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Abstract The alternating direction method of multipliers (ADMM) is widely used
in solving structured convex optimization problems. Despite its success in practice,
the convergence of the standard ADMM for minimizing the sum of N (N > 3)
convex functions, whose variables are linked by linear constraints, has remained
unclear for a very long time. Recently, Chen et al. (Math Program, doi:10.1007/
s10107-014-0826-5, 2014) provided a counter-example showing that the ADMM for
N > 3 may fail to converge without further conditions. Since the ADMM for N > 3
has been very successful when applied to many problems arising from real practice, it
is worth further investigating under what kind of sufficient conditions it can be guaran-
teed to converge. In this paper, we present such sufficient conditions that can guarantee
the sublinear convergence rate for the ADMM for N > 3. Specifically, we show that
if one of the functions is convex (not necessarily strongly convex) and the other N-1
functions are strongly convex, and the penalty parameter lies in a certain region, the
ADMM converges with rate O (1/t) in a certain ergodic sense and o(1/¢) in a certain
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non-ergodic sense, where ¢ denotes the number of iterations. As a by-product, we also
provide a simple proof for the O (1/¢) convergence rate of two-block ADMM in terms
of both objective error and constraint violation, without assuming any condition on
the penalty parameter and strong convexity on the functions.

Keywords Alternating direction method of multipliers - Sublinear convergence
rate - Convex optimization

Mathematics Subject Classification 90C25 - 90C30

1 Introduction

We consider solving the following multi-block convex minimization problem:

min f1(x1) + fa(x2) +---+ fv(xn)
s.t. Aixi+Axxo+---+Anyxy =b (1.1)
xieX,i=1---,N,

where A; € RP*" b € RP, X; C R"™ are closed convex sets and f; : R" —
R? are closed convex functions. One recently popular way to solve (1.1), when the
functions f; are of special structures, is to apply the alternating direction method of
multipliers (ADMM) [1,2]. The ADMM is closely related to the Douglas—Rachford
[3] and Peaceman—Rachford [4] operator splitting methods that date back to 1950s.
These operator splitting methods were further studied later in [5-8]. The ADMM has
been revisited recently due to its success in solving problems with special structures
arising from compressed sensing, machine learning, image processing, and so on; see
the recent survey papers [9,10] for more information.

ADMM for solving (1.1) is based on an augmented Lagrangian method framework.
The augmented Lagrangian function for (1.1) is defined as

2
N N N
Y
L1 xyih) ::ij(xj)—<,\,Z;A.,x, —b>+5 Z;ijj -b| ,
j= j=

j=1

where X is the Lagrange multiplier and y > 0 is a penalty parameter. In a typical
iteration of the standard ADMM for solving (1.1), the following updating procedure
is implemented:

x/fH = argmin, .y, Ly (xr, x5, xhab)
x]2‘+1 = argmin,, .y, £y (x{‘“,xz, x§, e ,xf‘v; )»k) )
(1.2)
x];,“ = argmin,, c v, Ly (x”l‘“, x§+l, e ,xl,i,tll,xN; )»k) )
AL =k (Z;vzl ijfﬂ - b) .
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The ADMM (1.2) for solving two-block convex minimization problems (i.e., N = 2)
has been studied extensively in the literature. The global convergence of ADMM (1.2)
when N = 2 has been shown in [11,12]. There are also some very recent works that
study the convergence rate properties of ADMM when N = 2 (see, e.g., [13—18]).

However, the convergence of ADMM (1.2) when N > 3 had remained unclear for
a long time. In a recent work by Chen et al. [19], a counter-example was constructed
that shows the failure of ADMM (1.2) when N > 3. Since the ADMM (1.2)for N > 3
has been successfully applied to solve many problems arising from real practice (see
e.g., [20,21]), it is worth investigating under what kind of sufficient conditions the
ADMM (1.2) can converge. Moreover, it has been observed by many researchers that
the ADMM (1.2) often outperforms all its modified versions (see the observations in
[22,23]). In fact, Sun, Toh, and Yang made the following statement in [22]: “However,
to the best of our knowledge, up to now the dilemma is that at least for convex
conic programming, the modified versions though with convergence guarantee, often
perform 2-3 times slower than the multi-block ADMM with no convergent guarantee.”
There is thus a strong need to further study sufficient conditions that can guarantee
the convergence of (1.2). It was shown by Han and Yuan in [24] that ADMM (1.2)
globally converges if all the functions fi, - - - , fi are assumed to be strongly convex
and the penalty parameter y is smaller than a certain bound. Chen, Shen, and You
[25] showed that the 3-block ADMM [i.e., N = 3 in (1.2)] globally converges if Aj is
injective, f> and f3 are strongly convex, and y is smaller than a certain bound. After we
released our work,! Cai, Han, and Yuan [26] and Li, Sun, and Toh [27] independently
proved that when N = 3, the ADMM (1.2) converges under the conditions that one
function among f, f2, and f3 is strongly convex and y is smaller than a certain
bound. Davis and Yin [28] studied a variant of the 3-block ADMM (see Algorithm
8 in [28]) which requires that f] is strongly convex and y is smaller than a certain
bound to guarantee the convergence. Recently, Lin, Ma, and Zhang [29] proposed
several alternative approaches to ensure the sublinear convergence rate of (1.2) without
requiring any function to be strongly convex. Furthermore, Lin, Ma, and Zhang [30]
proved that the 3-block ADMM is globally convergent for any y > 0 when it is
applied to solve the so-called regularized least-squares decomposition problems. In a
recent work by Hong and Luo [31], a variant of ADMM (1.2) with small step size in
updating the Lagrange multiplier was studied. Specifically, [31] proposed to replace
the last equation in (1.2) by

N
AFL = )k —ay Zij;?‘H -b,
j=1

where @ > 0 is a small step size. Linear convergence of this variant is proved under
the assumption that the objective function satisfies certain error bound conditions.
However, it is noted that the selection of « is in fact bounded by some parameters
associated with the error bound conditions to guarantee the convergence. Therefore, it
might be difficult to choose « in practice. There are also studies on the convergence rate

1 Preprint available at http://arxiv.org/abs/1408.4265.
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of some other variants of ADMM (1.2), and we refer the interested readers to [32-36]
for details of these variants. In this paper, we focus on the ADMM (1.2) that directly
extends the two-block ADMM to problems with more than two block variables.

1.1 Our Contributions

The main contribution in this paper is as follows. We show that the ADMM (1.2)
when N > 3 converges with rate O (1/¢) in ergodic sense and o(1/¢) in non-ergodic
sense, under the assumption that f>, - - -, fy are strongly convex and f] is convex but
not necessarily strongly convex, and y is smaller than a certain bound. It should be
pointed out that our assumption is weaker than the one used in [24], in which all the
functions are required to be strongly convex. Moreover, unlike the sufficient condition
suggested in [19], we do not make any assumption on the matrices Ay, --- , Ay. To
the best of our knowledge, the convergence rate results given in this paper are the first
sublinear convergence rate results for the standard ADMM (1.2) when N > 3. We
also remark here that by further assuming additional conditions, we proved the global
linear convergence rate of ADMM (1.2) in [37].

1.2 Organization

The rest of this paper is organized as follows. In Sect. 2, we provide some prelim-
inaries for our convergence rate analysis. In Sect. 3, we prove the convergence rate
of ADMM (1.2) in the ergodic sense. In Sect. 4, we prove the convergence rate of
ADMM (1.2) in the non-ergodic sense. Section 5 draws some conclusions and points
out some future directions.

2 Preliminaries

We will only prove the convergence results of ADMM for N = 3, because all the
analysis can be extended to arbitrary N easily. As a result, for the ease of presentation
and succinctness, we assume N = 3 in the rest of this paper. We will present the
results for general N but omit the proofs.

We restate the problem (1.1) for N = 3 as

min f1(x1) + f2(x2) + f3(x3)
s.t. A1x] + Axxo + Azxz = b, 2.1
X1 € X],xz € Xz,x_?, € Xg,.

The ADMM for solving (2.1) can be summarized as (note that some constant terms
in the three subproblems are discarded):

1 2
= argmin £ (x)) + r ‘ Arxy + Agxh 4+ Asxk — b — Z2K| (2.2)
xleXl 2 J/
1 2
= argmin f(x2) + & ”Alx{‘“ + Ay + Ak —b— 3K . 23)
xzeXz 2 y
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xé‘“ = argmin f3(x3) + 4 ‘ Alxlf'H + Az)clz‘“L1 + Asxz3 — b — l)»k 2, 2.4
XeX; 2 Y
M= =y (A At A ). 2.5)
The first-order optimality conditions for (2.2)—(2.4) are given, respectively, by xf‘“ €
X;,i=1,2,3,and
(x1 - x]f'H)T [gl (x{‘“) — AITAk + yAlT (AlxlfJrl + A2x§ + A3x§ - b)]
=0, Vx; €4, (2.6)
(xz - x’z‘“)T [gz (x’{“) — AN 4 yA] (Alx’f“  ApxH Ak - b)]
=0, Vx €Ay, 2.7)
(x3 - x]3‘+1)T [g3 (xé‘“) - Ag)\k + yAg (AlxlfH + A2x§+l + A3xé<+l — b)]
20, Va3 € Az, (2.8)

where g; € df; is the subgradient of f; fori = 1, 2, 3. Moreover, by combining with
(2.5), (2.6)—(2.8) can be rewritten as

T
(xl - x{‘“) [gl (x”f“) — AIT)»k“Ll + yAlTAz (xlz‘ — xlz‘“)

+yalas (5 - 4] >0 v e, 2.9)
T
(xz — xlz‘H) [gz (x§+]) — Agkkﬂ + yAgAg (x]3< — xé‘“)]
>0, Vi e, (2.10)
T
(x3 - x’;“) [g3 (x§+1) — A§x’<+1] >0, Vi; e ds 2.11)

We denote Q = X} x A> x X3 x R” and the optimal set of (2.1) as Q*, and the
following assumption is made throughout this paper.

Assumption 2.1 The optimal set * for problem (2.1) is non-empty.

According to the first-order optimality conditions for (2.1), solving (2.1) is equiv-
alent to finding

(x]",x;‘,xg“,)»*) e Q*
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such that the following holds:

(1 =x1)" (1 (5) = ATA") 2 0. Vi € i,

(2= x3)" (g2 () — ATA") >0, Vi € X, 2.12)
_ox\T *) _ ATyx* ’

(x3 xg) (g3 (x3) AzA ) >0, Vx3e As,

Ax} + Agxy + Asxi —b =0,

where g; (x[) € 3fi(x]),i =1,2,3.
Furthermore, the following condition is assumed in our subsequent analysis.

Assumption 2.2 The functions f> and f3 are strongly convex with parameters o, > 0
and o3 > 0, respectively; i.e., the following two inequalities hold:

L) = L)+ G -0k + %Ily — x|’ Vx,yedy  (213)

03
HO) = HE)+ -0 g0 + 5 ly - x|I?, Vx,yeds;  (2.14)
or equivalently,

olly — x|I>, Vx,y € X, (2.15)

O =0T (g0 —g() =
> aslly — x|I>, Vx,y e A, (2.16)

-0 (g0) - g3(x)

~ ~—

where g2(x) € df2(x) and g3(x) € df3(x) are the subgradients of f> and f3, respec-
tively.
In our analysis, the following well-known identity is used frequently:

1
(wi—wp) s —ws) =3 (Iwr = wall® = i - ws]?)
1 2 2
5 (lws —wol? = ws —wa?) . @17)

Notation For simplicity, we use the following notation to denote the stacked vectors
or tuples:

X1 xf xf
u=| x|, u*= x]2‘ Jut = x5
X3 xgc x5

We denote the objective function of problem (2.1) by f (1) = f1(x1)+ f2(x2)+ f3(x3);
gi 1s a subgradient of f;; Amax (B) denotes the largest eigenvalue of a real symmetric
matrix B; ||x|| denotes the Euclidean norm of x.

3 Ergodic Convergence Rate of ADMM

In this section, we prove the O (1/t) convergence rate of ADMM (2.2)—(2.5) in the
ergodic sense.
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n
2Amdx(ATA2> 2hmax (AT A3)
k+1

Lemma 3.1 Assume that y < mi o ] where o and o3 are

defined in Assumptton 2.2. Let (x; k+1, §+1, Ay € Q be generated by ADMM
from given (x2, x3, 1K), Then, for any primal optimal solution u* = (x7, x5, x3) of
(2.1) and ) € RP, it holds that

AN
X3 —x —A) )

f) = f@h + gl ATk

A — Akt A Apx b At —p

1

5, (=247 =1 - A"“IIZ)

V k+1 2

E Alxl + A2x2 + A3X3 b - Alxl + A2x2 + A3x —-b

% (HAlxl + Agxk + Agxk —bH — A+ Apd T+ Akt — b )
g HAlx"“ + Agxk 4+ Agxk — bH . 3.1)

Proof Note that combining (2.9)—(2.11) yields

1y T [ 81 ( f“) — AT

X1 —xl
) [t e
+
X3 — X3 g3( k+1) _ A%‘)LkJrl
VAlTAZ VAl A3 ok ke
+ 0 VA§A3 ( 7 %+1) > 0. (3.2)
0 0 X3 — X3

The key step in our proof is to bound the following two terms:

(xl — x’f“) AT (Az (x2 k+1) + A3 (xg — xé‘“)) and
(xg ]2"“) AgA3 (xl{ — xé‘“) .
For the first term, we have
(o =xt1) AT s (6 =) s (- )
[(Alxl _ b)—(Alx"“—b)] [( Akt - A3x§“) _ (—A2x§ —_ A3x§)]

2
E (HA])C] + AlezC —i—A3x§C —bH — HA]X] + A2x12‘+1 + Azkarl bH )
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A +A + A3 - 2
(H Aot XAt bH HAIXH1 + Axxh + A3x§—bH )
' Arx) + Axx; + Azxz — _ 2
2 (H ! %3 3x§ bH HA”” + A2x]2(+1 + Agxk“ bH )

2 2
+2—2H/\"+1—/\"H - ”A 4 A+ Aseh — b

where in the second equality we used the identity (2.17), and the last equality follows
from the updating formula for A**1 in (2.5).
For the second term, we have

( Xy — x12‘+1) A§A3 ()c/gC — x§+l)

— ((A1x1 + Agxy — b) — (Am + Apxhtl - b))T (( A3xk+l) (—A3x§))

2
(HA]X[ + Arxy + Aqx3 — bH — HAlxl + Arxo + A3xk+1 bH )
2
(Hqu + Apxk ! 4 At - bH — A+ Aokt andk - b )
<1 k1 2
E HAlxl +A2x2+A3x3 —bH — HA]X] +A2x2+A3x —bH

HA1x1 + Az)ck'"1 + A3x§+1 — b‘

where in the second equality we applied the identity (2.17).
Therefore, we have

(x1 — x{‘“) yAlT (A2 (xz — xé“) + Az ( — xé‘“))

+ ( 12<+1) y AT As (x3 _x§+1)

g (HAlxl +A2x2 + A3X3 - bH — HAlxl +A2xk+1 T A3x§+1 —sz)
g (HA]X] + Az + A3x3 - b” N ”Alxl + Axxp + A3X3 - b” )

+$H;J<+1_)J<H _HAlxl"'Azka—f—Aﬂé‘H_b”

HAlka + Apxk 4+ Agxk — bH . (3.3)

Combining (3.3), (3.2), and (2.5), it holds for any A € R” that
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k+1) _ ATyk+1
xp — k! T 81 ( ) ApA
k+1
Xy — x12€+1 o x2+ _ Ag)\.k-’_l
k+1
X3 — X3 k+1Y _ ATqyk+1
A — )\k+1 83\ %3 A A

A 4 AT 4 At — b

n 1 (A _ )Lk—H)T ()Lk-&—l _ )Lk)
14

1 2 2
+2— AREL K H + % HAlxl +A2x§+] +A3x§+l —bH

Y k k 2 k+1 k1 2
+E Aix1 + Azxy + Azxy —b| — |A1x1 + Azx, —|—A3x3 —-b

14 k 2 k1 2
+E Apxy + Axxo + Azxy —b| — |A1xy + Aoxo + Azx3” —b
]/ A k+1 k k 2

x|+ Axxy + Aszxy —b| . 3.4

Using the convexity of f] and the identity

1 T
; (A _ Ak+1) ()Lk+1 )Lk) + ||)Lk+1 )LkHZ Zy (||A _ Ak”2 —n— )Lk+1”2) ’

letting u = u™ in (3.4), and applying the facts that [invoking (2.13) and (2.14)]

T
Xt k+1 k+1
> () e (),

k1 k+1 k1
*U > (x5 ) e ().

£3) - f (5) - 2 |
£ () = £ () = 2 g

and
2
z HAlxl + Akt gkt bH
2
e (47 - 5) 1 )
2
<Yy ()‘max (A2A2) H ket x; + Amax (A3 AS) H kel x; ) s
we obtain
xf—xf“ T —ATAHI
k+1 Ty k+1
x¥—x —A5A
f@* — f@th+ 277 7okt
X3 — X3 —Az A
)\’_)Lk+1 Alxk+l +A2Xk+1 +A3xk+1 b

1
+3 (=247 =12 =25 pP)
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2
’; (”Alxl + Agxd + Asxk — bH - HAlxl + Agxt + Asxkt! - bH )
03 2
+ (mm (4349 ) [+ 5 + (vman (4343) = ) 5! -3
A I k1 k1 2
1x1 +AQX2 +A3X3 b A].xl +A2x +A x —b
4 k+1
> ) Apx] T+ A2x2 + A3x3 b
This together with the facts that y Amax (A Az) —F < 0and y Amax (A A3)— 3 <0

implies the desired inequality (3.1).

Now, we are ready to present the O (1/¢) ergodic convergence rate of the ADMM.

X < . ) 03 k-‘rl k-‘rl
Theorem 3.2 Assume that y < min [ZAmdx(ATAz) 2)»mdx(ATAz)] Let (x;7", x5,

x]3‘+1, Ay e Q be generated by ADMM (2.2)~(2.5) from given (x2, x3, Ak, For any
integert > 0, let i = (X}, X}, X}) and 1" be defined as

t t t
1
_ i k1
R R O L
k= k= k=0
1
_ 1 e
t+1k=0

t

Then, for any (u*, A*) € Q*, by defining p := ||A*|| + 1, we have

0 < f(ﬁ‘) — f@*) 4 p || A1X] + A2X] + A3x; — b

2 02
+ A
H — A H P A7)
2(t+l) y@e+1)
+ HAlx*—l—Asz—i—A3x0—bH2
2(t+1) ! 2 3

Note that this also implies that both the error of the objective function value and the
residual of the equality constraint converge to O with convergence rate O(1/t), i.e.,

|f@") — fw"|=0(/1), and |Ax]+ Arx} + A3xy —b| = 0(1/1).
(3.5)

Proof Because (u¥, \¥) € €, it holds that (&', A’) €  for all + > 0. Using Lemma
3.1, the last equation of (2.12), and invoking the convexity of function f(-), we have
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F@®) — f@") + 27 (A1x] + Aol + A3x — b)

4\ T Ty
Xp -5 —ApA
X = Tyt
_ Xy — x2 —Az)»
= f*) — f@") + _ _
X3 =% —AJM
s ALX] + Apxh + A3xf — b
1 1
> 2 | W = @t
+ 13
T
xjf — x{‘“ — AT
N x2 _ x12<+1 —A;)\,k+l
k+1 _ ATy k+1
x3 — X3 AzA
A — )Lk+1 A].Xk+1 + A2Xk+1 + A3X§+1 —b
1 <[ k412 k2
> 7 2| 55 (13 =2 i =)
k=0 14

k+1 2 * * k 2
HAlxl + A2x2 + A3x bH - HAlxl + A2x2 + A3X3 - bH

k1 k1 |? k k 2
(HAlxl A2 Ak =) | A A+ A — b )]
4 0 2

- A= H — ———||Ax] + Axx} + Azx3 — b
2y(t+1)H 2+ 1 1A+ A2+ Az = b

4 0 0 2

_—2(t+ 1)||A1XT+A2)C2 +A3x3 —bl~. 3.6)
Note that this inequality holds for all A € R”. From weak duality of (2.1), we obtain

0> fu*) — f@@") + 0HT (A1F] + Arx| + Asx —b),

which implies that

0< f@@') — fu)+p |[Aix] 4+ Aax] + Asx) —

3.7

because p = [[A*|| + 1. Moreover, by letting A := —p(A1X] + AxX} + Aszx} —
b)/| A% + Ag¥l + AsE, — bl in (3.6), and using A x? + Agx} + Azxi = b, we
obtain
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262 T.-Y. Lin et al.

f@) = f*) + p |A1F] + A2} + Asxl — b

2 02
py(ti/\l)” * 2(;13r ) HA3 (x5k _XQ) Hz
i 2(ty+ ) HA2 (15 - 8) + 42 (xi"—xg)Hz- (3.8)

We now define the function
v(§) = min{ f(u)|A1x1 + Axxz + Asx3 —b =§,x1 € X1, x € Ay, x3 € A3},

It is easy to verify that v is convex, v(0) = f(u*), and A* € dv(0). Therefore, from
the convexity of v, it holds that

v(€) Zv0) + (A &) = f@™) — [IA*E]. (3.9)

Letting é = A1X1 +AxXy + Aszx3 — b, we have f(u') > v(é). Therefore, by denoting
the constant

2 )\.0 2
C .= % HAgx; — A3x§)H + 1271

2
+ g HA]XT + Azxg + A3x§) — b” ,
and combining (3.7), (3.8), and (3.9), we get

C+p?/y

1 PIENZ @D = f@) = =1t IEN,

which, by using p = [|A*| + 1, yields

B} _ _ _ . C+p?
A1 + Axfa + At — bl = 6] < LY (3.10)

Moreover, by combining (3.7), (3.8), and (3.10), one obtains that

IOC+:03/V —t * C+'02/y
_t—l——lgf(u)_f(u)gt—i——l' (3.11)

As aresult, (3.5) follows immediately from (3.10) and (3.11).
Therefore, we have established the O (1/t) convergence rate of the ADMM (2.2)—
(2.5) in an ergodic sense. Our proof is readily extended to the case of N-block ADMM

(1.2). The following theorem shows the O (1/¢) convergence rate of N-block ADMM
(1.2). We omit the proof here for the sake of succinctness.

@ Springer



On the Sublinear Convergence Rate of Multi-block ADMM 263

Theorem 3.3 Assume that

. 20‘,‘ ZO'N
y < min — T , T ,
i=2,,N=1 | 2N = i)(i = DAmax(A; A;)) (N =2)(N + DAmax(AyAn)

where o; is the strong convexity parameter of fi, i = 2,---, N. Let (xlf“ , x§+],

x]3‘+1, O LA MDY e Q be generated by the N-block ADMM (1.2). For any
integer t > 0, we define

t

1 - 1 !
=t 2: k+1 : t E: k+1
X = — X . 1<l<N, AN =— A .
R lk:o l S t+lk:0

Then, for p := ||A*|| + 1, it holds that

(fi () = fi (&) +

1

N
i=

N
> AiE —b
i=1

2
%+ 1202
y+1)

N

Z A (x,(:l — x;‘,)

m=i+1

N-1

14
<2(t+1)z

i=1

Similarly as Theorem 3.2, this also implies that N-block ADMM (1.2) converges with
rate O(1/t) in terms both error of objective function value and the residual of the
equality constraints, i.e., it holds that

|f@") — fwhl=0(/n, and = 0(/1).

N
> AiE—b
i=1

4 Non-ergodic Convergence Rate of ADMM
In this section, we prove an o(1/ k) non-ergodic convergence rate for ADMM (2.2)—
(2.5).

Let us first observe the following (see also Lemma 4.1 in [24]). Suppose at the
(k 4 1)-th iteration of ADMM (2.2)—(2.5), we have

Asxi T — Ak =0, (4.1)

@ Springer



264 T.-Y. Lin et al.

Then, (2.9)-(2.11) would immediately lead to

(x1 —x]f'H) [gl (xk+l) - ATAk+1] >0, Vx e,
T

(2= [ (5) = aDk 1] 0, Vi e,
T

(X3 —x]3‘+1) [g3 ( §+1> — A;)\k"_l] 0, Vx3e ;.

In other words, if (4.1) is satisfied, then (xk'H ]2‘“, x]3‘+1, Ak+1) would have been
already an optimal solution for (2.1). It is therefore natural to introduce a residual
for the linear system (4.1) as an optimality measure. Below is such a measure, to be
denoted by Ry41:

2
Ri+1 = HA]Xk+l + Azxk+1 + A3 xk+l — b” +2 HAZXk—H — A2x§ H
2
+3 HAgxk+1 — Asxk H . 42)

In the sequel, we will show that Ry converges to O at the rate o(1/k). Note that this
gives the convergence rate of ADMM (2.2)—(2.5) in non-ergodic sense.
We first show that Ry is non-increasing.

02 03
Mmax (A3 A2)" Amax (A3 A3)
x]3‘, 1Y be generated by ADMM (2.2)—~(2.5). It holds that Ry, defined in (4.2) is non-
increasing, i.e.,

Lemma 4.1 Assume y < min{

}. Let the sequence {x'f ,x'z‘ ,

Rk+1 ngv k=071527"" (4'3)
Proof Letting x| = x¥ in (2.6) yields
(x’f x]fH) [gl (x]fH) AT)»k + yAT (Al)ck+1 + Agxlz‘ + A3x§ — b)] >0,
with g1 € df1, which further implies that
T
() )
< (x{‘ —x’f“) (—ATA")
+ (x{‘ — xlfH) [)/AT (Alka + Alez‘ + A3x]3‘ - b)]
= (Alxl Alka) (—Ak) + y (Alx{‘
—Alxk+1) (Alxlf+1 + Alez( + A3x13‘ — b)

T 2
= (and ) () + 2 (HAIXI; + Apxh + Axeh b
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2 2
— At 4+ ok + agek = b = [arxd - A ) @.4)

where the last equality is due to the identity (2.17). Letting x; = x]f‘H in (2.9) with
k 4 1 changed to k yields

( ket xl) [gl ( ) ATAk + yATAz ( -1 x2) + )/ATA3 ( -1 xé‘)]
>0,
which further implies that
(xf =) e (+1)

(47’ (a1
+y ( ket —x{‘) [ATAZ ( k=1 _ xlzc) + ATAg (xé‘*l — x§)]

= (Al - Ale)T (=24)
+y (Alxk+1 Alx{‘)T [Az <x§ — x2) + A3 ( -1 xé‘)]

T
(Alxk+1 Ale) (—25)

2 2
2 (Jatr = and[ s fan (47! =) + 4 (7 - )[)
T
(Alxk“ Alxlf) (—2K)
2
2 (Jard = At w24z (57 =) 2 (=) ).
4.5)
Combining (4.4) and (4.5) gives
1 k\T K+l k
(xl =) o (47) e ()]
2
(HAlxl+A2x2+A3x3 bH — A+ Ank + asxk — b
k—1 k k—1 k 2
+2HA2 (xz_ —xz)H +2HA3 (x3_ —x3)H ) (4.6)

Letting x, = x§ in (2.7) yields
(e =) [eo (47) = 432 4y AT (A + k™ 1 432k =) ] > 0,
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which further implies that

(7 = 4d) a2 ()
< (=) (caT¥)
+ (x]2‘ — x12‘+1) [yAT (A])ck'H + A2x§+1 + A3x§ — b)]
(A2x2 - Azxk“) (=35
+y (A2x2 — Azxk+1) (Alxk'H + A2x12<+1 + A3x§ — b)
= (42k - Agxk'H) -+ L (HA 4 Agxk 4 Agxk —b”2
_ HAlxk'H + Akt 4 Agxk — bH — HAlez‘ — Apxkt! ” ) @7

where the last equality is due to the identity (2.17). Letting x; = )c2 Uin (2.10) with
k 4 1 changed to k yields

(47 = t) [ () - B s (7 - )] 20

which further implies that

=
) () () o 7 )]

=(A2x"+1 A2x) (=35 +y (Apd*! - A2x’2‘) (Ased=" = 4sx})

2 2
Mgkt — A2x) -k + ¥ (HA = apnh[ "+ Aanh T — asd| )

4.8)
Combining (4.7) and (4.8) gives
(x§+1 ) [ (47) ~ 2 ()]
(HAlxk'H + Apxk 4 Agxk — bH — At bt s - sz
+ [ At = s ) . 4.9)
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Letting x3 = x¥ in (2.11) and x3 = x5 ™" in (2.11) with k + 1 changed to k, and adding
the two resulting inequalities, yields

T
1
(7 =af) [ (41) s (+1)
k1 _ ok Ty k+1 Ty k
( ) (A3A + —A3x)
T
_ (A3xk+1 A3xk) ()Lk+1 _ )Lk)
y (A3x3 A3xk+1) (Alka +A2xk+1 +A3x§+1 —b)

2
= %(HA])chrl + Azkarl + A3x3 bH — HA]xk+l + A2x§+l + A3)C]3<Jr1 — bH

— [ 4at = st ) (4.10)

where the last equality is due to the identity (2.17).
Combining (4.6), (4.9), and (4.10) yields

(et ) oo (1) = () (o1 = 08 [ (x4+1) =2 (+5) ]
+ (x§+] — xé‘)T [83( k+l) - &3 <x§)]

Y [HAlx{‘ + Asxh + Asxy — bH2

[t oo 2 (4 )

2
+2 HA3 (xf — x3) H + HAl)ck+1 + Alez‘ + A3xéc — bH

2
— Alka + Az)ck+1 + A3x3 — bH
2
+ A3x A3X3 H + HApckH + Azxk_H + A3x§ - bH
B N L ”H _ HAW A3xk+1H }
v [ k k k k—1 AYE
<[t o 2o )

2
+3]as (471 - )]
2
_ A3x3 _A3xk+1H _ HA xk+1 +A2x’2‘+1 +A3x’§+1 _bH }
r 2
:% Ri — Ry +2HA2x12‘+1 Ak H +2HA3x3 Agxk“ﬂ } 4.11)
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Note that (2.15) and (2.16) imply that

T
k41 k+1 k+1
(x2+ —xg) [gz( + ) ey (xlz‘)] oallxst — X512,

T
(x’;“ — x’g) [g3 ( "“) e (x’g)] > okt X2 @12)
Combining (4.11) and (4.12), and the fact that y < min ’Amax:jgf&z)’ Xmax("ngS) l, it

is easy to see that Ry < Ry fork =0,1,2,---.

We are now ready to present the o(1/ k) non-ergodic convergence rate of the ADMM
(2.2)-(2.5).

g3
2Amax(ATAz> 2hmax (AT A3)

{x/f, xlz‘, xlzf, 1KY be generated by ADMM (2.2)—(2.5). Then z,fil R, < 400 and
Ry = o(1/k).

Theorem 4.2 Assume y < min[ ] Let the sequence

Proof Combining (4.9) and (4.10) yields
T
(7 = od) [o (%) = (s2) o (41 t) s (471) =5 ()]
2
[HA A Agxk + Asxk — bH — AT Akt and - b
2
+ A3x A3x3 H + HAlkarl + AzxkJrl + A3x§ — bH

2
- Ale'H + A2x§+1 + A3 xk+] bH HA3x3 A3xk‘"1 H i|

2 2
= g HAlkarl + Alezc + A3x§ — bH + HAgxé‘il — A3x§ H
2
_ H Ask — A”HIH H At At 4 Akt bH }
k1 k k 2 k1 k|?
= ”A x|+ Axxy + Azxy — bH + HA3x3 — Asxj H
— H A3x3 A3x H — R
2
+2 | ekt — Ak ” +3 | sk — k™| ]
2
|:HA1xk+l + Alezc + A3x§ — b” + H A3x§71 — A3x§ H
— H A3x3 A3x H — Rk+1j|

3y 2
+ ¥ hmas (43 42) Hx’g“—x’gn + Fhmax (AT Az) |5+ =]
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02 o3
2Amax (A3 A2)” 2hmax (AT A3)

Using (4.12) and the assumption that y < min [ ], we obtain

Risi < HAlx{‘“ + Agxk + Agxk — sz + HA3x§—1 — Asxk Hz
_ HA3x§ — Asxkt! Hz . (4.13)
From the optimality conditions (2.12) and the convexity of f, it follows that
fw* —f (uk+1) < (xi‘ - xlfH)T (A?A*) + (x%‘ - xéH)T (A;A*)
+ (x5 - x’;“)T (al27). (4.14)
By combining (3.1) and (4.14), we have

xp — bl ToraT (A — Akt

1 1
xik _ x12€+l Ag (}\.* _ )\‘k-ﬁ-l) + 2_”)"]( _ )\k-‘rl ”2
x;k - x§+1 A; (A* N )\kH) Y

Y * * k 2 * * k+1 2
+ 5 Axy + Agxy + Asxz — b|| — ||A1x] + Aoxy + Azx3" —b

Y x k k 2 * k1 k1 2
—i—E Alxl +A2x2+A3x3 —b| — Alxl +A2x2 +A3x3 —-b

2
> % Attt + axeh + Ak — 5| (4.15)
Note that the first term in (4.15) is equal to
T
_ (AlxlfH 4 A2x§+1 i A3x’3‘+1 _ b) (A* _ )\k+1)

_ l ( k+1 )Lk)T (A* _ A"“)
Y

1

Therefore, (4.15) can be rearranged as
1 * k2 * k+1)2
= (I35 = 2412 = o = 212)
Y
* * k 2 * * k+1 2
+ Alxl + A2x2 + A3x3 —b|| — A]Xl + A2x2 + A3x3 —b
2 2
+ (HAle + Agk + Asxk = b| = | A} + Aokt 4 asalt! b )
2
> HAlx’f“ + Agxk + Agxk — b” . (4.16)
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By (4.13) and (4.16), we get that

00 o0 ) )
Z Ri+1 < z |:HA1)C;C+1 + A2x§ + A3x]3‘ — bH + HA3X§_1 — A3x§ H
k=1 k=1

2
— [ At = st ]

s 2 2
<D0 | At Aok + asah b+ | Aad — Asd
k=1

2 & 2
< HA3x§) — Asx} H + Z [(HAMT + Aoxs + A3x§ — bH
k=1
* * k+1 2
- HAlxl + Agxk + Asxkt - bH

2 2
+(HA1xT+A2x§ + Avh = b = [ Arxt + Aok At - b )

1 k+1 2\
+= (‘ wr = k|
y |

2 2
< HA3x§) — A3x31 H + HAlxik + Azx; + A3x31 - b”

= -

* 1 1 2 1 * 12
+HA1x] +A2x2+A3x3—bH togfr-a H .

Note that we have proved that Ry is monotonically non-increasing, and >~ R <
400. As observed in Lemma 1.2 of [32], one has

kRoyp < Rk + Rig1+ -+ Ry — 0, ask — oo,

and therefore Ry = o(1/k).

Remark 4.3 We remark here that using similar arguments, it is easy to see that (4.13)
and (4.16) together with the monotonicity of Rj also imply that R; has a non-
asymptotic sublinear convergence rate O (1/k).

Note that our analysis can be extended to N-block ADMM (1.2) easily. The results
are summarized in the following theorem, and the proof is omitted for the sake of
succinctness.

Theorem 4.4 Assume that

. 20',' 201\/
Y < . mn PR T ’ T .
=2, .N=1 | 2N —i)(i — 1)Amax (Ai Ai) (N = 2)(N + 1)Amax (ANAN)
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Let (x'f“,xé“,xé‘“, s ,xj‘\,H,AkH) € Q be generated by ADMM (1.2). Then
> tey Rk < o0 and Ry = o(1/k), where Ry is defined as

N

2
+z Q2N -iD@i—-1)

2
; |

N
3 Akt -

i=1

. k k+1
Rk—H = HA,'xi — A,'xi ‘

=2

5 Conclusions

In this paper, we analyzed the sublinear convergence rate of the standard Gauss—
Seidel multi-block ADMM in both ergodic and non-ergodic sense. These are the
first sublinear convergence rate results for standard multi-block ADMM. Using the
techniques developed in this paper, we can also analyze the convergence rate of some
variants of the standard multi-block ADMM such as the ones studied in [32] and [33],
where the primal variables are updated in a Jacobi manner; we plan to pursue this
direction of research in the future.

We remark here the techniques developed in this paper can lead to a very simple
proof for the O (1/¢) complexity of two-block ADMM in terms of objective error and
constraint violation of (1.1) (N = 2). Specifically, when N = 2, denote (x/f, x’z‘; A5
as the iterate generated by the two-block ADMM (1.2), and define

1 ! 1 ! - 1 !
—t k+1 =t k+1 t k+1
xl——Exl , Xy =—— X, A——EA .
t—I—lk:O t+1k=0 t—l—lk:O

We can prove that

A1) + (55 — filx)) — LG = 01 /1),
and  ||A1E! + As% — bl = O(1/1), .1)

i.e., the convergence rate of the two-block ADMM is O (1/¢) in terms of both objective
error and constraint violation. Note that for N = 2, y can be any positive number and
there is no need to impose the strong convexity on either fi or f,. The proof of this
result is as follows.

First, when N = 2, the optimality conditions (2.9)—(2.11) reduce to

(=T @) — AT 4 yaTased —x5h] 200 v e,
(5.2)

(x2 = DT [ 26471 — ATk > 0, Vx, € ).
(5.3)
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Therefore, by letting x| = xi" in (5.2), xp = x;‘ in (5.3), and using the convexity of fi
and f>, we have

Si( k+1) - filx]) + fz(xk+1) — (D)
<ar GO —x) + oGS TH TS — x3)

< (—A’{)\,k+1 + VATA2(X§ k+1))T(x1 k+1) + ( AT)\.kJrl)T(.X k+1)

(x5

1

:;(xk kTR, [(—Azxk+1) (— Agxz)] [(Alxl — b)—(ApxkH! —b)]
1

=0 T 4 2 (|| — A b — AP 4 A - b

A2 — || = gkt — Apxt 4 b)2 — AT — b A2x§||2)

4
2

— A Ayt +b||2),

1
< ;(}\.k _ Ak-’rl)T)\'k-i-l + (ﬁ”)‘-k _ )\'k+1||2 + ”Alxik _ b + A2x12(||2 _ ”

where the second equality is due to (2.17). Thus for any A € R?, it holds that,
AT — AGH + AEETH = ) = AT(AET + Apxd T — )
1 4
<;<xk+1 —0TEF -k 4 gnxk — A2 4 S + Axxh — b))
— | A1x} 4+ Apxh T —p?)
Y
=5<nx — AR = = A2 S A + Aoxy —b|> — || Ay x}
+ Apxi T — b)), (5.4)
Summing (5.4) over k =0, 1, ..., t yields,
AGED — AGDH + G — fr(x3) — AT(A1X] + Axkh — b)

< =202+ —F At + Axd — b2
2y(t+1)” I“+ 0 +1)” 1X] 2x; — bl

Based on the above bound, the error analysis for both the objective and the residual
follow the same line of arguments as the proof of Theorem 3.2.
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