Commun. Math. Stat. (2018) 6:29-48 @ CrossMark
https://doi.org/10.1007/s40304-017-0126-5

Quantization of the Blow-Up Value for the Liouville
Equation with Exponential Neumann Boundary
Condition

Tao Zhang! - Changliang Zhou' . Chungin Zhou!

Received: 19 October 2017 / Accepted: 13 December 2017 / Published online: 14 February 2018
© School of Mathematical Sciences, University of Science and Technology of China and Springer-Verlag
GmbH Germany, part of Springer Nature 2018

Abstract In this paper, we analyze the asymptotic behavior of solution sequences of
the Liouville-type equation with Neumann boundary condition. In particular, we will
obtain a sharp mass quantization result for the solution sequences at a blow-up point.
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1 Introduction
Let  be a bounded domain in R?. The so-called Liouville equation is
— Au=Vx)e* ingQ, (1.1)

which was first studied by Liouville in 1853 in [14]. In 1991, Brezis and Merle [1]
initiated the study of the blow-up analysis for the Liouville equation. Under the finite
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energy condition, they first showed that any solution belongs to L°°, and further, they
analyzed the convergence of a sequence of solutions and obtained a concentration—
compactness type result. Their results initiate many works on the asymptotic behavior
of blow-up solutions, for there are many applications in geometric and physical prob-
lems, for example, in the problem of prescribing Gaussian curvature [3,4,7], in the
theory of the mean field equation [5,8,9], and in the Chern—Simons theory [10, 17-20].
See also the reference therein.

In particular, in the celebrated paper by Li and Shafrir [15], they initiated to evaluate
the blow-up value at the blow-up point. They showed at the each blow-up point the
blow-up value is quantized, i.e., there is no contribution of mass outside the m disjoint
balls (whose radii is going to zero) which contain a contribution of 457 m mass for some
positive integer m. Concerning the mean field equation, this kind of mass quantization
leads to the crucial compactness property of solutions. Then, the existence issues can
be attacked by variational methods; see [8,9].

The aim of the present paper is to generalize the blow-up analysis for (1.1) to
a Liouville-type equation with Neumann boundary condition. In other words, we
consider the following Neumann boundary problem:

u = h(x)e" on L. (1.2)

{— Au=V(x)e* in Q,
on

Here L is a proper subset of €2, and V (x) and & (x) are nonnegative functions. This
problem plays a very important role in the study of the construction of prescribed
Gaussian curvature surfaces with prescribed geodesic curvature on their boundary.

Guo and Liu [11] have analyzed the asymptotic behavior of solutions in the case
V(x) = 0. Their problem is

—Au=0 in Q,
ou

— + B =h(x)e" on Q.
on

They obtained a Brezis—Merle type concentration—compactness phenomena and a Li-
Shafrir type energy quantization result.

In this paper, we pursue this line of investigation on more general class of system
(1.2). Now we introduce some notions firstly. Define

B} (x0) = {x eRYx —xp = (5,0), 52 +12 < R2,1 > o} ,
Lr(xo) = {x e R2|x — x0 = (5, 0), |s| < R] = 9B (x0) NORZ,

St (x) = {x eRYx —xo=(5,1),82 +12=R% 1 > o] = 0B} (xo) NR2.

In addition, we use the notions B;{, Lk and S;g for B; (0), Lg(0) and S; (0), respec-
tively. For simplicity, we consider the following Neumann boundary value problem
of Liouville equation in B;:
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9 1.
™ = h(x)e" on Lg. (1.3)

{ —Au = V(x)e* in B;,
on

From [2], we have the following Brezis—Merle type concentration—compactness
theorem.

Theorem 1.1 Assume that {u,} is a sequence of solution for the following problem

0 1.4
Un _ hp(x)etn on Lg, (14

{ —Auyp = Vy(x)e2n in B;,

on

with the energy conditions

f ePndx < C; / e'nds < C. (1.5)
BY Lg

Here V,(x) and hy,(x) satisfy
O<a<Vn(x)<C,VxeB;; 0<b<h,(x) <C,V¥x € Lg, (1.6)

for positive numbers a, b and C.
Define the blow-up set as

S = {x € B}' U Lg, there is a sequence y, — x, such that u,(y,) — + oo} .

Then, there exists a subsequence, denoted still by {u,}, satisfying one of the following
alternatives:
(i) {un} is bounded in L. (B} U L),
(i) {un} — — oo uniformly on compacts of B;{ U Lg,
(iii) there exists a finite blow-up set S = {p1, p2, ..., pm} C B;{ U LR. Moreover,
U, (x) — — oo uniformly on compact subsets of (B}' U LR)\S, and

m
/B+ V,e?n pdx +[L hpe'"pds — Zaiqb(pi),
R i=1

R

or every ¢ € C°(B U L) witha; > 7.
0 R

From Theorem 1.1, the blow-up set S is nonempty if u, is blow-up. We can define
the blow-up value at each blow-up point. For p € S N B}, we define the blow-up
value at point p as:

m(p) = lim lim / Ve dx;
B (p)NBy

r—0n—00
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For p € S N L, we define the blow-up value at point p as:

m(p) = lim lim / Vnezu"dx—i-/ hye'rds | .
r=0n=oe \J B, (mnsg B/ (pNLg

Li and Shafrir [15] have shown that m(p) = 4mm forany p € SN B;{. In this paper,
we want further to show that m(p) = 2mm for any p € S N Lg. Our main theorem is
the following Li-Shafrir type energy quantization theorem.

Theorem 1.2 For R > 0, let {V,,} and {h,} be two sequences of functions satisfying
0<a<V,—>VeC By, 0<b<h,— heC’Lg). (1.7)

Let {u,} be a sequence of solutions of (1.4), (1.5) with the following properties:

Uun(x,) = max u, — + 00, (1.8)
BR

_max u, - —oo, for0<r <R. (1.9)

B \B/ (0)

Then,

o = lim (f V, e +/ hne”") =2rm (1.10)
n—oo \ Jpt Lk

for some positive integer m.

The proof of Theorem 1.2 follows closely the idea of Li and Shafrir in [15] where
they proved the quantization of the blow-up value for the Liouville equation. The
approach in [15] is based on a classification result of bubbling equation — Ay = 2
in R? with [, e®* < oo and a “sup + inf” type inequality u(0) + C inf g, u < C, for
equation — Au = Ve* in By. For our problem, we need the corresponding results.
On the one hand, besides of the above bubbling equation, there exists the other kind
of bubbling equation, i.e.,

9
M _h0)e*  onREN{t=—A),

{—Au =V(0)e* nRZN{t > —A},
on

with the energy conditions

f V(0)e* < C, / h(0)e" < C.
R2N{r>—A} R2N{r=—A}
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We will use the classification result proved in [16] to handle our problem. On the other
hand, we need to prove a “sup + inf” type inequality under Neumann boundary value
condition.

The paper is organized as follows. In Introduction, we state the problem and the
main theorems. In Sect. 2, we prove a “sup + inf” type inequality and other auxiliary
results. In Sect. 3, we complete the proof of Theorem 1.2.

2 A sup + inf Inequality Under Neumann Boundary Value Condition

In this section, we establish a “sup + inf”” inequality under Neumann boundary value
condition. We start to show some auxiliary lemmas.

Lemma 2.1 Under the hypotheses of Theorem 1.2, we have o« > 27t.

Proof Let x, = (sp, ty), 8, = e “0%) then §, — 0 and x, — 0. By letting
lin(x) = up(8px + x,) + log 8, we see that

—Alip = Vy(8ux + xp)e?n in B% Nn{t > —%},

on ~

M = b @Gux F )™ on B g N {r =),
on 25, n
fin (X) < 1(0) = 0 in B Nir>—t),

with the energy conditions

/ V,,(8ux + xp)e'n < C, f iy (Spx + xp)e™ < C.
B g Nfr>—) B g Nfr=—11}

n n

Now we distinguish two cases.
Case (1) g_':l — A < +o00.

In this case, by Theorem 1.1, {#,} admits a subsequence converging to i in
Cllo’g (R2 N {r > —A}), which satisfies

—Ail = V(0)e2 inRZN{r > —A},

9ii }
M _ By onREN{r=—A),
on

a(x) <i(0) =0 inR2N{r > —A},

with the energy conditions

/ V(0)e* < C, / h(0)e" < C.
R2N{r>—A} R2N{t=—A}
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It follows from the classification results in [16] that

20
u(s,t) =log OO , A>0,5 €R,
VVO (G2 + (s = 50)* + (t + A + J75)%)
and
/ V(0)eXdx + / h(0)e'ds = 2.
R2N{r>—A} R2N{r=—A}
Therefore,

Q
v

lim f V, e +/ hye'n
= \J B, () L Rs, (Xn)

= lim f Vyy (8px + xp) €X' + / By (8ux + xp) €™
oo \JBrnfr>—4) BrNfr=—1{-}

on

= / V(0)e2" +/ h(0)e" =27 + og(1).
BrN{t>—A} BrN{t=—A}

Let R — oo, we get that « > 2.
Case (2) 24; — 4 o00.

In this case, also by Theorem 1.1, {ii,} admits a subsequence converging to u in
C5% (R?), which satisfies

—Aii = V(0)e?" in R2,
i(x) <i0) =0 inR?,

with the energy condition

/ V(0)e* < C.
RZ

It follows from [6] that

A

, A>0,50, 1 €R,
14+ Y032((s — 50)2 + (1 — 10)?)

u(s,t) =log

and
/ V(0)e*dx = 4.
RZ

Therefore,

a > lim f V, e +f hye'n
n—00 BlJera,, (xn) Lgs, (xn)
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= lim / Vi (6px + xp) e 4 / hy (Snx 4 xp) et
nmee Bkﬂ{f>—§4n} BrN{t=—11

o

= / V(0)e* = 47 + og(1).
Br

Let R — oo, we get that o > 4. 0O

Corollary 2.2 Letu,, be a sequence of solutions of (1.4) withu, (x,) = Max g+ i, vn.

Assume limn_)oo(fBJr V,e2tn 4 fLR hy(x)e') = a < 2m, then we have u,(x,) < C,
R

where the constant C depends only on a and R.

The “sup + inf” inequality and the Harnark inequality for
—Au=Ve" 2.1

are shown in [15], which is as following lemmas:

Lemma 2.3 [15] Let V € L°°(Bg) satisfy a < V(x) < b,Vx € By, where a, b are
positive constants. Suppose that u is a solution to (2.1) in Br. Then

u0) + C infu +2(C1+1)logR < (3,
BR

where C1 > 1 and C, are constants depending only on a and b.

Lemma 2.4 [15] For R > 0,0 < Ry < R/4, we set @ = {x € R%|Ry < |x| < R).
Let u be a solution to (2.1) in Q with || V||LOO(Q) < Crandu(x)+log|x| < Cp,Vx € Q
for some positive constants C1 and Cj. Then, there exists constant § € (0, 1) and C3
depending only on C1 and C3 such that

supu < C3 +ﬂ{%1113fu +2(B—1)logr, VY2Ry <r < R/2.
9B, v

Now we establish the “sup + inf” inequality and the Harnark inequality for Neu-
mann boundary value problem.

Lemma 2.5 Let {V,}and {h,} be two sequences of functions satisfying (1.7). Let {u,}
be a sequence of solutions of (1.4), (1.5) satisfying (1.8)—(1.9). Then, for each C1 > 1,
there exists Cy such that

un(x,) +logr+Cy| inf u, +logr| <Cs 2.2)
By (xn)

for0 < r < Ry < R and for sufficiently large n provided B}'O (xp) C B;.
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36 T. Zhang et al.

Proof Let x, = (sy, ty), then x, — 0. Clearly u,, satisfies

S opTt
—Au, = Vye?n in B (xn),

a 23
Un _ hpe*"  on Lg,(xp). @)
on

We first use a slightly modified version of the arguments provided in [15]. For
VYO <r < Rgpand Vn € N, we define

1
1ﬁ(”)=u(JC)+10gr+C1<— u +10gr).
o 1S ol Jsi o
We have
14+ C Cq u
') = n L
r IS/ (xn)l S () on

_1+C1_ C (/ Vez“"+/ 8un>
r 1Sl st LyGo) On

. 1+ Cl _ Cl (f v eZu” + / h e””)
= n n N
r |S;‘r (xl‘l)| Bj(xn) Ly (xn)

(+CDIS ()]

rCi

So that ¥/'(r) = 0 if [pr( o Vae®™ + [} (o hne" . Note

A+CDISF ()
rCi

that is independent of r. At this point, either |, B (o) Vyein
0 n

(A4+CDISF @)l

-/LRO(X y et < e , and then, we take r, = Ry, or fB; (o) Vyen +
n 0
n
fLR . )hne”” > %W and we may choose r, € (0, Rp), such that
O n
4
fo; ) Vye2in + fLm ) hye'n = %W In any case, Vn € N, we have

Y(r) =¥ @), 0 <r < Ro.
ForVx e BN {t > _%}’ we define w, (x) = u,(x, + r,x) + logr,. We see that
wp (x) satisfies

—Aw, = Vy(rpx + xp)e2® in B; N {t > —;—” ,

0
aw" = h,(rpx + x,)e™ on By N{r= —ﬁi}.
n n

Now we argue by contradiction and assume that w, (0) = u, (x,) +logr, — +oo. Set
Pn = e P ©) then on — 0. Consider the sequence of functions @, (x) = @y, (pnx) +
log pn. Then @, satisfies

@ Springer



Quantization of the Blow-Up Value for the Liouville... 37

— ABy =V (rpppX +x,) €2 in By N{r > —-1n},

n YnpPn
@y P
— Wp _ __In
o =hy (rpppx +x,) € Oanin N{t= rnpn}’

CT)n(x) = CT)n(O) =0

with the energy conditions

/ Vi (ruponx + xn) 62&),, =<C, f hn(rppnx + xn)e(z)n =<C.
B 1 N{t>— In_y B | Nfr=— n_y

npPn

Pn Tnfn Pn

Then, as in Lemma 2.1, we have to analyze the following two situations:

Case (1) : - — A < 4 o0.

TnPn

Case (2) : rﬂ% — +o00.

Arguing as in Lemma 2.1, we can drive either

nli>nc}o / . Vi (rn pnx +xn)62w” + / . Vi (rapnx + x,)e”" | = 2m,
n —_ n
B%m{t>_’nﬂn] Bpinm{t__"nﬂn
or
lim / Vi (Fn onX + Xy 2P — A
e BLQ{Z>7V}1”L}'I}
Pn
But

f Vi (rn pnx +xn)62£)n +/ Vi (rnpnx + xn)ed)"
B | Nfr>—1} B | Nfr=—:-1}

Pn Tnfn Pn

= / Vo (rpx + xn)ezw" + / hy(rpx + x,)e“"
BiN{t>—11} Blﬂ{t=—%ﬁ}

'npn

n

:/ Vnezu” +/ hneu"
B (xn) Ly, (xn)

_ L+ CDISS () -

2,
rCi

for n sufficiently large, which is the desired contradiction. So there is a constant C
such that @, (0) = u, (x,) + logr, < C.Consequently, we have

I;”("'):'fin()‘fn)"'logr"‘cl< u,,+10gr)§C(l+C1):C2.

|Sr+(xn)| S (xn)
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ouy,

Notice that u, is superharmonic and 2 > 0 from (2.3), we have inf u, =
By (xn)
. 1 . . . .
S ,Jlrl(lfn) U, < GT™)] f SF () Un- Then, we derive the desired inequality. O

Lemma 2.6 For R > 0,0 < Ry < R/4, we define T = {x € R1|R0 < |x —xg| <
R}. Assume that ||V || 1y < C and ”h”LOO(aTﬂaRE_) < C1. Let u be a solution of

9
L —he  ondTNIR2,

{ —Au=Ve* inT,
on

with u(x) 4 log |x — xo| < Ca, Vx € T. Then, there exists constant B € (0, 1) and C3
such that

sup u <C3+ B inf u+ (B —1)logr, V2Ry <r < R/2.
S (x0) St (xo)

Here B and C3 are dependent only on C1 and C.

Proof Without loss of generality, we assume that xo = 0. For 2Ry < r < R/2, by
letting u(x) = u(rx) + logr, then u(x) satisfies

—Aii = V(rx)e* in Bf\BY,
2

dii _
M h(rx)e" on Ly\L;.
an 2
For % < |x] < 2, by the given assumptions we have u(x) = u(rx) +

log(r|x]) — log|x| < Ca + log2. It follows that |V (rx)[e**™) < C on BS\BY

5 ~ 2

and |h(rx)|e"™ < C on L\Ly. Define w(x) = %IB;\BI log M“TylV(ry)ezu(y) +
2

% /LZ\LL log Mf—ylh(ry)e‘;(”. Then, w(x) is bounded in B;L\B;L and satisfies
2

—Aw = V(rx)e* in B;‘\BT,
2

P N
% —herx)e®  onLo\Li.
on 2

Let ¢ = w — u. Then, we have

—Ag =0 in B \BT,
2

dg
5—0 Oan\L%.

We conclude that g is bounded below. Then, by the Harnack inequality we get

sup(g + C) < B~ inf(g + O),
Sl

ST
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for some constants C and B € (0, 1). Then, returning to the original # we obtain the
desired estimates. O

3 Proof of Theorem 1.2

In this section, we prove the main theorem.
Proof of Theorem 1.2 'We divide the proof into two steps.

Step 1. In this step, we want to show: After passing to a subsequence, there exist

m sequences of points {x(J ) (j ) ] ))}m Uin B+ and m sequences of positive
numbers {k,g])}j:0 with hmn%oox,(, = 0 and lim,_, k,(,j) =000 <j<m-—1)
such that

(a) Forany0 < j <m — 1, up(xi) = max  u,(x) — oo;

xeBt . . (x,&”)
k;</>5;(/>

x(l)_xn] ‘

(b) Forany 0 < j §m—1,W — 00, Vi # j, where

(¢) Forany0 < j <m —1,

ity (x(’))

8,(lj)=e

Bj = lim / A +/ 0 hpetn
L ¢y ()G’

n—oo
D)y (n("" )

= lim / 0 Vet +/ 0 hye'n
n—00 + j RPN,
B iyt ) Ly @)

) )
4 . [/ J—
Further, when 8”(1.) — A <00, Bj =2m; And when 8”(1.) — 00, Bj =4m.

n

(d) max fu, (x) +log min_|x — <y <, vn.
<Jj=<

xeB

o) o
Proof Letx\” = x, = (s\”, 1{7), 8\ = e=n(n) By letting i (x) = u, (85" x +
V) +1og 8, we see that

(0)
A"’(O) V (8(0))6 + (0))62un ln B(SR ﬂ t > _;no) ,
% g
Bﬁ(o) ~(0) )
a;: = (80 x + x(V)etn on Bz N {z = —;EO) } ,
2
(0)
i () < a0 =0 inBgNit=—tgt
Tn n

with the energy conditions

G
/ o U (5(0))6 + x(o)) 21ty <C, / (0 hn @Gnx +x) e < C.
B%ﬁ{ >—7] B R ﬁ[t:—L]

() £ 5O
7
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As in Lemma 2.1, we distinguish two cases.

Case (i) 50 — A < oo. In this case, {ﬂﬁ,o)} admits a subsequence converging to i(?

in CloC (R2 N {t > —A}). Then, we may select k( ) 00, such that

lim / o Vet 4 / o T
n—oo +

B (xn ) L 0.0 xn )
[EE 1050

~(0) (0)
— lim / o Vi (5,(,°>x +x,§°>> 2 4 / o I (S(O)x—l—x(o)>
n—00 k(o)ﬁ{t> Bk(())ﬂ{t: y

o ~5)
n
— 2.
and
llm f 0 VneZun +/ o hneun
n—0o0 +
sz},‘”aﬁ"’ (xn ) szf,")aif” (xn )

~(0)
o Vo (30 + x®) 20 +/
B

o (5<0)x+x<0>> i
(U))

N{t=—25
Q) { 50 }

= lim /
n—00 B (0 N{t>—

— 2.

Case (ii) 2 50 — 00. Similarly, {un )} admits a subsequence converging to ¥ in

K

(Rz) And also we may select — 00, such that

loc

lim / o Vne2un +/ o et
n—00 +

B (xp ) L (0),0)Gn )

k;()) 6510) n k'(10) 620) n

~(0) (0)
i ([ ) [ (0 0)
n—00 Bk(o)n{ Bk(U)m{ =-!

’>*W} == o)
n

— 47

and

lim / © Vnezu" +/ o hne“"
n— 00 + .

B X, L X

Zkr(zo)b)ﬁo)( n ) Zk'(,O)SEIU)( n)

. 0
= lim / o Va (6,(,0)x + x,so)) i 4 /
n—oo sz((” N n B

t>— L
0!

o h, (55,0) X+ x}s())) o

n p—
Q) {t= (0) }

— 4.

Next we suppose that we have selected / sequences {x(] )}l__lo, {k,(lj )}lj_:O(l > 1)

satisfying a), b) and c¢) for m = [. At this point, either M, = maxxeég{un (x) +
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Quantization of the Blow-Up Value for the Liouville... 41

)
=)

logming<;j<;—1|x —x;,”'|} < C,V¥n € N, and then, we stop and define m = [, or

M, — o00. We define x x as a point where M, is attained. So we have u,, (x, )) — 00.

Letting 5\ = e~ M — 00 reads as ming< </ %D — x91/89 - 0. First
g <Jj=<

l l

we see that for all |x| < 7 mln , we have

0< <l
H ) 4 5O () : @ _ (j) ()
min +4 — >  min -4
pmin 150 80k —n = min (5D 5" - 501X
(j)|
X |-

1 .
> — min |x(1)
2 0<j<i—1

Define i1, (x) = u, (5(1))6 + x(l)) + log S,(ll). Then, i, satisfies

—Aity = Vo Gpx + )2, xl <4 min (5 - x1/80, S.x + 5V € B,
0<j<i—1

dy = h,(8px +x(1))e’;", |[x] <5 min |x,§l) —x,(/)|/(§,(,l), S,,x+)€,(ll) € Lg,

on 2 0<j<l—

i, (0) =0,

iy(x) <2log2, |x| <% min | ,(ll) xn])|/8(l), Snx—i—i,gl) € B;.
0<j<i—1

Let x '(l) (s,S’), t,,l)) we distinguish two cases.
Case(l) 50 — 1y < + 0o. Asbefore, we conclude that iz, converges in Cloc (Rzﬂ{t >

—1fp}) to a “function ii satisfying

—Aﬁ =V(0)e*, inR2N{r > —tp},

3 = h(0)e", onRZ N {t = —1p),
i(x) <2log2, onR>N{r> —1),
i(0) =0,

with the energy conditions

/ V(0)e* < C, / h(0)e" < C.
R2N{t>—1p} R2N{t=—19}

It follows from the classification results in [16] that

- 2\
1) = t > —to.
s 0 = log VYO + (s =502 + (0 + 10+ 505)2) ’
Since #(0) = 0 and it (x) < 2log?2, we have
VO 2 <l < e
2(V(0) + h2(0)) vV(0) vV(0)
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42 T. Zhang et al.

We see that # attains its maximum at x = (sg, —fp). We choose y satisfying
x| < l. Then for given k > % and any l < |x| < k, we have u(x) < u(x).
This 1rnphes that, when n is sufficiently large Uy (x(l) + S,(f)x) < uy ()?,Sl) + S,(ll)i)

for any ; < |x| < k. On the other hand, we may find y,(,l) such that y(l) < }1, and

un @ + 80 x) < up &P + 50 ,(,Z)) x| < k. Setx” =& + 5(1) ") Thus, for all
e — x| < 1k8Y, it follows that

P _ S = 1 1
b= BON/EY < e = w180 + 16 = 81/8) < Skt~ <k,

where we haveused k > = Hence we have u, (x) = u, (x(l)—i—é(l)xg(’l‘ ) < u, (x(l)
,(,l)y,(zl)) un (xp )) Now we set 8( ) _”"(x" ), we can also obtain:
s <50 <250, (3.1)
By (3.1) we can choose k,(,l) — + 00 such that

1
n(r)) = max (),
xeB*(,) o (xp")
k}l 6"

lim f " V2 4 / o e
n—00 +

B (xn ") L (xn ")
k’(ll)sr(ll) n kr(il)‘sr(;l) n

= lim /
n—0o0 B+

0 Vae +/ y et | =21 (32)
X L X
Zkflbg'(ll)( n’) 2D 5 (Xn”)

In addition, since 5,(,1) < S,S” , we have
O _ O () _ (@) O _ =0
x5 1|_|xn_xn|—|xn_xnl—)—i—OO,Ofifl—l. (3.3)
) @) O]
8 Sn S

We are left to prove that

ey — x|

- —-00,0<i<[-—1.
8(1)
n

0 _ .0 .
We argue by contradiction and assume 50 j‘" — X. Then, we have

log 8@ —logs? = u,(x) +1logs?
) _ (i)

)*n

= up(x{D + {0 ) + log 8"

— u(x),
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)
7xn] |

which clearly contradicts to (3.3). Thus, we have proved (b) form = [ and £ o
8!

o0,Vi # j,0<1i,j <l 1Itisclear that B, (s U)(x,, ) 0 < j <1 do not intersect. By

further reducing {k,(,] )}, we can assume that c) holds.

1
Case (2) 50 — 4 00. As before #, converges in ch loc “(R?) to a function i satisfying

—Aii = V(0)e?" in R2,
i(x) <2log2 onR?,
u(0) =0,

with the energy condition

/ V(0)e* < C
RZ

The proof of Case (2) is similar to the Case 1. We note that the difference with case
(1) is the following

lim /
n—0o0 B+

1 V, et +/ 1 h,e'n
Oy L .o )
kn 6’1

X,
kp(ll)5y(,l)( n
= lim / o Vae [ e | =dm. (34
n—oQ +
BZkfll)S,(l]) (xn ) 2k(l) ) (xn )

We omit the proof. So under the two cases, we can obtain b) and c).
We continue in this manner until d) holds. We must stop after a finite step since

each time we find a mass of 27 or 47 near x(J ). O

Step 2 In this step, we show that the mass contribution outside the chosen neighbor-

hoods of the m centers x( ). x,(lm D tends to zero. Namely,

lim / 1 o Vet + f " V,e2nh,en | = 0.
+ + -1
n—oo B}, \Um B (l) (,)(Xn ) LR\U;":O Lk,(,”&(f) (xp")

To prove this result, we deal with a slightly more general situation that ours.

Lemma 3.1 For R > 0, Let {V,,} and {h,} be two sequences of functions satisfying
(1.7). Let {u,} be a sequence of solutions of (1.4) and (1.5) satisfj)ing (1.8)—(1.9).
Assume that {x(])} __01 are m(m > 1) sequences of points, {rn])} _0 are m sequences

of positive numbers which satisfy

un () = max  up(x) > oo, x5 = s\, 1), Yo<j<m—1, (3.5)
xe[?*(j) o9
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(J)

lim—_oo, VO<j<m-—1, 3.6)
n—o00 8(})

i ()
where 8,(,1) = ¢ Mn(n )

|x(i) B (j)|
"T—MXJ, Vi#j0<i,j<m-—1, 3.7
n
max {n(x) +log min |x—x}<C,¥n,  (3.8)
x€B+\Um 1B+ )(x(”) 0<j<m-—1

and
2uy, Up
lim 0 Ve~ + G
n—00 B:r(j)(xnj ) L ()] (xnj )
n
= lim / 0 Vnezun +/ G) hne”" :1815 (39)
n—00 B+(j)(xnj) L (J)(x” )
2ry
) ()
where B; = 2w when ‘# — A < 00, and Bj = 4m when ‘# — oo for all
n n

0<j<m-—1.Then,

1 2uy
nll)rgo<‘/B;Vn€ +/LR ne" ) Z'BJ

Proof We will follow the approach of [15] to prove the lemma by induction on m.
First we prove the lemma for m = 1. We also distinguish two cases.
Case (1) ('g)) — A < 0.

In this case, we can assume that lim r,(,O)
n—od

holds due to (1.9). We also assume that Bg(xn) C B;{.
By using Lemma 2.6, we obtain that

= 0, since otherwise the lemma obviously

sup u, < C+p inf u,+ (B —Dlogr, v2r¥ <r <
S () S (n)

0| =

By using Lemma 2.5, we obtain that

1 1
inf <C-—— —(14+—=)1 . YO R.
srf(lxn)un - Cq tn (i) = Cl) o8’ =
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It follows that
R

Sup. ity <C-— ﬁun(x,,) —(1+ ﬁ)logr vor® <<=,
S o) Ci 2

namely
—(+£
@ = CEPP U =l W € BE)\BY o (in).
2 'n

Therefore, we have

/ V, e +/ h,e'
B2 (n)\B ) (xn) Lr2Gn\L, o) ()

o0
< C(S,(IO))M/CI /

2r,(0)
5(0) P
=C(—2— )Zﬂ/Cl + C( )ﬁ/Cl = 0.
2

n Yl

5
“20+4) rdr 4+ C (80P / o s~ 0T gs
2ry

1 1 2uy n ) —

By (1.9), (3.9) and above formula, we obtain that nl;rr;o (fB; Vae ¥ —i—fLR he* ) =
,30 = 2. X

Case (2) (;(’(’)) — +o00. Note that for n sufficiently large, E:_(_D (x,(/ )) is contained in the

interior of B;. The proof is very similar with case (1). We can use Lemmas 2.3, 2.4,
2.5 and 2.6 to obtain lim,_, « ( Sz Vo€ + [, h,,e”n> — B = 4r.

Next we proceed the proof by induction. Suppose thatlemmaholdsfor 1, 2, ..., m—
1(m > 2), we prove that it holds for m. Without loss of generality, we assume that

d, = |x,(lo) (1)| —m1n{|x(’) x,(,j)|,i #j,0<i,j<m-—1}

and x(o) = 0. There exist two cases.
Case 1 For some constant A, we have

kD —xP) < Ad,, 0<ij<m—1.

In this case, we will establish

lim / V,e2n + f hy et
n=>00 \JB} (") Laagy 6\

4Ady
= lim / Vpe?n + / et Bi. (3.10)
”"‘”( By ) Lody () Z g

2Adp
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Once (3.10) is established, we introduce O = x,(,o), r,/l(o) = 2Ad, and ,3(’) =

n

Z’}:ol B;. And then we can apply Lemma 3.1 for m = 1 to obtain

llm (f Vnezun +/ hneun) = ﬂ(/)
n— 00 B}r Li

We adopt the method applied in [15]. For x € B;g/dn, define 1, (x) = u,(d,x) +
logd,,. Denote

Vu(x) = Vo(dyx), x € B;er/dn’
hu(x) = hu(dyx), x € BlJer/d,l’
w)=xld, 0<j<m-1,
§U) = i) 8 1d,, 0<j<m—1,

A = fdy 0<j<m—1.

It follows that

zln()?,gj))z max Uy(x) > 00, 0<j<m-—1,
xeéj(j) @&
’:(j)
lim — =00, 0<j<m—1,
n— 00 8,(,])

>0, 0<j<m—1,

max {i,(x) +log min |x — )E,(,j)|} <C,Vn,
0<j<m-1

nt —1p+ ()
XEBR/dn\U;l:O BF,(,j)(xn )

lim / " Ve + / ) e
oo \ I, @) L, @")
n

= lim /
n—oo B

We assume that /) — ) for0 < j <m —1.Set S = {§, 0<j<m—1}.

Note that

. Vnezﬂ"+/  hpe'™ =Bj, 0<j<m-—1
i) L&
2,’5./)

+
i (
27

1< |89 -3V < A.

Hence we know that the set of blow-up points of i, in BIA(x,(,O)) is S. Then,
it follows from Theorem 1.1 that u,, — —oo uniformly on any compact sets

of BZ‘ A(x,(lo))\S. Now we apply the case m = 1 of Lemma 3.1 to conclude
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fBT(f(-’)) Vnez’;” + fL] G fzne[‘" — B;. Consequently,
7 2

lim / Vnez’;” +/ ftneﬁ”
=0 \ JBS, (") Laa(x\)

m—1
= lim / V,e%n +/ hpe' ) = Bi.
”—’°°< BLG®) Loa®) JX_(:) ’

A simple change of variables leads to (3.10). Then, we derive the desired conclusion.
Case 2 A proper subset J of {0, 1,2, ..., m — 1} containing {0, 1} and a constant A
satisfy

+
24

o = x\O1 < Ady, Vi € J5 lim [xi! = xO)/d, =00, Vj¢J.
n—oo

Without loss of generality, we assume t_hat J =1{0,1,2, ...,k — 1}. In this case, we
consider i, (x) = u,(d,x) + logd, in BIA. Arguing as in case 1, we obtain:

lim / . Vnezu”—i—/ . hpetr
n=00 \JBf,, (") Laady (o)

k—1
— lim / Vezu,, +/ hoetn | = ’3 = ,36
”_>°°< B, " Lo aq, oy ! jgo !

We set r,ﬁ(o) = Ad,, and x,/,(o) = x,go). If the m — k + 1 sequences x;,(o), {x,(,j ) }’/”:_kl with

the radius r,/l(o), {r,gj )};.":_kl and the mass g, {8 j};'-:kl satisfy (3.5)—(3.9), we may apply

the case m — k + 1 of Lemma 3.1. Now we need to verify (3.5)—(3.9). We only need
to show (3.7) since others are obvious. Note that

+
2Adn

0 j j 0
e — x| — ) vidy
0 = Ad, — 00, Vj .
n

Therefore, we obtain:

m—1 m—1
/ Vn62”n+/ hneun_>:3(/)+2ﬂjzz'3j'
By Ly j=k Jj=0
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