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Abstract In this paper, we consider the convergence of the generalized Kähler-Ricci
flowwith semi-positive twisted form θ onKähler manifold M .We give detailed proofs
of the uniform Sobolev inequality and some uniform estimates for the metric potential
and the generalized Ricci potential along the flow. Then assuming that there exists a
generalized Kähler-Einstein metric, if the twisting form θ is strictly positive at a point
or M admits no nontrivial Hamiltonian holomorphic vector field, we prove that the
generalized Kähler-Ricci flowmust converge inC∞ topology to a generalized Kähler-
Einstein metric exponentially fast, where we get the exponential decay without using
the Futaki invariant.
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1 Introduction

Let M be a compact complex manifold with Kähler class [ω0]. To find a Kähler-
Einstein metric in a given Kähler class is an important problem in Kähler geometry,
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that is, when 2πc1(M) = k[ω0], whether there exists a uniqueKählermetricω ∈ [ω0],
such that Ric(ω) = kω. One approach to this problem is the continuous method, see
the works of Aubin and Yau [1,26]. The other approach is the Kähler-Ricci flow. The
Kähler-Ricci flow was first used by Cao in [3] to give a parabolic proof of Calabi-
Yau theorem. In recent years, the convergence of Kähler-Ricci flow has become the
main object of geometry analysis. H.D. Cao, B.L. Chen, X.X. Chen, S. Donaldson, G.
Perelman, D.H. Phong, J. Song, G. Tian, X.H. Zhu, X.P. Zhu, and others have done
substantial work on this problem (see [4,5,7,12,15,17,18,22,24] etc.).

When the Kähler class is not proportional to the first Chern class, i.e., 2πc1(M) −
k[ω0] = [α] �= 0. Fixing a closed (1, 1)-form θ ∈ [α], we can consider the following
generalized Kähler-Einstein equation

Ric(ω) = kω + θ, (1.1)

which was introduced by Song and Tian in [22]. The generalized Kähler-Ricci flow

∂ω(t)

∂t
= −Ric(ω(t)) + kω(t) + θ (1.2)

with initial metric ω0 is studied, respectively, by the first author in [14], Collins and
Székelyhidi in [8]. When the constant k ≤ 0, by Cao’s arguments for the parabolic
Complex Monge-Ampère equation in [3], the long-time solution of the generalized
Kähler-Ricci flowmust converge to a generalized Käler-Einstein metric. When k > 0,
there again exist obstructions. In theKähler case, Perelman claims that, when aKähler-
Einstein metric exists, the Kähler-Ricci flow must converge to it. Tian and Zhu have
proved this claim in [24] and [25]. In [14], we have obtained uniform Perelman’s
estimates, noncollapsing theorem and the asymptotic behavior of the generalized Ricci
potential along the generalized Kähler-Ricci flow. Here, we study the convergence of
the generalized Kähler-Ricci flow in the case of k > 0 and θ ≥ 0. Collins and
Székelyhidi considered this problem in [8] builds on the work of Tian and Zhu in [25].
In this paper, we consider this problem by different methods, which making use of
the Moser-Trudinger type inequality to get the C0 estimate for the metric potential.
Then we prove that the generalized Kähler-Ricci flow must converge in C∞ topology
to a generalized Kähler-Einstein metric exponentially fast, we get the exponential
decay without using the Futaki invariant. For convenience, we let g(t) be the metric
corresponding to form ω(t), and denote ωn(t)

n! by dVt . Without loss of generality, we
assume k = 1 in the rest of this paper.

The long-time existence of the flow (1.1) follows from the standard arguments for
the parabolic complex Monge-Ampére equation. Since the generalized Kähler-Ricci
flow preserves theKähler class, we canwrite this flow as the parabolicMonge-Ampére
equation on the potentials:

∂φ

∂t
= log

(ω0 + √−1∂∂φ)n

ωn
0

+ φ + u(0), (1.3)
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where u(0) is the generalized Ricci potential with respect to the metric ω0. Let u(t)
be the generalized Ricci potential with normalization 1

V

∫
M e−u(t)dVt = 1, then we

have

√−1∂∂φ̇ = −Ric(ω(t)) + ω(t) + θ = √−1∂∂u.

From this equation we see φ evolves by

φ̇ = u(t) + c(t) (1.4)

for c(t) depending only on time.We can use the function c(t) to adjust the initial valve
φ(0). We shall assume that

φ(0) = c(0) =
∫ +∞

0
e−t ‖ ∇φ̇ ‖2L2 dt − 1

V

∫

M
u(0)dV0. (1.5)

We note that the quantity
∫ +∞
0 e−t ‖ ∇φ̇ ‖2

L2dt (first written down in [6]; see also [13])
is finite and independent of the choice of initial condition. The constant c(0) plays an
important role in proving convergence of the flow. By this constant, a uniform bound
of φ̇ can be obtained, see [16]. In this paper, we get the following theorem.

Theorem 1.1 Let (M, ω0) be a compact Kähler manifold, and θ ∈ [α] = 2πc1(M)−
[ω0] be a real closed semipositive (1, 1)-form. Assuming that the twisting form θ

is strictly positive at a point or M admits no nontrivial Hamiltonian holomorphic
vector field, if there exists a generalized Kähler-Einstein metric in [ω0], then the
generalized Kähler-Ricci flow (1.2) converges to a generalized Kähler-Einstein metric
exponentially fast.

Remark 1.2 Here, by the assumption in Theorem 1.1, we can have aMoser-Trudinger
type inequality from the arguments in [29], and then we get the C∞ estimates of the
metric potential along the flow (1.3) proved in the following sections. Hence we know
that the first eigenvalue of ∂ on T M is bounded from 0 uniformly. When θ = 0, Phone
and Sturm have proved that ω(t) converge to a Kähler-Einstein metric exponentially
fast in [18] by the fact that the Futaki invariant vanishing when Vθ,ω0 is bounded from
below. But when θ �= 0, we can not get the corresponding Futaki invariant, so we need
another method to get the convergence of ω(t) along the flow (1.2).

In fact, this paper is my master’s thesis [14] of follow-up, we want to generalize
the Futaki invariant to the generalized Kähler-Ricci flow case so that we can get the
exponential convergence of the metric ω(t) along the flow (1.2) by the vanishing
Futaki invariant when Vθ,ω0 is bounded from below, but we did not get a suitable
generalized Futaki invariant, so this paper lasting for a while until we get the method
used in Sect. 5.

Remark 1.3 In fact, the generalized Kähler-Einstein metric obtained from the con-
vergence of flow (1.2) is the given one. In [21], Stoppa discussed the twisted cscK
equation, that is, finding a metric ω ∈ [ω0] such that
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R(ω) − trωθ = S̃θ , (1.6)

where θ is a real closed semipositive (1, 1)-form and S̃θ is a constant. By the definition
of the twisted Mabuchi K-energy, it is easy to check that the second derivative along
a path ϕt ∈ Hω0 is given by

V

n!
d2

dt2
Vθ,ω0(ϕt ) = ‖∂̄∇1,0

ωϕt
ϕ̇t‖2ωϕt

+ (∂ϕ̇t ∧ ∂̄ ϕ̇t , θ)ωϕt

−
∫

M

(

ϕ̈t − 1

2
‖∇1,0

ωϕt
ϕ̇t‖2ωϕt

)(
R(ωt ) − trωϕt

θ − S̄θ

)
dVϕt .

If either the twisting form θ is strictly positive at a point or M admits no nontrivial
Hamiltonian holomorphic vector field, Vθ,ω0 is strictly convex along geodesics in
Hω0 . Then, the results of Chen and Tian [6] on the regularity of weak geodesics imply
uniqueness of solution of the twisted cscK equation. The above facts were pointed out
by Stoppa in [21].

The outline of this paper is as follows. In Sect. 2, by the heat kernel theory and the
arguments in Ye [27] and Zhang [28], we prove the uniform Sobolev inequality along
the generalized Kähler-Ricci flow (1.2), which will play an important role when we
get the C0 estimate for the metric potential. Then, we get the regularity estimates for
the flow (1.3) with the initial value (1.5) in Sect. 3, such as Laplacian C2 estimate
and Calabi’s C3 estimate by the maximum principle. In Sect. 4, we prove the W k,2

estimates for the generalized Ricci potential which builds on the work of [18]. At last,
we prove the convergence of the generalized Kähler-Ricci flowwith exponential delay
under the assumption in Theorem 1.1.

2 The Uniform Sobolev Inequality

In this section, we prove a uniform Sobolev inequality along the generalized Kähler-
Ricci flow. It based on the work of [27] and [28].

Proposition 2.1 Let (M, ω0) be a compact Kähler manifold with complex dimension
n ≥ 2 and g(t) be a solution of the generalized Kähler-Ricci flow. Then there exist
positive constants A and B depending only on the initial metric g(0) and θ , such that,
for all v ∈ W 1,2(M, g(t)) and t > 0, it holds

(∫

M
v

2n
n−1 dVt

) n−1
n ≤ A

∫

M

(

| ∇v |2 +1

4
(R − trg(t)θ)v2

)

dVt + B
∫

M
v2dVt .

Then by Perelman’s estimates for the flow (1.2) in [14], we have

(∫

M
v

2n
n−1 dVt

) n−1
n ≤ C

∫

M
| ∇v |2 dVt + C

∫

M
v2dVt , (2.1)

where C depending only on g(0) and θ .
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We first recall the generalized W functional

Wθ (g, f, τ ) =
∫

M
e− f τ−n

(
τ

(
R − trgθ + |∇ f |2

)
+ f

)
dVg (2.2)

and μ functional

μθ(g, τ ) = inf

{

Wθ (g, f, τ )| f ∈ C∞(M),
1

V

∫

M
e− f τ−ndVg = 1

}

(2.3)

in [14],where g is a Kähler metric, τ is a positive scale parameter and n is the complex
dimension of the Kähler manifold.

Let v = e− f
2 τ− n

2 V − 1
2 , we have ‖v‖22(g) = ∫

M v2dVg = 1, then the generalized W
functional and μ functional can be written as

Wθ = V
∫

M

(
τ((R − trgθ)v2 + 4|∇v|2) − v2 log v2

)
dVg

−V log V − nV log τ, (2.4)

μθ(g, τ ) = inf‖v‖2(g)=1
V

∫

M

(
τ((R − trgθ)v2 + 4|∇v|2) − v2 log v2

)
dVg

−V log V − nV log τ. (2.5)

Lemma 2.2 (Ye [27] or Zhang [28]) Assume that (M, g) is a compact Riemann man-
ifold with dimension n, then for each α > 0 and all u ∈ W 1,2(M) with ‖u‖2 = 1,
there holds

∫

M
u2 log u2dV ≤ nαCS(M, g)2

2

∫

M
|∇u|2dV − n

2
logα + n

2
(log 2 + αV − 2

n − 1),

where CS(M, g) is the Sobolev constant of (M, g).

Lemma 2.3 (Liu [14]) If τ satisfies the following equality

∂τ

∂t
= τ − 1.

Then μθ(g, τ ) is nondecreasing along the generalized Kähler-Ricci flow.

Then we prove the Sobolev inequality by using the heat kernel.

Proof of Proposition 2.1 Firstly, for any t , we let τ(s) = 1−e−t (1−ε2)es , ε ∈ (0, 1).
By Lemma 2.3, μθ(g(t), τ (t)) ≥ μθ(g(0), τ (0)), that is
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inf‖v‖2(g(t))=1

∫

M

(
ε2((Rg(t) − trg(t)θ)v2 + 4|∇v|2g(t)) − v2 log v2

)
dVt − 2n log ε

≥ inf‖v0‖2(g(0))=1

∫

M

(

σ(t)
(
(Rg(0) − trg(0)θ)v20 + 4|∇v0|2g(0)

)

−v20 log v20

)

dV0 − n log σ(t),

where σ(t) = 1 − e−t (1 − ε2). Since ε2 ≤ σ(t) ≤ 1,

∫

M
σ(t)((Rg(0) − trg(0)θ)v20dV0 ≥ −max(R − trθ)−(·, 0).

From Lemma 2.2, let α satisfying 4σ(t) = nαCS(M, g)2, then

∫

M
4σ(t)|∇v0|2g(0)dV0 −

∫

M
v20 log v20dV0 ≥ n log σ(t) − L0,

where L0 = n log nCS(M, g(0))2 − n log 2 − n + 4
CS(M,g(0))2

V − 1
n . Combining the

above three inequalities, we have

∫

M
v2 log v2dVt ≤

∫

M
ε2

((
Rg(t) − trg(t)θ

)
v2 + 4|∇v|2g(t)

)
dVt

−2n log ε + L0 + max(R − trθ)−(·, 0). (2.6)

Second, fix a time t0 during the generalized Kähler-Ricci flow. We shall show the
upper bound of short time heat kernel for the fundamental solution of equation

�u(x, t) − 1

4
(Rg(t0) − trg(t0)θ)u(x, t) − ∂

∂t
u(x, t) = 0 (2.7)

under the fixed metric g(t0).
Let u be a positive solution of Eq. (2.7). Given T ∈ (0, 1] and t ∈ (0, T ], we take

p(t) = T
T −t , so that p(0) = 1 and p(T ) = ∞. By direct computation

∂

∂t
‖u‖p(t) = −−p′(t)

p2(t)
‖u‖p(t) log

∫

M
u p(t)(x, t)dVt0

+ 1

p(t)

(∫

M
u p(t)(x, t)dVt0

) 1
p(t) −1

×
[∫

M
u p(t)(log u)p′(t)dVt0

+ p(t)
∫

M
u p(t)−1

(

�u − 1

4
(Rg(t0) − trg(t0)θ)u

)

dVt0

]

.
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Integrating by parts and multiplying both side by p2(t)‖u‖p(t)
p(t),

p2(t)‖u‖p(t)
p(t)

∂

∂t
‖u‖p(t) = −p′(t)‖u‖p(t)+1

p(t) log
∫

M
u p(t)dVt0

+ p(t)p′(t)‖u‖p(t)

∫

M
u p(t) log udVt0

− p2(t)(p(t) − 1)‖u‖p(t)

∫

M
u p(t)−2|∇u|2dVt0

− p2(t)‖u‖p(t)

∫

M

1

4
(Rg(t0) − trg(t0)θ)u p(t)dVt0 .

Dividing both sides by ‖u‖p(t), we obtain

p2(t)‖u‖p(t)
p(t)

∂

∂t
log ‖u‖p(t) = −p′(t)‖u‖p(t)

p(t) log
∫

M
u p(t)dVt0

+ p(t)p′(t)
∫

M
u p(t) log udVt0

− p2(t)
∫

M

1

4
(Rg(t0) − trg(t0)θ)(u

p(t)
2 )2dVt0

− 4(p(t) − 1)
∫

M
|∇u

p(t)
2 |2dVt0 .

Let v = u
p(t)
2

‖u
p(t)
2 ‖2

, after dividing by ‖u‖p(t)
p(t) = ‖u

p(t)
2 ‖22, we get

p2(t)
∂

∂t
log ‖u‖p(t) = p′(t)

∫

M
v2 log v2dVt0 − 4(p(t) − 1)

×
∫

M

(

|∇v|2 + 1

4
(Rg(t0) − trg(t0)θ)v2

)

dVt0

+
(
4(p(t) − 1) − p2(t)

) ∫

M

1

4
(Rg(t0) − trg(t0)θ)v2dVt0 .

Through computing,

p′(t) = T

(T − t)2
,

4(p(t) − 1)

p′(t)
= 4t (T − t)

T
≤ T ≤ 1,

−T ≤ 4(p(t) − 1) − p2(t)

p′(t)
= 4t (T − t) − T 2

T
≤ 0.
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We conclude that

p2(t)
∂

∂t
log ‖u‖p(t) ≤ p′(t)

(

−4(p(t) − 1)

p′(t)

∫

M

(

|∇v|2 + 1

4
(Rg(t0) − trg(t0)θ)v2

)

dVt0

+
∫

M
v2 log v2dVt0 + T max

(
Rg(t0) − trg(t0)θ

)−
)

≤ p′(t)
(

−2n log

(
p(t) − 1

p′(t)

) 1
2 + L0 + 2max

(
Rg(0) − trg(0)θ

)−
)

,

where we take ε satisfying ε2 = p(t)−1
p′(t) ≤ T

4 ≤ 1
4 and use the inequality (2.6). Note

that p′(t)
p2(t)

= 1
T and 4(p(t)−1)

p′(t) = 4t (T −t)
T , hence

∂

∂t
log ‖u‖p(t) ≤ 1

T

(

−n log
t (T − t)

T
+ L0 + 2max

(
Rg(0) − trg(0)θ

)−
)

.

Integrating from t = 0 to t = T , we get

log
‖u(·, T )‖∞
‖u(·, 0)‖1 ≤ −n log T + L + 2max

(
Rg(0) − trg(0)θ

)−
,

where L = L0 + 2n.
Since u(x, T ) = ∫

M P(x, y, T )u(y, 0)dVt0(y), where P is the heat kernel of equa-
tion (2.7), so

P(x, y, T ) ≤
exp

(
L + 2max

(
Rg(0) − trg(0)θ

)−)

T n
:= �

T n
. (2.8)

At last, we show that the upper bound of short time heat kernel implies the uniform
Sobolev inequality. Let t0 be a fixed time during the generalized Kähler-Ricci flow,
F = max

(
Rg(0) − trg(0)θ

)−, PF be the heat kernel of operator −� + , where
 = 1

4 (Rg(t0) − trg(t0)θ) + F + 1 ≥ 1.
We are now extending estimate (2.8) for every positive time t . For y ∈ M , consider

f (x, t) = PF (x, y, 1+ t). We have
(

∂
∂t − �)

f (x, t) = − f (x, t) and f (x, 0) ≤ �.
Sowe conclude that f (x, y, t) ≤ e−t� by themaximumprinciple, hence PF (x, y, 1+
t) ≤ e−t� ≤ �e(n+1)!

(t+1)n . So

PF (x, y, t) ≤ Ct−n, (2.9)

for every time t , where C depends only on g(0), θ and n.
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By Hölder inequality, for any f ∈ L2(M),we have

∣
∣
∣
∣

∫

M
PF (x, y, t) f (y)dVt0(y)

∣
∣
∣
∣ ≤

(∫

M
P2

F (x, y, t)dVt0(y)

) 1
2 ‖ f ‖2

≤
(∫

M
PF (x, y, t)dVt0(y)Ct−n

) 1
2 ‖ f ‖2

≤ C
1
2 t−

n
2 ‖ f ‖2.

Then the uniform Sobolev inequality follows from the following theorem:

Lemma 2.4 (Davies [9]) Let  ≥ 0, μ > 2 and C̃ > 0. Assume that the inequality

‖e−t H u‖∞ ≤ C̃t−
μ
4 ‖u‖2

holds true for each t > 0 and all u ∈ L2(M). Then the Sobolev inequality

‖u‖22μ
μ−2

≤ C(μ, C̃)Q(u)

holds true for all u ∈ W 1,2(M), where Q(u) = ∫
M (|∇u|2 +u2)dV and the positive

constant C(μ, C̃) can be bounded from above in terms of upper bounds for C̃ , μ and
1

μ−2 .

Taking μ = 2n, then Proposition 2.1 follows from the arbitrarity of t0. �

3 The Prior Estimates for Metric Potential

In this section,we generalize the LaplacianC2 estimate andCalabi’sC3 estimate along
the flow (1.3) with initial value (1.5). For simplification, the geometric quantities at
time t = 0 will be signed by symbol hat. In the following arguments, all indices are
raised and loweredwith respect to themetric g(t) unless indicated explicitly otherwise.
Adopting the arguments as that in [16], we have

Proposition 3.1 Let M be a compact Kähler manifold with Kähler metric ω0 satisfy-
ing ω0 ∈ 2πc1(M) − [θ ]. For the generalized Kähler-Ricci flow defined as (1.3) with
initial value (1.5), we have the priori estimates

sup
M

‖ φ ‖C0≤ C0 ⇐⇒ sup
M

‖ φ ‖Ck ≤ Ck, k ∈ N
+. (3.1)

Proof First, by the similar arguments in [16], we have

sup
M

‖φ̇‖C0 ≤ C < ∞, (3.2)

where constant C depends only on g(0).
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Let h = hα
β defined by hα

β = ĝᾱλgλ̄β and G = log
ωn

φ

ωn
0
.

We first prove the Laplacian C2 estimates. Through computing, we have
(

� − d

dt

)

log trh = 1

trh

{
�̂(G − φ̇) − R̂

}
− 1

trh
g pq̄ gm̄ j ĝ

rm̄ R̂ j
r q̄ p

+
{

ĝγ s̄φ t
γ pφ

p
s̄t

trh
− gδk̄∂k̄ trh∂δtrh

(trh)2

}

. (3.3)

Now, we let φ evolve by the generalized Kähler-Ricci flow (1.3). When we choose
a locally holomorphic basis, which such that (ĝi ī ) be identity and (giī ) be diagonal
matrix. Since (giī ) is positive definite, so we have giī = 1 + φi ī > 0. Through
computing respectively,

ĝγ s̄φ t
γ pφ

p
s̄t

trh
− gδk̄∂k̄ trh∂δtrh

(trh)2
≥ 0, (3.4)

−g pq̄ gm̄ j ĝ
rm̄ R̂ j

r q̄ p = −
n∑

i, j=1

1 + φi ī

1 + φ j j̄
R̂ī i j̄ j ≥ −C0(trh)

∑

j

1

1 + φ j j̄
, (3.5)

�φ =
n∑

j=1

φ j j̄

1 + φ j j̄
= n −

n∑

j=1

1

1 + φ j j̄
. (3.6)

Putting (3.4), (3.5) and (3.6) into (3.3), we have
(

� − d

dt

)

(log trh − Aφ) ≥ Aφ̇ − (1 + An) + (A − C2)
∑

j

1

1 + φ j j̄

≥ −C3 + C4

∑

j

1

1 + φ j j̄
, (3.7)

where we choose A sufficiently large such that A − C2 > 0. C3 and C4 depend only
on g(0).

Let [0, T ] be any time interval, and (z0, t0) be a point in M × [0, T ], where the
function log trh − Aφ attains its maximum. If this point is not at time t = 0, then the
left handside of (3.7) is non-positive, and we obtain the estimates

1

1 + φi ī
≤ C5, 1 ≤ i ≤ n. (3.8)

Since, at point (z0, t0), we have

trh = trh

(
det ĝi j̄

det gi j̄

)

exp(φ̇ − φ − û)

= exp(φ̇ − φ − û)

n∑

i=1

∏

j �=i

1

1 + φ j j̄
≤ C6, (3.9)
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we get the estimate

sup
M×[0,T ]

trh ≤ eA‖φ‖C0 exp(log trh − Aφ)(z0, t0) ≤ C7. (3.10)

Since T is arbitrary, this establishes the boundness of the trace of gk̄ j , combining the

matrix is positive, the proof of Laplacian C2 estimate is completed. At the same time,
by the estimates (3.8), we know that there exist constants A and B, such that

0 < A ≤ 1 + φi ī ≤ B, 1 ≤ i ≤ n, (3.11)

which implies that the metrics g and g(0) are uniform equivalent.
Next, we prove the Calabi’s C3 estimate. Let S be defined by

S = g jr̄ gsk̄ gmt̄φ j k̄mφr̄ st̄ . (3.12)

By direct calculation, we have

S = gmγ̄ gμ̄βglᾱ(∇mhh−1)
β
l(∇γ hh−1)

μ
α = |∇hh−1|2. (3.13)

As computing in [16], we have

(

� − d

dt

)

S = |∇hh−1|2 + gmγ̄ gμ̄βglᾱ(
(−∇ q̄ R̂β

lq̄m − θ
β
l,m)(∇γ hh−1)

μ
α

+(∇mhh−1)
β
l(−∇ q̄ R̂μ

αq̄γ − θ
μ
α, j )

)+|∇(∇hh−1)|2+|∇̄(∇hh−1)|2

+(∇mhh−1)
β
l(∇γ hh−1)

μ
α(θmγ̄ gμ̄βglᾱ−gmγ̄ θμ̄βglᾱ+gmγ̄ gμ̄βθ lᾱ).

(3.14)

Because R̂β
lq̄m is a fixed tensor and θ is a fixed form, we obtain immediately

∇mθlq̄ = ∇̂mθlq̄ − Xs
mlθsq̄ , (3.15)

∇p R̂β

lqm = ∇̂p R̂β

lqm + Xβ
ps R̂s

lqm − Xs
pl R̂β

sqm − Xs
pm R̂β

lqs, (3.16)

where we denote Xk
il = (∇i hh−1)k

l . Hence we have

(

� − d

dt

)

S ≥ −C1S − C2. (3.17)

From the Laplacian C2 estimate, we have

(

� − d

dt

)

(S + Ltrh) ≥ (L A − C1)S − (LC3 + C2). (3.18)
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When choosing L large enough such that L A − C1 > 0, we conclude that

(

� − d

dt

)

(S + Ltrh) ≥ C4S − C5. (3.19)

Then by maximal principle, we get the uniform bound of S.
In order to apply the standard parabolic estimates to obtain the higher order esti-

mates, we require a derivative bound of g(t) in the t-direction. Given the estimates
proved so far, it is sufficient to bound |Ric(g(t))|. The evolution of the Ricci curvature
along the generalized Kähler-Ricci flow is given by

(

� − d

dt

)

(Rkl̄) = −Rpq̄ R pq̄
kl̄

+ Rkq̄ Rq̄
l̄
+ ∇l̄∇kθi j̄ g

i j̄ . (3.20)

Then given the estimates on trh and S, we have

(

� − d

dt

)

|Ric| = 1

|Ric|
(
−Rpq̄ R pq̄

i j̄
Ri j̄ + giq̄ g pl̄ gk j̄θpq̄ Rkl̄ Ri j̄

+∇l̄∇kθmn̄gmn̄ Ri j̄ g
il̄ gk j̄ + |∇ Ric|2 + |Ric|2 − |∇|Ric||2

)

≥ −C6(|Rm |2 + 1). (3.21)

At the same time, from the computations above for the evolution of S, there exist
uniform constants C7 and C8 such that

(

� − d

dt

)

S ≥ C7|Rm |2 − C8. (3.22)

Then by applying the maximum principle to the quantity |Ric| + C6+1
C7

S we obtain
the desired upper bound on |Ric|.

The remaining part of the proof is standard: Differentiating the equation (1.3) with
respect to zk , we get

(

� − d

dt

) (
∂φ

∂zk

)

= ĝi j̄
∂ ĝi j̄

∂zk
− gi j̄

∂ ĝi j̄

∂zk
− k

∂φ

∂zk
− ∂ û

∂zk
. (3.23)

Then we know that the coefficients of operator � − d
dt are bounded in parabolic C0,α

norm and the right hand side of (3.23) also has estimates in parabolic C0,α norm for
all 0 < α < 1. Then the general theory of parabolic P.D.E. can be applied to give the
uniform Ck estimates for all k ∈ N

+. �

4 The Wk,2 Estimates for the Generalized Ricci Potential

In this section, we prove the W k,2 estimates for the generalized Ricci potential, which
plays an important role in the exponential convergence of the Kähler-Ricci flow.
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Let’s denoteHω0 to be the set of all smooth strictlyω0-plurisubharmonic functions,
i.e.,

Hω0 =
{
ϕ ∈ C∞(M) : ω0 + √−1∂∂̄ϕ > 0

}
.

Through the work of Bando and Mabuchi [2], Ding [10], Donaldson [11],Tian [23]
and others, it is well known that the MabuchiK-energy is very useful in Kähler geom-
etry. Let’s recall the following twisted Mabuchi K-energy which was first introduced
by Song and Tian in [22].

Definition 4.1 For every (ϕ0, ϕ1) ∈ Hω0 × Hω0 , we define

Mθ (ϕ0, ϕ1) = −n!
V

∫ 1

0

∫

M
ϕ̇t (R(ωϕt ) − trωϕt

θ − S̄θ )dVtdt, (4.1)

where {ϕt |0 ≤ t ≤ 1} is an arbitrary piecewise smooth path in Hω0 such that
ϕt |t=0 = ϕ0 and ϕt |t=1 = ϕ1, R(ωϕt ) is the scalar curvature of ωϕt , and S̄θ =
1
V

∫
M n(2πc1(M) − [θ ]) ∪ [ω0]n−1. For every ϕ ∈ Hω0 , we define

Vθ,ω0(ϕ) = Mθ (0, ϕ). (4.2)

Now we state and proof the W k,2 estimates for the generalized Ricci potential, our
arguments resemble those in [18].

Proposition 4.2 Let M be a compact Kähler manifold with complex dimension n and
g(t) be a solution of the generalized Kähler-Ricci flow. Assuming that all covariant
derivatives of fixed order (including order 0) of Riemann curvature and θ with respect
to the metric g(t) are uniformly bounded. If the twisted Mabuchi K-energy is bounded
from below on Hω0 , then we have for any s ≥ 0,

lim
t→+∞ ‖ Ri j̄ − gi j̄ − θi j̄ ‖(s)= 0, (4.3)

where ‖ · ‖(s) denotes the Sobolev norm of order s with respect to the metric g(t).

Proof Define Y (t) = ∫
M | ∇u |2 dVt , where u is the generalized Ricci potential with

respect to metric g(t). From Lemme 4.4 in [14], we know that
∫ +∞
0 Y (t)dt < +∞,

limt→+∞ Y (t) = 0, and

∫ +∞

0
dt

∫

M
| ∇̄∇u |2 dVt +

∫ +∞

0
dt

∫

M
| ∇∇u |2 dVt

= Y (0) + (n + 1)
∫ +∞

0
Y (t)dt −

∫ +∞

0
dt

∫

M
| ∇u |2 (

R − trg(t)θ
)
dVt

−1

2

∫ +∞

0
dt

∫

M
θ(grad u,J grad u)dVt ,
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so we can conclude that
∫ +∞

0
dt

∫

M
| ∇̄∇u |2 dVt +

∫ +∞

0
dt

∫

M
| ∇∇u |2 dVt < +∞. (4.4)

Instead of Bochner-Kodaira formulas for the complex Laplacian ∇ p̄∇ p̄, it is simpler
to use the real Laplacian �R = � + �̄, which gives at once

� | ∇s∇̄r u |2 = 1

2
�RuK̄ J uK J̄ + uK̄ J

1

2
�RuK̄ J

+ | ∇uK̄ J |2 + | ∇̄uK̄ J |2, (4.5)

where uK̄ J = ∇ js · · · ∇ j1∇k̄r
· · · ∇k̄1u.

The time evolution of | ∇s∇̄r u |2 is given by

(
| ∇s∇̄r u |2

)· =
r∑

α=1

(Rlα k̄α − θ lα k̄α )uK̄ J uk̄1··· ···k̄r J
lα

− (uK̄ J )·uK J̄ − uK̄ J (uK J̄ )·

+
s∑

β=1

(R jβ m̄β − θ jβ m̄β )uK̄ J uK̄ j1··· ··· js
m̄β

− (r + s) | ∇s∇̄r u |2 .

(4.6)

By induction, we find that

(uK̄ J )· = 1

2
�RuK̄ J +uK̄ J − 1

2

r∑

α=1

R m̄α

k̄α
uk̄1···m̄α ···k̄r J − 1

2

s∑

β=1

R
mβ

jβ
uK̄ j1···mβ ··· js

+
∑

1≤α<β≤s

R
mα mβ

jα jβ
uK̄ j1···mα ···mβ ··· js +

∑

1≤α<β≤r

R
m̄α m̄β

k̄α k̄β
uk̄1···m̄α ···m̄β ···k̄r J

+
r∑

α=1

s∑

β=1

R
m̄αnβ

k̄α jβ
uk̄1···m̄α ···k̄r j1···nβ ··· js +

r+s−1∑

j=1

D j Rm × Dr+s− j u

+
r+s−1∑

j=1

D jθ × Dr+s− j u.

Here D denotes covariant differentiation in either j or j̄ indices, and Dk Rm , Dkθ

and Dku denote all tensors obtained by k covariant differentiations of Rm , θ and u
respectively. The A × B denotes linear combination of the tensors A and B contracted
with respect to the metric g(t). The last two terms in the above equation are lower
order terms which is actually absent when r = s = 1.Combining the above equations,
we have
(
| ∇s∇̄r u |2

)· = 1

2
�R | ∇s∇̄r u |2 − | ∇uK̄ J |2−| ∇̄uK̄ J |2−(r +s−2) | ∇s∇̄r u |2

+ 2
r∑

α=1

s∑

β=1

R
m̄αmβ

k̄α jβ
uk̄1···m̄α ···k̄r j1···mβ ··· js uK J̄
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+ 2
∑

1≤α<β≤s

R
mα mβ

jα jβ
uK̄ j1···mα ···mβ ··· js uK J̄

+ 2
∑

1≤α<β≤r

R
m̄α m̄β

k̄α k̄β
uk̄1···m̄α ···m̄β ···k̄r J uK J̄

+ 2
r+s−1∑

j=1

D j Rm × Dr+s− j u×uK J̄ +2
r+s−1∑

j=1

D jθ×Dr+s− j u×uK J̄

−
r∑

α=1

θ lα k̄α uK̄ J uk̄1··· ···k̄r J
lα

−
s∑

β=1

θ jβ m̄β uK̄ J uK̄ j1··· ··· js
m̄β

.

Set Yr,s(t) = ∫
M | ∇s∇̄r u |2 dVt , the time evolution of Yr,s(t) is given by

d

dt
Yr,s(t) =

∫

M

d

dt
| ∇s∇̄r u |2 dVt +

∫

M
| ∇s∇̄r u |2 �φ̇dVt

≤
∫

M

1

2
�R | ∇s∇̄r u |2 dVt + CYr,s(t)

−
∫

M
| ∇s+1∇̄r u |2 dVt −

∫

M
| ∇̄∇s∇̄r u |2 dVt

+ C
r+s−1∑

j=1

(∫

M
| Dr+s− j u |2 dVt

) 1
2

Y
1
2

r,s(t). (4.7)

For any a ≥ b, integrating both sides of the above inequality form b to a, we have

Yr,s(a) − Yr,s(b) ≤ C
∫ a

b
Yr,s(t)dt + C

r+s−1∑

j=1

∫ a

b

×
((∫

M
| Dr+s− j u |2 dVt

) 1
2

Y
1
2

r,s(t)

)

dt

≤ C
r+s−1∑

j=1

(∫ +∞

b

∫

M
| Dr+s− j u |2 dVt dt

) 1
2
(∫ +∞

b
Yr,s(t)dt

) 1
2

+ C
∫ +∞

b
Yr,s(t)dt. (4.8)

We argue now by induction. When r + s = 2, we have

∫ +∞

0
dt

∫

M
| ∇̄∇u |2 dVt +

∫ +∞

0
dt

∫

M
| ∇∇u |2 dVt < +∞.

Y (t) → 0.
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Assume that

∫ +∞

0
dt

∫

M
| D j u |2 dVt < +∞, j ≤ r + s, (4.9)

∫

M
| D j u |2 dVt → 0, j < r + s. (4.10)

Then Yr,s(t) is integrable on [0,+∞), so there exists bm ∈ [m, m + 1), such that
Yr,s(bm) → 0. By (4.8), we have Yr,s(t) → 0 as t → +∞. Since any covariant
derivative of u of order r + s differs from ∇s∇̄r u by D j Rm × Dr+s−2− j u ( j ≥ 0)
and all covariant derivatives of Riemann curvature tensors are bounded, we conclude
that

∫
M | Dr+su |2 dVt → 0 from the second induction hypothesis and the fact

Yr,s(t) → 0. To establish the first induction hypothesis at order r + s + 1, we return
to (4.7). Integrating from 0 to +∞,

∫ +∞

0
dt

∫

M
| ∇s+1∇̄r u |2 dVt +

∫ +∞

0
dt

∫

M
| ∇̄∇s∇̄r u |2 dVt

≤ Yr,s(0) + C
r+s−1∑

j=1

(∫ +∞

0

∫

M
| Dr+s− j u |2 dVtdt

) 1
2
(∫ +∞

0
Yr,s(t)dt

) 1
2

+C
∫ +∞

0
Yr,s(t)dt.

This implies the L2 norm of ∇s+1∇̄r u and ∇̄∇s∇̄r u are integrable on [0,+∞).
Using the first induction hypothesis and again the uniform boundness of the Riemann
curvature tensors and all its covariant derivatives, we can deduce the conclusion that∫

M | Dr+s+1u |2 dVt is integrable on [0,+∞). So we prove the assumption (4.10) for
all j ∈ N . Since Ri j̄ −gi j̄ −θi j̄ = −ui j̄ , the L2 norm convergence to 0 of all covariant
derivatives of u implies that the convergence of all Sobolev norms of Ri j̄ − gi j̄ − θi j̄ .
The proof of Proposition 4.2 is completed. �
Remark 4.3 In fact, we should only assume that the Riemann curvature and all covari-
ant derivatives of θ are bounded in the assumption of Proposition 4.2. Through
computing by induction, we have

(
d

dt
− �

)

| ∇r ∇̄s Rm |2 = − | ∇r+1∇̄s Rm |2 − | ∇̄∇r ∇̄s Rm |2

− (r + s + 2) | ∇r ∇̄s Rm |2
+

∑

i+ j=s
k+l=r

∇k∇̄ i (Rm + θ) × ∇l∇̄ j Rm × ∇r ∇̄s Rm

+
∑

i+ j=s
k+l=r

∇̄k∇ i (Rm + θ) × ∇̄l∇ j Rm × ∇̄r∇s Rm

+〈∇r ∇̄s+1∇θ,∇r ∇̄s Rm〉 + 〈∇̄r∇s+1∇̄θ, ∇̄r∇s Rm〉.
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We have known that the Riemann curvature is bounded uniformly, then we assume
that | D j Rm |≤ C , for j < r + s. We consider the function

F =| ∇r ∇̄s Rm |2 +A | ∇r−1∇̄s Rm |2 . (4.11)

If r = 0, then s ≥ 1, we consider F =| ∇̄s Rm |2 +A | ∇̄s−1Rm |2,
(
d

dt
− �

)

F ≤ −A | ∇r ∇̄s Rm |2 +C | ∇r ∇̄s Rm |2 + C. (4.12)

By maximum principle, | ∇r ∇̄s Rm |2 is uniformly bounded. Since Dr+s Rm differs
from∇r ∇̄s Rm by Dk Rm · Dr+s−2−k Rm(0 � k � r + s −2), by induction hypothesis,
we get the uniform bound of |Dr+s Rm |.

5 Convergence of the Generalized Kähler-Ricci Flow

In this section, we argue the convergence of the the generalized Kähler-Ricci flow,
which is similar to the Kähler case in [19]. First, we introduce Aubin’s functionals on
Hω0 .

Iω0(φ) = n!
V

∫

M
φ(dV0 − dVt ),

Jω0(φ) = n!
V

∫ 1

0

∫

M
φ̇t (dV0 − dVt )dt

= 1

V

n−1∑

i=0

i + 1

n + 1

∫

M
∂φ ∧ ∂̄φ ∧ ωi

0 ∧ wn−i−1
φ ,

where φt is a path with φ0 = c, φ1 = φ.

F0
ω0

(φ) = Jω0(φ) − n!
V

∫

M
φdV0

Fω0(φ) = Jω0(φ) − n!
V

∫

M
φdV0 − log

(
n!
V

∫

M
e−u(0)−φdV0

)

.

Through computing, we conclude that 1
n Jω0 ≤ 1

n+1 Iω0 ≤ Jω0 and the time deriva-
tives of Iω0 and Jω0 along any path φt can be written as follows:

∂

∂t
Iω0(φt ) = n!

V

∫

M
φ̇t (dV0 − dVt ) − n!

V

∫

M
φt�φ̇tdVt ,

∂

∂t
Jω0(φt ) = n!

V

∫

M
φ̇t (dV0 − dVt ).

Now, we use the Sobolev inequality and Moser-Trudinger inequality stated in
Proposition 2.1 and Lemma 5.5 respectively to show a uniform C0 estimate for

123



256 J. Liu, Y. Wang

potential φ along the generalized Kähler-Ricci flow. We first establish some rela-
tions between the above functionals along the flow. Following the Kähler case in [19],
we have

Lemma 5.1 There exists C depending only on g(0) and θ , such that φ which evolves
along the flow (1.3) satisfies:

(i) Vθ,ω0(φ) − F0
ω0

(φ) − n!
V

∫

M
φ̇dVt = C ,

(ii) |Fω0(φ) − Vθ,ω0 | + |F0
ω0

(φ) − Vθ,ω0 | ≤ C ,

(iii) (n−1)!
V

∫

M
(−φ)dVt − C ≤ Jω0(φ) ≤ n!

V

∫

M
φdV0 + C ,

(iv) n!
V

∫

M
φdV0 ≤ n · n!

V

∫

M
(−φ)dVt − (n + 1)Vθ,ω0 + C.

Lemma 5.2 Let (M, ω0) be a compact Kähler manifold, and θ ∈ [α] = 2πc1(M) −
[ω0] be a real closed semipositive (1, 1)-form. Assume that the twisting form θ is
strictly positive at a point or M admits no nontrivial Hamiltonian holomorphic vector
field. If ω is a generalized Kähler-Einstein metric, then the first eigenvalue of �ω

satisfies λ1 > 1.

Proof Recall that we can characterize the first eigenvalue variationally by

λ1(�ω) = inf∫
M φdVω=0

φ �=0

∫
M |∇φ|2ωdVω∫

M φ2dVω

, (5.1)

and it is well known that there exists an eigenfunction u such that �ωu = −λ1u.
Through computating, we have

λ21

∫

M
u2dVω =

∫

M
(�u)2dVω

=
∫

M
|∇∇u|2ωdVω +

∫

M
|∇u|2ωdVω +

∫

M
θ i j ui u jdVω

� λ1

∫

M
u2dVω, (5.2)

where we can conclude that λ1 � 1. In fact, we can prove that λ1 > 1.

• In the case that M admits no nontrivial Hamiltonian holomorphic vector field: if
λ1 = 1, we have

∫
M |∇∇u|2ωdVω = 0, so ui j = 0 for any i, j , then it implies

that X = gi j u j
∂

∂zi is a nontrivial Hamiltonian holomorphic vector field, which
contradicts the assumption.

• In the case that the twisting form θ is strictly positive at a point: if λ1 = 1, we
know X = gi j u j

∂
∂zi is a nontrivial Hamiltonian holomorphic vector field from the

above case. Since θ is strictly positive at a point, then there exists a neighborhood
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U such that θ > 0 on U . Since
∫

M
θ i j ui u jdVω =

∫

M
θ(X, X)dVω = 0, (5.3)

we imply that X = 0 on U , combining with X is holomorphic, we get that X = 0
on M , hence we have u = C , which we also get a contradiction. �
By the Sobolev inequality (2.1) and the Poincaré inequality (see [14, Lemma 4.2])

along the generalized Kähler-Ricci flow, we obtain the following lemma by following
the arguments in [19] or [20]:

Lemma 5.3 We have the following estimate along the generalized Kähler-Ricci flow

osc(φ) ≤ A

V

∫

M
φdV0 + B, (5.4)

where the constants A and B depend only on g(0).

Lemma 5.4 Let (M, ω0) be a compact Kähler manifold, and θ ∈ [α] = 2πc1(M) −
[ω0] be a real closed semipositive (1, 1)-form. Assume that φ evolves along the flow
(1.3) with initial value (1.5) and the twisting form θ is strictly positive at a point or
M admits no nontrivial Hamiltonian holomorphic vector field. If

sup
t≥0

1

V

∫

M
φdV0 ≤ C < +∞, (5.5)

then the generalized Kähler-Ricci flow converges in C∞ to a generalized Kähler-
Einstein metric exponentially fast.

Proof By the arguments in the Kähler case, we get the uniform bound of ‖ φ ‖C0 ,
see [19]. Then by Proposition 3.1, we obtain the uniform Ck norm of φ for any
k ∈ N

+. So the metric g(t) are uniform equivalent and bounded in C∞. Then we
have λ1(t) � C0 > 0, where λ1(t) is the first eigenvalue of �g(t) and C0 is a uniform
constant.

Step 1. We prove that ϕ(t) = φ̇ − 1
V

∫
M φ̇dVt converge to 0 in C∞, by Poincaré

equality, we have

C0

∫

M
ϕ2dVt � λ1(t)

∫

M
ϕ2dVt �

∫

M
|∇ϕ|2dVt = Y (t) → 0. (5.6)

when t → +∞. Since the metrics are all uniform equivalent along the flow, so∫
M ϕ2dV0 → 0, which implies that ϕ → 0 in C∞. If not, there exist r , ε0, and a time

sequence {ti } with ‖ϕ(ti ) − 0‖Cr � ε0. But ϕ(ti ) are bounded in C∞ topology, so
there is a subsequence denoted it also by ϕ(ti ), such that ϕ(ti ) converge in C∞ to a
smooth function ϕ∞ �= 0. This is a contradiction since ϕ(ti ) do converge to 0 in L2

norm.
Step 2. We prove φ̇ → 0 in C∞ topology as t → +∞.
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Let α(t) = 1
V

∫
M φ̇dVt . From the course of getting a uniform bound of φ̇, see [16],

we conclude that

0 ≤ α(t) =
∫ +∞

t
et−s‖∇φ̇‖2L2ds. (5.7)

Since ‖∇φ̇‖2
L2 converges to 0 as t → +∞ proved in [14], we conclude that α(t)

converges to 0 as t → +∞. Combining Step 1, we obtain φ̇ → 0 in C∞ topology as
t → +∞.

Step 3. We prove the generalized Kähler-Ricci flow converges in C∞ to a general-
ized Kähler-Einstein metric exponentially fast.

The evolution of ϕ(t) as follows:

∂ϕ

∂t
= �∂φ

∂t
+ ϕ − 1

V

∫

M

∂φ

∂t
�∂φ

∂t
dVt . (5.8)

Define energy E = 1
2

∫
M ϕ2dVt , when t is large, by Step 1 we have

d

dt
E =

∫

M
(−1 − ϕ)|∇ϕ|2g(t)dVt +

∫

M
ϕ2dVt

≤ (−1 + ε)

∫

M
|∇ϕ|2g(t)dVt +

∫

M
ϕ2dVt .

Now we claim that there exists a uniform constant δ > 0, such that λ1(t) � 1 + δ.
We first prove that λ1(g(t)) ≥ 1, if not, there exists a time sequence ti → +∞, such
that λ1(ti ) < 1. But g(ti ) are bounded in C∞ topology so there exists a subsequence
denoted also by g(ti ), such that g(ti ) converge in C∞ to a generalized Kähler-Einstein
metric g∞ by the fact that φ̇ → 0 inC∞ topology, andλ1(ti ) → λ1(g∞), soλ1(g∞) ≤
1, which contradicts λ1(g∞) > 1 by Lemma 5.2.

Then we start to prove the claim. If the claim is not true, then there exists a time
sequence {ti }, such that λ1(ti ) → 1. But g(ti ) are bounded in C∞ topology so there
is a subsequence denoted also by g(ti ), such that g(ti ) converge in C∞ to a Kähler
metric g∞ and λ1(ti ) → λ1(g∞), since φ̇ → 0 in C∞ topology, g∞ is actually a
generalized Kähler-Einstein and λ1(g∞) = 1, which also contradicts λ1(g∞) > 1 by
Lemma 5.2. By this claim, we imply that

d

dt
E � ((−1 + ε)(1 + δ) + 1)

∫

M
ϕ2dVt ,

where ε is small enough such that ε satisfies (1 − ε)(1 + δ) > 1. So we have

E � C0e−2C1t (5.9)

for t � 1.

Since ϕ(t) = φ̇ − 1
V

∫

M
φ̇dVt , we have the following equality
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1

nV

∫

M
|∂φ̇|2dVt = 1

nV

∫

M
|∂ϕ|2dVt

= − 1

nV

∫

M
ϕ�ϕdVt

� C5

∫

M
|ϕ|dVt

� C6E
1
2 . (5.10)

By (5.9), we know that Y (t) = ∫
M | ∇u |2 dVt converge to 0 exponentially fast. In

the proof of Proposition 4.2, by inductive hypotheses, we can deduce the exponential
decay of the L2 norms Yr,s of ∇s∇̄r u. From (4.7), we have

d

dt
Yr,s(t) ≤ −2cYr,s(t) + CYr,s(t)

−
∫

M
| ∇s+1∇̄r u |2 dVt −

∫

M
| ∇̄∇s∇̄r u |2 dVt

+ C
r+s−1∑

j=1

∫

M
| Dr+s− j u |2 dVt . (5.11)

By using the interpolation formula, for any ε > 0, we have

Yr,s(t) ≤ ε

(∫

M
| ∇s+1∇̄r u |2 dVt +

∫

M
| ∇̄∇s∇̄r u |2 dVt

)

+ C(ε)

∫

M
| Dr+s−1u |2 dVt , (5.12)

whereC(ε) independent of t . Taking ε sufficiently small and putting (5.12) into (5.11),
we have

d

dt
Yr,s(t) ≤ −2cYr,s(t) + C

r+s−1∑

j=1

∫

M
| Dr+s− j u |2 dVt

� −2cYr,s(t) + Ce−ct , (5.13)

where in the last inequality, we have assumed by induction that all L2 norms of
Dr+s− j u decay exponentially. Integrating between t and 0, we see that Yr,s(t) decays
exponentially. Hence we know that the Sobolev norm ‖ Ri j̄ − gi j̄ − θi j̄ ‖(s) with
respect to the metric g(t) decay exponentially to 0. Then Sobolev imbedding theorem
yields the exponential decay of ‖u‖Ck for any k. By the fact that the metrics along
the generalized Kähler-Ricci flow are all uniformly equivalent, we conclude that with
respect to the metric g(0), ‖u‖Ck (g(0)) also decay exponentially to 0 for any k. Hence
‖ġi j̄ (t)‖Ck (g(0)) = ‖Ri j̄ (t) − gi j̄ (t) − θi j̄‖Ck (g(0)) decays exponentially to 0.

From the above argument, we prove that the generalized Kähler-Ricci flow con-
verges in C∞ topology to a generalized Kähler-Einstein metric. �
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At last, we proof the Theorem 1.1 by using the following Moser-Trudinger type
inequality which proved by Zhang and Zhang in [29].

Lemma 5.5 Let (M, ω0) be a Kähler manifold, and θ ∈ [α] = 2πc1(M) − [ω0] is
a real closed semipositive (1, 1)-form. Assuming that the twisting form θ is strictly
positive at a point or M admits no nontrivial Hamiltonian holomorphic vector field. If
there exists a generalized Kähler-Einstein metric in [ω0]. Then, for any Kähler metric
ω ∈ [ω0] there exist uniform positive constants {Ci }4i=1 depending only on k and the
geometry of (M, ω), such that

Fω(ϕ) ≥ C1 Jω(ϕ) − C2, (5.14)

and

Vθ,ω(ϕ) ≥ C3 Jω(ϕ) − C4, (5.15)

for all ϕ ∈ Hω.

Proof of Theorem 1.1 From assumption, the Moser-Trudinger inequality holds along
the generalized Kähler-Ricci flow by Lemma 5.5. Since Vθ,ω0 decreases along the
flow. It follows that Jω0(φ) is uniformly bounded from above. Thus by Lemma 5.1
(i i i), we have

∫

M
(−φ)dVt ≤ C. (5.16)

Since Jω0 ≥ 0, applying Lemma 5.5 we know that the twisted Mabuchi K-energy
Vθ,ω0 is uniformly bounded from below. Then by Lemma 5.1 (iv), we have

∫

M
φdV0 ≤ C. (5.17)

So Theorem 1.1 follows from Lemma 5.4. �
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