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Abstract

In this paper, we study continuous frames with symmetries from projective represen-
tations of compact groups. In particular, we study maximal spanning vectors in detail
and we prove the existence of maximal spanning vectors for irreducible projective
representations of compact abelian groups by a dimension counting method.
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1 Introduction

Let G be a locally compact group and & € Z*(G, S) be a multiplier. Let 7 : G —
U(V) be an irreducible a-representation of G on a complex Hilbert space V (cf.
Definition 1.2). For x € V, if the map G — V (g + m(g)x) is a continuous frame
(cf. Definition 1.5), we call x a frame vector for (v, G, V) and the associated frame
a (G, a)-frame. Let HS(V) be the space of Hilbert—Schmidt operators on V, and let
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x ® x € HS(V) be the one-dimensional projection defined by

r®x:V->V

v (v, Xx)x.

From the perspective of frames and cyclic representations, a natural question arises:
which triples (r, G, V) admit an element x € V, such that

Span{r(g)x ® 7(g)x | g € G} = HS(V)?

We call such an x € V amaximal spanning vector for (r, G, V).If x € V is amaximal
spanning frame vector, then the associated frame is phase retrievable, i.e., the map

T, :V — L*(G)
v (g [{v, m(g)x)])

is injective modulo S, where S is the set of complex numbers with absolute value 1.

In [18], Li et al. showed that if G is a finite abelian group and (s, V) is any
irreducible projective representation of G, then the set of maximal spanning vectors for
(7, G, V) is nontrivial and Zariski open in V. Moreover [ 18] conjectured that the same
holds for all finite groups (cf. [18, Conjecture]). In [8], Cheng et al. conjectured that
there exist infinitely many maximal spanning vectors for (7, G xG, LZ(G)) where G
is a Hausdorff and second countable locally compact abelian group and 7 :GxG —
U(L%(G)) is the Weyl-Heisenberg representation of GxG (cf. [8, Conjecture 1.4]).
Moreover, [8, Theorem 1.5] verified the conjecture for a large class of locally compact
abelian groups. A recent computation [9] showed that [8, Conjecture 1.4] holds for G a
local field with residue characteristic 2, hence removed the characteristic assumption of
[8, Theorem 1.5]; the paper [11] studies the phase retrieval property of representations
of nilpotent Lie groups and certain nilpotent p-groups. In this paper, we study the case
where G is a compact group and 7 is an irreducible projective representation of G.
The main result of this paper is the following.

Theorem 1.1 Let G be a compact group and 7w : G — V be an irreducible projective
representation of G.

1. Let V* be the dual representation of V and suppose that each irreducible compo-
nent of V.® V* has multiplicity one. Then, x € V is a maximal spanning vector
for V if and only if the projection of x ® x (as an element in V ® V* via the natural
isomorphism HS(V) = V ® V*) in each irreducible component of V @ V* is
nontrivial.

2. Suppose that G is abelian. Then, the set

{v € V | v is maximal spanning for (w, G, V)}

is nontrivial and Zariski open in V.
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By the twisted Peter—Weyl Theorem (cf. Sect. 2), irreducible projective representations
of compact groups are finite dimensional and the following conditions are equivalent:

x € V is a maximal spanning vector for (7, G, V).

g+ m(g)x ® m(g)x is a continuous frame for HS(V).

dim Span{r(g)x ® 7(g)x | g € G} = (dim V)?.

dim Span{cg(g)x’n(g)x | g € G} = (dim V)2, where C;T,v G —> C(u,veV)is
the matrix coefficient defined by

cuy(h) = (w(W)u, v).

Theorem 1.1(1) is then deduced from a structure result for (G, «)-frames (Proposition
3.8), and it provides in some cases a practical method to verify whether a vector is
maximal spanning. As projective representations and linear representations are related
by using the Mackey groups (cf. [16]), some results on (G, «)-frames we obtained in
this paper could be deduced from the results in [14]. But we provide different proofs
which are more explicit and more suitable for our application to the study of maximal
spanning vectors. As an opportunity, for G compact, we deduce several properties of
(G, o)-frames in Sect. 3, in particular we characterize the Gramian of (G, «)-frames
(cf. Proposition 3.10 and Corollary 3.12). Theorem 1.1(2) is proved by dimension
counting after a careful study of «-representations of compact abelian groups. For this
part, considering projective representations of G directly is simpler than considering
linear representations of the attached Mackey group G («), since we could avoid the
complications from the two-step filtration of G (). Note that in case G is locally
compact, the representation spaces are usually infinite dimensional and the counting
method we used here does not apply.

Due to the reasons explained above, in this paper we consider projective repre-
sentations directly (which include linear representations as a special case with the
multiplier « = 1). The contents of the paper are as follows. In Sect.2, we review
the twisted Peter—Weyl Theorem and explicitly compute the Fourier transform for o-
representations. This is the main tool we use in Sect. 3, where we study (G, «)-frames
in detail and obtain the necessary results for the study of maximal spanning vectors.
In Sect. 4, we show that Theorem 1.1(1) is an easy consequence of Proposition 3.8 and
prove Theorem 1.1(2). In Sect. 4.3, we study the spanning dimension in the reducible
situation and justify the irreducibility condition in Conjecture 4.2. This is also related
to [18, Problems C, D].

1.1 Notation and Convention

In the following, we recall the definitions of multipliers, a-representations, continuous
frames, etc. The readers could find more details in [12, 16, 20, 23].

Let G be a compact group. A multiplier (or 2-cocyle) on G is a measurable function
oG x G — S, such that

L. alx, ya(xy,z) = alx, yD)a(y, z) forany x, y, z € G;
2. a(x,1) =a(l,x) =1forany x € G.
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Two multipliers & and o’ are similar if there exists a measurable function 8 : G — S

such that o’ (g, h) = a(g, h)ﬁfg()g;&) forallg, h € G.

Definition 1.2 A projective representation of G with multiplier & (or an o-representation
of G)isamapw : G — U(V), where V is a complex Hilbert space, U(V) is the space
of unitary operators on V, such that

1. forallv € V,the map G — V (g — m(g)v) is measurable;
2. w(g)mw(h) = a(g, h)m(gh) forany g, h € G.

Letm : G — U(V) be a finite dimensional «-representation of G. The character
of 7 is the map x, : G — C given by x,(g) = Tr(w(g)).

Remark 1.3 Let 7 : G — U(V) be an a-representation and 7’ : G — U(V) be
an o/-representation. We say that 77 and 7" are equivalent if there exist a measurable
map 8 : G — S and a unitary isomorphism ¢ : V — V’ such that £(7(g)v) =
B(g)m’(g)((v)) forall g € G and v € V. In particular, if & and 7’ are equivalent,
then @ and «’ are similar multipliers.

Remark 1.4 Let G be a compact group and @ € Z*(G, S) be a multiplier. Let G (c)
be the associated Mackey group. It is the set S x G provided with the group structure

(s.8)(s".8") = (ss'o(g. &), g¢") foralls,s' €S, g, 8" €G.

If « is continuous, we equip G (o) with the product topology of S and G. If « is
normalized in the sense that a(g, g~!) = 1 for all g € G, we equip G () with a
topology in which a basis for the neighborhoods of the identity is composed of the
sets AA™!, where A is a measurable set of finite positive measure for the product of
right Haar measures on S and G. As explained in [16, Page 218], similar normalized
multipliers give us isomorphic and homeomorphic Mackey groups. In both cases, G («)
is a compact topological group. Moreover, let 7 : G € U(V) be an a-representation
of G. Then, my : G(a) — U(V) ((s,g) — sm(g)) is a linear representation of
G («). The map & +— m, defines a bijection between the set of equivalent classes of
a-representations of G and the set of equivalent classes of linear representations of
G (o) with S acting as scalars (cf. [16, Page 223 Corollary]).

Definition 1.5 Let V be a complex Hilbert space and (£2, ) be a measure space with
positive measure . A mapping F : Q — V is called a continuous frame with respect
to (€2, w), if

1. Fisweakly measurable,i.e.,forallv € V,themapw > (v, F(w)) is ameasurable
function on £2;
2. there exist constants A, B > 0 such that

Allv|? < / (v, F(@))*d u(w) < B|lv||*>, forallve V. (1.1)
Q

The constants A and B are called continuous frame bounds. The frame F is called
tight if A = B. A tight frame F is called Parseval if A = B = 1.
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For simplicity, we also say that the family of vectors { F (w) | w € 2} is acontinuous
frame for V.

Let F : @ — V be a continuous frame. The synthesis operator T : L>(2, u) — V
of F is defined by

(T, v) =/Q¢>(w)(F(w),v)du(w), vev.

The analysis operator T* : V — Lz(Q, w) of F is the adjoint of 7', i.e.,
(T*v)(w) = (v, F(w)), w € Q.

The frame operator S : V. — V of F is givenby S = T* o T. By [20, Corollary 2.12],
S is invertible and S~! F is a continuous frame. We call S~! F the standard dual frame
of F.

2 The Twisted Peter-Weyl Theorem for Compact Groups

In this section, G is a compact group and « € Z(G, S) is a multiplier. Let /. g dg
be the Haar measure on G with vol(G) = 1. Denote by Ga the set of isomorphism
classes of finite dimensional irreducible a-representations of G. Let (i, V;, o) be a
representative of an element in G and denote by [7] the corresponding isomorphism
class. Fix a G-invariant Hermitian inner product (, ) on V,, which exists by the aver-
aging argument. Given v, w € Vi, the function f : g — (7 (g)v, w) is called a matrix
coefficient of 7. Let Ay (G) be the space spanned by all matrix coefficients of finite
dimensional irreducible o-representations of G.

For 1 < p < oo, let LP(G) be the LP-Banach space with norm || - ||, for
(G, fG -dg).Given f, f' € L2(G), define an inner product by

o f'y = fG FOF@dsg. @1

With this inner product, L?(G) is a Hilbert space. Furthermore, ff’ € L'(G) and we
have the following inequalities.

WA < 120 s

’ ’ . . 2.2)
(s /2l = I fll211f7ll2 (Schwarz inequality).

If f:G— Cand g € G, define R(g)f := Ry(g)f : G — Cby

(R(g) f)(go) = a(go, g) f(gog)

for all gg € G. It is easy to check that R(g) f € L*(G) if f € L>(G) and R(g) is an
element in U(L2(G)). Then, R : G — U(L%(G)) defines an o-representation of G
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(cf. Lemma 2.3). We call it the right «-translation or right regular «-representation of
G on L3(G).

As (, )2 is G-invariant, the a-representation (R, L%2(G), a) decomposes as a direct
sum of irreducible «-representations. We have the following twisted version of the
classical Peter—Weyl Theorem.

Theorem 2.1 (The Peter-Weyl theorem) Let G be a compact group, @ € Z*(G,S) a
multiplier of G. Then, the following claims hold.

1. Ay (G) is dense in L*(G).

2. Every irreducible unitary a-representation of G is finite dimensional.

3. Fix an element p in each class in 60, and denote by d,, the dimension of p. Then,
as o-representations of G,

(R, L*(G), ) = 8,15, P

4. If y € L*(G), then

IWIE= 2 dp-Trtoypi) = D dp-lloyllus.

[p1€Gq [p1€Cqy

Here, py = [ ¥(2)p(@)~"dg; IMllus = X ;lmij|* for a matrix M = (m;;)
of finite rank.
5. The characters (Xﬂ)[p]eaa form an orthonormal basis of H, (Definition 2.7).

From Sect.2.2, for 7 : G — U(Vy) a finite dimensional projective representation,
we denote by V; the associated Hilbert space and by d; the dimension of V. We fix
an orthonormal basis of the representation space of & for [7] € Ga and denote it by
{ef | 1 <i <dy}.Denote by 7;; (1 <1i,j < dy) the matrix coefficients of 7 with
respect to the fixed basis, i.e.,

mij(g) = (n(g)e}f, e’) forallg € G.
Then, {\/Eﬂij | [] € 60“ 1 <i,j <dyz}is an orthonormal basis of L2(G).

2.1 Proof of the Peter-Weyl Theorem

Let o and &’ be two similar multipliers. There exists a measurable function 8 : G — S

with o'(g, h) = a(g, h)ﬂé(fé'&) forallg, h € G.If # : G — U(V) is an a-

representation of G, then 7’ : G — U(V) given by 7'(g) = B~ l(g)m(g) is an
o -representation. Hence, multiplication by 8~! induces an isomorphism from the
space of matrix coefficients of 7 to that of ’. Therefore, Ax(G) = B - Ay (G).
Moreover, the right regular «-representation and the right regular o’-representation

@ Springer



Some Remarks on Projective Representations of Compact...

are equivalent, as for g € G, we have the following commutative diagram

-1,
L2(G) - 12(6)
Ru(g)l lﬁ(g)‘Ro/ (€3]

L%(G) ? L%(G).

In other words, proving Theorem 2.1 for « is equivalent to proving it for «’. By [16,
Lemma 1 and Corollary], in the following we may and do assume that either « is
continuous or it is normalized and continuous in a neighborhood of (1, 1).

Under the above assumption, parts of Theorem 2.1 are easy consequences of the
classical Peter—Weyl Theorem using the Mackey group of G (cf. Theorem [16, The-
orem 1]). For example, irreducible «-representations of G correspond to irreducible
linear representations of G(«); hence, they are finite dimensional. One could also
deduce Theorem 2.1 from the general Plancherel formula for projective representa-
tions of locally compact groups (cf. [17, Theorem 7.1]). Since we could not locate a
reference where Theorem 2.1 is stated as in the above form, we provide a detail proof
of part (1) of the Theorem. This section is independent of the other parts of this paper.

Proposition 2.2 With the notation as above, if either « is continuous or « is normalized
and continuous in a neighborhood of (1, 1), then Ay (G) is dense in L2(G).

The following proof is adapted from the proof of the classical Peter—Weyl Theorem
(see for example [19]), with an extra attention on the multiplier . We start with some
lemmas.

Lemma23 Let f € L%(G). Then, the map G — L%(G) (g — R(g)f)ismeasurable
and it is continuous in a neighborhood of 1 € G.

Proof Note that for any f € L?(G), the usual translation map G — L*(G) (g —
(h — f(hg))) is continuous (e.g., [10, 2.42 Proposition]). The measurability follows
as « is a measurable multiplier.

If ¢ : G x G — S is a continuous multiplier, then g — R(g)f is a continuous
map from G to L?(G). Otherwise, the multiplier « is normalized and continuous in a
neighborhood of (1, 1) € G x G, the section from G to the associated Mackey group
G(a) (g — (1, g)) is continuous in a neighborhood of 1 € G. The continuity claim
follows from this and [16, Theorem 1]. O

Lemma24 Let f : g — (m(g)v, w) be a matrix coefficient of . Then, the functions
g alg, g g™, g — a(g.h)f(gh), g — ah,ah™ h)~ f(hg) are
matrix coefficients of w. We call them the adjoint of f, the right translation of f, the
left translation of f, respectively.

Proof Note that

flg™h = (m(g Hv, w) = (w, 7(g"")v)

o e (2.3)
= (r(@w,mw(@r(g” Hv) =a(g, g ) (r(gw,v).
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This shows that g — (g, g~1) f(g~!) is a matrix coefficient. Similarly, it is easy to
see that

fgh) = a(g, h) " m(g)(w(h)v), w),

o . 2.4)
f(hg) =ah, o) alh™", h){x(g)v,m(h~)w).

The other claims follow easily. O

Lemma2.5 Let f € L*(G). For every € > 0, there exist finitely many g; € G and
Borel sets Bi C G such that G is the disjoint union of the B;’s and ||R(g)f —
R(gi)fll2 < €foralli and g € B;.

Proof By Lemma 2.3, there exists an open neighborhood U of 1 such that ||R(g) f —
fll2 < € for all g € U. Note that {hU | h € G} is an open cover of G and G
is compact, there exist finitely many gi, ..., g, such that G = U?_,g;U. Let B; =

giU — U;_:ll gjU. It is easy to check that these objects satisfy the property in the
statement. O

Lemma 2.6 Let f € L>(G) and fi € L'(G). Define F : G — C by
F(gh = /Ga(g/, 9 f(g'9)filg)dg.
Then, F is an element in L*(G) and it is a limit of a sequence of functions, each of

which is a finite linear combination of right translations of f.

Proof Let ¢ > 0. Choose g; and B; as in Lemma 2.5. Set ¢; = fBi f1(g)d g. Then,

n

IF = eiR(g) fll2 < Z/B /1) - IR f — R(g) flladg
i=l1 i=1 i

., 2.5)
=3 [ 1n@leds =elfiln
i=1 !

The lemma follows. 0O

Definition 2.7 A function f : G — Cis called an «-class function if forall g, 2 € G,

alh, ™1 alh, h=h

—1 _ fr
f(hgh™") = «(h. gh—l)a(g,h—l)f(g) ~ a(h, g)athg, hh)

f(g).

Let H, denote the closed subspace of L?(G) spanned by square-integrable a-class
functions on G. The characters of finite dimensional «-representations of G belong to
H,.
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Lemma2.8 Let f € L'(G). Set

h,gh™Da(g, h™! _
7 = [ HOE DL fhgny an.

alh, h—1)
Then, ' is an a-class function on G.
Proof Note that

vt o e i gin Da i gi A
Oy

_/ aWi, i Vgii " (W) Ha(~gi, i (W)Y
J a(i, i1 (W)=")

fhi~'gih™Ydh

fh'gmy~Hdn,

where i’ = hi~L. Then, to show that fis an a-class function, it suffices to show that

a™", Dalh, gh™Ha(g, h a(hi, i 'h=")

o —1 . . —1 .1 —1 S I, e | (2‘6)
=oa@ , gha(g, Dath,h Hathi,i" gh™ Ha(@™ gi,i” h ).
Since ae(h, i) (hi, i~ 'h™) = a(h, k" Ha(i,i~'h~"), it suffices to show that
ali™" Dah, gh™Ha(g. h e, i™'h™") 07
=a(™!, gi)a(g, )ath, Dahi, i 'gh™Ha(  gi, i 'h™h). '
This follows from the following computation.

RHS = (i ™", g)a(g, ah, gh™ D, i 'gh™ Yo gi, i 'h™h
=o', gi)a(g. a(h, gh™ e, i gi)a(gi, i 'h™") 08
=a(h, gh™HlaG™", giel, i gi)la(g. a(gi,i 'h™h)] '
=a(h, gh Ha@,i Ha(g, h Ha@, i 'h~") = LHS.

The lemma follows. 0O

Lemma2.9 Let f : G — C be an a-class function. Then, f'(g) = a(g, g~ ") f(g~1)
is also an a-class function.

Proof One needs to show that

alh, h~h

/ -1y _
f(hgh™") = (. gh Dalg h-

!
0 1(®).
This is equivalent to

athgh™ hg™th™ Ha(h, g~ h™Dar(g™  h7Y)  a(h k™ Har(g. g7
a(h, h=1) a(h, gh~Ha(g, h=1)’
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Note that

alhgh™ hg™'h Da(h, g7 'h Ha(g™ halh, gh™Ha(g. h™h)
=a(hgh™', hya(hg, g ' Ha(g™  h Ha(h, gh™a(g, h™")
= a(hgh™" ha(hg, g~ alh, " Ha(h, g)a(hg, h™") (2.9)
= a(h, k" Ha(h, galhg, g~ Hlalhg, h~Ha(hgh™ h)]
=a(h, h Ha(g, g Ha(h, k).

The lemma follows. O

Lemma 2.10 Let f : G — C be an a-class function. Then,

fhtg) f(gh™)

alh,h=lg) — a(gh=', h)’

Proof Since gh~! = h(h™'g)h ™!, it suffices to prove

ah,h™h) _agh™'.h)
alh, - TghDa(h~Tg,h=1) ~— a(h,h~Tg)’
Note that
a(gh™ ma(h, ' 'gh™Ya(h g, h™") 210
=a(gh™", Wath, h 'alg,h ") =ah, h 'gah™", h). '
The lemma follows. 0O

With the above preparation, we can now prove Proposition 2.2.

Proof of Proposition 2.2 Let A, (G) be the closure of A, (G) in L2(G). Since Ay (G) is
stable under the operations in Lemma 2.4, A, (G) is also stable under those operations.
Suppose that A,(G) # L*(G). Then, Aa(G)L # {0} and it is stable under the
operations in Lemma 2.4. Let fy € Agy (G)L and fy # 0. Let U be a compact and
symmetric neighborhood base at 1 of G. For each U € U, let [y be the characteristic
function on U, |U| the Haar measure of U, and

fu(g) =UI""! /G a(g, 20)lu (go) fo(ggo) d go-

Since Iy, fo € L*(G), by the Schwarz inequality, we see that fi is a continuous
function on G. Furthermore, fy = limy 1) fv in LZ(G) (cf. [10, Proposition 2.44]).
Because fy # 0, there exist U such that fyy # 0. Since A, (G) is G-stable by right
translation and the right translation of G on L*(G)is unitary, mL is also G-stable.
Hence, linear combinations of right translations of f belong to A, (G)l. By Lemma
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2.6, fu € Ag (G)J'. In particular, A, (G)J_ contains a nonzero continuous function.
Let f; be such a function with f1(1) € R — {0}. Define

_ (X(h, gh_l)a(gvh_l) —1
f2(g) —/G w D) fi(hgh™")dh.

By Lemma 2.8, f3 is an a-class function. It is easy to see that f>(1) € R — {0}. More-
over, for any f' € Ay (G), f"(g) = ah™', 9)a(h, ™Y ta(h'g, h) f'(h~'gh) is
also an element in Ay (G) by Lemma 2.4. Since

o f) = /G h@T@dg

_ a(h, gh Da(g, h™1) e
_/G/G atiiny  S1eh O f () dhdeg

O U s P
_/G/G alh, h—1) fie)f'(h—1ghydhdg

@2.11)

= [ [ nwi@agan=o.
GJG

—L TN . .
we have f € A,(G) . Define f3(g) = f2(g) +(g. 8~ ") f2(g™"). Then, f3 is in
Aq (G)L and is an a-class function by Lemma 2.9. Moreover, it is easy to check that
f3(8) = a(g. g7 f3(g™"). Define

K(g, h) = f3(gh™ Ha(gh™' "
Since
athg™!, a(gh™ h) = athg™, gh ™ Ha(l, h) = a(hg™", gh™"),

one gets K(g, h) = K(h, g). Define
T = [ Kig.msmdn
G
Then, T is a nonzero self-adjoint Hilbert—Schmidt operator on L?(G).Hence, T has a

nonzero real eigenvalue y and the eigenspace V) C L2(G) is finite dimensional (see
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for example [3, 1.8.4.1 and 1.8.5.5]). Let f € V,,. Then,

(T(R(go) fN(g) = /G K (g, g1)a(g1, go) f(g180) d g1

=/GK(g,glg(;l)a(glgal,go)f(gl)dgl

-1
_ (218 - &0)
=/ f3(g8087 ") 20 f(gndg
G a(ggo8; »818 )
a(g, go)

a(ggogr s 1)
= /G K (ggo, g1)a(g, 80) f(g1)d g

=a(g, g0)(Tf)(ggo) = vy (R(go) f)(g).

(2.12)

= /G fggogr ) flgndeg

The eigenspace V), is stable under right translation. Now, R : G — U(V,) is a
finite dimensional a-representation of G. Let W C V), be an irreducible sub-o-
representation and {ey, ..., e,} an orthonormal basis of W. Then,

g (R(gei, e))2 = /G (0, 8)ei (2082 (80) d go
is a matrix coefficient in A, (G). Since f3 € AQ(G)J', we have

02/;f3(g)(/Gm€j(go)dgo>dg
~ [ ([ it oe@mnde)eeds
:/ (/ f3(8518)m€j(5’)dg)ej(go)dgo
o - (2.13)
:/G(/;;f3(go_lg)0l(goago_lg)ej(go)dgo)%dg
N /G (/G f3(ggo_l)m€j(go) dgo)éj(g)dg (Lemma 2.10)

=/G(T€j)(g)€j(8)dg=V<@jvej>2-

Hence, y = 0, which is a contradiction. Therefore, we must have Ay (G) = L%(G).
O
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2.2 The Fourier Transform and a-Convolution Operators

Fix a multiplier « € Z*(G, S), we equip L>(G) with a structure of *-algebra with
respect to « and study it in detail. First, we define a convolution and an involution on
L?(G) with respect to the multiplier . Let 1, v € L?(G), the convolution of z and
v is defined by

(V*M)(X)Z/ L’i)lu(XS)V(s_l)ds
G als,s™)
o (2.14)
—f 0 wx)dr
- Je at T ’
and the involution is defined by
(W) = pxDea(x, x7). (2.15)

Note that since G is compact, by the Minkowski’s integral inequality (cf. [13, Section
6.13]), v u € L*(G) if u, v € L>(G). We denote this x-algebra by L?(G, ). This
is well-defined by the following lemma.

Lemma 2.11 The following two identities hold.

1. (s p)* = pu* v
2. (Vxp) kP =vk(U*xp).

Proof Since « is a cocyle, it is easy to see that
a(x, s)a(xs, s_lx_l)a(s_l,x_l) = ot(x,x_l)ot(s, s_l). (2.16)

The first identity then follows from

* * - a(s,s_l)_—_l
() = [ s
¢ alx,s)
_ als, s 1 1.1 1
_/G a(x, s) a(xs,s—lx—l)v(s * )a(s,s—l)u(s)ds(zn)
-1 ,-1 .
=01(X,x_1)_1[G%u(s)v(s‘lx_l)ds (by2.16)

=al,x H T wrwe™h

= ((v*pw*W) .
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The second identity follows from

hl,
(v (u*x))(x) = /(M*¢)(h) Eh = 1;

_ agLmak~lx) _1
_/G/qu(g)a(g,g*l)oe(h,h*l)'u(g hyv(h~'x)dgdh

-1 -1
(h = xs) =/ / ¢(g)a(g ’_XIS) o((xs) ,_xl) w(g 'xs)visTHdgds
¢Jc (g, 87") alxs, (xs)™)

-1 -1
— [ [ ot D s s
alg,g™’) als,s™)

1 1
= [ 25 Do )(f A8 5D (g sy >ds)d
¢ atz e\ s a5

1
—/ A8 ) ) g 0 d g
(g, 87"

= (v p) * @) (x).

(h~'x)dhn

]

Definition 2.12 Let n € L?(G). We call the operator O, : L*(G) — L*(G) (¢
n * ¢) an a-convolution operator. Hence,

a(g™' h)

_ ~1
0’7(¢)(h)_/(;¢(g)a( _1)77(8 h)dg.

By the associativity of *, we have the following identity.
Lemma2.13 O,y = Oy 0 Oy,

Denote by M* the conjugate transpose of a matrix M. For the vector space M,,(C)
of n x n matrices, we fix an inner product by (A, B) = n Tr(A*B). Fix [7] € @a and
an orthonormal basis {e] | 1 <i < d} of V;. The Fourier transform with respect to
7 is the linear map

Fr : L*(G) — End(Vy) = Mg, (C)

_ . . (2.19)
fe T :=/Gf<g)n(g> dg=/Gf<g>n(g> dg.

Define F : L*(G) — @[n]eaa My, (C)by F := é[ﬂleax Fy. This is an isometry by
the Peter—Weyl theorem. Moreover, it is an isomorphism of x-algebras by the following
lemma.

Lemma 2.14 Denote by R the right translation with respect to . The Fourier trans-
form satisfies the following properties.

1. (Re f), = 7(€) fr.
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2. (), = (f™.
3. (V) = Vn .

Proof From n(g)m(§) = a(g, &) (g&), we have a(g, £)m(g)~! = n({)m(g€) L.
Then,

(Re f) = /G (R: f)(g)m ()" dg
_ /G alg, &) f(g6)m(e) " dg (2.20)
=n<s)/(;f<gs)n(gs>*‘dg ey

Note that

f, =/Gf*<g>n<g>—ldg=/Gf(g-1>n<g—1>dg

. (2.21)
=(/G f(g—l)mg—l)—ldg) = (J)".
This is the second identity. The third identity follows from
vnﬁn=f(}v(g)n(g)*‘dg/(}u(g)n(g)*‘dg
= [ [ vom@ uwrn " dgar
GJG
=/ / vt 'um g r@) dgdt (2.22)
GJG
_ -1 1 -1
= [ [ o0 o) s g
=/G(V*M)(g)n(g)_ldg~
O

As a consequence of Schur’s Lemma (cf. [6, Lemma 2.1] and [21, Chapter 4]), we
have

1 : 1
7 Ea, ji if[7]=[r],
Fn/(]'[ij) = {gr Jt

otherwise.

Here, m;; is the matrix coefficient defined right before Sect.2.1, Ey ;; is the d x d
matrix with (i, j)-entry 1 and other entries 0. An easy computation shows that the
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inverse of F is given by E = @[ﬂ]eaa E, where

En: My (C) = L*(G,a)
A (g+— Tr(Am(g))).

The isomorphism of x-algebras L*(G, %) — é[ﬂ] <G, M, (C) allows us to study

L%(G, ) via the matrix algebra. An immediate consequence, which is useful in the
study of central frames, is the following result.

Lemma 2.15 The center of L?(G, %) is spanned by x, where x is the character of
[7] € Gq.

Proof This follows from the fact that the center of M,, (C) is the set of scalar matrices.
O

Remark 2.16 Fix a matrix A € My (C). Let f : G — C be the function defined by
f(g) =Tr(An(g)) = Tr((g)A).
Then,

A, if[x'] = ,
Fa(f(g)) = ] =]

O, otherwise.
In particular, we may choose A = vv*, where v € V. Then,

f(g) = Tr(m(g)vv") = Tr(v*m(g)Hv) = (7(gHv, v).
This is closely related to maximal spanning vectors (cf. Lemma 4.1).

Remark 2.17 [A remark on the left translation] There is a corresponding left o-
translation as well given by

-1
Ly(f)(g) = %ﬂg—lw.

By Eq.(2.16),L : G — U(L3(G)) is an a-representation.

It is easy to check that left o-translation does not behave nicely under the Fourier
transform F;;. But it behaves well under the Fourier transform with multiplier 1 /o and
this has important applications (e.g., Lemma 2.18(4), Sect. 3.3).

For our application in frame theory, it is convenient to use another x-algebra struc-
ture on L?(G), which is constructed as above with o being replaced by 1/a. More
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precisely, the convolution is defined by

oz(s,sfl)

,u(xs)v(sil) ds
a(x,s)

(voux)= /
G

(2.23)
/ D (v~ 'x)dr
= —_— vV X
G o™l )C)'u '
and the involution is defined by
() x) = pHa,x~Hh (2.24)

Denote this s-algebra by L*(G, ©).
Note that there is a correspondence between G and G1/y givenby w +— 7" =T,
where 7* is the dual representation of 77, 7 is the complex conjugation of 7, and they

are isomorphic as they have the same character. The Fourier transform with respect to
1/a and 7 is defined by

Frz: L*(G) = My (C)

R o (2.25)
f= Iz :=fcf(g)7r(g) dg.

We collect the properties of L?(G, ¢) and Fx. Denote by R’ the right regular
1/a-representation of G on L*(G).

Lemma 2.18 The following claims hold.

(wo ) =pu®ove.

o) op=vo(nod).

(R, = 7).

(Le g = 7 ()"

(f)7 = (F)"

Vo= Vil

F = é\a[ﬁ]ff (LG, o) > @[ﬂ M,_(C) is an isomorphism. The inverse of F is
given by £ = ®E=, where

Nk WD

Ex: My (C) — L*(G, o)

N (2.26)
A (g — Tr(Am(g))).

8. The center of L*(G, ©) is spanned by X, = X

3 The (G, a)-Frames

In this section, for G compact, we study (G, «)-frames. In particular, we give a char-
acterization of the Gramians of (G, «)-frames and classify tight (G, o)-frames.
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3.1 The Gramian

Let V be a finite dimensional Hilbert space (cf. Remark 3.9). Let ® = {¢, | g € G}
be a continuous frame for V indexed by elements of G. The Gramian of & is given
by

L*(G) — L*(G)

3.1
o> (h > Lw<g><¢g,¢h>dg>.

In particular, if ® is a (G, a)-frame, i.e., & = {¢¢ := g1 | ¢ € G}, then the Gramian
Gram(®) is the operator given by

L*(G) —» L*(G)

a(g. 87" 3.2)

<p'—>(h'—>/ o) SRS 0 a0 =0,

Here,n : G — Cisdefinedby n(g) = (¢1, ¢¢). One sees that the Gramian of a (G, «)-
frame is an 1/«-convolution operator. The following result shows that the converse
also holds. It is a projective version of [22, Theorem 4.1]. See also [7, Theorem 2.2],
[24, Theorem 5.2] and [15, Theorem 3.2]. This result gives a crude description of the

Gramians of (G, «)-frames. A more explicit description is given by Proposition 3.10
and Corollary 3.12.

Theorem 3.1 Let G be a compact group and V be a finite dimensional Hilbert space.
Assume that ® = {¢¢ | g € G} is a continuous frame for V indexed by elements of
G. If Gram(®) is an 1/a-convolution operator, then there exists an o-representation
7w : G — U(V) such that ¢g = w(g)¢1.

Proof The proof is similar to that of [7, Theorem 2.2]. Let n : G — C be the function
such that Gram(®)(¢) = n ¢ ¢. It suffices to construct a projective representation
U : G — U(V) with multiplier & such that Ug¢p, = a (g, h)gh.

Let ® = {(f)g = S_l¢g | ¢ € G} be the canonical dual frame of @ (cf. [5,
Definition 1.19, Proposition 1.13] and [20, Section 3]). Here, S is the frame operator
of ®. For any v € V, we have

v =/ (v, @n,)n, d 1y =/ (v, @n,)pn, d by (3.3)
h]EG h]EG
Define U : G — GL(V) by
Ug<v)=f (. dn)ar(g. )b d .
/’l]GG

This U satisfies the following properties.
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1. For any g, h, h1 € G, we have

(Dn> Bny) = (eh, ben,)er(g, Mg, h1) ™" (3.4)

Indeed, consider both sides as functions on £, it suffices to check that
/ o(h){(bpn, pn,)dh = /G @(h)(boh, ben, (g, Wa(g, h)) ' dh (3.5
G

for any ¢ € L?(G). Let ¢’ € L?(G) given by

¢ (h) = p(g ' Wa(g, g Wa(g, h1) .

Then, the claim follows from

/Gw(h)@gh,¢gh1)06(g,h)06(g,h1)_ldh

= fG @& M) (Ph, don (g, g Mg, h) " dh

= (o ¢)(gh) =/ @) i emin"ydi
G o(ght,i)
_f ali,i”") a(g, hi)

mivnG-Y di
G a(ghy, i) a(g, hy) e~ )di

=/G%w<h1i)n<rl>di
= o gt = [ (6 g0, dh
2. We have
Uy() = /(}(«pzz,«z)hl)a(g,hl)q”sghl diy
— [ G dendats, s, a1 = s,

3. For any ¢y, ¢n, € P,

alg, hi) a(ghy, (gh)™h
a(g, ha) a((gh)~!, gha)

We claim that U, € U(V), i.e., (Ugdp,, Ugdn,) = (¢n,. ¢n,). To prove this, it
suffices to check that

(Ugh,, Ugn,) = n(hy 'ha).

a(g. hy) a(ghy (gh)™") _ alh. hih)
a(g.ha) e((gh)~" . gha) — a(hy' hy)’
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Note that
a(g. hpe(ght, (gh)™) = a(g, g Ha(hi, hy'g™)
and
a((ghn) ™", gha)a(g. hy) = a(hi g™ ", 9a(hy", ha).
it suffices to check that
a(g. g Na(h hi'g™) = alhy'g™", e, hih. (3.6)

Multiplying both sides with a(hfl, g~ 1), it is easy to see that Eq.(3.6) holds,
hence, the claim follows.
4. For any ¢, € P,

Ug, (Ug,@n) = Uy, (t(82, ) Pgy1)
= (g2, (g1, §2M)Pg  02n
= a(g1, 82)(x(8182, W) Pg,g,n) = (81, 82)Ug, g, -

5. Forany v € V, the map g +— Ug(v) is a measurable function on G as @ is a
continuous frame.

Hence, U : G — U(V) defines a projective representation with multiplier «. It is the
desired projective representation and the theorem follows. O

3.2 TheTight (G, a)-Frames

Let ® = {¢, | g € G} be a (G, a)-frame. Let n : G — C be the function g >
(@1, @g). Let Oy := Gram(P) : L*(G) — L*(G) be the associated Gramian and
Fr(n) € My, (C) be the associated matrix. We have the following result.

Lemma 3.2 With the notation as above, the following conditions are equivalent.

1. ®isatight (G, a)-frame.

2. non = An. Here, . € R.y.

3. 0,00, =A0,. Here, . € R..

4. (Fr(n)? = AFx(n) for any [] € Ga. Here, A € R..

Proof Let T : L>(G) — V and T* : V — L?*(G) be the synthesis operator and
analysis operator, respectively. Then, the frame operator S is 7 o 7* and the Gramian
is T* o T. Note that @ is tight if and only if S = T o T* = A1id for some 1 € R.,
the equivalence between (1) and (3) is obvious. The other equivalences follow from
Lemmas 2.13, 2.14, 2.18. O

As the projective representations of compact groups behave as the projective rep-
resentations of finite groups, the argument in [7, Sections 2.2, 2.3], which uses the
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equivalence of the first condition and the third condition in Lemma 3.2, works well for
(G, a)-frames with G compact. Let (77, V, o) be a finite dimensional a-representation
of G. Write V = ®;<;V; as an orthogonal direct sum of irreducible «-representations.
Let v € V be a nonzero vector. Write v = Ziel v; with v; € V; (i € I). We then
have the following result (cf. [7, Section 2], [14, Corollary 5.8]). To ease notation, in
the rest of this section, we write gv for w(g)v.

Theorem 3.3 With the notation as above, Gv = {gv | g € G} is a tight (G, «)-frame
for V if and only if the following two conditions hold:

il _ dimV;
o> — dimV;

2. (ovi,vj) =0 forany o € Homgepe (Vi, Vj) and i # j.

foralli, jel;

We adapt the idea in [7, Section 2] and divide the proof of Theorem 3.3 into several
lemmas. We provide a complete proof for completeness and for the proof of Proposition
3.8. Note that by using the equivalence of the first condition and the fourth condition
in Lemma 3.2, one may obtain another proof by arguing as [24, Theorem 8.1].

Lemma3.4 Let(w;, V;) (i = 1, 2) be a-representations of G. Let v; € V; be anonzero
vector (i = 1, 2). Define S : Vi — V3 by

S =8n:Vi=>W

u'—>f<u,gv1)gvzdg~
G

Then, S(hu) = hS(u) forallh € G andu € Vi, ie., S € HomRepoé V1, V).

Proof The lemma follows from the following computation.

S(hu) = f (hu, gvi)gvadg
G

= /.G(h*‘ (hu), k=" (gv1))gvad g

-1
=/ D ek e d g
¢ ath™, gah,h—1g)

—h (/Gw <h1g)v1><h1g)vzdg> — h(SW)).

O

Lemma3.5 Let (w, V) be an irreducible a-representation of G and v € V be a
nonzero vector. Then, the family {gv | g € G} (in other words, the map g — gv)isa

2
tight (G, o)-frame for V with frame bounds A = B = %.

Proof The map g > gv is measurable by the definition of a-representations. Define
Sp: V>V

u+— / (u, gv)ygvdg.
G
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By Lemma 3.4, S, € HomRep%(V, V). By Schur’s Lemma, S, = A, idy. Moreover,
foranyu € V,

/|<u,gv>|2dg=/<u,gv><gv,u>dg
G G

=/G((u,gv)gv,u)dg (3.7)

=<[G<u,gv>gvdg,u>=AU||u||2.

To finish the proof, it suffices to show that A, = dllm

{wj}jes of V.By Eq.(3.7), Ay = fG wj, gv)|?d g forall j € J. Therefore,

AydimV = Z/|w1gv|dg

jeJ
/ > lwj. gv)Pdg = / lgvll*d g = vol(G)[|v]|* = [|v]|>.
jeJ
The lemma then follows and S, is the frame operator of the attached frame. O

Lemma 3.6 In the situation as in Theorem 3.3, Gv = {gv | g € G} is a tight (G, «)-
frame for V if and only if the following two conditions hold.
i d : .
. |||‘:J)_,~|\II2 = dll;l“; foralli, jel,
2. [(vi,gui)gvjdg =0foralli # j.

Proof Note that G is tight if and only if there exists A € R. ¢ with f cglf.gvigv
Af forall f € V. Assume that Gv is tight. Take f; € V;, then

/G(ﬁ,gwgvdg:/(ﬁ,gvi)gvdg

(3.8)
/ (fi. gvi) gvldg+/ > (fivguidgu;dyg.
J#i
We must have
Jo(fisguiguidg = i fi, (3.9)
Jg(fir guidgvjdg =0forany j #i. '

The second condition holds by taking fi = v;. Since V; is irreducible and v; # 0, by

— Jul? fvill> _ dimV;
Lemma 3.5, we have A; = . Moreover, A; = A = A ;. Hence, loy 2 = dmV;

for

all i, j € I. We obtain the first condmon as well.
Conversely, assume that conditions (1) and (2) hold. From Egs. (3.8) and (3.9), to
show that Gv = {gv | g € G} is a tight (G, «@)-frame for V, it suffices to show that
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fG(ﬁ,gvi)gvj dg =0forany f; € V; and j # i. First, take f; = hv; for h € G, by
Lemma 3.4,

me,gvi)gv,-dg=L(hvi,gv,»>gv,dg=h<fG<vi,(h—lg)vm(h—lg)v,-dg)=0.

The lemma then follows since | G{fi» gvi)gv;dg is linear as a map on f;. O

Lemma 3.7 Let (m;, Vi) (i = 1, 2) be two irreducible o-representations of G. Let
v; € Vi be a nonzero vector (i =1, 2). Define S : Vi — Vo by

S =8,n:Vi=>W

f+—>/G(f,gv1)gvzdg-

Then, S = 0 if Vi and V are not isomorphic in Repg;. If o : Vi — Vp is an
isomorphism in Rep"é, then

v 112

S(f)= —1
) (dim Vy)[lovy ||

(v2,0v1)o (f) forall f € V.

Proof By Lemma 3.4, S € HomRepz(x; (V1, V2). By Schur’s Lemma, S = 0 if V| and
V, are not isomorphic. Now, suppose that o : V| — V; is an isomorphism of o-
representations. Then, S must be A - o for some constant A. Take f = vy, we have

Mov||* = (SU1,0U1>=<f (Ul’gvl)gv2dgsf7vl>:/(Ul»gUl><gU2,0U1>dg
G G
=/Gm,gm)a(g—l,g)(vz,g—l(om»dg

= /G<g_lv1, vi){v2, 0(g tor))dg

= <v2, o </ (vi, gu1)gui dg>>
G

~l?

= dm v, (v2,0v1) (by Lemma 3.5).

The lemma follows. O

Theorem 3.3 follows easily from Lemmas 3.6 and 3.7. This result is stronger than
[14, Corollary 5.8], which treats the multiplicity free case. Here, an «-representation
is multiplicity free if all of its irreducible components have multiplicity one.

Using the above idea, we prove a result for general (G, «)-frames (not necessarily
tight), which has an application in the study of maximal spanning vectors in Sect.4.

Proposition 3.8 Let V be a finite dimensional o-representation of G. Write V. =
®ic1 Vi as an orthogonal direct sum of irreducible a-representations. Let v € V be a
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nonzero vector. Write v = Zie[ v; withv; € V; (i € I). Assume that V is multiplicity
free,i.e., V; and V; are not isomorphic for anyi # j. Then, v is a frame vector for V
if and only if v; is a frame vector for V;.

Proof Assume that v is a frame vector for V. Let S be the frame operator of the frame
{gv | g € G}. Then, by Lemma 3.4, S € HomRepcé(V, V). In particular, for each
i €l,S|y, =Aiidy, (A; # 0). Then, for f; € V;, we have

A fi =s<ﬁ>=/<ﬁ,gv>gvdg

/ (fi. gvi) gvzdg+2/ (fi. gvi)gu;dyg.

J#i

We then have A; = (li‘llgl”‘, and v; is a frame vector for V;.

Conversely, assume that v; is a frame vector for V; (i € I). By Lemma 3.7, we have
fG(vi, gvi)gvjdg = O for alli # j. The argument in Lemma 3.6 then shows that
fG(fi,gvi)gvj dg =0forall f; € V;andi # j. Then, for any f € V, let f; be the

projection of f in V;, we have

/Ifgvl dg—/lqugvlldg

iel
=3 [ gl g+ Y [ tiogwisns )
iel i#]j
—Z/|flvgvl | dg+2</ fl’gvl gl)]dg f]>
iel i#j
—Z/I (fi, gui)l*dg.
iel

12
Then, g — gv is a frame for V with frame bounds A = min;¢/{ (!;;1”‘,} and B =

max; ey {1l 0
Ielgimv I

Remark 3.9 We give an explanation that justifies the assumption dim V < oo (cf. [14,
Theorem 5.2]). Let (7, V') be an a-representation and v e Vbea(G, a) frame vector
with lower frame bound A. Assume that V = EBZGIV , where I C Ga, ri € Lo,
Vi is an irreducible a-representation with dimension d;, V; 2 V; if i # j. Let v;;
(i € I, 1 < j <r;) be the projection of v in the j-th component of ‘/i@ri_ We claim
that r; < d; foralli € I and I is a finite set.

Indeed, as v is a (G, a)-frame vector, we know that Span{gv | g € G} = V.
Suppose that r; > d; for some i € I, then v;y, v;2, ..., v;, are linearly dependent.
Therefore, the projection of Span{gv | g € G} to VI.EB” is not onto and this is a
contradiction.

@ Springer



Some Remarks on Projective Representations of Compact...

Moreover, let f be any element in the j-th component of Vi@r’ . Then,

”Ul]”

A||f||2S/(}I(f,gwlzdg=/G|<f,gvij)|2dg— LF11%.

Therefore, inf{||v,».,~||2 liel, 1 <j<ri}>A=>0.Hence, I is a finite set.

3.3 Gramian and Left Regular Translation

Combining the results in Sects.3.1 and 3.2, in this section we show that an o-
representation (7, G, V) admits a frame vector if and only if it is a finite dimensional
sub-representation of the left regular a-representation. Let (7, V, «) be a sub-a-
representation of the left regular representation (L, L>(G), «). Let v € V be a nonzero
element. For any u € L%(G), we have

(u, Lgv) Z/Gu(g)(Lgv)(g)dg

1
=/Gu<) LS Dy p i

(£.&7h
aE ! ga(g s &g or —1 (3.10)

= d

/G 2@ &) u(@v®(g  §)dg

-1

= [ 2B e dg @216

cag ", §)
=@ ou)).

We then have the following result, which is more precise than the description in
Sect.3.1.

Proposition 3.10 Let (m, V,«) be a sub-o-representation of the left regular o-
representation (L, L%2(G), a). Let v € V be a nonzero element. If ©, = {m(g)v |
g € G}isa (G, a)-frame, then the Gramian of @, is Oy withn =v° o v € L%(G).

Assume that 7 = v® o v for some v € L*(G) and v # 0. Consider the space
V =Span{Lsv | § € G} C L?(G). This is clearly a sub-a-representation of the left
regular representation (L, L?(G), a). Consider the family {Lzv € V | & € G}, if this
is a compact (G, «)-frame for V with frame vector v, then Eq. (3.10) tells us that the
Gramian of this frame is O,. We provide a characterization of such frame vectors in
L?(G) via Fourier transform with respect to 1/a. Let ef be the i-th standard basis in
the vector space C¢. Recall that the Fourier transform JF gives us an isometry

F = 8meq,, Fr : L2(G) = Bmie, ,, Mar (©).

EG]/
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For each 77, let J (77) be the subspace of C¢ spanned by the columns of the matrices
Fz(u) withu € V,ie.,

J(T) = Span{Fru)el™ |1 <i <dz, u € V).

By Lemma 2.18(4), we have J(7) = Span{]—'ﬁ(v)e;jﬁ | 1 <i < dx}. For the vector
space C%7, we write an element as a column vector and fix an inner product by
(u, v) = dz(v*u). Note that V is finite dimensional if and only if dim J(7) = 0 for
all but finitely many 7. We then have the following result.

Theorem 3.11 Let v € L2(G) be a nonzero element and V = %{Lgv | & €

G} C L*(G). Assume that V is finite dimensional. The following two conditions are

equivalent.

L. The family ®, = {Lgv | § € G} is a (G, a)-frame for V with frame bounds
(A, B).

2. For each 7] € él/a with dim J () > 0, the finite family &, 7z = {fﬁ(v)eflﬁ |
1 <i < dz}is aframe for J () with frame bounds (A, B).

Proof Assume that condition (1) holds. Fix [] € G 1/a- For any w € J(7), define
u € L>(G) by

—1/2 . —
) dZPww - w) if[o] = [T,
7 0 otherwise.
—1/2
Then, [|ul| = d="*(w w --- w)|| = |w]. Note that

[ el dg = 10" oul? (kg 3.10)
G

= Y IF)Fw?
[01€C 1/ (3.1

dz
= | Fr ) Fr@)?> = lw, Fr()e{T)[>.
i=1

Condition (2) then follows from
dz
dz
Allwl® = Allul® < /G|<u, Lev)[* = |(w, Fr(v)e™)|?
i=1
< Bllul* = Bllw]|*.

Conversely, suppose that condition (2) holds. For every u € V C L*(G),

drr
> = 17> = Y 1FwiP= Y > 1Fwee|.

[U]Eal/a [Uleal/a i=1
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Then, condition (1) follows from

dy
Alul* = > Y AlFwel |

[U]eal/a i=1

de dy
< > 3 W wel Fo (el

[0]66]/a i=1 j=I1

=/|(u,Lgv)|2d$ (Eq. 3.10)
G

do
< Y S BIFwel |* = Blull”.

[01€G Ja i=1
The theorem follows. O

Combining with Remark 3.9 and the Peter—Weyl theorem, we obtain the following
result.

Corollary 3.12 1. Letv € L*(G) be a nonzero element and V = %{Lgv | & € G
Then, ®, = {Lgv | § € G} is a (G, a)-frame for V if and only if V is finite
dimensional.

2. Letw : G — U(V) be an a-representation. Then, & admits a frame vector if and
only if t is isomorphic to a finite dimensional sub-representation of the left regular
a-representation (L, LX(G), o). Therefore, m admits a frame vector if and only if
7 admits a Parseval frame vector.

4 Maximal Spanning Vectors

In this section, we study maximal spanning vectors for «-representations of compact
groups.

4.1 Basic Properties

Let w : G — U(V) be a finite dimensional a-representation of G over a complex
Hilbert space V. Denote by d the dimension of V. Let (7 *, V*) be the dual projective
representation of (77, V) and (77, V = V) be the complex conjugation of (77, V). Then,
m* = 7 as they have the same character.

For any x € V, denote by x* € V* the linear functional defined by u — (u, x).
For any u, v € V, we have a matrix coefficient ¢ , : G — C defined by

o (h) = v (@ (hyu) = (w(hu, v).
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Denote by C;; C L?(G), the spanning space of matrix coefficients of V, i.e.,
Cx = Span{c] , |ueV, veV}cC L*G).

Fix abasis{u; | 1 <i <d}of V, then {CZ,-,M, | 1 <i,j <d}isaspanning set of C.
Define

Cuw = Span{(c 2o | & € G} C L*(G).

T
7 (gu,m(gHv
(dim V)2, If the equality holds, we say that (u, v) is a maximal spanning pair for V.
The following lemma is an easy consequence of the results in Sects.2 and 3.

Certainly, every element ¢ is a matrix coefficient of V. Hence, dim C, , <

Lemma 4.1 With the above notation, the following conditions are equivalent.

x € V is a maximal spanning vector for (w, G, V).

g m(g)x @ m(g)x is a continuous frame for HS(V).

dim Span{m(g)x @ n(g)x | g € G} = (dim V)>.

Fix an isomorphism V = C%, Span {7 (g)x (7 (g)x)* | g € G} = M (C).

dim Span{cg(g)x’n(gﬂ | g € G} = (dim V)>.

NS

A maximal spanning vector x € V is automatically phase retrievable in the sense
that the function g +— [(v, 7 (g)x)| in L*(G) uniquely (up to a unimodular scalar)
determines v. We refer to [1, 2, 4, 18] for more information on the relation between
maximal spanning vectors and the phase retrieval problems. In this section, we focus
on a generalized version of [18, Conjecture].

Conjecture 4.2 Let G be a compact group and o € Z>(G,S) be a multiplier. If  :
G — U(V) is an irreducible a-representation, then there exists a maximal spanning
vector for V.

Remark4.3 If 7 : G — U(V) is an irreducible a-representation, V ® V* is a sub-
representation of the linear left regular representation. From Corollary 3.12, V @ V*
admits frame vectors. The conjecture claims that it admits a frame vector of the form
x ® x*. Moreover, if x € V is a maximal spanning vector for V, then for any g € G,
7 (g)x is also a maximal spanning vector for V.

In [18], Li et al. verified this conjecture for finite abelian groups and certain meta-
cyclic groups. We remark that the irreducibility condition in Conjecture 4.2 is necessary
(cf. Section4.3).

Denote by 6(: G 1) the dual space of G. If V ® V* is multiplicity free, then for
each [p] € G, we have a canonical projection V ® V* — V,, given by

P =/ x,THr @ ¥ (1) dr.
teG

Here, x, is the character of p. The following result and Theorem 1.1(1) follow imme-
diately from Proposition 3.8 and Lemma 4.1.
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Proposition4.4 If V ® V* is multiplicity free, then (u,v) € V @&V is a maximal
spanning pair for (7w, V) ifand only if P,(u®v*) # 0 forany p € G withHom (p, 1 ®

%) # 0.

4.2 The Abelian Case

We show that Conjecture 4.2 holds for compact abelian groups. In the following,
G is a compact abelian group, (7, V, @) is an irreducible «-representation of G, G
is the dual group of G. Assume further that the cohomology class [a] € H?*(G,S)
is nontrivial. Otherwise, «-representations are equivalent to linear representations;
hence, the irreducible ones are all one-dimensional and the conjecture is obviously
true. We introduce two subgroups of G.

Group Hy

Group Ky

Let (n/, V', &) be another irreducible a-representation of G. The tensor
product V ® V'isa projective representation of G with trivial multiplier;
hence, it is a linear representation. In particular, V ® V' is a direct sum
of one-dimensional linear representations. If x is one of the direct sum-
mands, then we must have V = V' ® x and x has multiplicity one in
VeV (Indeed, as explained in [21, Chapter 4], the properties of charac-
ters of finite groups hold for compact groups as well. Hence, for any linear
character ¥ of G, dim Hom (¢, V ® V’) =dimHom(V' ® ¢, V) < 1.)
Denote the dimension of V (which depends only on «) by d,,. Let us take
V' =V and define

H(V) = {x | dimHom(x,V ® V) = 1}.

Then, H(V) is a finite subgroup of G and it is independent of V. Denote
this group by H,. Define

Hy =M} :={geG|x(g)=1forall x € Hy}.

Then, H, is a closed subgroup of G with index d‘%.
Consider

GxG—S
(g, h) “4.1)

(& h) — 2l g)’

Since G is abelian, this map is a bi-homomorphism. It induces a morphism

1:G—G
a(g,-) “4.2)
Ol(', g)

g Ag =
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Let K, be the kernel of A. Then, K, # {1}as [«] € H2(G, S) is nontrivial
and it is an open subgroup of G with finite index as 2 is continuous and
G is discrete.

By adapting the argument in [7, Lemmas 3.9, 3.10], we prove the following result,
which is the key ingredient of our proof of Theorem 1.1(2).

Proposition 4.5 With the notation as above, Hy = K.

Proof First, for any k € K, and g € G, we have

n(k)m(g) = a(k, g)m(kg) = a(g, k)m(gk) = m(g)m (k).

Hence, 7 (k) € HomRep% (V, V).By Schur’s lemma, 7 (k) must be a scalar. Therefore,
(m ® )|k, is trivial. By construction, H, is the maximal subgroup of G with this
property, and we obtain one inclusion K, C Hy.

Now, we prove the other inclusion. By the same argument of [7, Lemma 3.9],
o|H, x H, 1s a coboundary. Then, the set {B < G closed : «|pxp is a coboundary and
H, C B}isnonempty. Let K be a maximal element in this set. Therefore, [G : K] <
oo and Vg = @o; is a direct sum of one-dimensional a-representations. Let o € {0}
be a fixed element and « Indg o be the a-induction of . We claim that « Indg o is
irreducible, hence V = « Indg o by Frobenius reciprocity.

Indeed, fix a subset S C G of representatives of G/K, then (« Indg o)lx =

-1
Pyes0’, where o is the a-twist of o, ie., o5(k) = ZEi S_’Il‘;a(k) for all k € K.

By Mackey’s criterion, o Indg o is irreducible if and only if o 2 o° for s ¢ K.

~ ~

Suppose that 0 = ¢° for some s € S — K, then 0 = o8 fori € 7. Therefore,
a(s™ k) =a(k,s ") forallk € K andi € Z.By [6, Lemmas 2.12, 2.13], a| g/ x &’ is
a coboundary, where K’ = (K, s) < G. This contradicts to the fact that K is maximal.
The claim then follows.

As(VQRV)|x = By tes(0® ®o') and H, C K, we have

(VO V)|, = ®s.1e5(0° |1, @ l|m,).

Thus, o°|n, ® o H, 1s trivial. In particular, let ¢ be the representative of the unity
of G/K, we obtain o(s~!, h) = a(h, s ") forall h € H, and s € S. Then, H, C
Ker()) = K,. The proposition follows. O
Corollary 4.6 The following claims hold.

1. [G: Ky] = d2.

2.dmC,, = dg if and only if ¢, »,(g) # 0 forall g € G.

Proof We have [G : Ky] =[G : Hy] = |Hy| = dozl. The first claim holds.
For any u, v € V, we have

Cﬂ(g)u,n'(g)v(h) = (w(h)(m(g)u), m(g)v)
=a(g, g H 7 alg malg™h, g)cuv(g hy).
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Since G is abelian, it is easy to see that C,, = Span{igc,, | ¢ € G}. By the
orthogonality of characters, if ¢, ,(g) # 0 forall g € G, then dim C,,, = [Im(})| =
d2.

Suppose that dimC,, = dozt and ¢, ,(g) = O for some g € G. Then,
Ca(hyu,x(hyv(g) = 0 for all h € G. This implies 7(g) = O, which is impossible.
The second claim then follows. O

Remark 4.7 From the construction of Hy, we see that V ® V* is multiplicity free.
Therefore, we may apply Proposition 4.4 to verify whether (u, v) is a maximal span-
ning pair. An interesting consequence is that ¢, ,(g) # 0 for all g € G if and only if
Jica x @ Hr @ T* (1) (u ® v*)dt # 0 forall x € Hy.

Theorem 4.8 Let G be a compact abelian group and o € Z*(G, S) be a multiplier. If
7w : G — U(V)isanirreducible a-representation, then the set {x € V | x is maximal}
is open dense in V. In particular, Conjecture 4.2 holds for compact abelian groups.

Proof We show that {x € V | ¢, «(g) # Oforall g € G} is open dense in V. As
explained in the proof of Proposition 4.5, (k) is a scalar for k € Ky. Let S C G
be a set of representatives of G/Ky. Let Vi C V be the set {v € V | ¢y o (s) # 0}.
Since ¢y, (s) = 0 is given by a nontrivial quadratic equation, V; is open dense in V.
Moreover,

{x €V |cex(g) #O0forallg e Gy =[] Vs

ses
By Corollary 4.6, the theorem follows since S is a finite set. O

Remark 4.9 From the knowledge on K,, we may reduce the compact group case to
finite group case, hence obtain a slightly different proof of Theorem 4.8. Indeed, for any
t € G/Ky, fix alifting 7 € G of t. Define amap w : G/K, — GL(V) by t — ().
We obtainamap P, : G/K, — PGL(V), which is a homomorphism as (k) is scalar
for k € K,. Hence, P, induces a projective representation Py, : G/K, — GL(V)
with respect to some multiplier. Moreover, it is irreducible as 7 is irreducible.

4.3 Some Remarks on the Reducible Case

This part is related to [18, Problem D]. We show that, if 7 : G — U(V) is areducible
and finite dimensional projective representation, there is no maximal spanning vector
in the sense of [18]. More precisely, write 7 = @<y, as a direct sum of irreducible
sub-representations, for any v € V, we show that

dim Span{7(g)v®w(g)v | g € G} < Zn?, “4.3)
=
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where 7 is the degree of the irreducible projective representation 7 ;. Equation (4.3)
is equivalent to

dim Span{c} ), 7 (o0 | & € G} < > on. 4.4)
jelJ

We call dim Span{r(g)v ® w(g)v | g € G} the spanning dimension of (7, V, v).

Proposition 4.10 Let G be a compact group and (m = w1 @ mp, V = V1 & Va)
be a direct sum of two irreducible projective representations of G. Here, V; is the
representation space of w; with dimension n; (i = 1, 2). Assume that v = vi ® vy €
Vi & Va is a frame vector for (w, V). Then,

v

2 2
(g, (gHv | g € G} < ny +n5.

dim Span{c
Proof Choose a finite subset H of G such that 1 € H and
Span{r(g)v @ w(g)v | g € G} = Span{m(Hv @ (v | g € H}.
By enlarging H, we may assume that

Span{cj; , | g € G} — clHl

Cuy > (e y(M)nen

is injective.

Fix an ordering of the elements of H with the identity at the first place and define ;
to be the |H| x | H| matrix, whose (g, h)-entry is given by cgff(g)vi’ni (@)v; (h). Denote
by C (M) the column space of a matrix M. Then, C(£21) N C(£22) contains a nontrivial

vector from the identity element. Moreover, dim C(£2;) < dim Span{cz (&)vi, i ()vi |
geG})< ”12 As

Tev.r(gw®) =TT (v, 7T(gHv)
= (11 ()1 (v, T1(g)v1) + (M2 (M)ma(8)v2, T2 (g)v2)

. m T2

= Cr@um(@u () + Cr(g)v2,ma(9)vn (),
we have
dim Span{c7 ), (¢ | & € G} = rank(Q + Q)

=dim C (21 + 27)

< dim(C(£21) + C(§22))

=dim C(21) + dim C(27) — dim(C(21) N C(22))
< dim C(£21) + dim C(£27)

5n%+n%.
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The proposition follows.
]

We thank the referee for the simple proof of the proposition. For (7, V) as in Propo-
sition 4.10, we compute the spanning dimensions for two examples in the following
and the computation shows that the invariant

maéc{dim Span{r(g)v @ n(g)v | g € G}}
ve
depends on not only the degrees n| and n,, but also the structures of 71 and 5.

4.3.1 Gis Abelian

In this part, G is a compact abelian group. Let (571, V1) and (712, V2) be two irreducible
a-representations of G and m = m; @ mp. Then, 1> = 71 ® x, where x is a linear
character. Let v = v; 4+ vy be a frame vector for (7, V = V| @ V,), where v € V;
and vy € V;. Then,

C;(g)vﬂn(g)v(h) = (m(W)7(g)v, T(g)v)
= (m1(h)71(g)vi, T1(Qv1) + (m2(h)m2(g)v2, T2(g)V2)
=a(g. g H (g™, Wa(g™ h, &) ({1 (W)vy, v1) + (T2(h)v2, v2))

alg”' h)
= ey )+ X WL, )
As G is abelian, h +— Zgi;gl;’,’; is a character of G. Denote this character by A,. By

Sect.4.2 or [7, Section 3.2],

dim Span{i, | g € G} = (dim V)%

Hence,
dim Span{cg(g)vﬂ(g)v | ¢ € G} < dim Span{A, | g € G}
= (dim V})? < (dim V;)? + (dim V»)>.
Note that dim Span{cj;(g)v’n(g)v | g € G} = (dim V)2 if oty (h) + x (h)cp) o, (h) #

0 for all & € G, and this is true for infinitely many v € V.

43.2G=Deg

In this part, G = Dg is the dihedral group with 6 elements. Fix a presentation of G,
say

G={(a, b|la’=1,b>=1, ab=ba").
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Let p : G — U(C?) be the two-dimensional irreducible representation of G given by

1 0 0 -1 0
| = <0 1), a— (g {_1>, a (CO g)’
0 1 0 -1 0
b|—><1 0), baH<§ §O>’ bazr—><g_] )

Here, ¢ = ¢?™/3 Let v = (x y)’ € C? be a nontrivial vector. Let « = xx + yy, B =
ExI+¢~yyy = ¢ aT+¢y, 8 = Ty +ag,e = ¢ Ry +oayon = cxy+¢ .
Let €2, be the 6 x 6 matrix, whose (g, h)-entry is given by ¢ (h). Direct
computation shows that

(el ey

P
p(gv,p(gv

o By 8§ € n

a By n & €
Q_aﬂyenS
" la y B 8 n €
o vy B n € 4

a vy B € § n

Making the following operations rp — ry, ¥3 — 11, 5 — 4, 'e — '4, ¢4 + (¢5 + C6),
r4 — 11, T4 <> I3, 13 <> 12, I'e + 13, I's + 4, We obtain the matrix

o B y S+e+n € n
0 y—B B-v 0 n—e€ €—n
& = 0 0 0 0 §—e €—n
710 0 0 0 n—e 8§—n
0 0 0 0 €—n &—¢€
0 0 0 0 §—n n—¢

It is easy to see that rank 2, < 4. There are infinitely many v with rank Q, = 4;
hence, each of those v € C? is maximal spanning and the frame {p(g)v | g € G}
is phase retrievable (cf. [18, Conjecture]). For example, this happens if 8§ # y and
26 —e—n#0.

For 7 = triv@p : G — U@, let u = (w x y) € C3. Then,
dim Span{c;(g)u’ﬂ(g)u | ¢ € G} =rank A,, where A, is obtained from €2, by replac-
ing each entry z with z 4 ¢, and ¢ = ww is the constant from the trivial character.
Making the same operations as above on A,, we obtain the matrix

c+a c+pB c+y 3c+85+€e+n c+e c+n

0O y—-8B B-v 0 n—€ €—nq

A — 0 0 0 0 §—€ €—n
v 0 0 0 0 n—e §—n|’

0 0 0 0 €e—n &—¢€

0 0 0 0 8—n n—c¢
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whose rank is at most four. Hence,

dim Span{c7 ), 7o | 8§ € G} < 4.

The equality holds if for example 8 # y and 26 —e —n # 0.

Remark 4.11 There is no phase retrievable frame vector for the (i, C3) above. Indeed,
letv = (wx y)’ € C? be a frame vector for (77, C?), then w(|x| + |y|) # 0. Consider
the two vectors ¢ = (e 1 1)’ and ¢ = (3¢ 22)" € C3, where |e|?|w|?> = 3(|x|* +
[y + Xy 4+ x¥). Itis straightforward to check that |{¢1, 7 (g)v)| = |{¢2, m(g)v)| for
allg € G.
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