Communications in Mathematics and Statistics (2021) 9:101-118
https://doi.org/10.1007/s40304-020-00214-7

®

Check for
updates

Local Existence and Uniqueness of
Navier-Stokes-Schrodinger System

Jiaxi Huang'2

Received: 2 October 2019 / Revised: 11 March 2020 / Accepted: 1 April 2020 /

Published online: 12 January 2021

© School of Mathematical Sciences, University of Science and Technology of China and Springer-Verlag GmbH
Germany, part of Springer Nature 2021

Abstract

In this article, we prove that there exists a unique local smooth solution for the Cauchy
problem of the Navier—Stokes—Schrodinger system. Our methods rely upon approx-
imating the system with a sequence of perturbed system and parallel transport and
are closer to the one in Ding and Wang (Sci China 44(11):1446-1464, 2001) and
McGahagan (Commun Partial Differ Equ 32(1-3):375-400, 2007).
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1 Introduction

In this paper, we consider the Navier—Stokes—Schddinger initial-value problem:

oru+u-Vu+ VP = Au —div(Ve © Vo),
divu = 0,

0 +u-Vo =¢ x Ag,

w, §)|,_y = (o, ¢o).

(1.1)

Here,d = 2.3, u : RY x [0, T] — RY represents the velocity field of the flow, P is the
pressure function, and ¢ : R? x [0, T] — S? ¢ R? denotes the magnetization field.

B Jiaxi Huang
jiaxih@mail.ustc.edu.cn

CAS Wu Wen-Tsun Key Laboratory of Mathematics, University of Science and Technology of
China, Hefei 230026, Anhui, China

School of Mathematical Sciences, University of Science and Technology of China,
Hefei 230026, Anhui, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40304-020-00214-7&domain=pdf
http://orcid.org/0000-0002-6215-5716

102 J.Huang

The notation x is the cross product for vectors in R3, and the term V¢ © V¢ denotes
the d x d matrix whose (i, j)thentry is given by 9;¢- ;¢ (1 < i, j < d). This model
is a coupled system of the incompressible Navier—Stokes equations and Schrédinger
map flow which can be used to describe the dispersive theory of magnetization of
ferromagnets with quantum effects.

The system (1.1) can be seen as a special case of Navier—Stokes—Landau-Lifshitz
(NSLL) equation. For incompressible NSLL system with positive Gilbert constant in
IR3, the global existence of a unique solution in Besov spaces without any small con-
ditions imposed on the third component of the initial velocity field was established by
Zhai et al. [26]. Later, under the assumption of small initial data in Sobolev spaces, Wei
et al. [25] proved the global solution by energy method and obtained the time decay
rates of the higher-order spatial derivatives of the solutions by applying the Fourier
splitting method introduced by Schonbek [20]. Fan et al. [9] studied the regularity
criteria for the smooth solution to the inhomogeneous compressible NSLL equation
in Besov spaces and the multiplier spaces. Wang and Guo [23] investigated the exis-
tence and uniqueness of the weak solution to the inhomogeneous compressible NSLL
equation in two dimensions. Recently, they further investigate the global existence
of the weak solutions to the compressible NSLL equations with density-dependent
viscosity in two dimensions in [24].

Ifu = 0, the model (1.1) is reduced to the Schrodinger flow of maps from R into S,
which is an interesting equation known as the ferromagnetic chain system, and has been
intensely studied in the last decades. The local well-posedness of Schrodinger flow
was established by Sulem, Sulem and Bardos [22] for S? target, Ding and Wang [7,8]
and McGahagan [17] for general Kéhler manifolds. The first global well-posedness
result for Schrodinger flow of maps into S? with small data in the critical Besov spaces
in dimensions d > 3 was proved by Ionescu and Kenig [13] and independently by
Bejenaru [1]. This was further improved to global regularity for small data in the critical
Sobolev spaces in dimensions d > 2 in [2] and [3]. Recently, Li [15,16] considered the
Schrodinger flow of maps into compact Kihler manifolds and proved that the flow with
small initial data in critical Sobolev space is global. However, the Schrodinger map
equation with large data is a much more difficult problem. When the target is S?, there
exists a collection of families Q" ([5]) of finite energy stationary solutions for integer
m > 1. Hence, the global well-posedness and scattering for equivariant Schrodinger
flow with energy below the ground state were proved by Bejenaru, Ionescu, Kenig and
Tataru in [4]. When the energy of maps is larger than that of ground state, the dynamic
behaviors are complicated. The asymptotic stability and blowup for Schrédinger flow
have been considered by many authors for instance [5,10-12,18,19]. We refer to [14]
for more open problems in this field.

In this paper, we establish the local existence and uniqueness of (1.1) for large data
by parabolic approximation, which has been shown to be successful in the study of
the Schrodinger flow [8].

We start with some notations. Let Z, = {0, 1, 2, ...} and [¢] be the integer part
of a positive number ¢. For k € Z4, p € [1,00], let Hk(Rd), Wk’p(Rd) denote
the usual Sobolev spaces of functions on R?. It will be convenient to consider S* =
{x € R?: |x| = 1} as a submanifold of R?; then, the map ¢ can be represented as
¢ = (¢1, ¢2, ¢3) with ¢; being globally defined functions on R¢. Denote V as the
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usual derivative for functions on R?. Then for Qe S2, we define the metric space
Wo” ={f R > R :|f(x)| =1ae.and f — Q € WhP), (1.2)

with the induced distance dgp (f,e)=1If - g||Wk, ». For simplicity of notation, let
0
k, .
||f||Wg.p = dQ‘"(f,. Q), and further denote Hé = Wgz.
The main result is the following.

Theorem 1.1 The Cauchy problem (1.1) with (ug, ¢o) € H* x Hg“,for any integer
k> [%] + 1, admits a unique local solution (u, ¢) satisfying

t 1/2
lull s+ (/0 ||W||§,kds) + 199 lzs = C (k. luoll e 1V ol 5 )

Joranyt €[0,T), where T =T (luoll 2, IV ol 2)-

The proof of Theorem 1.1 follows closely that of [8,17,21]. We prove the local
existence for system (1.1) with finite data by approximation of perturbed parabolic
system. Precisely, we consider the perturbed system for € > 0 small

du+u-Vu+VP=Au—33_,3;(Vgd;p).
divu = 0, '

0rp = €Dyorp + J(@) Doy —u - Vo,

(u, $)(0) = (uo, ¢o) € C*(M x M,R? x §?),

(1.3)

where J is complex structure on S? and D is the covariant differential on ¢*T'S?. The
perturbed system (1.3) is weakly parabolic and behaves similar as the Navier—Stokes—
Landau-Lifshitz system with positive Gilbert coefficients. By standard parabolic
argument, it is easy to find that the system (1.3) admits a local solution (u¢, ¢¢)
on some time interval [0, T¢) for every € > 0. Then, we derive the uniform estimates
of (u¢, ¢c) and a lower bound for the life span 7¢, and obtain the solution of (1.1) on
M ase — 0.

The rest of the paper is organized as follows: In Sect. 2, we recall the basic properties
of Sobolev spaces. In Sect. 3, we apply the approximating scheme and obtain the
uniform bound for energy and then give the proof of local existence. In Sect. 4, we use
parallel transport to prove the uniqueness and hence complete the proof of Theorem
1.1.

2 Preliminaries

In this section, we introduce the definition of intrinsic Sobolev spaces and state some
basic inequalities.

For geometric PDEs, it is convenient to work in both intrinsic Sobolev spaces and
extrinsic Sobolev spaces. The extrinsic Sobolev spaces were defined in (1.2), and we
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104 J.Huang

introduce the intrinsic Sobolev spaces as follows. For smooth maps ¢ from (M, g) to
S?, the pullback bundle ¢*T'S? is the vector bundle over (M, g) whose fiber at x € M
is the tangent space T (1)S?. Let D denote the induced covariant derivative in ¢*T'S?.
Then, the intrinsic norm of vector bundle V¢ is defined by

k
190y = /M DIV dvol,,
i=0

where p € [1, 00). For p = oo, we also define
IV llwk.o ) = max{[| D' V|| : 0 < i < k).

For simplicity of notation, we denote HF := WX2,
Then, we have the interpolation inequality for sections on vector bundles and equiv-
alent relation between ||V || k-1 and |V || gge—1.
0

Proposition 2.1 ([8], Theorem 2.1, Propostion 2.1) Suppose s € C*°(E) is a section
where E is a vector bundle over a closed m-dimensional Riemannian manifold M.
Then, we have

: -
ID7sllLrary < Clisllyykg g 15117 (o 2.1

where 1 < p,q,r <oo,and j/k <a<1(j/k<a<lifgq=m/(k—j)#1)are
numbers such that

The constant C only depends on M and the numbers j, k, q,r,a. Moreover, if M =
Td = ]Rd/(R . Z)d, then the constant C does not depend on the diameter R > 1.

Proposition 2.2 ([8], Proposition 2.2) Assume that k > d/2; (M, g) is a closed Rie-
mannian manifold. Then, there exists a constant C = C(S?, k) such that for all maps
¢ € C¥(M, S,

k
l
IVl 1y < € D _IDD gy,
=1
and
k
!
1D lgzt-1(ur) = cgnwnf,gl(m

Finally, we state the density property of Sobolev spaces H, g (R4, S?).
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Lemma 2.3 ([8], Lemma 3.4) Letk > d/2 and ¢ € Hg (R4, S?). Then, there exists
a sequence of maps ¢; — Q € H¥®RY, %) n C(‘)’O(Rd, R3) such that ¢; — ¢ in
H{(R?, 7).

3 Local Existence of Navier-Stokes-Schrodinger System

In this section, we first prove the local existence of smooth solutions for the initial-
value problem of the Navier—Stokes—Schrodinger system

dutu-Vu+ VP =Au—3"_0;(Vd;@).
divu = 0,

0 +u-Vo =¢ x Ag,

(. )(0) = (uo, o) € C¥(M x M, R x §%),

3.1

where M is a flat closed d-dimensional Riemannian manifold. Then, we use the smooth
solutions (u;, ¢;) on T?d =R /2R; - 7)* to give the smooth solution of system
(1.1) and finish the proof of Theorem 1.1.

Since (Sz, J, h) is acompact Kédhler manifold with complex structure J and Kahler
metric /i, the term ¢ X A¢ can be rewritten as

J(¢) Dyor o,

where we implicitly sum over repeated indices. Then, we may employ an approximate
procedure and solve first the following perturbed problem:

dutu-Vu+ VP =Au—3"_0;(Vd;@).
divu = 0,

0:¢ = €Drdxp + J (@) Dok —u - Vo,

(u, $)(0) = (uo, ¢o) € C°(M x M,R? x §7),

(3.2)

where € > 0 small.
For the initial-value problem (3.2), we have

Lemma3.1 Let mg = [d/2] + 1 = 2, and let ug € C°(M,R?), ¢pg € C*(M, S?).
There exists a constant T = T(||u0||Hz(M), ||V¢0||H2(M)) > 0, independent of € €

(0, 11, such that if (u, ) € C®°(M x [0, T¢]) is a solution of (3.2) with € € (0, 1],
then

Te = T(lluoll g2(ary> IVollm2ar))
and

N gx ey + 1Vull 20,0 5x )y + TV @laE 0y
< C(k, Nluoll gxarys 1IV@ollukary). €10, T1,
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106 J.Huang

forallk > 2.

Proof By standard argument, the initial-value problem (3.2) has a unique smooth
solution (u¢, ¢¢) for some 7T, > 0. For simplicity, denote (u, ¢) := (u., ¢c) be a
solution of (3.2), and denote H' := H! (M), H' := H! (M) for any integer [ > 0. It is
easy to obtain that the energy

1 2 ! 2 1 2
E(u, ¢) = Ellulle + A Vull;.ds + EIIV¢|IL2
is uniformly bounded for ¢ € [0, T¢). Precisely, by (3.2) we have

3
d
GE= /M u(Au —VP —u-Vu — /X_;aj(wam))dx + I Vull?,

3
- / > (Vi Di(—u - Vo + € Dydpep + J D)) dx.
M=)

Then, integration by parts gives

3
; :
—E= | > 8u-(V$.d;d)dx — ef | Dy o) >dx
dr /szl ! ! M

+/ <Dk3k¢sJDk3k¢)dx/
M M
3
- Za,-u (V¢,0j¢) —u-(DjVe,d;p)dx

j=1

= e DidedlZs — /M u- (D3, 9;0)dx

1
_ —e||Dkak¢||iz+/ SV - ulVoPdx
M
= —€| Dk l75.

Fix an N > my, and let n be any integer with 1 < n < N. Suppose that a is

a multi-index of length n, i.e., a = (ay, ..., a,). For t < T, we define the energy
functional by

1 ! 1
En(u,¢) = ) (Envauniz + /0 |VaVul|?,ds + EnDaw)niz) :
lal=n
Then by (3.2) and integration by parts, we have
d
3= > 5 ~Vaut - Va(u - Vu + 3;(D¢ - 3;¢))dx

lal=n
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+ Y | (DaVe. D DyVe)dx =: I +11. (3.3)
M

la|=n
By incompressible condition V - u = 0, Holder and integration by parts, we get
IS IVullan lulifn + 1Vl e 1V (3.4)
Next, we estimate the term /1. By ¢-equation in (3.2), we obtain

D;Dadi¢p = DaD;d;¢ + [D;, DaDil¢

(3.5)
= DaD;d;¢ + Z DpR(9)(Dep, Dadi¢) Ded; ¢,

where the sum is over all multi-indices b, ¢, d, e with possible zero lengths, except that
|e] > 0 always holds, such that (b, ¢, d, e) = o(a) is a permutation of a. Replacing
d;¢ in the second term by the right-hand side of ¢-equation in (3.2), the second term
can be rewritten as

> DbR(@)(De¢, Dad;p) Dedip
=) DyR($)(De, Da(e Dyde + J (§) Didi)) Dedih

(3.6)
— > DhR($)(Dep, Dalu - V) Dedigp
=: 01+ Q».
Moreover, we have
0115 ). DMl |Dig, (3.7)
(1 ds)ET
where
J={jt.....jseN:ji=jp=-=j.n+l
>ji=1 ji+-+j=n+3s>3] (3.8)
Similarly, we also have
1021 S ). [9%ullD) gD, (3.9)
(ornds)€T
where
J=ljonise€Nt == >, ot t+j=n+2, s 23(,3_10)

n—1>jo=0,n>ji>1 fors>i>1}.
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108 J.Huang

For the first term in the right-hand side of (3.5), it follows from (3.2) that

DaD;d;¢ = DaDj(e Doy + J Diogdp — u - Vp)
= €Dy Dy Dy0;¢p + JDy Dy Dadip +u - DDy0;¢p G.11)
+ > Vpdiu-DeVo+ > Vot - DDV + Q3 + Q4.
(b,0)=0 (a) (b,c)=0(a),|b|>1

where O3, Q4 satisfy (3.7), (3.9), respectively.
Thus, we obtain from (3.5), (3.6) and (3.11):

D;Da0;¢p = € Dy Dy Da0i¢p + J Dy Dy Da0ip + u - DD,0; ¢

+ > Vbdiu- DV
(b,c)=0(a)

+ ). Vbu-DeDiVé+ Qi+ Q2+ Q3+ Q.
(b,c)=0(a),|b|=1

Substituting this into /7 in (3.3) and integrating by parts, we have

1= Z[ —€| D Dadi§|* + (DxDadip. J Dy Dadi) + (Dadih, u - DDadyp)dx
M

[al=n

+Z/M<Daa,~¢, > Wdu-DVe+ Y Vi DeD;Ve)dx

la|=n (b,c)=0(a) (b,c)=0(a),|b|>1

+ 3 [ (Dag. 01+ 0+ 3 [ (D, 02+ Quha

la|=n la|=n

Note that in the first integrand, the first term is non-positive by € > 0 and the second
term vanishes by complex structure J. Then by integration by parts, (3.7) and (3.9),
we get

1 2 n+1 n n
1< Z/Miu'vwaaiwdw 3 /M'D BV ul| D2Vl dx

la|=n ni+ny=n+1,n1>1

+ ) |D" || D)1 |- - | D pldx
Gom)ed *M

+ Y / D" |00 )| DI ). - | DI pldx
- ~ ~JM
(JosJ1s-rJs)ET

=I1h+1L+ 11+ 114

Since V - u = 0, the first term /I vanishes. It suffices to estimate /15, I I3 and 114,
respectively.
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Local Existence and Uniqueness of Navier-Stokes... 109

Step 1. We prove the bound

2 .
. {cnw»n N Vullge, i n <2, a2
CIVollg IVullpn, if n =3,
where the constant C depends on n.
By Holder, it suffices to estimate
V™" ul|[ DVl 2, (3.13)

forny +ny = n+ 1,n; > 1. When n < 2, by Holder, Sobolev embedding and
Proposition 2.1, we have

(3.13) < IV2ull 2 IVl + I Vul L IDVI 2 + IV ull 21Vl 0
+IV2ull 4 IDV| 14 + I Vull L[| DVl 2
< C|Vullg2IVolig2,

which is acceptable. When n > 3, by Holder, Sobolev embedding and Proposition
2.1, we have

G130 VUl D"V

n+l
I<n < 2

+ Y IV ul DTV

%<nl§n+l

= ClVullg» Vel

which is also acceptable.
Step 2. We prove the bound

n+3
CY IVl ifn <2,
I3 < ; B (3.14)

C(L+ IVl (1 + [Vllgn-1)" 2, if n = 3.

The integral /I3 is the same as (3.10) in [8]. Hence, this bound (3.14) is obtained
immediately by the following lemma which was proved in [8].

Lemma 3.2 ([8], Lemmas 3.2 and 3.3) If | < n < 2, then there exists C(M, n) such
that

113 < CIVoll I VI L IID" 06l 2.
where A(m,n) = [n+3+4+ (m/2 — 1)s —m/2]/moand B = s — A.
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110 J.Huang

If n > 3, then there exists a constant C = C (M, n) such that

2— .
11 < L cuDmagl Ve Ve, for ji=n+1,
= CO+IVEIRA+ IVl ), for ji <n,

where A = A(m, n).
Step 3. We prove the bound

n+2 s+1 i
C YNV IVl . ifn=2 " (35

114 < { .
C||V¢||%In(l + Nl gn—1 + ||V¢)||Hn71)"+2, if n>3.

Case 3.1.n <2.By (3.10) and n < 2, we have
jl 529 j27'-'sjs‘ S 1'
Then by Holder and Proposition 2.1, we may estimate / 14 by

Iy< Y D"l 00ull | DIl 2 - | DIl Lo
GosJisensis)ET
< CIVelg I Vutll 2 I Vo

Case 3.2.n > 2. B B ;
First, if j; = n, (3.10) implies s = 3, jo = 0, and j, = j3 = 1. Then, we may use
Holder and Proposition 2.1 to bound 7 14 by

I < > ID" @1l 2lluel oo | D" Pl 12 D17 o
GosJ1seeesJs)ET s j1=n
< CIVela lull g2 1 Ve lgpi-
Second, if j; <n — 1, jo < [n/2], from (3.10), we obtain
jzfn—l,j%,...,j?s <n-—2.

Then by Holder and Proposition 2.1, 114 can be bounded by

Iy < > ID"* ¢l 2180wl 4| D) @l 4| D2l - - - 1D Bl o
Gosdts J)ed  ji<n—1,jo<[n/2]
-2
< CIIVOlla lull i1 | Vg1 IVl VI3 2
—1
< CIVO g lluel g1 IVl -

Finally, we consider the remainder case fl <n-—1, fo > [n/2]. By (3.10), we get

j],...,]}fﬂ—l
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Then, it follows from Holder and Proposition 2.1 that

1 < T ’:’v
I < > ID" gl 2110 0ul| 2| DI pll oo - | DF ]l Lo
(os 15 JET 1 <=1, jo>[n/2]
< CIV i llull g1 1V g

which concludes the bound (3.15).
Thus, from (3.12), (3.14), (3.15) and Hoélder, we obtain the bound when 1 < n < 2,

n+3 n+2
I=c (nwuﬁznwnm + Y IVl + ZIIV¢IIi{+21IIVMIIH2>
s=3 s=3 (3.16)

< < |IVul?. + CA+ [Volp).

Bl

and when n > 3,

1T < CUIV I IVull g + (1 + V@) (1 + el ot + [V llggn—1)" 2]

17)

IA

] .
anuzn + C+ [l + IVl A+ el gnr + IVllgn1)" 2.

Next, we continue to bound the energy of u and ¢. We first consider the case
1 <n < 2. Then, (3.3), together with (3.4) and (3.16), leads to

li(||u||2 2 +IVIZ) + IVul?,
2 dt H H H
2 2 1 2 2 \5
< ClIVull 2 lullze + IV lige) + 2 1Vulz + CA + 1VelEp)* G.18)

1
< SIVullfs + CU+ llullfys + 1V l5)°.

If we set f(1) = 1+ ||ull3,, + [V, then we have

f=CF, fO) =1+ lluol?s + Vol (3.19)

where constant C depends only on M and S?. 1t follows from (3.19) that there exists
T = T(S%, |luollge. |Voollgz) > 0and K> > 0 such that

lullg2 + IVollpe < Ka, 1 €10, T1.
Hence, by this and (3.18) there exists K> > 0 such that

t 1/2
lullgz +1Vllu2 + (/0 ||VM||?{2dS> =Ky t€[0,T] (3.20)
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112 J.Huang

For the higher-order energy of u# and ¢, (3.3), (3.4) and (3.17) imply

1d 2 2 2
5 g Wl + IVl + I1Vulin

1
< CIIVullgn (1ull3pn + IV lIF) + ann%,n

+ CU A+ ull3p + 1Y) > A+ el o + [V llgn1)" >

(3.21)

1
< S IVl + CA+ g + IV F)* A+ el gt + 1V )"

From (3.20), we may assume that for any 2 </ < n — 1, there exists K; > 0 such
that

t
luliZ; + 1V gy +/0 IVull?,ds < K;, t € [0, T]. (3.22)

Let f, =1+ IIMII%In + ||V¢||%In, then by (3.21) and (3.22), we have
fr < CKIT A,
which further implies that there exists K, > 0 such that
el rrr + IVl < Kn, 1 €10, T1.

Hence, this, together with (3.21), yields

t 1/2
lullgn + IV lla + (/ ||VM||12qndS> <K, t€[0,T],
0

which completes the proof of lemma. O
Next, we use the above lemma to prove the local existence of (1.1).

Proof of local existence From ug € H*, ¢y € H Z‘H for k > 2, by the density theorem
of Sobolev spaces and Lemma 2.3 we may choose a sequence (0, ¢;o) in H* x H, g“
satisfying u;o € Cgo(Rd, R?) and ¢jp — O € Cgo(Rd, R3) such that
(uio, $i0) = (uo. do) in H(RY) x HG'(RY), asi—oco.  (3.23)
For a section V of d)*TSz, we have the relation between V,V and D, V:

VoV = DoV + A(@)(D, V),
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where A is the second fundamental form of S? in R3. Thus, there are multi-linear
vector valued functions B; on R? such that

Da¢ = Vap + ) Bo@(@® (Var ¢, - -, Va,$), (3.24)

o
where |a| > 2 and the sum is over all multi-indices a1, ..., a; such that |a;| > 1 for all
iand (ay, ..., a;) = o(a) is a permutation of a. By (3.23) and (3.24), we can obtain

[ Diollgc — I Dgollge, as i — oo.

Let ©2; be the support of (0, ¢;0 — Q); there exists R; sufficiently large such that
Qi CC [—R;, Ri1*. Then, (u;0, ¢io) can be regarded as a function defined on a flat
torus Tizd =R??/(2R; -7)*, and hence, we consider the following Cauchy problem:

dqu+u-Vu+VP = Au—div(Vp @ V¢), onT? x (0, T,
divu = 0,

dop+u-Vo = x Ap, on T4 % (0, T],

(u, $)(0) = (uio, $io) : T x T — RY x §°.

(3.25)

By Proposition 2.1 and Lemma 3.1, we obtain that there exists 7 > 0, which does
not depend on i, such that (3.25) admits a smooth solution (u;, ¢;) on ']I‘?d x [0, T].
Moreover, the following bound holds uniformly with respect to i:

" 1/2
sup (nuinm@gﬁ( /0 ||Vu,~||§,k(w)ds) +||V¢,~||Hkmg)>

t€l0,7T]

<C (Ta ”uOHHk(']I‘f[)’ ”V¢0”Hk('ﬂ"[d)> .

Combining this and Proposition 2.2, we may further obtain

P 172
sup (||ui||Hk(T¢)+< /0 ||vMi||§,k(T§,)ds) +||V¢i||,,é(qrg))

t€l0,T]

< € (T 1ol e gy 190l g o)) - (3.26)

If we regard each (u;, ¢;) as a function from [—R;, R;1¢ x [—R;, R;]¢ into R? x S?,
then there exists a (u, ¢) € L*([0, T]; HF(RY) x HZH(R")) and a subsequence

which is still denoted by (u;, ¢;) such that for any compact domain X, A> C R4

(i, ¢i) = (u, @) weakly*
in LOO([O, T], Hk(X])) n Lz([Oa T]’ Hk+1(X])) % LOO([O, T], Hg+l (XZ)),
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114 J.Huang

and hence, we easily obtain (u, ¢) which is a strong solution to the Cauchy problem
(1.1). This completes the proof of local existence.
O

4 Uniqueness

In this section, we prove the uniqueness of (1.1) using the ideas of McGahagan [17]
and Song-Wang [21].
Assume that (u1, ¢1), (ua, ¢2) € H? x Hé are two solutions to the system (1.1)

with the same initial map (ug, o) € H? x Hé.
By S? ¢ R3 and (1.1), we have for L = 1,2

t
It ) — o)l 2 < | /0 85625, X)ds])

< Ctllup - Vo, — o x Ay |2 < Ct.

This, together with Gagliardo—Nirenberg interpolation inequality, implies

1—-d/4 d/4 _
g5, — doll < Cligs — doll 2" 1A — po)lI}2 < Co' =474,

From this, forany 8¢ > 0 sufficiently small, there exists 7’ > O such that |¢p; —¢2| < 8o
for any (¢, x) € [0, T'] x R?. And hence, there exists a unique minimizing geodesic
Yie.o) () [0,1] — S? such that Vie,0)(0) = @1(t, x)and y; vy (1) = ¢2(2, x), wherel is
the length of the geodesic y . Let (¢, x) vary; the family of geodesics gives rise to a map
U:[0,11x[0,7'] x R - §? connecting ¢ and ¢, where U (s, t, x) = y(1,x)(s).
Therefore, we can define a global bundle morphism P(s) : ¢1‘TSZ = y(0)*TS? —
y(s)*TS? for any s € [0, [] by the parallel transportation along each geodesic.
Using the similar argument to [17, Lemma 4.3], we have the following lemma.

Lemma 4.1 We have the following inequalities for derivatives of the geodesics y and
their lengths [:

[0kl| < PV — Vo,

0ky| S V1l + 1Vl

10y ] S IVidkd1] + |Vidkpa| + ur - Vor| + |uz - Vo,

IDjoky| S IVjokdi] + Vo2l + (1001] + 10021 (10kd1] + [k 2]).

Next, in order to obtain the uniqueness, it suffices to prove

d
5 Ul = w23, + g1 — d2ll32 + IPVh1 — Veall72)

< C(lur — uzll32 + 1 — ¢2ll72 + PVh1 — Véal72). “.1)

where the constant C depends on |[uy || g2 and ||V || g2 for A =1, 2.
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First, by the similar computations to [17, P393, (ii)] and (1.1), we have

d 2
EIIPV% = Véalii.
S CUPVor = Vnlip2 + llur — uzll2)
: {IIVul — Vuzlp2 + llur —uzllp+ D92l 4 + 1PV — Vel 12

+ 111 sup [9:v1IVeill2 + I sup [dyllaidilll,2 “.2)
s€l0,] s€l0,1]
+ VU2 IVl [Vl + (11 sup |DR@y. d5y)P(s)Véhnlll 2
s€l0,]

+ 12 sup (7119611 2.
s€[0,1]

For d = 3, we estimate each term with a factor of / by taking [ in L 7 and the rest of
the term in L9. By Sobolev embedding and Lemma 4.1, (4.2) becomes

d
EIIPV@ — Véal7. < CUIPV1 — Véall 2 + llur — uallz2) - [IIVir = Vua | 12

d/4

1—d/4
+ lur = wall Y IVuy = Vuo |95 + PV — Vel 2

+ IV 2Cur. $2)]
1
< ZIVur = Viallz, + CUIPVy

— Vo2 + llur — uall2)?
+ CIPVg1 — Vol 7.Cus. h).

where

Cuy, ¢3) = 1(IViokd1| + | Vidkga| + lur - Vori | + luz - Vo DIVl pa
+ (Vo1 + V2D (Jur - Voil + [IDVP1 D pa + IVP1liLe | VallLe
+ 1(IDV@1] + DV DIVP1I(IVP1] + V2 Dl e

+1(UVP1] + V)2 V1 I(1 + [Vi] + [Vl 1a
+ (V1] + V2DVl a-

For d = 2, we bound [ in L*°. Apply a theorem due to Brezis and Wainger [6]:

iz < gt — ol < bt — dall
(1 +1og" (1 + 118%(p1 — d2)1112)) < b1 — dall 1.

Then, (4.2) becomes
d 2 1 2 2
EIIPWA =Vl < Z”V“l = Vusll;, + CUIPVe1L — Vol 2 + lur — uzll2)
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+ CIPVL = Vonll2lldr = ol Clar, )
1
< JIVur = Vil + CUPYo = Vealzz + llur — uall2)?

+ C(IPV$1 — Venll72 + 1 — ¢21l72)C (s, ¢2).

By Sobolev embedding, we can bound C(u;, ¢;) by

Cur 1) S A+ Vil g2 + V2l y2)* (1 + Nuill g2 + lluall g2).-

Then, we obtain

d 1
IPYS = Vealls = {IVu1 = Visl}, +C (IPV1 = Vel

g1 = dall2s + lur — w2l )

Second, by ¢-equation and Sobolev embedding, we easily obtain

d 2

3l — ol

< ur —uzllp2lp1 — G2l 211Vl g2
+ g1 — b2l 2 IV1 — Vool 2 (luall gz + IV 2 + IVl 2) (4
+IVo1 — Voal3, llall L

< C(llur —uall32 + g1 — ¢21172 + Vo1 — Véal17,).

1
2

Using properties of the parallel transport, we have

Vo1 — Vol 2 S IPVer — Vel + 1.2
SIPVeL = Vénliz + g1 — ¢2ll 2. (4.5)

Then, (4.4) becomes

d
5191 - B3, < Clur —u2ll3, + 1 — $2l132 + [PV — Vnll3,). (4.6)

Finally, by u-equation, V - u; = 0, Sobolev embedding and (4.5), we have
1d
2dt

< ClIV(ur —u)llp2(luy —uzllp2 + V(o1 — @2)l12)

1
IV @ =)l + Cllur = wall 2 + IV = ¢2)l17)

2 2
lur —wually> + IV —u2)lly»

“4.7)

IA

IA

1
IV = )iz + Cllu = wall7, + PV = VoallZo).

@ Springer



Local Existence and Uniqueness of Navier-Stokes... 117

Hence, from (4.3), (4.6) and (4.7), the bound (4.1) follows. Since |[u1 —u2||;2 = |[¢1 —
P2 = PV¢1 — Véall 2 = 0 at initial time, we then obtain (11, ¢1) = (u2, ¢2)
on [0, T'] by (4.1) and Gronwall’s inequality. By repeating the above argument, we
can prove (11, ¢1) = (u2, ¢2) on the whole interval [0, 7] and finish the proof of the
uniqueness.
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