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Abstract In this paper, we consider the convergence of the generalized Kéhler-Ricci
flow with semi-positive twisted form 6 on Kéhler manifold M. We give detailed proofs
of the uniform Sobolev inequality and some uniform estimates for the metric potential
and the generalized Ricci potential along the flow. Then assuming that there exists a
generalized Kéhler-Einstein metric, if the twisting form 6 is strictly positive at a point
or M admits no nontrivial Hamiltonian holomorphic vector field, we prove that the
generalized Kéhler-Ricci flow must converge in C* topology to a generalized Kéhler-
Einstein metric exponentially fast, where we get the exponential decay without using
the Futaki invariant.
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1 Introduction

Let M be a compact complex manifold with Kdhler class [wg]. To find a Kéhler-
Einstein metric in a given Kéhler class is an important problem in Kéhler geometry,
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thatis, when 2 c1 (M) = k[wo], whether there exists a unique Kéhler metric w € [wo],
such that Ric(w) = kw. One approach to this problem is the continuous method, see
the works of Aubin and Yau [1,26]. The other approach is the Kéhler-Ricci flow. The
Kihler-Ricci flow was first used by Cao in [3] to give a parabolic proof of Calabi-
Yau theorem. In recent years, the convergence of Kihler-Ricci flow has become the
main object of geometry analysis. H.D. Cao, B.L. Chen, X.X. Chen, S. Donaldson, G.
Perelman, D.H. Phong, J. Song, G. Tian, X.H. Zhu, X.P. Zhu, and others have done
substantial work on this problem (see [4,5,7,12,15,17,18,22,24] etc.).

When the Kéhler class is not proportional to the first Chern class, i.e., 2w ¢y (M) —
klwo] = [«] # 0. Fixing a closed (1, 1)-form 6 € [«], we can consider the following
generalized Kéhler-Einstein equation

Ric(w) = kw + 0, (1.1)
which was introduced by Song and Tian in [22]. The generalized Kihler-Ricci flow

dw (1)
ot

= —Ric(w(t)) + ko (t) + 6 (1.2)

with initial metric wy is studied, respectively, by the first author in [14], Collins and
Székelyhidi in [8]. When the constant k& < 0, by Cao’s arguments for the parabolic
Complex Monge-Ampere equation in [3], the long-time solution of the generalized
Kihler-Ricci flow must converge to a generalized Kiler-Einstein metric. When k > 0,
there again exist obstructions. In the Kihler case, Perelman claims that, when a Kéhler-
Einstein metric exists, the Kédhler-Ricci flow must converge to it. Tian and Zhu have
proved this claim in [24] and [25]. In [14], we have obtained uniform Perelman’s
estimates, noncollapsing theorem and the asymptotic behavior of the generalized Ricci
potential along the generalized Kihler-Ricci flow. Here, we study the convergence of
the generalized Kihler-Ricci flow in the case of k > 0 and & > 0. Collins and
Székelyhidi considered this problem in [8] builds on the work of Tian and Zhu in [25].
In this paper, we consider this problem by different methods, which making use of
the Moser-Trudinger type inequality to get the C° estimate for the metric potential.
Then we prove that the generalized Kihler-Ricci flow must converge in C* topology
to a generalized Kihler-Einstein metric exponentially fast, we get the exponential
decay without using the Futaki invariant. For convenience, we let g(¢) be the metric
“’nl(!’) by dV;. Without loss of generality, we

¥

corresponding to form w(#), and denote
assume k = 1 in the rest of this paper.

The long-time existence of the flow (1.1) follows from the standard arguments for
the parabolic complex Monge-Ampére equation. Since the generalized Kéhler-Ricci
flow preserves the Kéhler class, we can write this flow as the parabolic Monge-Ampére
equation on the potentials:

) (w0 + ~/—100¢)"
— =log -
at on

+ ¢ +u(0), (1.3)
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where u(0) is the generalized Ricci potential with respect to the metric wg. Let u(z)
be the generalized Ricci potential with normalization % /, M e "4V, = 1, then we
have

V=100¢ = —Ric(w(t)) + o(t) + 6 = V/—130u.

From this equation we see ¢ evolves by

¢ = u(t) +c(t) (1.4)

for c¢(t) depending only on time. We can use the function c¢(#) to adjust the initial valve
¢ (0). We shall assume that

—+00 . 1
¢(0) = c(0) =/ e || Vo ||iz dt — 7/ u(0)dVp. (1.5)
0 M

We note that the quantity f0+°° e || Vo | iz dt (first written down in [6]; see also [13])
is finite and independent of the choice of initial condition. The constant c¢(0) plays an
important role in proving convergence of the flow. By this constant, a uniform bound
of ¢ can be obtained, see [16]. In this paper, we get the following theorem.

Theorem 1.1 Let (M, wy) be a compact Kihler manifold, and 0 € [a] = 2mci (M) —
[wo] be a real closed semipositive (1, 1)-form. Assuming that the twisting form 6
is strictly positive at a point or M admits no nontrivial Hamiltonian holomorphic
vector field, if there exists a generalized Kiihler-Einstein metric in [wo], then the
generalized Kahler-Ricci flow (1.2) converges to a generalized Kiihler-Einstein metric
exponentially fast.

Remark 1.2 Here, by the assumption in Theorem 1.1, we can have a Moser-Trudinger
type inequality from the arguments in [29], and then we get the C*® estimates of the
metric potential along the flow (1.3) proved in the following sections. Hence we know
that the first eigenvalue of 8 on T M is bounded from 0 uniformly. When 6 = 0, Phone
and Sturm have proved that w () converge to a Kihler-Einstein metric exponentially
fast in [18] by the fact that the Futaki invariant vanishing when Vj ,,, is bounded from
below. But when 6 # 0, we can not get the corresponding Futaki invariant, so we need
another method to get the convergence of w(¢) along the flow (1.2).

In fact, this paper is my master’s thesis [14] of follow-up, we want to generalize
the Futaki invariant to the generalized Kihler-Ricci flow case so that we can get the
exponential convergence of the metric w(#) along the flow (1.2) by the vanishing
Futaki invariant when 1y ,,, is bounded from below, but we did not get a suitable
generalized Futaki invariant, so this paper lasting for a while until we get the method
used in Sect. 5.

Remark 1.3 In fact, the generalized Kéhler-Einstein metric obtained from the con-
vergence of flow (1.2) is the given one. In [21], Stoppa discussed the twisted cscK
equation, that is, finding a metric € [wq] such that
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R(w) — tryf = Sy, (1.6)

where 6 is a real closed semipositive (1, 1)-form and Sy is a constant. By the definition
of the twisted Mabuchi C-energy, it is easy to check that the second derivative along
a path ¢; € H, is given by

v d SO0 ; s
——Vou (@) = 10V5, 0601115, + B¢1 A g1, ),

n! de?
R T R
= [ (#= 3190008, ) (R = 70,6 = 5 )avi,.

If either the twisting form 6 is strictly positive at a point or M admits no nontrivial
Hamiltonian holomorphic vector field, Vy ., is strictly convex along geodesics in
‘Hw,- Then, the results of Chen and Tian [6] on the regularity of weak geodesics imply
uniqueness of solution of the twisted cscK equation. The above facts were pointed out
by Stoppa in [21].

The outline of this paper is as follows. In Sect. 2, by the heat kernel theory and the
arguments in Ye [27] and Zhang [28], we prove the uniform Sobolev inequality along
the generalized Kihler-Ricci flow (1.2), which will play an important role when we
get the CY estimate for the metric potential. Then, we get the regularity estimates for
the flow (1.3) with the initial value (1.5) in Sect. 3, such as Laplacian C? estimate
and Calabi’s C? estimate by the maximum principle. In Sect. 4, we prove the W2
estimates for the generalized Ricci potential which builds on the work of [18]. At last,
we prove the convergence of the generalized Kihler-Ricci flow with exponential delay
under the assumption in Theorem 1.1.

2 The Uniform Sobolev Inequality

In this section, we prove a uniform Sobolev inequality along the generalized Kihler-
Ricci flow. It based on the work of [27] and [28].

Proposition 2.1 Let (M, wo) be a compact Kihler manifold with complex dimension
n > 2 and g(t) be a solution of the generalized Kihler-Ricci flow. Then there exist
positive constants A and B depending only on the initial metric g(0) and 0, such that,
forallv e whim, g(®)) andt > 0, it holds

n—1

n T 1
(/ v,f_ldvt) < A/ (| Vo 2 +=(R —trg(;)Q)vz) dv; + B/ v?dv,.
M M 4 M

Then by Perelman’s estimates for the flow (1.2) in [14], we have

1
(/ v,?_"ldvt) <c[iworavte [ vy, @1
M M M

where C depending only on g(0) and 6.
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We first recall the generalized VV functional
Weg, f,7) = / el (r (R —1ref + |Vf|2) + f) dv, 2.2)
M

and u functional

1
1o(g, 7) =inf[W9(g, £ Olf € C¥(M), V/Me_ft_"dVg - 1] 2.3)

in [14], where g is a Kahler metric, T is a positive scale parameter and n is the complex
dimension of the Kahler manifold.
f n 1 .
Letv=e¢ 21 2V "2, we have ||v||%(g) = fM vdeg = 1, then the generalized VW

functional and . functional can be written as

Wy = v/ (t((R — trgf)v* + 4|Vu|?) — v log v2) dv,
M

—VlogV —nVlogr, 2.4)
po(g,7) = inf v/ (r((R — trg0)v* 4 4|Vu|?) — v? log vz) dv,

lvll2g) =1 M

—VlogV —nVlogr. 2.5)

Lemma 2.2 (Ye [27] or Zhang [28]) Assume that (M, g) is a compact Riemann man-
ifold with dimension n, then for each « > 0 and all u € WY2(M) with |ul> = 1,
there holds

Cs(M, g)?
/uzlogude§M/ IVu2dV — Zloga + ~(log2 + V=i — 1),
o 2 ” 2 2

where Cs(M, g) is the Sobolev constant of (M, g).

Lemma 2.3 (Liu [14]) If T satisfies the following equality

— =1—1.
ot

Then o (g, ) is nondecreasing along the generalized Kahler-Ricci flow.
Then we prove the Sobolev inequality by using the heat kernel.

Proof of Proposition 2.1 Firstly, forany ¢, welett(s) = 1—e~"(1 —&2)ef, e € (0, 1).
By Lemma 2.3, g (g(1), () > ng(g(0), t(0)), that is
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inf /M (&((Rg(t) — 1rgy0)v” + 4|V[3 ) — v*log v2) dV, —2nloge

[lvll2¢g(r))=1

> inf /(a(t) ((Rg(())—trg(o)e)u3+4|vvo|§(0))
M

“ voll2gop=1

—v% log v(z))dVo —nlogo(t),
where o (1) =1 — e (1 — &2). Since e2 < o (1) < 1,
/Ma(t)((Rg(o) — trg)@)v3dVo > —max(R — tr8) (-, 0).
From Lemma 2.2, let « satisfying 40 (t) = naCs(M, g)z, then

/ 40 (1)|Vvol3 g,d Vo —/ v} logv}dVy > nlogo (1) — Lo,
M M

where Lo = nlognCs(M, g(0))> —nlog2 —n + WV_%. Combining the
above three inequalities, we have

/ v’ logv?dV, < / e ((Rg(t) — trg) v’ + 4|V”|§(t)) dvi
M M

—2nloge + Lo + max(R — tr0)™ (-, 0). (2.6)

Second, fix a time #y during the generalized Kahler-Ricci flow. We shall show the
upper bound of short time heat kernel for the fundamental solution of equation

1 3
Bu(x, 1) = 3 (Rey = 1rgap®ulx, 1) = —u(x,1) =0 2.7)

under the fixed metric g(z).
Let u be a positive solution of Eq. (2.7). Given T € (0, 1] and ¢ € (0, T'], we take
p) = %, so that p(0) = 1 and p(T) = oo. By direct computation

/

—p'(®) /
——|u lo uP®(x, nHav,
220) llell pr) log y (x, 1)dVy,

1
1 / 0]
+— uP®O(x, Hav, )
p(t) ( M "

x [ / uP® (logu) p' (1)dV;,
M

i flaell
—MNu - _
9t p(t)

P01 !
+p@) | u Au — Z(Rg(lo) —trg@u ) dVy, | .
M
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p(t)

Integrating by parts and multiplying both side by p?(¢)||u|| o)

9 1
POl ol = =p Ol log/MuP(f)tho
+ PP Ol / u?® log udVi,
M
— PXO(p@) — Dlullpey / W02 7 2dV,,
M

1
_pz(t)”u”p(t)/MZ(Rg(to) — trguy@)u”Vd V.

Dividing both sides by [|u]| (), we obtain

d
POl = log lullpoy = —p (1) llul log /M urVdv,

+ p®)p'(t) /M u? log udV;,
2 1 LON)
—p () MZ(Rg(’O) — ()0 (2 )=V,

—4(p(t) — 1) / vu'F 2av,.
M

()
~ after dividing by ||u||ﬁg; = |luz2 ||%, we get

J— u
Letv = 0]

lu 212

2 9 ’ 2 2
pr)z-logllullpay = p'(@) | v7logvidVi, —4(p(t) — 1)
M

1
x / (|Vv|2 + 5 Rt = trg(to)Q)vz) dv,,
M

1
+ (400~ 1~ 1) /M 7 Retw) = reap®v*dVs,.

Through computing,

4(p(t) —1) _ 4(T —1)
(T —1)% Py T
_4p0 -1 — p(t) _ AT -1 — T2 -0
- p(t) T -

P = <T <,

-T
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We conclude that

d 4(p) —1) 1
Pr5 loglullpy < p'0) (—”pﬁ /M (|Vv|2 + 5 Reay) = rrg<,o>9>v2) dVy

—|—/ v? log v2dVy, 4 T max (Re(1p) — trg(to)e)_)
M

1
pt)—1\2 _
<0 (—2n log ( 70 ) + Lo + 2 max (Rg(o) - trg(o)ﬁ) ),

p(—1
=

P _ 1 4pn)-1) _ 4T-n
that 20 =T and O = T , hence

where we take ¢ satisfying > = % < }‘ and use the inequality (2.6). Note

t(T —1)
T

ad 1 _
—logllullpe) < T (—n log + Lo + 2 max (Rg(O) — lrg(())@) ) .

ot

Integrating from¢# =0totr =T, we get

lu(-, T)lloo -
og ————— < —nlogT + L +2max (Ry0) — trg0)0)
lluC, 0l ( 4O 2(0) )

where L = Ly + 2n.
Sinceu(x, T) = fM P(x,y, T)u(y, 0)dV; (y), where P is the heat kernel of equa-
tion (2.7), so

exp (L + 2 max (Rg(0) — trg(o)e)_) A
P(x5 Y, T) E = . (28)
" T"

At last, we show that the upper bound of short time heat kernel implies the uniform
Sobolev inequality. Let 7y be a fixed time during the generalized Kahler-Ricci flow,
F = max (Rg) — trg)f) . Pr be the heat kernel of operator —A + W, where
W = 7(Rgp) — 1) + F+1= 1.

We are now extending estimate (2.8) for every positive time ¢. For y € M, consider
f(x,t) = Pr(x,y, 1 +1). We have (% — A) fx, 1) =—¥f(x,t)and f(x,0) < A.
So we conclude that f (x, y, t) < e’ A by the maximum principle, hence Pg (x, y, 1+

—t Ae(n+1)!
t)<e 'A< G .S

Pp(x,y,1) <Ct™", (2.9)
for every time ¢, where C depends only on g(0), 6 and n.
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By Hélder inequality, for any f € L*(M),we have

1
’ /M Prx. y. ) f()dVig (y) 5( /M P%<x,y,r>dvt0(y>) Tik

1
2
< / Pr(x,y, t)deo(y)Ct") I£12
M
1 _n
=C2t7 2 fl2.
Then the uniform Sobolev inequality follows from the following theorem:

Lemma 2.4 (Davies [9]) Ler ¥ > 0, u > 2 and C > 0. Assume that the inequality
_ ~ i
le™ ulloc < C1™ % Jull
holds true for eacht > 0 and all u € L*>(M). Then the Sobolev inequality

lul®, < Cu, ©)Q)

n—=2

holds true for allu € WY2(M), where Q (1) = fM(|Vu|2 +Wu?)dV and the positive
constant C (., C) can be bounded from above in terms of upper bounds for C, i and
1

n—2"

Taking i = 2n, then Proposition 2.1 follows from the arbitrarity of #. O

3 The Prior Estimates for Metric Potential

In this section, we generalize the Laplacian C? estimate and Calabi’s C? estimate along
the flow (1.3) with initial value (1.5). For simplification, the geometric quantities at
time r = 0 will be signed by symbol hat. In the following arguments, all indices are
raised and lowered with respect to the metric g(¢) unless indicated explicitly otherwise.
Adopting the arguments as that in [16], we have

Proposition 3.1 Let M be a compact Kdhler manifold with Kéhler metric wq satisfy-
ing wy € 2mwc1 (M) — [0]. For the generalized Kihler-Ricci flow defined as (1.3) with
initial value (1.5), we have the priori estimates

sup || ¢ lco< Co <= sup || ¢ ||k < Ck, k € NT. 3.1)
M M

Proof First, by the similar arguments in [16], we have

sup [pllco < C < o0, (3.2)
M
where constant C depends only on g(0).
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Let i = h* defined by h% = é’a_kgiﬁ and G = log Z))_j’;)'
We first prove the Laplacian C? estimates. Through computing, we have
d 1 ~ i D 1 AT pJ
A — I logtrh = — [A(G—¢) —R] - —hg gmjg R, qp

+ gy§¢ytp¢§lp gakagtrhagtrh
trh (trh)?

(3.3)

Now, we let ¢ evolve by the generalized Kahler-Ricci flow (1.3). When we choose
a locally holomorphic basis, which such that (g;;) be identity and (g,;) be diagonal
matrix. Since (g;;) is positive definite, so we have g; = 1 + ¢, > 0. Through
computing respectively,

§y§¢ytp¢§tp gal;f),;trhagtrh

. >0, 3.4

trh (trh)? B oy
"l a

. rmRJ - _ — U R--. > _—Coltrh , (3.5

g’ g j8 rgp ,'jz—l 1+¢jf iijj = o(tr ); 1 +¢j} (3.5

£d = Z +¢H —Z +¢ (3.6)

Putting (3.4), (3.5) and (3.6) into (3.3), we have

(A_i)(logzrh Ag) > Ad — (1 + An) + (A — Cz)zl+¢
J

> —C3+Cy Z (3.7)

1+¢

where we choose A sufficiently large such that A — C, > 0. C3 and C4 depend only
on g(0).

Let [0, T'] be any time interval, and (zp, 7o) be a point in M x [0, T'], where the
function log rrh — A¢ attains its maximum. If this point is not at time ¢ = 0, then the
left handside of (3.7) is non-positive, and we obtain the estimates

1

<Cs, 1=<i=<n. (3.8)
Since, at point (zo, 7o), we have

det gr”- . R
trh =trh = Jexp(¢p — ¢ — 1)
det 8ij

= exp(¢ — ¢—u>ZH +¢ < Cs, (3.9)
i=1 j#i
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we get the estimate

sup 1rh < eA?lco exp(logtrih — Ag)(zo, 19) < Cr. (3.10)
M x[0,T]

Since T is arbitrary, this establishes the boundness of the trace of g I combining the
matrix is positive, the proof of Laplacian C? estimate is completed. At the same time,
by the estimates (3.8), we know that there exist constants A and B, such that

0<A<l+¢;<B, 1<ic<n, 3.11)

which implies that the metrics g and g(0) are uniform equivalent.
Next, we prove the Calabi’s C? estimate. Let S be defined by

S = g7 g " i (3.12)
By direct calculation, we have
S = g" 2158 (Vuhh ™Y (V, k=YY, = |VhR 2, (3.13)

As computing in [16], we have

d _ e
(A - d—) S = [Vhh™' > + g™ gapg"® (—VIR;, — 67 ) (V, hh=1),

+(Vuhh™HA (= V‘lR’;W—0‘;’].))+|V(th‘1)|2+|?(th‘1)|2

+(Vhh ™Y (Y, R =Y (677 g58'% — "7 678" + ™7 8750'%).

(3.14)
Because Iée gm is a fixed tensor and 6 is a fixed form, we obtain immediately
Vibig = Vimbig — X205, (3.15)
) & pb 5B b
VR = VR, + X0 Ry, — X3 R = X5, R (3.16)
where we denote Xl].‘l = (Vihh_l)kl. Hence we have
d
A—d— S>-CiS—0C,. (3.17)
From the Laplacian C? estimate, we have
d
A——)(S+Ltrh) > (LA—Cy)S — (LC3+ Cy). (3.18)
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When choosing L large enough such that LA — C1 > 0, we conclude that

d
(A - a) (S + Ltrh) > C4S — Cs. (3.19)

Then by maximal principle, we get the uniform bound of S.

In order to apply the standard parabolic estimates to obtain the higher order esti-
mates, we require a derivative bound of g(¢) in the ¢-direction. Given the estimates
proved so far, it is sufficient to bound | Ric(g(¢))|. The evolution of the Ricci curvature
along the generalized Kéhler-Ricci flow is given by

d N R R PDp Pl g i 2
A=) (R = —RpgR [ + RigRY + ViVt gl (3.20)
Then given the estimates on ¢rh and S, we have

a\ 1 S
(A B 5) IRiel = |Ric] (_RPéRi]qu” + glqulgklepéRkiRii
VY Vibnig " R; 78" ¢ + |V Ric]® + |Ric]? - |V|Ric||2)

—Co(|Rp|* +1). (3.21)

v

At the same time, from the computations above for the evolution of S, there exist
uniform constants C7 and Cg such that

d
(A - a) S > C7|Rm|? — Cs. (3.22)

C6C+l S we obtain
7

Then by applying the maximum principle to the quantity |Ric| +
the desired upper bound on |Ric|.

The remaining part of the proof is standard: Differentiating the equation (1.3) with
respect to z¥, we get

d 9 08+ 087 9 an
(A _ _) (_¢) _ i8I ijO8ii 09 Bt (3.23)

dt ) \az* azk azk azk  9zk
Then we know that the coefficients of operator A — % are bounded in parabolic C%
norm and the right hand side of (3.23) also has estimates in parabolic C%% norm for

all 0 < o < 1. Then the general theory of parabolic P.D.E. can be applied to give the
uniform C* estimates for all k € N*. mi

4 The Wk:2 Estimates for the Generalized Ricci Potential

In this section, we prove the W*2 estimates for the generalized Ricci potential, which
plays an important role in the exponential convergence of the Kéhler-Ricci flow.
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Let’s denote H,,, to be the set of all smooth strictly wo-plurisubharmonic functions,
ie.,

Heg = {go € C®(M) : wo + v—199¢ > o} .

Through the work of Bando and Mabuchi [2], Ding [10], Donaldson [11],Tian [23]
and others, it is well known that the Mabuchi C-energy is very useful in Kihler geom-
etry. Let’s recall the following twisted Mabuchi K-energy which was first introduced
by Song and Tian in [22].

Definition 4.1 For every (¢o, ¢1) € Hey X Hay, We define

n! 1 . -
Mo (o, 91) = —= / / o1(R@y,) — try, 6 — SdVidt,  (4.1)
Vo Ju

where {¢/|0 < 7 < 1} is an arbitrary piecewise smooth path in H, such that
@ilr=0 = @o and ¢;|;=1 = @1, R(wy,) is the scalar curvature of wy, , and Sy =
% JynQreir (M) —[0])) U [wo]"~!. For every ¢ € H,,, we define

Vo, (9) = Mp (0, @). (4.2)

Now we state and proof the W*2 estimates for the generalized Ricci potential, our
arguments resemble those in [18].

Proposition 4.2 Let M be a compact Kdhler manifold with complex dimension n and
g(t) be a solution of the generalized Kdhler-Ricci flow. Assuming that all covariant
derivatives of fixed order (including order 0) of Riemann curvature and 0 with respect
to the metric g(t) are uniformly bounded. If the twisted Mabuchi IC-energy is bounded
from below on 'H,,, then we have for any s > 0,

im Rz — g5 = 65 Lo =0 (4.3)
where || - ||(s) denotes the Sobolev norm of order s with respect to the metric g(t).

Proof Define Y (1) = f u | Vu |2 dV;, where u is the generalized Ricci potential with

respect to metric g(¢). From Lemme 4.4 in [14], we know that f0+°° Y(t)dt < +o0,
lim;, 4 Y (¢) =0, and

+o00 _ +o0
/ dt/|VW|2dw+/ dt/lVVuldet
0 M 0 M

+00 +00
=Y(0) + (n+ 1)/ Y(t)dt—/ dt/ | Vu |2 (R — tremn0) dV,
0 0 M

1 [T
——/ dt/ 0(grad u, Jgrad u)dVy,
2 Jo M
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so we can conclude that

“+00 _ 400
/ dt/ | VVu > dV, +/ dt/ | VVu > dV, < +oo. (4.4)
0 M 0 M

Instead of Bochner-Kodaira formulas for the complex Laplacian VP V5, it is simpler
to use the real Laplacian Ar = A 4+ A, which gives at once

_ 1 1
NIVt = S Dgug ug + g, s ARUg,
+ | Vug, P+ Vug, 1%, 4.5)
Whereulgl = Vjs ~-~lev,;r ~-~V,;lu.

The time evolution of | V¥V u |2 is given by

r

S > . . _
+Z(Rjﬂ’;lﬁ _ Qjﬂr;lﬁ)ukjul(jl‘l‘,;‘l;‘]s _ (r +S) | VSV u |2 .
B=1
4.6)
By induction, we find that
o1 I, i, 1 my

(ug)) = ghRug,+ugy =5 D R “up s g 0=5 D R gy
a=1 =1

Mo mg Z Mg Mg -
+ 2 R R g, T R, & Wity d

I<a<p=s I<a<B<r
ros _ r4s—1
"‘Z Z Rlzaj,sman/sulgl-'-nﬁa--'lgrjl-"nﬂ“'jx + Z D' Ry x D"
a=1p=1 j=1
r+s—1
+ > DIgx Dy,
j=1

Here D denotes covariant differentiation in either j or j indices, and D*R,,, D*6
and DFu denote all tensors obtained by k covariant differentiations of R,,, & and u
respectively. The A x B denotes linear combination of the tensors A and B contracted
with respect to the metric g(¢). The last two terms in the above equation are lower
order terms which is actually absent when » = s = 1. Combining the above equations,
we have

_ . 1 _ _ _
(| ViV |2) = SAR V'V u P = | Vug, Pl Vg, P=r+s=2) | V'V u P

r N
memepg B ~
220 D R gy KT
a=1 =1
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My mﬁ _ _
+2 Z R G R jymeemp UK T

1<a<p<s
My n_’Lg ~ ~ ~
+2 z Ry By URirigige ke JHK T
1<a<pB=<r
r4s—1 r4s—1
+2 D DIRy x D' uxu 42 D DIOX D T uxuy
Jj=1 Jj=1
r K _
...... Ko -
Ze’ukuu- e . krl_zgm Pug ju Ji . Js
a=1 p=1

Set Y, (1) = fM | VSV u | dV,, the time evolution of Y, 5(t) is given by

d _ — .
—Yr,s(t)Z/ — | V*V'u |2th+/ | VY u > AdaV,
dt u dt M
l Sty 12
< AR | VPV u |7 AV, + CY, (1)
M2

—/ | VI y 2 dv,—/ [ VVEVu |2 dV,

r+s—1

+C Z (/ | D 2 dvf) YA, @)

For any a > b, integrating both sides of the above inequality form b to a, we have

r+s—1

@) = ) = € [ ¥+ € > [

1
. 2 1
x((/ | DIy 2 dv,) Yr?s(t))dt
M

rs—1 —+o0 +o0 %
<C Z (/ / | D"y ? dV,dt) (/ m(l)dt)
b
+C / Y, (t)dt. (4.8)
b

We argue now by induction. When r 4+ s = 2, we have

+00 _ +oo
/ dt/|VW|2dV,+/ dt/|VVu|2dV,<+oo.
0 M 0 M

Y(t) — 0.
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Assume that

+0o0 .

/ dt/ | D/u > dV, < 400, j<r+s, 4.9)
0 M

/|Dju|2th—>O, j<r+s. (4.10)
M

Then Y, 4 (¢) is integrable on [0, 4-00), so there exists b,, € [m, m + 1), such that
Y, s(by) — 0. By (4.8), we have Y, 4(f) — 0 ast — -oo. Since any covariant
derivative of u of order r + s differs from VSV"u by D/R,, x D"=27/y (j > 0)
and all covariant derivatives of Riemann curvature tensors are bounded, we conclude
that [,, | D"*u |*> dV; — 0 from the second induction hypothesis and the fact
Y, () — 0. To establish the first induction hypothesis at order r 4+ s 4 1, we return
to (4.7). Integrating from 0 to o0,

+00 _ +00 _ _
/ dt/ vARRAVATRE dv,+/ dt/ [ VVEVu |2 dV,
0 M 0 M

r+s—1

+o00 . % +o00 %
<Y 0+C > (/ / | D dv,dt) (/ Yr,sa)dt)
= Vo Ju 0
+o0
e / Y,y (0)dt.
0

This implies the L? norm of VST!V"y and VV*V’u are integrable on [0, +00).
Using the first induction hypothesis and again the uniform boundness of the Riemann
curvature tensors and all its covariant derivatives, we can deduce the conclusion that
fy | D" u |2 dV; is integrable on [0, +00). So we prove the assumption (4.10) for

all j € N. Since R;5—8;5—0;7 = —u;;, the L? norm convergence to 0 of all covariant
derivatives of u implies that the convergence of all Sobolev norms of R;; — g, —6; ;.
The proof of Proposition 4.2 is completed. ' ' O

Remark 4.3 In fact, we should only assume that the Riemann curvature and all covari-
ant derivatives of 6 are bounded in the assumption of Proposition 4.2. Through
computing by induction, we have

d _ _ _ _
(a _ A) | VrvsRm |2 — | Vr-‘rlvsRm |2 _ | ervsRm |2

—(r+s+2) | V'V'R, |?

+ Z VEVE(Ry +6) x VIVIR,, x V'V5R,,
i+j=s
k+1=r

+ D VYR +60) x VIVIRy x V'V Ry,
i+j=s
k+l=r

+(V'VHIVe, V'VER,) + (V' VHIVO, VI VER,).
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We have known that the Riemann curvature is bounded uniformly, then we assume
that | D/ R, |< C, for j < r 4 5. We consider the function

F=|V'V'R, > +A | V" 7I'VR,, 2. (4.11)

If r =0, then s > 1, we consider F =| V5 Ry |2 +A | Vs—IR,, |2,

d . _
(5 - A) F<—A|V'V'Ry, |>+C | V'V’R,, > +C. (4.12)

By maximum principle, | V" VSR, |? is uniformly bounded. Since D" R, differs
from V" V¥R, by D¥R,, -D'5=27kR (0 <k <r4s—2), by induction hypothesis,
we get the uniform bound of |[D" ™5 R,,,|.

5 Convergence of the Generalized Kéhler-Ricci Flow
In this section, we argue the convergence of the the generalized Kéhler-Ricci flow,

which is similar to the Kihler case in [19]. First, we introduce Aubin’s functionals on
Hep -

|
@) = /M $(dVo — V),
n! 1 .
Jon(@) = /O /M $1(AVo — AVt

1 i +1
_ 3 i n—i—1
_V,§_0n+1/Ma¢Aa¢/\w°Aw"’ ,

=

where ¢; is a path with ¢g = ¢, ¢1 = ¢.
0 n!
Fuo (@) = Juy(P) — v /M¢dVo

n! n!
Fuy(9) = w0(¢)__/ ¢dVp — log —/ e 070qv, ).
V Jm Viu
LIy < Ju, and the time deriva-

Through computing, we conclude that %on =T
tives of 1,,, and J,, along any path ¢; can be written as follows:

0 n! . n! .
() = T /M didVo —dv) - /M & AddV,
0 ! .

(80 = 5 /M b (dVo — dVy).

Now, we use the Sobolev inequality and Moser-Trudinger inequality stated in
Proposition 2.1 and Lemma 5.5 respectively to show a uniform C° estimate for

@ Springer



256 J. Liu, Y. Wang

potential ¢ along the generalized Kihler-Ricci flow. We first establish some rela-
tions between the above functionals along the flow. Following the Kéhler case in [19],
we have

Lemma 5.1 There exists C depending only on g(0) and 6, such that ¢ which evolves
along the flow (1.3) satisfies:

(i) Vo.wp(9) — F (¢) — & / $dV, = C,
(i) | F (@) — Vaan| + 1F () — Vo] < C.
!
(i) o=l / (=$)dV; — C < Jun(d) < = / 6dVo+C,
M V Ju

.n!
) % /M $dVy < /M (=@)dV; = (2 + 1)V + C.

Lemma 5.2 Let (M, wg) be a compact Kihler manifold, and 0 € [a] = 2wci (M) —
[wo] be a real closed semipositive (1, 1)-form. Assume that the twisting form 0 is
strictly positive at a point or M admits no nontrivial Hamiltonian holomorphic vector
field. If w is a generalized Kdhler-Einstein metric, then the first eigenvalue of A,
satisfies A1 > 1.

Proof Recall that we can characterize the first eigenvalue variationally by

Vol|2dV,
rM(Ay) = inf I’WL}“‘” (5.1)
fM¢de=0 fM¢ de
##0
and it is well known that there exists an eigenfunction u such that Ayu = —Xiju.
Through computating, we have
x%/ u*dv, = / (Au)?dV,
M M
- /M IVVu2dV, +/M \Vu2dv, +/Me"7u,»u7de
> Al/ u*dv,, (5.2)
M

where we can conclude that A1 > 1. In fact, we can prove that A1 > 1.

e In the case that M admits no nontrivial Hamiltonian holomorphic vector field: if

A1 = 1, we have fM |VVu|2de =0, so U = 0 for any i, j, then it implies

that X = g” MTF is a nontrivial Hamiltonian holomorphic vector field, which
contradicts the assumption.

e In the case that the twisting form 6 is strictly positive at a point: if Ay = 1, we
know X = g'- Ju= 33, is a nontrivial Hamiltonian holomorphic vector field from the

above case. S1nce 0 is strictly positive at a point, then there exists a neighborhood
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U such that & > 0 on U. Since
/ 9"7u,-u7de =/ 0(X,X)dV, =0, (5.3)
M M

we imply that X = 0 on U, combining with X is holomorphic, we get that X = 0
on M, hence we have u = C, which we also get a contradiction. O

By the Sobolev inequality (2.1) and the Poincaré inequality (see [14, Lemma 4.2])
along the generalized Kihler-Ricci flow, we obtain the following lemma by following
the arguments in [19] or [20]:

Lemma 5.3 We have the following estimate along the generalized Kdhler-Ricci flow

osc(p) < é/ ¢dVo + B, 5.4)
VJum

where the constants A and B depend only on g(0).

Lemma 5.4 Let (M, wg) be a compact Kihler manifold, and 0 € [a] = 2wci (M) —
[wo] be a real closed semipositive (1, 1)-form. Assume that ¢ evolves along the flow
(1.3) with initial value (1.5) and the twisting form 0 is strictly positive at a point or
M admits no nontrivial Hamiltonian holomorphic vector field. If

1
sup — ¢dVy < C < +o0, (5.5)
t>0 M

then the generalized Kdhler-Ricci flow converges in C™ to a generalized Kdhler-
Einstein metric exponentially fast.

Proof By the arguments in the Kihler case, we get the uniform bound of || ¢ | o,
see [19]. Then by Proposition 3.1, we obtain the uniform C* norm of ¢ for any
k € N*. So the metric g(¢) are uniform equivalent and bounded in C*°. Then we
have A1(¢) = Cop > 0, where A (¢) is the first eigenvalue of Ag(;) and Cy is a uniform
constant.

Step 1. We prove that ¢(r) = ¢ — % /, M $dV; converge to 0 in C*, by Poincaré
equality, we have

Co / P4V, < M (1) / P2V, < / VoAV, = Y(t) > 0. (56)
M M M

when ¢t — +oo. Since the metrics are all uniform equivalent along the flow, so
f u <p2d Vo — 0, which implies that ¢ — 0 in C®°. If not, there exist r, ¢, and a time
sequence {f;} with ||@(#;) — O||cr = &o. But ¢(#;) are bounded in C*° topology, so
there is a subsequence denoted it also by ¢(%;), such that ¢(z;) converge in C* to a
smooth function ¢, 7 0. This is a contradiction since ¢(#;) do converge to 0 in L>
norm.

Step 2. We prove ¢ — 0 in C* topology as r — +00.
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Leta(t) = % /, M $dV,. From the course of getting a uniform bound of ¢, see [16],
we conclude that

+o0 .
0<a@) = / ¢S V|7,ds. (5.7)
t

Since ||V<;'S||i2 converges to 0 as + — 4-o0o proved in [14], we conclude that «(¢)
converges to 0 as t — -+o0o. Combining Step 1, we obtain ¢ — 0 in C* topology as
t — +00.

Step 3. We prove the generalized Kihler-Ricci flow converges in C* to a general-
ized Kihler-Einstein metric exponentially fast.

The evolution of ¢(z) as follows:

%—f — ——/ 99 8_¢th (5.8)

Define energy E = % /, M ©?dV;, when ¢ is large, by Step 1 we have

d
—E=/ <—1—<p>|w|§(t)dv,+/ PdV;
M M
< (—l—i—s)/ |V<p|§(t)th+/ @2dV;.
M M

Now we claim that there exists a uniform constant § > 0, such that A{(r) > 1 + 6.
We first prove that A1(g(¢)) > 1, if not, there exists a time sequence t; — +00, such
that 11 (;) < 1. But g(#;) are bounded in C*° topology so there exists a subsequence
denoted also by g(t;), such that g(#;) converge in C* to a generalized Kihler-Einstein
metric g~ by the fact thatqﬁ — 01in C* topology, and A1 (f;) — A1(gc0), S0 A (goo) <
1, which contradicts A1(g~o) > 1 by Lemma 5.2.

Then we start to prove the claim. If the claim is not true, then there exists a time
sequence {#;}, such that 11(#;) — 1. But g(#;) are bounded in C* topology so there
is a subsequence denoted also by g(#;), such that g(¢;) converge in C* to a Kihler
metric g0 and A;(%) — A1(gx0), Since ¢ — 0 in C* topology, g« is actually a
generalized Kihler-Einstein and A (g~) = 1, which also contradicts A1(ge0) > 1 by
Lemma 5.2. By this claim, we imply that

—E<((~1+e(1+8+ 1)/ p*dV;,
M

where ¢ is small enough such that ¢ satisfies (1 — ¢)(1 + §) > 1. So we have
E < Coe 201! (5.9)
forr > 1.

Since ¢(1) = ¢ — % / $dV,, we have the following equality
M
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! /|a¢'>|2clv— ! /|a 12aV,
nV M t_nV M ¢ !
1

=—— [ ¢LpdV,
M

nV
Cs/ oldV;
M

< CeE?. (5.10)

N

By (5.9), we know that Y (¢) = f u | Vu |2 dV; converge to 0 exponentially fast. In
the proof of Proposition 4.2, by inductive hypotheses, we can deduce the exponential
decay of the L? norms Y, s of V¥V u. From (4.7), we have

d
aYr,s(t) < =2cY (1) + CYr5(2)

—/ | VIV )? th—/ | VVV u 1> dV,
M M

r+s—1

+C /lD“LS—ju 1> dv;. (5.11)

By using the interpolation formula, for any ¢ > 0, we have

Y,s(t) < e (/ | VPV u 12 ay, +/ | VVSV u |2 dV,)
M M
—i—C(a)/ | D"y 2 dv;, (5.12)
M

where C(¢) independent of 7. Taking ¢ sufficiently small and putting (5.12) into (5.11),
we have

d r4s—1
—Y,5(t) < =2cY, () +C D / | D"y 2 4V,
dt = M

< =2cY,5(t) + Ce™, (5.13)

where in the last inequality, we have assumed by induction that all L% norms of
D" +5=Jy decay exponentially. Integrating between t and 0, we see that Y, ;(r) decays
exponentially. Hence we know that the Sobolev norm || R; P& 0; i ll(s) with
respect to the metric g(¢) decay exponentially to 0. Then Sobolev imbedding theorem
yields the exponential decay of |[ul||-« for any k. By the fact that the metrics along
the generalized Kihler-Ricci flow are all uniformly equivalent, we conclude that with
respect to the metric g(0), ||lullcx (o)) also decay exponentially to O for any k. Hence
||gi]f(t)llck(g(0)) = ||Ri]v(t) — gl-]v(t) - 91-]7||Ck(g(0)) decays exponentially to O.

From the above argument, we prove that the generalized Kéhler-Ricci flow con-
verges in C* topology to a generalized Kéhler-Einstein metric. O
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At last, we proof the Theorem 1.1 by using the following Moser-Trudinger type
inequality which proved by Zhang and Zhang in [29].

Lemma 5.5 Let (M, wo) be a Kihler manifold, and 6 € [«a] = 2mwc1 (M) — [wo] is
a real closed semipositive (1, 1)-form. Assuming that the twisting form 0 is strictly
positive at a point or M admits no nontrivial Hamiltonian holomorphic vector field. If
there exists a generalized Kdhler-Einstein metric in [wo]. Then, for any Kdhler metric
w € [wy] there exist uniform positive constants {C,-};‘:l depending only on k and the
geometry of (M, w), such that

Fo(p) = C1Juw(p) — Ca, (5.14)
and
Vo,w(@) = C3Ju(p) — Cy, (5.15)

forall ¢ € H,,.

Proof of Theorem 1.1 From assumption, the Moser-Trudinger inequality holds along
the generalized Kiéhler-Ricci flow by Lemma 5.5. Since Vjy ,,, decreases along the
flow. It follows that J,,(¢) is uniformly bounded from above. Thus by Lemma 5.1
(iii), we have

/ (=¢)dV, < C. (5.16)
M

Since J,, > 0, applying Lemma 5.5 we know that the twisted Mabuchi K-energy
Vo, 18 uniformly bounded from below. Then by Lemma 5.1 (iv), we have

/ $dVy < C. (5.17)
M

So Theorem 1.1 follows from Lemma 5.4. O
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