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Abstract

In this paper, the functional central limit theorem is established for martingale like ran-
dom vectors under the framework sub-linear expectations introduced by Shige Peng.
As applications, the Lindeberg central limit theorem for independent random vectors
is established, the sufficient and necessary conditions of the central limit theorem
for independent and identically distributed random vectors are found, and a Lévy’s
characterization of a multi-dimensional G-Brownian motion is obtained.
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1 Introduction and Notations

In the classical framework of probability theory, the expectation is a linear function
of random variables defined on a measurable space and the probability is an additive
function of events on this space. The sub-linear expectation is an extension of the
expectation by relaxing its linearity to sub-linearity, and it related probability, called
capacity, is non-longer additive. Under the sub-linear expectation, Peng [7-9, 11]
gave the notions of the G-normal distributions, G-Brownian motions, G-martingales,

This work was Supported by grants from the NSF of China (Grant No.11731012,12031005), Ten
Thousands Talents Plan of Zhejiang Province (Grant No. 2018R52042), NSF of Zhejiang Province (Grant
No. LZ21A010002) and the Fundamental Research Funds for the Central Universities.

B Li-Xin Zhang
stazlx @zju.edu.cn

1 School of Mathematical Sciences, Zhejiang University, Hangzhou 310027, People’s Republic of
China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40304-022-00294-7&domain=pdf
http://orcid.org/0000-0002-0121-0187

358 L.-X. Zhang

independence of random variables, identical distribution of random variables and so
on. Peng [9, 11] and Krylov [5] established the central limit theorem for independent
and identically distributed (i.i.d.) random variables. Zhang [16] obtained the Linde-
berg central limit theorem for independent but not necessary identically distributed
one-dimensional random variables as well as martingale like sequences. In this paper,
we consider the multi-dimensional martingale like random vectors. In the classical
probability space, since the convergence in distribution of a sequence of random vec-
tors X, = (X,.1,..., Xn,q) 18 equivalent to the convergence in distribution of any
linear functions ), ox X, x of X, by the Cramér—Wold device, the central limit the-
orem for random vectors follows from the central limit theorem for one-dimensional
random variables directly. Under the sub-linear expectation, due to the nonlinearity,
the Cramér—Wold device is no longer valid for showing the convergence of random
vectors. In this paper, we derive the functional central limit theorem for martingale
like random vectors under the Lindeberg condition. As applications, we establish the
Lindeberg central limit theorem for independent random vectors, give the sufficient
and necessary conditions of the central limit theorem for independent and identically
distributed random vectors and obtain a Lévy characterization of a multi-dimensional
G-Brownian motion.

We use the framework and notations of Peng [8, 9, 11]. If the reader is familiar with
these notations, the remainder of this section can be skipped. Let (€2, F) be a given
measurable space, and let JZ be a linear space of real functions defined on (2, F)
such that if Xy, ..., X, € € then ¢(X1, ..., X,) € S for each ¢ € C; 1;p(R"),
where C;,1;,(R") denotes the linear space of (local Lipschitz) functions ¢ satisfying

lp(x) —e| = CA+[x[" +yI™)|x —yl, Vx,y eR",
for some C > 0, m € N depending on ¢.

J€ is considered as a space of “random variables.” In this case, we denote X € J7.
We also denote the space of bounded Lipschitz functions and the space of bounded
continuous functions on R" by Cp 1, (R") and Cp(R"), respectively. A sub-linear
expectation E on . is a function E : # — R satisfying the following properties:
forall X,Y € 77,

(1) Monotonicity: If X > ¥ then E[X] > E[Y];

(2) Constant preservmg IE[c] =c

(3) Sub-additivity: E[X + Y] < IE[X] + E[Y] whenever E[X] + ]E[Y] is not of the
form +00 — 00 or —o0 + 00;

(4) Positive homogeneity: E[AX] = AE[X], A >0.

Here, R = [—00, 00]. The triple (€2, I, E) is called a sub-linear expectation space.
Given a sub-linear expectation E, let us denote the conjugate expectation EofE by

[}Q : —E[ X], VX € €. If X is not in 7, we define its sub-linear expectation
by E*[X] = inf {E[Y] X <Y € 2}. When there is no ambiguity, we also denote it
by E.
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After having the sub-linear expectation, we consider the capacities. Let G C F. A
function V : G — [0, 1] is called a capacity if

Vi@)y=0, V(Q) =1 and V(A) <V(B) YVACB, A,Beg.

It is called to be sub-additive if V(A UB) < V(A) + V(B) for all A, B € G with
A B € G.Let (2, 7, E) be a sub-linear expectation space. In this paper, we denote
(V, V) be a pair of capacities with the properties that

E[f1 <V(A) <E[g] if f<Ia<g,
f,g e and A € F,V is sub-additive (1.1)

and V(A) := 1 — V(A9), A € F.Itis obvious that V(A |J B) < V(A) + V(B). We
call V and V the upper and the lower capacity, respectively. In general, we can choose
V as

V(A) := inf(E[£] : [s < &,& € #)}, VYA e F. (1.2)

To distinguish this capacity with others, we denote it by V and ’17(A) =1- @(A). v
is the largest capacity satisfying (1.1).
When there exists a family of probability measure on (2, .%) such that

E[X]= sup P[X]=: sup fXdP, (1.3)
Pe? Pe?
V can be defined as
V(A) = sup P(A). (1.4)
Pe?

We denote this capacity by VZ, and V¥ (A)=1- v (A).
If Vi and V, are two capacities having the property (1.1), then for any random
variable X € J7,
ViX>x4¢€) V(X >x) <V (X>x—¢) foralle > 0and x. (1.5)

In fact, let f, g € Cp,1ip(R) such that I{y > x + €} < f(y) < I{y > x} < g(y) <
I{y > x — €}. Then,

Vi(X = x 46 <BIf (0] = Va(X = x) < Elg(X)] = Vi(X = x —e).
It follows from (1.5) that
ViX>x)=Vo(X >x) V(X >x)=Vo(X > x)
for all but except countable many x. In this paper, the events that we considered are
almost of the type {X > x} or {X > x}, and so the results will not depend on the

capacity that we have chosen.
Next, we recall the notations of identical distribution and independence.
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Definition 1.1 (Peng [9, 11])

(1) (Identical distribution) Let X; and X» be two n-dimensional random vec-
tors defined, respectively, in sub-linear expectation spaces (2, 1, E;) and

(Q, 76, Ez). They are called identically distributed, denoted by X 4 X, if

Eilo(X1)] = Ea[9(X2)], Vo € Cr1ip(R"),

whenever the sub-expectations are finite. A sequence {X,;n > 1} of random

variables (or random vectors) is said to be identically distributed if X; 4 x 1 for
eachi > 1.

(i1) (Independence) In a sub-linear expectation space (2, 7, IE), a random vector
Y=(,...,Y,Y; € His said to be independent to another random vector X =
(X1, ... m) X; € ji”underE if for each test function ¢ € C; L,p(R’”xR”) we
have ]E[<p(X )= E[Elp(x, Y)1|,_x]. whenever g(x) := Ellg(x, Y)|] < co

for all x and IE[|g0(X)|] < 00.

Random variables (or random vectors) X1, ..., X, are said to be independent if
foreach 2 < k < n, Xj is independent to (X1, ..., X¢—1). A sequence of random
variables (or random vectors) is said to be independent if for each n, X1, ..., X,

are independent.

Finally, we recall the notations of G-normal distribution and G-Brownian motion
which are introduced by Peng [8, 9]. We denote by S(d) the collection of all d x
d symmetric matrices. A function G : S(d) — R is called a sub-linear function
monotonic in A € S(d) if for each A, A € S(d),

G(A+A) <G(A) +G(A),
G(AA) = AG(A), VA >0,
G(A) > G(A), ifA=>A.

Her_e, A > A means that A_— Ais semi-positive deﬁni_te. G is continuous if |[G(A) —
G(A)] — 0 when [|[A — Alloc — 0, where |A — Alloc = max; jla;; — a;j| for
A= (aj;i,j=1,....,d)and A = (@;;;i,j=1,...,4d).

Definition 1.2 (G-normal random variable) Let G : S(d) — R be a continu-
ous sub-linear function monotonic in A € S(d). A cfl;diNmensional random vector
& = (&, ..., &) inasub-linear expectation space (fZ, H,E)is called a G-normal dis-
tributed random variable (written as & ~ N (0, G) under E), if forany ¢ € Cy 1;p(RY),
the function u(x, t) = E [(p (x + ﬁ&)] (x € RY, ¢ > 0) is the unique viscosity solu-
tion of the following heat equation:

1
o — 3G (Dzu) =0, u(0,x) =),
where Du = (du,i =1, ..., d) and D?u = D(Du) = (3,x;u); _,-
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Functional Shige Peng’s Central Limit Theorem:s... 361

That & is a G-normal distributed random vector is equivalent to that if & is an inde-
pendent copy of &, then

E[p@é +pE)] =E [w( a? + ﬂzs)] , VYo € C; Lip(R) and Yo, B > 0,

and G(A) = E [(§A, §)] (cf. Definition II.1.4 and Example II.1.13 of Peng [10]),
where (x, y) is the scalar product of x, y. When d = 1, G can be written as G(«x) =
ate? —ato?, and we write &€ ~ N (0, [02, 52]) if € is a G-normal distributed random

variable (c..f. Peng [11]).

Definition 1.3 (G-Brownian motlon) A d-dimensional random process (W;),>¢ in the
sub-linear expectation space (Q, 4 ]E) is called a G-Brownian motion if

) Wo=0;
(ii)) Foreach0 <t < ... <t, <t <s,

Vo € Cp ip(RP*ETD),
where & ~ N (0, G).

Let Cjo.00) = C[0.00)(R?) be a function space of continuous real d-dimensional
00

functions on [0, 0o) equipped with the supremum norm |x|| = > Supg<; <2i (|X (D) A
i=1

1)/2!, where | y| is the Euclidean norm of y. Denote by Cj, (C[o o0)) the set of bounded
continuous functions h(x) : Cjp,00) — R. As shown in Peng [8 10] and Denis
et al. [2], there is a sub-linear expectation space (Q %” ]E) with @ = C [0,00) and
Cb( ) C 7 such that E is countably sub-additive, (%ﬂ , E[|| II1) is a Banach space,
and the canonical process W (t)(w) = w;(w € 2) satisfies (i) and (ii). Further, there
exists a weakly compact family of probability measures &2 on (Q, ) such that

E[x] = max Ep[X] for X € A,

where %g is the Borel o-algebra on Q (c.f. Theorem 6.2.5 Proposition 6.3.2 of
Peng [10]). In the sequel of this pgper the G-normal random vectors and G-Brownian
motions are considered in (SZ ,E).

2 Functional Central Limit Theorem for Martingale Vectors

On the sub-linear expectation space (2, 77, E), we write 7, —d> n if E[‘P(ﬁn)] —
E [¢(n)]holds for all bounded and continuous functions ¢, 1, LV> nifV(n, —nl =€)
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— O forany € > 0, n, < n+ o(l) in capacity V if (17, — mt —> 0,7, > nin L,
if lim,, E[|nn —nl’1=0,and n, <n+o(l)in L,, if (9, —n)* — 0in L,. We also
write § <ninL, 1fIE[((§ —mMHP1=0,§=ninL, 1fE[|§ —n|P1=0, X <Yin
VifV(X —Y >¢)=0foralle >0,and X =Y inVifbothX <YandY < X
holds in V.

We recall the definition of the conditional expectation under the sub-linear expec-
tation. Let (2, 77, E) be a sub-linear expectation space. Let 4, 0 C ... C 9, 1, be
subspaces of .7 such that

(i) any constant ¢ € J%,  and,
(i) if X1,...,Xq € Hok, then 9(X1,...,Xq) € Hyy forany ¢ € Cppip(RY),
k=0,..., k.
Denote £ () = {X : E[|X|] < 00, X € J#}. We consider a system of operators in
L),

Epi : L) — L(H ).

Suppose that the operators En,k satisfy the following properties: forall X, Y € £ (J7),

@ Epi[X + Y] =X +Ex[Y1in Ly if X € 7, 4, and B, 4 [XY] = XTE, ([Y] +
X~ Enk[ Ylin Ly if X € 7,k and XY € L(H);

(b) E[ nk[X]] = E[X].

Denote E[X| 7, k] = Eqx[X1, EIX| 4] = —Ey k[~ X]. E[X|7 4] is called the

conditional sub-linear expectation of X given %, i, and [E, x is called the conditional

expectation operator.

Fgg a random vector X = (X], .. ';\Xd)’ we denote E[X] = (E[Xl], ... ,E[Xd])
and E[X |74, «] = (E[X1]|7% k] E[X4|54, k]). Now, we assume that {Z, x; k =
1,  kn } is an array of d- dnnenswnal random vectors such that Z, y € 77, and

E[|Zn k| ] < o0,k =1, ,ky. Let Dip;y = D 0,1](Rd) be the space of right
continuous d-dimensional functions having ﬁnite left limits which is endowed with
the Skorohod topology (c.f. Billingsley [1]) and 7, (#) be a non-decreasing function
in D[o’l](IR{l) which takes integer values with 7,,(0) = 0, 7,(1) = k. Define S, ; =
Zzzl Zn,k’

W (1) = Sn,r,,(l)~ 2.1

Then, W, is an element in Do, 1](Rd). The following is the functional central limit

theorem.

Theorem 2.1 Suppose that the operators En,k satisfy (a) and (b). Assume that the
following Lindeberg condition is satisfied:

k’l
D [(}Zn,k|2 - e)+ Wi,,k_l} L0 ve=0 2.2)
k=1

and
k

n e —~ V
> AELZy i k11| + |ELZn i Sk 111} — 0. (2.3)
k=1
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Further, assume that there is a continuous non-decreasing non-random function p(t)
and a non-random function G : S(d) — R for which

> B[(ZukA Zoi)| Hriet] = GA(0), A€S@.  (24)

k<7, (1)

Then forany0 =1ty < ... <ty <1,
(Walt), o Wat)) > (Wip ). .. Wp (). 2.5)

and for any bounded continuous function ¢ : Do 1) (R?) - R,

lim E[p (W,)] = E[p(W o p)], (2.6)
n—>0oo
where W is a G-Brownian motion with W (1) ~ N (0, G) under IE, and W o p(t) =
W (p()).

The proof of this theorem will stated in the last section.

Remark2.2 LetG,(A,t) = stfn([) E [(Z,,,kA, Z, k) |%,k—1]~ Itis easily seen that
G, (A, 1) : S(d) — Risa continuous sub-linear function monotonic in A € S(d). So,
G is a continuous sub-linear function monotonic in A € S(d). Without loss of gener-
ality, we assume G (Iyx4) = 1 for otherwise we can replace p(t) by G(Igxq)p(2). It
is obvious that

Gu(A 1) = Gu(A. )| <dIlA—Alloo Y E[(Zuk. Zui)| k1]
k<7, (1)
= d||A = AllocGn(I, 1)

It follows that |G (A) — G(A)| < d||A — A||s. Then, it can be verified that (2.4) holds
uniformly in A in a bounded area, and G (A) is continuous in A € S(d).

Remark 2.3 When d = 1, (2.4) is equivalent to

N v

> EIZy k] = p(t). t€[0.1] 2.7

k<t,(t)

and > &[22, Hiet] > rp(0), 1 €0, 11. 2.8)
k<7, (t)

The condition (2.7) is assumed in Zhang [16]. But, (2.8) is replaced by a more stringent
condition as follows,

kn
2
k=1

= = v
rELZ; (| A k1] — ELZ; (| Hri—1]| = O.
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As shown in Remark 3.2, (2.7) and (2.8) cannot be weakened furthermore.

3 Applications
3.1 Lindeberg’s CLT for Independent Random Vectors

From Theorem 2.1, we have the following functional central limit theorem for inde-
pendent random vectors.

Theorem 3.1 Let {Z, x;k = 1,...,k,} be an array of independent d-dimensional
random vectors,n = 1,2, ..., and 1,(t) be a non-decreasing function in D[O,l](Rl)
which takes integer values with 7,(0) = 0, t,(1) = k. Denote W,(t) =

Zkgr,, ) Z, k. Assume that

K
Y E [<|Z,,,k|2 = e)+i| 0 ¥e>0 G.1)
k=1

and

K
> {IBIZu ]l + E1Znsl} — O. 3.2)
k=1

Further, assume that there is a continuous non-decreasing non-random function p(t)
and a non-random function G : S(d) — R for which

> E[(ZukA. Zug)] > G(A)p(1), A €S@). (3.3)

k=<7, (t)

ThenforanyO =ty < ... <tg <1,
d
(Wt Wat)) = (W), ... W(p (). (3:4)
andfor any continuous function ¢ : D[o,l](Rd) — Rwith|p(x)| < Csup,¢o 1 lx (),

Jim Elp (W)l =Elp(W o p)]. (35)

where W is G-Brownian motion on [0, 0o) with W (1) ~ N (0, G) under E. Further,
when p > 2, (3.5) holds for any continuous function ¢ : D[o,l](Rd) — R with
lp(x)| < Csup,co1) [x(@)P if (3.1) is replaced by the condition that

kn
ZE Z,k|"] (3.6)
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Proof For a bounded continuous function ¢, (3.5) follows from Theorem 2.1 for the
functional central limit theorem of martingale vectors. For continuous function ¢ :
D[o,l](Rd) — Rwith |p(x)| < C SUpP;e(0,1] |x(¢)|?, we first note that (3.1) is implied
by (3.6) for p > 2. Since (3.5) holds for bounded continuous function ¢ and

+
lp(x) = (=N) Vo(x) AN| < (C sup |x(n)|” — ) ,

tel0,1]

it is sufficient to show that {ma}(x | > k<i Zn k|, n > 1} is uniformly integrable, i.e.,
L=Kkp -

; +
1
P
z ’ -N] | =0 37
N—o0 n— o0 ifkn ]; n’k ) ( )

lim lim sup]E (max

under the conditions (3.2), (3.3), (3.1) or/and (3.6). For showing (3.7), it is sufficient to
consider the one-dimensional case. Let Y, x = (—=1)VZ,xAland Y,k = Zp ik — Yn k-
Then, the Lindeberg condition (3.1) implies that

kn kn kn
S BTl = Y B[(1Zual - 1)) = ZZE[ Zuil=1/2)"] > 0. 338)
k=1 k=1
It follows that ;
> Bl + 1€Y1} — 0. (3.9)
k=1
by (3.2). Also, it is obvious that
k)l kﬂ
D EYail1 <) ElYy] < ZE[Z K =0(),vg =2. (3.10)
k=1 k=1

By the Rosenthal-type inequality for independent random variables (c.f. Theorem 2.1
of Zhang[14]),

ki kn q/2
[maX‘ZYnk’ :| =G ;E[lYn,qu] + (;E[Ynzk])
% q
+ (Z (@[ Vil +1E] nk]|>) <C, (A

k=1

@ Springer



366 L.-X. Zhang

+
p
B N)
i 2p
n,k‘ —0.

For ?,,,k, by the Rosenthal-type inequality for independent random variables again,
we have

by (3.9) and (3.10). It follows that

i
Z Yn,k
k=1

lim lim supE max
N—>0o p—o0 i<kn

< lim limsup N~ ]E|:max

N—0o p—soo i<k

k
kn kn r/2 kn 4
<Gy E[|?,l,k"]+<z@[|?n,k|z]> ( (B D™ + EWil) ™ ))
k=1 k=1 k=1
kn r/2 kn p
[ El(1Zutl” = D'+ (ZE[(Z,%_k - 1>+1) + (Zﬁmzn,k - 1)*]) }
k=1

k=1

by (3.8) and the condition (3.1) (and (3.6) when p > 2). Hence, (3.7) is proved. O

Remark 3.2 When d = 1, the condition (3.3) is equivalent to

Y ElZ20— p@). tel0.1], (3.12)
k<1, (t)
Y &z rp@). tel0.1]. (3.13)
k=<7, (t)
Suppose that {Z, ; k =1, ..., k,} is an array of independent random variables with

ElZ,x]=E€1Zyx] =0,k =1, ..., k,,and the Lindeberg condition (3.14) is satisfied.
If (3.4) or (3.5) holds, then as shown in the proof of Theorem 3.1,

> EIZ2 ) =EIW20)] — EIW (o))l = p(0),
k<k (1)

> Ezy 1= EW (0] — EIW (p()] = rp(1).
k<kn (1)

So, the conditions (3.12) and (3.13) cannot be weakened furthermore.

Corollary 3.3 Let {X,, k, k=1,...,k, }be anarray of independent random variables,
n=12,....Denotec k = E[Xn ol an = E[X k]andB2 Zk IEn - Suppose
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Functional Shige Peng’s Central Limit Theorem:s... 367

that the Lindeberg condition is satisfied:

kn
%ZE[(X —EB) i|—>0 Ve > 0, (3.14)

and further, there is a constant r € [0, 1] such that

m 2 m =2
e
gk 1_"k — r, as long as k, > m — oo with liminf¥ >0, (3.15)
1Tk "
X ix
Y IE n,g]|+| Xuill} (3.16)
n

Then for any continuous function ¢ with |p(x)| < Cx?,

PN X\ s
,,ll)“;oE [90 (B—)} = E[p()], (3.17)

where & ~ N (O, [r, 1]) under E.

Proof Let Z,x = Xux/Bn, k =1, , k. It is easily seen that the array {(Zn i k=
, ky} satisfies (3.1) and (3.2). Denote B20 =0, Bn 0= Zf 1 a .. Define the
funct1on 7,(t) by
e p2 2 2 2 _
(1) =kif By /B, <t < By ;.1/B,, and1,(1) =k,.

From the Lindeberg condition (3.14), it is easily verified that

maxy gﬁ k maxy Eﬁ X 0
By T B} '
It follows that
B? maxy o2
n,7u (1) n,k
Z E[Zn k] B2 o ‘ = BZ O’
k<7, (1) n n
and 7,,(t) = oo if t > 0. By the condition (3.21), we have
2 2 2
Srv2 _ Zkfrn(t) gnyk _ Zkf‘[n(t) gn,k Bn,Tn(l)
Y EIXg = = ! = rt.
’ B: S ier G2, B?
k=<7, (1) <7, (t) “ n,k n

So, (3.12) and (3.13) are satisfied with p(¢) = ¢. Hence, (3.23) follows from (3.5).
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It is easily seen that (3.15) is implied by the following condition of Zhang [16],

kn —2 2
pIy TOwk — Tnk
2
Bn

— 0. (3.18)

Zhang [16] also showed that the condition (3.18) cannot be weakened to

k
2l Qn k
=2
an 190,k
However, the following theorem shows that if we consider a sequence of independent

random variables instead of arrays of independent random variables, then the condition
(3.15) can be weakened to (3.19).

= (3.19)

Theorem 3.4 Let {Xy; k =1, 2, ...} be a sequence of independent random variables.
Denote E,% = E[X,%], gi = E[X,%], B,% =i c?,% . Suppose that the Lindeberg
condition is satisfied:

n

~ +
E [(x,% - 632) } 0 Ve >0, (3.20)

and further, there is a constant r € [0, 1] such that

n 2

%k lg,; — r, also, (3.21)
k=19

. {|]E[X;]| +Exdl} (3.22)

Then for any continuous function ¢ with |¢(x)| < Cx2,

lim E [w (%)} = Elp®)], (3.23)

n—o0

where & ~ N (O, [r, 1]) under E.

Proof Obviously, since (3.21) implies (3.15). O

3.2 CLT fori.i.d. Random Vectors

Now, we consider a sequence {Xy; k = 1,2,...} of independent and identically
distributed d-dimensional random vectors, and let S = pq Xk
Ifwelet Z, x = Xi//n, k=1, , n, then (3. 1) is equlvalent to thatIE[(|X1|2
o)f] = 0asc — oo, (3.2) is equlvalent to that ]E[X ] = E[ X1] =0, and (3.3)
is automatically satisfied with G(A) = E[(X 1A, X1)], p(¢) =t and 1,,(¢t) = [nt]/n.
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From Theorem 3.1, we obtain Peng’s central limit theorem (c.f. Theorem 2.4.4. of
Peng (2019)).

Corollary 3.5 Suppose E[(|X1]> — ¢)*] — 0as ¢ — 00, E[X ] = E[-X 1] = 0. Let
G(A) = E[(X1A, X)]. Then,

_ S, -
1im B [<p (%)} =E[p®)]. Vo e C®Y, (3.24)

where & ~ N (0, G).

The next theorem gives the sufficient and necessary conditions of the central limit
theorem for independent and identically distributed random vectors. For a random

vector X = (X1, ..., X4), we write X© = (X{C), . ..,Xff)), where Xi(c) =(—c)V
(Xi/\c),iZ 1,...,d.

Theorem 3.6 Suppose that
(i) lim E[|X1|? A c] is finite;
c—> 00
(i) x>V (X1| > x) = 0asx — oo;
(iii) hm E[X( )] = lim IE[ Xic)] =0;
cC—> 00
@iv) The limit
G(A) = lim E[(XﬁC)A, X(f))] (3.25)
c—> 00
exists for each A € S(d).
Then for any bounded continuous function ¢ : D[o,l](Rd) — R,

lim & |:(p (SJ[—H]H =Elow)], (3.26)
n— 00 n

where W is a G-Brownian motion with W1 ~ N(0, G). In particular, (3.24) holds
with where & ~ N (0, G).
Conversely, if (3.24) holds for any ¢ € Cp Li p(R ) and a random vector & with
2V (J&] = x) = 0as x — oo, then (i)-(iv) hold.

Remark 3. 7 If E[(|X1 |2 —0o)t] - 0as ¢ — oo, then @), (11) and (1v) are satisfied,
G(A) = E[(X]A X1)], and (iii) is equivalent to E[X]] = IE[ X 1] = 0. Also, if
Cy(]X1]?) < oo, then (i), (ii) and (iv) are satisfied. R

For the one-dimensional case d = 1, (iv) is equivalent to lim E[X % A c] and

c—> 00

lim £[X % A c] are finite which are implied by (i). In general, we don’t know whether
c—> 00
(iv) can be derived from (i)-(iii) or not.
Proof When d = 1, this El\leorem is proved by AZhang [15] (c.f. Theorem 4.2), where

it is shown that lime_, oo E [ X¢] and lim¢_. oo E [~ X¢] exist and are finite under the
condition (i). Note

IE[(X5A, X$)] —E[(X5A, X)]| < 1A —AE[X:* A (dcH)].
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Itis easily seen that if the limit in (3.25) exists, then it is finite and G (A) is a continuous
sub-linear function monotonic in A € S(d). We first prove the direct part. Let Y, x =

JLZX,(CW). By (i)-(iii) we have that

iﬁ[wn,nz]: B[[XY"F] <B[1XiP A @] = co, (3.27)

n
SOEIY,LiI7] < 2B [1X0 P A @)+ dnV(X)| Z ev/) — 0, Vp =2
i=1

(3.28)

as n — oo and then ¢ — 0, and

n

> (B il| + [E1-Y.,.41)

i=1

= lim i (B - Bix|

+ |Br-x (Y"1 - Br-

)

<2211m [|X1l|/\(cf) \/_)]

< 22%(@;{)@ (%031 A ev/m) = xva) |+ B[ (X141 A v = V)]

d (hm ]E[X A (c?n)]

=22

+xnV (1X1,i| = \/ﬂ) -0 (3.29)
x

as n — oo and then x — oo. Further, by (iv),

[nr]
S E[(YaiA Yoi)] = [m]JE[(Xﬁﬁ)A, Xﬁﬁ))] - G(A).

Denote W, (t) = ["t] 1 Y.k By Theorem 3.1, for any bounded continuous function

©: D[oﬁ]](Rd) — R, R ~
nll)HgoE [ (W] =E[p(W)]. (3.30)

Note

T /S, _
‘E[(p < Jz])} ~ Rl (W,)]

n Xk
<suplp(x)| ) V <— 7 Yn,k)
x ]; ﬁ
<suplp@)[nV (|X1| = v/n) = 0.  (3.31)
(3.26) is proved.
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Now, suppose that (3.24) holds. By (3.24), for each element X;; of X; =
X1.1,..., X14),i =1,...,d, we have

lim & [w (Zh%)] — BlpE)]. Vo e CL®).
n—00 n

By Theorem 4.2 of Zhang [15], lim I/Ef[X2 - A ] is finite, x2V (|X1,l~| > x) — 0 as

x — o0, and lim IE[X( )] = hm E[ (C?] = 0. So, (i)-(iii) are proved.

c—> 0 ’ c—>00

At last, we show (iv). Let Y,  be defined as above. Then, (3.27)—(3.29) remain
true. Let T, , = ka=1 Y r,1 <m<nand T, = T, . Then, similar to (3.11), we
have

maxE[|Tn|1’] < maxﬁ[max |Tn,m|l’] <Cp. Vp=2.
n n m<n

Hence,
{|T,,|p; n> 1} is uniformly integrable for any p > 2. (3.32)

On the other hand, by (3.24) and (3.31),
lim Efp (T =E[e®]. Vo e LR (3.33)
Choosing ¢(x) = |x|P A ¢ yields
Bllg1” Acl= lim B[|T,7 nc] < mr?xﬁf[ﬂnl”] <C,.

Hence, ~
lim E[|§]” A c] < C,, is finite for any p > 2. (3.34)
c—> 0

Let G (A) = [(E(C)A, g“‘))]. Note, for a > b,
(€A, 89) = (V4,60 < 14106« + 18P 1g@ — )

It follows that

G - 6P )
< a1 (E[0g 1 +15217]) (B Z(skm —y) (3.35)

3, 3\
< C|A| (E[mz A (daz)])m (M) ~ 0asa > b — oo,

by (3.34). It follows that

G:(A) = Cli)ngo Géc) (A) exists and is finite.
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Now, choosing ¢(x) = (x©A, x©Y in (3.33) yields

lim E[(T(”)A T(C))] = G (A).

n—o0

Note that [(T, A, Ty — (T} A, )| < 2/ A|- [T, PI{IT,| > ¢}, and (T, %, n > 1)
is uniformly integrable by (3.32). Letting ¢ — oo in the above equation yields

lim E[(T,A, T\)] = Ge(A).

n—oo

On the other hand, note

n

(T, A, Ty) Z nkA Y0 k) 2 (Tui 1A, Y og).
k=1 k=1

Since

d
El(x. X)] <Y O EX] +x, BI-X;]) < 20x|(IE[X]] + [E[-X]]).
i=1

we have

E [i Y (ThiiA, Yn,k>} <2 ENTu 1 AN(IELY 5 41l + =Y, 411)

k=1 k=1

< CY (B il + [E[-Y, 1]]) — 0.
k=1

It follows that

n

E[(ToA. Tn)] = Y E[(YuxA. Yo )]
k=1
n

=E[(T,A. T)] - E[ Y (YaxA. Yui)] = 0,
k=1

where the inequality is due to the independence of (Y, xA, Y, i),k =1,...,n. We
conclude that

E[(X YA, XY")] = Y E[(YasA Yai)] > Ge(A).
k=1
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Similar to (3.35), for /n < b <a < +/n + 1 we have
E[x@A, X -E[(x"a, x)])

< A1 (E[x (1 +1x17]) (B Z(X%Ma ~m#)”

d

< clal( Yo+ vv(xil = vi) o,

k=1

by (i) and (iii). Hence,

lim E[(x94, X)] = tim B[(xV" 4, xV")] = G¢(4), A eSW@).

c—>00 n—o00

(iv) is now proved. O

3.3 Lévy’s Characterization of G-Brownian Motion

At last, we give a Lévy’s characterization of a multi-dimensional G-Brownian motion
as an application of Theorem 2.1. Let {J77; t > 0} be a non-decreasing family of
subspaces of 7 such that (1) a constant ¢ € J and, 2) (X1, ..., Xy) € J4
whenever X1, ..., X,Le 7 and ¢ € Cyip. We consider a system of operators on
L) ={X € H; E[|X]] < oo},

B, : L) — L)

and denote E[XL%?] = E[X], g[leﬁ] = —E[—X]. Suppose that the operators E
satisfy the following properties: for all X, Y € £ (77),

() E[X+Y]=X+E[Y]inL,if X € 7, and E,[XY] = XTE,[Y]+ X E,[-Y]
inL;if X € 7 and XY € L(H);
(i) E[E/[X]] =E[X].

For a random vector X = (X1, ..., X4), we denote E,[X] = (EI[XI], .. .,E[Xd]).

Definition 3.8 A d-dimensional process M, is called a martingale, if M, € £ (%)
and

EIM,| ] = My, s<t.
Denote
Wr (M, §) = S;}PE[J;‘?; IM(t) — Mt A1],
where the supremum sup is taken over all #;s with

4

O=n<ti<---<ty=T, §/2<ti—ti-1<6,i=1,...,n.
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The Lévy characterization of a one-dimensional G-Brownian motion under G-
expectation in a Wiener space is established by Xu and Zhang [12, 13], Gao et al. [3],
Lin [6] and Hu and Li [4] by the method of the stochastic calculus. The following
theorem gives a Lévy characterization of a d-dimensional G-Brownian motion.

Theorem 3.9 Let M, be a d-dimensional random process in (2, 7, 74, E) with
My=0,

forallp > 0andt >0, Cy(|M;|P) <00 = E[|M,|p] < 0. (3.36)

Suppose that M, satisfies

(I) Both M; and —M; are martingales;
(IT) There is a function G : S(d) — R such that (M;A, M,) — G(A)t is a real
martingale for each A € S(d);
{II) Forany T > 0, lims_o Wr (M, 5) = 0.

Then, G (A) is continuous and monotonic in A € S(d), and M, satisfies Property (ii)
as in Definition 1.3 with M| ~ N (0, G).

Proof By (II), G(A)t = IE[(M;A, M)].So, G(A) ismonotonicin A € S(d). With the
same argument as in 2.2, |G(A) — G(Z)| <d|A —XHOOG(I). So G(A) is continuous
in A € S(d). Note thatf[*f[((Mt —MH)A, M, —M)|]=GA)(t—s5s)0<s <1)
by (I) and (I). In particular, ﬁE\[M,,k — Ms’k)2|<%‘§] = okz(t —5) (0 < s < t) for some
o > 0. By Lemma 5.7 of Zhang [16], we have foreachk =1, ...,d,

E[|Mx — My 1|P] < Cy(IMy g — Mg il?) < Cpt — )P, 1>5>0, p=>2.

For Property (ii) in Definition 1.3, itis sufficient to show that forany 0 < #; < --- < ¢,
and ¢ € Cp,ip(RP),

EloM. - M )] =E[pW,.....W,)]. (3.37)
Without loss of generality, we assume 0 < 1] < --- <1ty < 1. Let
ky=2", Zyx = Mypn — M1y, Hx=Hipm, k=1,... ky,
and 7, (1) = [12"]. Then, BIZ,, k|- 7411 = B[~ Zy | #5411 =0,

~ 1
E{Z, kA, Z,, )| k—1] = G(A)E’

kﬂ - 2" 1 3/2 C
Y ENZuiP1=C Y (5)" = 55 — 0.
k=1 k=1

Hence, the sequence {Z, x, 7%, i} satisfies the conditions (2.2)-(2.4) with p(t) = t.
Let W, () be defined as in (2.1). By Theorem 2.1, (W, (11). - . Wp(t,) >
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Wyt W,p). On the other hand,
A%
(W) —M;| = |M; — Mpnon| — 0.

So, (3.37) holds for all ¢ € Cp Lip (R?*P). The proof is now completed.

4 Proofs

For the capacity and sub-linear expectation, we have the following lemma.

Lemma 4.1 We have

() ifX <Y inLp,then X < YinV,

) ifX<YinVand E[(X —=Y)")P] <oo,then X <Y inL qgfor0 <gq < p;

) ifX <YinV, f(x)isnon-decreasing continuous function andV(|Y| >M)— 0
as M — oo, then f(X) < f(Y)inV; R R

“4) ifﬁz LX,Y>0inL,, X <YinL,, then E[X?] < E[Y?];

(5) if E is countably additive, then X <Y in'V is equivalent to X <Y in L, for
any p > 0;

(6) if X = 0in Lp, then X, — 0inVandin Ly for0 < q < p;

@ if X, > 0inVand E[|X,|P] < C < o0, thenX — 0in Ly for0 <gq < p.

Properties (1)—(5) are proved in Zhang [16]. By noting

B[ X,|?
V(X,| =€) < — s €> 0,
€

[ Xnl? < €14 €97P|X,|P, and 1@[|X,,|q] <el+ eq_pﬁ[|Xn|p], (6) follows. For (7),
note that
E[|X4|?]

ElX,1] < €7 + cIV(X,| = €) + ———,
cP—q

the result follows.
__The following lemma gives the properties of the conditional expectation operators
E, .
Lemma4.2 [16] Forany X,Y € £(J), we have
@ Epxlcl = cin Ly, Eyx[2X] = AE, 4[X]in Ly if » > 0;
® EnalX] < EuxlYin Ly if X <Y in Ly;
(©) Erz,k[xl_ IE:n,k[Y] ; IE:n,k[X —Y]in Ly;
(d) Eni [[EnalX1]] = Enank[X1in Ly; _
(e) if|X| < M in Ly forall p > 1, then |E, x[X]1| < M in L, forall p > 1.

To prove functional central limit theorems, we need the following Rosenthal-
type inequalities which can be proved by the same argument as in Theorem 4.1 of
Zhang [16].
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Lemma 4.3 Suppose that { X, ;} are a set of bounded random variables, X, x € 7, k.
Set So =0, Sk = Y5, Xp.i. Then,

2 kn
ﬁﬁ[(mxmﬂ -~ Sk>> |ﬁfn,o} < E[Zﬁﬁ[xik%,k_l](%o] inLy, (4.1)
—="n k:]

when E[Xn,k|%;,k—1] <0inLi,k=1,...,ky In general, for p > 2, there is a
constant Cp, such that

E[ S”%]
@flkl\ 7.0

ky kn
<G, {E [Zﬁnxn,uﬂ%,kq]\%,o} +B [(ZE[X,%,,(%J{_I])”T%,O}

k=1 k=1

+E [{ i ((E[Xn,kL%z,k—l])Jr + (g[Xn,kI%’?q,k—l])_> }p)%’i,o] } inlLj.

k=1
4.2)

The following lemma will be used in the proof of the convergence of finite-
dimensional distribution (2.5).

Lemma 4.4 [16] Suppose that the operators En,k satisfy (a)and (b), X, € Hy p C H
is a di-dimensional random vector, and Y ,, € ¢ is a dy-dimensional random vector.

Write 7y, = 6, k. Assume that X, 4 X, and for any bounded Lipschitz function
p(x,y): Ry @Ry, — R,

B[ [Blow. Y11 - Bloee 11| - 0, v,

v’ghere X, Y aretwo ranglvom vectors in a sub-linear expectation space (2, €, IE) with
VX >X) = 0and V(||Y|| > L) = 0as A — oo. Then

(X, ¥,) % (X.7),

where Y is independent to X X LXandV L.

Proof of Theorem 2.1 Without loss of generality, we assume that |Z, x| < €,, k =
1,...,k,, with a sequence 0 < €, — 0, §, = Zi"zl BUZ i 2 x-1) < 20(1)
in Ly, and xi, = Y0 {1EIZy k|- # k—111 + |E1Z 1| H k-111} < 1in Ly (c.f. the
same arguments at the beginning of the proofs of Theorems 3.1 and 3.2 of Zhang [16]).
Under these assumptions, the property (g) of the conditional expectation implies that
all random variables considered above are bounded in L, for all p > 0, and then the
convergences in (2.3) and (2.4) all hold in L, for any p > 0, by Lemma 4.1.
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We first show that for any » > 2, there is a positive constant C, > 0 such that

E [fn(s)?z?ﬁfn(z) 1Sk — S| L%el,rn(x)} <C, inL,, (4.3)

E [fm)ré‘?;‘f,,(z) |Snk = Snzio)| !%,f,,m} < Cr(p(t) = p()* +0(1) in Ly,

4.4)

E[Sn00) = S| Hnrai] = 0 in Ly, 4.5)

E[Snuutty = Snta9)| ()] = 0 in L, (4.6)
E [<(Sn,rn(r> = Sntu() A Sni (1) — Sn,rn<s>>‘%’?w<s>]

— G(A)(p(1) — p(s)) inL,, VA €S), 4.7)

forany 0 < s < tand p > 0. Further, (4.7) holds uniformly in A € S(d) with |A] < c.
For (4.3)—(4.6), it is sufficient to verify the one-dimensional case. For (4.3), by
Lemma 4.3,

E[ max }Sn,k - Sn,rn(s)’r |jﬁt,fn(5):|

Tn (8)<k=<7y (t)

7, (1)
=CAE| Y BUZusl Wkl
k=1, (s)+1
R 7, (1) R r/2
+B| (Y BUZulPs) [
k=1,(s)+1
7, (1)
~ o~ o~ r
Bl Y (Bizoslas + 820tk ) [ Ao
k=1,(s)+1
% (1) 72
ro27 = = 2
< Cr{én E [5k,,)«%’il,r,,(s)] +E > ElUZukl 4] ’%z,rn(s)
k=1, (s)+1
+E [X;;l ‘«%’Z,rn(s)] } (4.8)
<c {2,0(1) + o) ? + 1} inLi.
Note that the random variable max [Snk — Sn,z,(s) 1s a bounded (< (7, (1) —

T ($) <k =<7, (1)
71 (s))€,). By the property (2) of En,ks EI: max ISn,k - Sn,r,,(s)V‘%z,r,,(s):I is
Tu () <k=<7, (1)
bounded in L, for any p > 0. Hence, by (1) and (2) of Lemma 4.1, (4.3) is proved.
By this inequality and Lemma 4.1, it is sufficient to consider the case of p = 1 for
(4.4)—(4.7).
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It is easily shown that
El£Z, 11 7.1) < |BIZo 76 41| + [E1Z0 x| 5 41| in L1

Then,

T (1)
B+ Sunn —Saw) = 3 IE[Zn,kI%,ul+Is[zn,kl-%,u\ffn,w}
k=t,(s)+1

Tn (1)
=B\ Y (%2~ [BiZukl k)| — [E1Z0 il 0 k1) A1 || o
k=1,(s)+1
R PERIGS _
<EIB[ Y (% 2ok~ [BlZusloil| - [E1Zil s} Hoesm1 | o
k=t,(s)+1
T, (1)—1
=B| Y {* Zuk — [BLZakl Akl — |E1Z0 k1 641)| o
_k='rn(s)+l

<...<0in L.
It follows that

E[+ (Snt) = Snras)) [ #onzao)]

T, (1)
<E| Y [ElZuxl x| + |E1Z0 k) 0 k)| s o) 4.9)
k=1, (s)+1
5@[)(]% n,rn(s)] — 0in Ly,

which implies (4.5) and (4.6).
For (4.7), we first note that

T (1)
> B[{ZusA Zui) k| > GA(p0) = p@)in L, (410)
k=1,(s)+1

for any p > 0, by condition (2.4). Without loss of generality, we assume s = 0, = 1.
Note

k)l

(Sk, A, Sk,) = Y E[(ZurA, Zni)| k1]
k=1

kn
—Z( Zu kA Zui) = B[ (ZosA Z0i)| s ]) 42 (Suko14s Zos),
k=1

E[£(Suk—14, Zni)| #i—1]
<218 k1 AU E [Zn k| i1 ]| + [E[~Zni| 0 x—1]|} in L.
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And then

kn
E |:i (Z(sn,k_lA, Zn,k>> %,o}

k=1
kn
E [Z 1Skt AL{|E [Zn k| o k—1]] + |E[Znk] #k-1]|} |%,0} in Ly,

k=1

similar to (4.9). It follows that

o
[ Sk, A, Sk,) Z Zn i A, Zni)| A 1-1] ‘%,o]

<2E [an max |sn,kA|‘L%§1,o] inL.
k<k,
Taking the sub-linear expectation yields

g |

= 2T 2 V2 = 2\'/?
< 28 i, max|8,.441] <2 (E[xk,,uﬁ:[kmjg 1S4 Al 1) =c(Bud) " —o.

kn
E[ (Sk, A, Sk,) Z Zn kA, Zni)| A k1] ’%’ﬁ,o]
k=1

by (4.3) and the fact that x4, — 0in L. By noting (4.10), we have

B[[B[(S,4. S,) — Gao()| #0]|] = 0.

(4.7) is proved. By the same argument as in Remark 2.2, (4.7) holds uniformly in
A € S(d) with |A] < c.

For (4.4), it is easily seen the first and the third terms in (4.8) converge to 0 in
L1, and the second term converges to (p (1) — ,o(s))r/2 by (4.10). And hence, (4.4) is
proved. The proof of (4.3)—(4.7) is completed.

Now, let ws(x) = sup|,_g s/ sefo,17 1 (#) — x(s)|. Assume 0 < § < 1/10. Let
O0=1t9<t;...<tg =1suchthatty —t,_1 =6, and let tx 4| = tg4+2 = 1. For any

@ Springer



380 L.-X. Zhang

€ > 0, it is easily seen that

limsupV (ws (W) > 3¢)

n—0o0

K-1
< limsup 2 Z V( max |8y ¢,¢5) — St = 6)

n—00 s€lfk k421

n—00 SE[ Ik, tr+2]

5 Z im supE[ max |Sn,,n(s) - S,,,fn(,k)|4:|
=0
—1

Cp(l
- (P(tk+2)_;0(tk))2§ PO up o) - p(s)]
S— € |t—s]|<28

IA

by (4.4). It follows that for any € > 0,

11rn limsupV (ws (W,,) >¢€) =0. 4.11)

=0 p—soo

Hence, the sequence {W,(-); n > 1} is tight, and so, for (2.6) it is sufficient to show
(2.5) (c.f. [1, 16]). Note that (2.5) is equivalent to

(S”,Tn(fl) - Sn,r,,(to)v e S”;Tn([d) - Sn,r,,(td,l))

= (W) = W), ... Wip) = W(p(ta-1) ).

By Lemma 4.4 and the induction, it is sufficient to show that forany 0 < s < < 1
and a bounded Lipschitz function ¢(u, x),

E[|E[p(. Snrui) = Snu)|H o] — E [0, W(p@) = W(ps))][] — 0.

4.12)
For showing (4.12), without loss of generality we assume s = Oand ¢ = 1, |p(u, x) —
e, y) <|x =y, e, x)| <1.Let V(¢t,x) = V*(t, x) be the unique viscosity
solution of the following equation,

1
V" + EG(DZVM) =0, (t,x) €[0,0+h] xR, V*|i=gsn = @(u, x),

where o = p(1) — p(0). Without loss of generality, we assume that there is a constant
€ > 0 such that

G(A) — G(A) > tr(A— A)e forall A, A € S(d) with A > A, (4.13)

for otherwise we can add a random vector € - E[Iln,k|2|%,k_1]f;'n’k to Z, k, where
&, has a d-dimensional standard normal N (0, I;x¢) distribution and is independent
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0Znt,..osZnks&y 155 &, k1. Under (4.13) by the interior regularity of V* (c.f.
Theorem C.4.5 of Peng[10]),

”Vu”C1+"‘/2'2+a([0,p+h/2]><]Rd) < 00, for some a € (0, 1) (414)

According to the definition of G-normal distribution, we have V (7, x) = VE(t, x) =
[(p(u x+Jo+h—té )] where &€ ~ N (0, G) under E.In particular,

V(h,0) = E[pu, yo&)]. V(e+h, x) =g, x).

|V([,x)—V([,y)| < |x—y|, [V(t,x)—V(s,x)| < t|]E[|§|]
Ve +h—z+¢g+h—s

(4.15)

By (4.15), |V (0+h, x) — V(0. x)| < VAE[|£]]and |V (h, 0) — V (0, 0)] < VAE[|£[].
So, for (4.12) it is sufficient to show that

EHE[V(Q, Si)| Aol — VO, O)H - 0. (4.16)

By (4.15) again and (4.14), for all (¢, x) € [0, 0 + h/2] X RY,
IDV(t,x)| < C, |;V(t,x)| <C, |D*V(t,x)| <|D*V(0,0)] + C|x|* < C + Clx|".

For an integer m large enough, we define ; = i/m, Y, ; = Su,¢;) — Snt.(i_1)»
5 = =p@), T, = Z’FI Y, ;. i =1,...,m. Applying the Taylor’s expansion yields

V(e. Sr,) — V(0,0)
m—1

=Y AWVGit1, Tiy)) = VG, Tix) + VG, Tig1) — V&, T
i=0

m—1

=: Z {I,’l +J,’;], with

i=0

. ~ ~ ~ ~ 1 ~
Ty =0, V(&i.Ti)(8it1—68)+(DV(©i. Ti). Y1)+ §<Yn,i+lD2V(5is Ti),Ynis1)
={3zV(5u D~ G(DZV(SZ7T1)>}(1+1_8)

1 ~ ~ ~
+ E[(Y,L,-ﬁLlDZV(Bi, Ti),Ypis1)—E |:<Yn,i+lD2V(5iv T, Yn,i+1)‘«%’?mn(n)] }
+{(DV G 10, Yai)]

+ %{E [(Yois1 D2V T Yo H i | = G(DPV G T0) (i = 5)}

=:0 + ‘]l;,l + Jrll’z + Jlfl.jﬁ
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and

I, = (5i+1 _E;) [(3rV(5i + V(3i+1 —51) Tit1) — 8,V (5, Ti1))
+(@0 Vi, Tiv1) — VG, Ti)]

1 ~ ~
+ 5 (¥oit [D2VEL i 4+ BY i) = DVEL T | Yo,

where y and g are between 0 and 1.
By (4.14), it is easily seen that

111 < C3ip1 = 8| T 4+ CGit = 8)IY itt]” + CIY g1 [P
< C(p(tiy1) — p(E)'™% 4 0(1) in Ly,

by (4.4), where C is a positive constant which does not depend on #;s.
For J; |, note

E [J:i,l |%,In(ti>] =0 inLy.

It follows that

m—1 m—2
E [Z Vi ’%,0:| =E {Z i +E [J,jf’f1|<%,,f,,(tm,l)] ‘éﬁo}
i=0 i=0
m—2
E [Z J,;,l‘t%’;,,o} —...=0inLy.
i=0

i
For Jn,Z’ we have

E[ﬂ;,ﬂ%,o] = E[E[]li,ﬂ%’vfn(’i)]}%“o]

< B[IDVE. T H{IBY 11100, )l + 1€ w11 My ip 1} [ o |
< CE[‘E[Yn,iJr”%z,rn(n)]’ + |§[Yn,i+1|%,rn(z,-)]’ ‘«f“ﬁ,o] — 0in Ly,

by (4.5) and (4.6). Similarly, E[—J] ,|.#, 0] < o(1) in L1.
For J,i’3, we have

. 1 ~ —~ ~ ~
isl < 51DV EL T sup (B[ Vit A Vi) Honiy | = G Bt = 5)
I<
< (C+CITil) sup [B[(Voii14, Yoii)| Hain ] — G B = 5)|
[Al=<1

< C sup
lAl=1

B{(V0i14, Yoisi) H i | — G Bia = 5)| =00y in Ly
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by (4.3) and (4.7), where C is a positive constant which does not depend on #;s.

Combining the above arguments yields

[BLV (0. k)1 .01 = V(©0,0)

m—1
= Y B 210l + Bl Jj 21001 + B 1| #5.0] + B [ A 01
i=0
m—1
<C Y (plti) — p(e)' T +0(1)
i=0

/2
< Cmax (p(( + 1)/m) = p(i/m)) " o +o(1) in Ly.

The proof of (4.16) is completed by letting m — oo.
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