

1 _ N -
S(IG VZAG_|I% 4+ 1IG 2 A5 |1%)

2.2
= -wru.
3 I

To show (2), we note that from the definition of | - ||,

(A%, ASy)| = (GT?A%_, G'2A%,)|
<NGTV2AT_|FIG 2 AS | F
< A=, ATl ll(AZ+, AT 6
< oryy/pri
= /Broru. (4.12)

Similarly, we have

I(AS—, Axy)| < /Brorp.

Hence the required result follows.
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Corollary 4.7 Let G = L;lL;C. If B < 1/2, then
(D) IAXLIFIASHIF < V/eond (G)BTi/2;

(2) |AZ_|IFIIAS_||F < V/cond (G)w?r?u/2;
3) IAZ_ I FIASLIF + IAS_ || FIIAZ 4] F < 24/cond (G)/Brori;

where cond(G) = Amax (G)/Amin(G).

Proof ByLemma4.1, (1) and (2) follow from Lemma4.2 and Lemma4.5, respectively.
From the first inequality in Lemma 4.1 and (4.12), we have

< Veond (G) G2 A% || FIIG2Asy |
< +v/cond (G)+/Brwr .

IAX_|IFIIAS I F
Similarly,

[AS_|IFIIAX4]lF < /cond (G)y/ BTorp.
This proves the corollary.

Lemma 4.8 If (%, y,5) € Ni(z, B) and pu(a) < u, then
I(zu(@e — x @)t < (1 — az)Bru(@).

Proof LetXx o§ = Ajcy + -+ + Arcy, where {c1, - -+, ¢} is a Jordan frame and the
spectral eigenvalues satisfy

TU—A ST =A< ST =2 SO0 — Ay <o ST — Ar

Then, we have (tpe — X 03" = (tp — Axg1)cks1 + -+ + (tpe — A)ey, and

r k r
x(@) =D dici+a1 D (tu—hi)ci+ar D (T —hiei
i=1 i=1

i=k+1
k r
=D (U —ai +artwei + D (1 —a)hi +arer, (4.13)
i=1 i=k+1

which implies A;(x («¢)) > 0,i =1, .-, r. Using (4.13), we have
I(zp(a)e — x (@) * |1 = Z [t(e) — Ai(x (@)]*
+
<) [w(a) - #kf(x(a))}

- % S - @)l
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— (1 -y > ltn—nlt
n i=k+1

< —az)wﬂfﬂ
m

= —a)Brp(@),
where the first inequality holds due to 0 < u(e) < p and x (o) > 0.

Lemmad.9 Lert < 1/4,8 < 1/2,and (X, y,5) € N1(z, B). If a1 = ar/BT /7 and
ar < /7/(x/cond (G w?), then we have [AX () o AS(a) |1 < axBtu(a).

Proof By (4.4), Lemma 2.3 and Corollary 4.7, we have

A% (@) o AF(@)[l1 <af|AZ= o AS_|I1 + a1aa(|AZ- o AS4 |1
+ |AF- 0 AF{[I1) + 03[ A%y 0 AFy ]
<af|AZ_|IFIAS_|IF + crea (| AF_|| | AS L] F
+IAS_NFII AT F) + A3l AT+ FIIAFL P
< /mu(a%wzrzﬂ + 2a1a2\/;§wr + a%ﬁt/2)
= Jcond (G) (@3 Bra?/2 + 2031w + o2f1/2)

=a3/cond (G)?Bri(1/2 4+ 2/w + 1)2w%)
<SopBTi/13.

Here, the last inequality follows from oy < 4/7/(+/cond (G a)2), < 1/4,andw >
13.
On the other hand, by using o1 < a2, we have

tr (x(@) =tr (Fo8) +ajtr (e — X 05) + (or —atr (tpe — % 0 5)1)
zrp—a(l—=1ru
>ru —oru. (4.14)

Then, using Corollary 4.6, we have

(X (@), S(a)) =tr (x (@) + a%(A)Z_, AS_) + ajon({Ax—, ASy) + (AS—, AXy))
>ri—oirp — a%a)ZrzM/2 — 2011012\/50)}’#

ru —ap/ Bt — a%ﬂthuﬂ — Z(x%ﬁtwu

>rp—/Brujo’ — Briu/2w — 2B /0’

Zri—p/13.

Here, the second inequality follows fromas < /7 /(+x/cond (G)w?), the last inequality
follows from the fact that t < 1/4, 8 < 1/2,and w > 13.
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A straightforward calculation shows that

[AX(a) o As(@)|l1 — a2 BT(e)
<8arfrin/13 — anfrin(l — 1/13r)
= Bru(5/13 — 1+ 1/13r)
<0.

Lemma 4.10 Ler v < 1/4, 8 < 1/2 and (3, v,5) € Ni(z, B). If a1 = ar/BT/r
and oy < /T /w?, then we have

3
(@) < (1 - %) .

Proof By using (4.6), (4.7), and Corollary 4.6, we have

(F(@),§5(@) =tr (x (@) + @l (AF_, AT ) + ajop({AZ_, A5y) + (AF_, AXy))
<rpu—o(l —t)rp+ Bt + alza)zrzu/Z + Zalag\/ﬁwr,u
=rp—ax(1l = 1)/BTi + B + a50° Brin/2 + 205 0BT 1
<rp—on(l = 1)/Bri+ eafri + aa > /2 + 20077 1/

= [1 — az\/ﬁ/r (l -7 — \/;Tt— \/Br/Z — Zﬁr/w)] T
< (1 — 3a2\/;§/16r) ru,
=1 =3a1/16) rp,

where the last inequality follows from the fact t < 1/4, 8 < 1/2, and w > 13. Then,
by using u(o) = (x¥(«), §(w))/r, we obtain the required result.

The following lemma gives a sufficient condition which guarantees all the iterates in
the neighborhood NV (t, B).

Lemma4.11 Let v < 1/4,8 < 1/2 and (X,,5) € Ni(z, B). If a1 = ax/BT/r
and ar < /T/(v/cond (G)w?), then (% (), y(a), §(a)) € Ni(t, B).

Proof By Lemma 4.10, it holds that (o) < . Furthermore, by using Lemma 4.8,
and Lemma 4.9, we have

(zp(@)e — X (o) 0 §(e)) "I
= [[(rp(a)e — x (@) — Ax(a) o A5 (@) Ty
< lrp@e — x @) + (=A% (@) o As(@)*
< lrm@e — x @)l + [1AZ (@) o AS(@)]l;
S —-m)Bru(a) +afru(e)
= pru(a),
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where the first inequality follows from [24, Lemma 3.1]. From (3.3), we have A (X () o
s()) =2 (1 = B)tu(w) > 0. Thus, by Lemma 2.2 we have det(x(«)) # 0 and
det(s(a)) # 0. Then, since X, 5 > 0, by continuity it follows that x(«) > 0 and
s(a) > 0. Moreover, by [24, Theorem 3.3], we have

[(zp(@)e — w(e) Il < [[(zp(@)e — F(@) 0 5(@) |1 < Bru(@),
where w(a) = Q4125 (@). Consequently, we have (X(«), y(a), 5(a)) € Ni(z, B).
For the feasibility condition (4.2) we have the following lemma:

Lemma 4.12 Let (%, y,5) € N(t, B). If oy = ap/BT/r and ay < /T/w?, then
(F(@), §(@) = (1 —anv(F°, 59).

Proof Firstly, by using (4.14) and Corollary 4.6, we have

(F(@),§(@)) = tr (x(@)) + af (AT_, AF_) + ajoa((AF_, ASy) + (A5, AF4))
>ru—o(l —tru — alw r /1,/2 21004/ BTwrp

= —-apru+arpn (T—az\/ﬂw /2 — 2 ﬁra))
> (1 —apru+areru (1= VB2 —2/B/w)

> (1 —anv(E°, 59,

where in the last inequality we used (3.10) and w > 13.

4.2 Polynomial Convergence

In view of Lemma 4.11, Lemma 4.12 and Lemma 4.10, we may find step size
in the following way. First, set o = /7/(+/cond (G)w?). Second, find the greatest
a1 € [0, 1] such that conditions (4.1), (4.2), and (4.3) hold. Lemma4.11, Lemma 4.12,
and Lemma 4.10 guarantee that oy > ap+/Bt/r. Therefore, if welet T < 1/4, 8 <
1/2, A < 3/16, and replace Step 4 in Algorithm 3.2 by the following Step 4’°, then
the algorithm is Well defined.

Step 4 Setah = /7/(v/cond (G)w?) and find the largest a¥ on the closed interval
[o5 /BT /1, 1], such that (4.1), (4.2), and (4.3) hold. Let

()?kH, yk+],§k+l) = ()Ek, Al &'k) + oz'f (A)Eli, Ayk, Aﬂ) +o (Ax+, Ay]j_, A&'ﬁ_)

The following theorem gives an upper bound for the number of iterations in which
Algorithm 3.2 stops with an e-approximate solution.
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Theorem 4.13 Suppose that /cond (G) < k < oo for all iterations. Then Algorithm
3.2 terminates in at most O(kr log e~ 1) iterations.

Proof At each iteration, by using Lemma 4.10 we have

M(a)é(l—&ﬂ)u<(l—%)u<(l ﬁ)u

16 1 © 16wkr

from which the statement of the theorem follows.

By (3.3) and [8, Lemma 36], we have cond (G) = 1 for the NT direction, and
cond (G) < r/(1— B)t for the xs and sx directions. Therefore, we give the complexity
bounds of Algorithm 3.2.

Theorem 4.14 If the NT search direction is used, the iteration complexity of Algo-
rithm 3.2 is O(rloge™"). If the xs and sx search directions are used, the iteration
complexities of Algorithm 3.2 are O(r'> loge™1).

5 Conclusions

We have established complexity bound of an infeasible-interior-point algorithm
based on a new wide neighborhood for SCP. We summarize the obtained com-
plexity results in Table 1, where r is the rank of the associated Euclidean Jordan
algebra and ¢ > 0 is the required precision. For comparison, we also include
the complexity bounds for the infeasible IPM in [18] and the infeasible IPM in
[22]. To our knowledge, when the NT search direction is used, the complexity
bounds obtained here are so far the best available for infeasible IPMs using wide
neighborhood.

Table 1 Summary of

complexity bounds xslsx NT
New algorithm O(r'Sloge™1) O(rloge™!)
Liu [22] O(r?loge™1) O(r!loge™1)
Rangarajan [18] O(r2'5 loge_l) O(r2 log s_l)
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