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Abstract Based on Perelman’s entropy monotonicity, uniform logarithmic Sobolev
inequalities along the Ricci flow are derived. Then uniform Sobolev inequalities along
the Ricci flow are derived via harmonic analysis of the integral transform of the relevant
heat operator. These inequalities are fundamental analytic properties of the Ricci flow.
They are also extended to the volume-normalized Ricci flow and the Kéhler—Ricci
flow.
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1 Introduction

Consider a compact manifold M of dimension n > 3. Let g = g(¢) be a smooth
solution of the Ricci flow

g
-2 — _JRj 1.1
” ic (1.1)

on M x [0, T') for some (finite or infinite) 7 > 0 with a given initial metric g(0) = go.

B Rugang Ye
yer@math.ucsb.edu

1 Department of Mathematics, University of California, Santa Barbara, USA

@ Springer



Theorem 1.1 For each o > 0 and eacht € [0, T), there holds

R
/ u* Inu’dvol < o/ (|Vu|2 + _Mz) dvol — Elna
M M 4 2

41 (14 3) + A2 (1.2)

forallu € Wh2(M) with [,, u>dvol = 1, where

4
A = — > — min Ry,
Cs(M, go)?volgy(M)n

Ay =nnCs(M. go) + S (Inn — 1),

and all geometric quantities are associated with the metric g(t) (e.g., the volume
Sform dvol and the scalar curvature R), except the scalar curvature Ry, the modified
Sobolev constant Cs(M, g0) (see Sect. 2 for its definition) and the volume volg, (M)
which are those of the initial metric go.

Consequently, there holds for each t € [0, T)

202 n 2, R 5 A
u“lnu“dvol < —In |y |Vul* + —u” ) dvol + — (1.3)
M 2 M 4 4

forallu € WY2(M) with Ju u?dvol = 1, where

2e 24 r+Ay)
oy = —e = . (1.4)
n

Indeed, a more general result holds true, in which the logarithmic Sobolev inequality
along g(¢) is derived from a logarithmic Sobolev inequality for go, see Theorem 4.2.
The exact factor 5 in the term —75 In o in the logarithmic Sobolev inequality (1.2) (also
in (1.5) and (1.8) below) is crucial for the purpose of Theorems 1.5 and 1.6. Note that
an upper bound for the Sobolev constant Cs (M, go) and the modified Sobolev constant
C s(M, go) can be obtained in terms of a lower bound for the diameter rescaled Ricci
curvature and a positive lower bound for the diameter rescaled volume, see Sect. 2.
In particular, a lower bound for the Ricci curvature, a positive lower bound for the
volume, and an upper bound for the diameter lead to an upper bound for the Sobolev
constant and the modified Sobolev constant.

The logarithmic Sobolev inequality in Theorem 1.1 is uniform for all time which lies
below a given bound, but deteriorates as time becomes large. This is not a deficiency
in the result, however. In general, it is impossible to obtain a uniform logarithmic
Sobolev inequality along the Ricci flow which is independent of an upper bound for
time. Indeed, by [5], there are smooth solutions of the Ricci flow on torus bundles over
the circle which exist for all time, have bounded curvature, and collapse as t — oo. In
view of the proofs of Theorems 1.5 and 1.7, a uniform logarithmic Sobolev inequality
fails to hold along these solutions.
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The Logarithmic Sobolev and Sobolev Inequalities Along the Ricci... 3

To obtain a uniform logarithmic Sobolev inequality, we employ a natural geometric
condition. Let Ly = Ag(go) denote the first eigenvalue of the operator —A + % for the
initial metric go.

Theorem 1.2 Assume that the first eigenvalue Ao = Ao(go) of the operator —A + §
for the initial metric g is positive. Let 5o = 80(go) be the number defined in (3.12).
Lett € [0,T) and o > 0 satisfyt + o0 > %CS(M, g0)280. Then there holds

R
/ u? In u*dvol < a/ (|Vu|2 + _uz) dvol — “ o
M M 4 2

n
+§1nn+n1nC5(M, g0) + 00(80) (1.5)

for all u € WV2(M) with fM u*dvol = 1, where all geometric quantities are asso-
ciated with the metric g(t) (e.g., the volume form dvol and the scalar curvature R),
except the Sobolev constant Cs(M, go) and the number oo(go) (defined in (3.13))
which are those of the initial metric g.

Consequently, there holds for each t € [0, T)

2,2 n 2, R 5
u“Ilnu“dvol < —In|ay; [Vul” + —u” ) dvol (1.6)
M 2 M 4

forallu € Wh2(M) with [,, u>dvol = 1, where

arp = 2eCs(M, go)2en0E. (1.7)

Combining Theorems 1.1 and 1.2, we obtain a uniform logarithmic Sobolev inequal-
ity along the Ricci flow.

Theorem 1.3 Assume that Lo(go) > 0. For each t € [0, T) and each o > 0, there
holds

R
/ u® Inu’dvol < a/ (|Vu|2 + —uz) dvol — n Inoc +C (1.8)
M M 4 2

for all u € W“2(M) with fM u*dvol = 1, where C depends only on the dimension
n, a positive lower bound for volg, (M), a nonpositive lower bound for Rg,, an upper
bound for Cs(M, go), and a positive lower bound for Ao(go).

Consequently, there holds for eacht € [0, T)

R
/ W2 Inudvol < ~1n a,,,/ IVul? + ~u? ) dvol (1.9)
M 2 M 4

forallu € WY2(M) with Ju u?dvol = 1, where

2
@y = fe%c. (1.10)
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4 R. Ye

The class of Riemannian manifolds (M, go) with Xo(go) > 0 or, more generally,
Ao(go) > 01is a very large one and particularly significant from a geometric point of
view. (For example, the condition 1o(gp) > O holds true when the scalar curvature
of go is nonnegative and somewhere positive.) On the other hand, we would like to
remark that if 1o > 0, then there holds 7 < 2nTo by the proof of Proposition 1.2 in [6].
Hence, Theorem 1.3 can also be derived as a corollary of Theorem 1.1 alone. Next we
note a special consequence of Theorem 1.3.

Corollary 1.4 Assume that Ao(go) > 0. Then we have at any time t € [0, T)

volg(ry (M) > o3 C (1.1D)

when Ié(t) <0, and

volg(ry (M) > e" 3 CR(1)"% (1.12)

when Ié(t) > 0. Here R denotes the average scalar curvature.

Similar volume bounds follow from Theorem 1.1 without the condition Ag(gg) > 0,
but they also depend on a (finite) upper bound of 7.

For a brief account of the logarithmic Sobolev inequalities on the euclidean space,
we refer to Appendix 1, which serve as the background for the idea of the logarith-
mic Sobolev inequality. Both Theorems 1.1 and 1.2 are consequences of Perelman’s
entropy monotonicity [6]. We obtained these two results, Theorems 1.3 and 4.2 in 2004
(around the time of the author’s differential geometry seminar talk “An introduction
to the logarithmic Sobolev inequality” at UCSB in June 2004). They have also been
prepared as part of the notes [13].

Next we apply the theory as presented in Chap. 2 of [2] to derive from Theorem 1.5
a Sobolev inequality along the Ricci flow without any restriction on time. (We came
to notice [2] in the paper [19]. Note that the main result presented in [19] (and [20])
is incorrect, as pointed out in [14] (the archive version of the present paper), based on
the example in [5]. Subsequently, a correction of this mistake was made in [21].) A
particularly nice feature of the theory in Chap. 2 of [2] is that no additional geometric
data (such as the volume) are involved in the passage from the logarithmic Sobolev
inequality to the Sobolev inequality. Only the non-integral terms in the logarithmic
Sobolev inequality and a nonpositive lower bound for the potential function W (see
Theorem 5.5) come into play. This leads to the form of the geometric dependence in
the following theorem.

Theorem 1.5 Assume T < oo. There are positive constants A and B depending only
on the dimension n, a nonpositive lower bound for R, a positive lower bound for
volg, (M), an upper bound for Cs(M, go), and an upper bound for T, such that for
eacht € [0, T) and all u € WY2(M) there holds

n=2
E 2, R, 2
|u|" 2 dvol <A |Vul|* + —u“ ) dvol + B u-dvol, (1.13)
M 4 M

where all geometric quantities except A and B are associated with g(t).
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The Logarithmic Sobolev and Sobolev Inequalities Along the Ricci... 5

Under the assumption Ag(go) > 0, this theorem can be improved as follows.

Theorem 1.6 Assume that Mo(go) > 0. There is a positive constant A depending only
on the dimension n, a nonpositive lower bound for Rg,, a positive lower bound for
volg, (M), an upper bound for Cs(M, go), and a positive lower bound for Lo(go),
such that for eacht € [0, T) and all u € W]’Z(M) there holds

n—2
\ e R
(/ |u|7122dvol) < A/ (|Vu|2 + —uz) dvol, (1.14)
M M 4

where all geometric quantities except A are associated with g(t).

We also obtain two results which extend Theorems 1.5 and 1.6 to the set-up
of WhP(M) for all 1 < p < n, see Theorems 9.6 and 9.7 in Appendix 3.
(Theorems 1.5 and 1.6 correspond to the case p = 2.) These two general results can be
thought of as nonlocal versions of Sobolev inequality, because they involve nonlocal
pseudo-differential operators. Further results on (conventional) Sobolev inequalities
for2 < p <nand1 < p < 2 will be presented in [17]. (Part of these results are
derived from Theorems 1.5, 1.6, 9.6 and 9.7.) We would like to point out that the
p = 2 case of the Sobolev inequality is the most important for analytic and geometric
applications.

The theory in Chap. 2 of [2] is formulated in a general and abstract set-up of sym-
metric Markov semigroups. By Lemma 5.2, e~'# is a symmetric Markov semigroup,
where H = —A + % in the case Ao(go) > O and H = —A + % — % in the
general case. Hence, the general theory and results in Chap. 2 of [2] can be applied
to our situation. However, to obtain the precise geometric dependence of the Sobolev
inequalities in Theorems 1.5 and 1.6, one has to verify the exact geometric nature of
the constants which would appear in the many steps of the involved (and tightly for-
mulated) arguments in [2]. Our proofs of Theorems 1.5 and 1.6 would be unclear and
non-transparent if we go through a multitude of checking processes. Instead, we adapt
the theory in [2] to our geometric set-up and work it out in complete, self-contained
details. Another reason for doing so is to obtain some useful extensions of the theory as
presented in Sect. 5, Appendix 2 and Appendix 3 (in particular Theorems 9.5-9.7). On
the other hand, we think that our presentation makes the theory easily accessible to the
general audience of geometric analysis. In particular, our presentation demonstrates
in detail how the theory of the Ricci flow interacts with the basic theory of harmonic
analysis.

Next we deduce from Theorems 1.5 and 1.6 k-noncollapsing estimates for the
Ricci flow which are measured relative to upper bounds of the scalar curvature to
improve Perelman’s k-noncollapsing result [6]. The original x-noncollapsing result
of Perelman in [6] is formulated relative to bounds for | Rm|. Later, a k -noncollapsing
result for bounded time measured relative to upper bounds of the scalar curvature
was obtained independently by Perelman and the present author (see [11]). The «-
noncollapsing estimates below improve these results in two ways. First, they provide
explicit estimates with clear geometric dependence on the initial metric. The estimates
below are formulated in terms of more familiar geometric quantities of the initial

@ Springer



6 R. Ye

metric. (If we apply Theorem 4.2, then we obtain x-noncollapsing estimates which
only depend on the logarithmic Sobolev inequality of the initial metric.) Moreover,
the estimates are uniform up to r+ = 0 (under a given upper bound for 7'). Secondly,
the strategy of deriving the x-noncollapsing estimate from the Sobolev inequality is
particularly powerful and flexible, and has among others important applications to
the Ricci flow with surgeries as constructed by Perelman in his work on the Poincaré
conjecture and the geometrization conjecture [7]. It leads to a considerable clarification
and simplification of an important step of the main arguments in [7], see Theorem 1.12
below.

Theorem 1.7 Assume that T < oco. Let L > 0 and t € [0, T). Consider the Rie-
mannian manifold (M, g) with g = g(t). Assume R < rLZ on a geodesic ball B(x,r)
with O < r < L. Then there holds

1 2
VOI(B(X,I")) > (m) rn’ (115)

where A and B are from Theorem 1.5.

Theorem 1.8 Assume that Lo(go) > 0. Let t € [0, T). Consider the Riemannian
manifold (M, g) with g = g(t). Assume R < rlz on a geodesic ball B(x,r) with
r > 0. Then there holds

n
2

vol(B(x,r)) = (ﬁ) ", (1.16)

where A is from Theorem 1.6. In other words, the flow g = g(t),t € [0,T) is k-
noncollapsed relative to upper bounds of the scalar curvature on all scales.

As is well-known, a major application of «x-noncollapsing estimates is to obtain
smooth blow-up limits of the Ricci flow at singularities, which is crucial for analysing
the structures of singularities of the Ricci flow.

Now we discuss how Theorems 1.5—1.8 lead to uniform Sobolev inequalities and
uniform x-noncollapsing estimates independent of any upper bound of time for various
modified Ricci flows. In particular, they hold both on finite and infinite time intervals.

Consider the modified Ricci flow

3
a_f — —2Ric + A(g, )g (1.17)

with a smooth scalar function A(g, ¢) independent of x € M. The volume-normalized
Ricci flow

9 2.
%8 _ JRic+ ZRg (1.18)
ot n
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The Logarithmic Sobolev and Sobolev Inequalities Along the Ricci... 7

on a closed manifold, with R denoting the average scalar curvature, is an example of
the modified Ricci flow. The A-normalized Ricci flow
g .
— = —2Ric + Ag (1.19)
ot
for a constant A is another example. (Of course, it reduces to the Ricci flow when
X = 0.) The normalized Kihler—Ricci flow is a special case of it.
Let g = g(¢) be a smooth solution of the modified Ricci flow (1.17) on M x [0, T')
for some 7" > 0, which is allowed to be finite or infinite. Let gg = g(0) denote the
initial metric. First we have the following results.

Theorem 1.9 Theorem 1.6 and 1.8 extend to the above g = g(t).

This result simply follows from scaling invariance of the estimates in Theorems 1.6
and 1.8. Here no additional condition is required. In the general case without the
assumption Ag(go) > 0, we need an additional condition. Set

T
T* = / e Jo H8(©).9ds gy (1.20)
0

Theorem 1.10 Assume that T* < oc.

(1) There are positive constants A and B depending only on the dimension n, a
nonpositive lower bound for Ry, a positive lower bound for volg, (M), an upper
bound for Cs(M, go), and an upper bound for T*, such that for each t € [0, T)
and all u € W“2(M) there holds

2 o » R,
|u|»=2dvol <A |Vul* + —u~ ) dvol
M M 4

+Be~ Jo Me@).0)ds / u*dvol. (1.21)
M

(2) Let L > Oandt € [0, T). Consider the Riemannian manifold (M, g) with g =
g(t). Assume R < r]—2 on a geodesic ball B(x,r) with O < r < L. Then there
holds

1 2
v r". (1.22)
2mt3A L 2Be™ Jo Mg (s).)ds 2

vol(B(x,r)) > (

This theorem is a simple consequence of the scaling behavior of the estimates in
Theorems 1.5 and 1.7. Combining Theorems 1.9 and 1.10 with Perelman’s scalar
curvature estimate [10], we obtain the following corollary.

Theorem 1.11 Let g = g(t) be a smooth solution of the normalized Kdhler—Ricci

Sflow

d
8—f = —2Ric + 2yg (1.23)
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8 R. Ye

on M x [0, 00) with a positive first Chern class, where y is the positive constant such
that the Ricci class equals y times the Kdahler class. (We assume that M carries such a
Kdihler structure.) Then the Sobolev inequality (1.24) holds true with (g (s), s) = 2A.
Moreover, there is a positive constant L depending only on the initial metric go = g(0)
and the dimension n such that the inequality (1.22) holds true for all t € [0, T) and
0<r<L.

If Mo(go) > 0, then the Sobolev inequality (1.14) holds true for g. Moreover, there
is a positive constant depending only on the initial metric gy and the dimension n such
that the inequality (1.16) holds true for all t € [0, T) and 0 < r < L. Consequently,
blow-up limits of g at the time infinity satisfy (1.16) for all r > 0 and the Sobolev
inequality

n—2
(/ |u|n2"zdvol) SA/ |Vu|2dvol (1.24)
M M

for all u. (In particular, they must be noncompact.)

Finally, we would like to mention that Theorems 1.5 and 1.6 hold true for the Ricci
flow with surgeries of Perelman [7], with suitable modifications as stated below.

Theorem 1.12 Letn = 3 and g = g(t) be a Ricci flow with surgeries as constructed
in [7] on its maximal time interval [0, Ty,qx ), with suitably chosen surgery parameters.
Let go = g(0). Then there holds at each t € [0, T;,4x)

(/ |u|6dvol)3 < A(t)/ (|Vu|2+§u2) dvol+B(t)/ u*dvol (1.25)
M M 4 M

for all u € WY2(M), where A(t) and B(t) are bounded from above in terms of a
nonpositive lower bound for Rg, a positive lower bound for volg (M), an upper
bound for Cs(M, go), and an upper bound for t.

If Ao(go) > 0O, then there holds at each t € [0, T;4x)

(/ |u|6dv01)3 < A(t)/ (qu|2 + 5142) dvol (1.26)
M M 4

forallu € WY2(M), where A(t) is bounded from above in terms of a nonpositive lower
bound for Ry, a positive lower bound for volg, (M), an upper bound for Cs(M, go),
a positive lower bound for Ao(go), and an upper bound for m(t).

k-noncollapsing estimates follow as before, which lead to a considerable simpli-
fication of the arguments in [7] about preserving the k -noncollapsing property after
surgeries. Similar results hold true in higher dimensions whenever similar surgeries
are performed. (The constants also depend on the dimension n.)

This result follows from Theorems 1.5 and 1.6, and a general result on Sobolev
inequalities under surgeries. The details can be found in [18] and its sequel. In [7],
the surgery parameters are chosen such that several key properties of the Ricci flow
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The Logarithmic Sobolev and Sobolev Inequalities Along the Ricci... 9

are preserved after surgery. One is the k-noncollapsing property. Since the Sobolev
inequalities (1.25) and (1.26) are derived without using the k-noncollapsing property,
the choice of the surgery parameters is also simplified. The x-noncollapsing property
follows as a consequence of (1.25) and (1.26).

The results in this paper (except Theorem 1.12) extend to the dimension n = 2, see
[15].

This paper first appeared on the archive in 2007 as [14].

2 The Sobolev Inequality

Consider a compact Riemannian manifold (M, g) of dimension n > 3. Its Poincaré-
Sobolev constant (for the exponent 2) is defined to be

Crs(M, g) =suplllu —umll 2 u e cl (M), [Vulla =1}, 2.1

where ||ul| , denotes the L? norm of u withrespectto g, i.e., [[ull, = (fM |u|Pdvol)l/P
(dvol = dvolg). In other words, Cp s(M, g) is the smallest number such that the
Poincare—Sobolev inequality

lu —upmll 2 = Cp.s(M, &) Vull2 2.2

holds true for all u € C'(M) (or all u € W'2(M)). The Sobolev constant of (M, g)
(for the exponent 2) is defined to be

1
Cs(M, g) = sup{llull 2. — ——llullo :u € C' (M), [Vull =1.  (2.3)
=2 yol(M)n

In other words, Cs(M, g) is the smallest number such that the inequality

1
lull 2. < Cs(M, 9 IVullz + ——llull2 2.4
n=2 vol(M)n

holds true for all u € W12(M).
Definition We define the modified Sobolev constant Cs(M, g)tobe max{Cs(M, g),
1}.

The Holder inequality leads to the following basic fact.

Lemma 2.1 There holds for allu € WH2(M)

1
lull 2o < Cps(M, @) |Vulla + ———llull2. (2.5)
-2 vol(M)

In other words, there holds Cs(M, g) < Cp s(M, g).
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10 R. Ye

Another basic constant, the Neumann isoperimetric constant of (M, g), is defined
to be

Cy (M, g) vol(@) "7 Q C Misa C! domain, vol() < ~vol(M)
,g8) =supy ——: isa omain, vo < —vo ,
NI 8) =S A 9 2
(2.6)
where A(0€2) denotes the n — 1-dimensional volume of 9€2.
Lemma 2.2 There holds for allu € WH2(M)
n—1
lu —upmll 2o =2(1+ ﬁ)mCN,I(M, IVull. (2.7)

In other words, there holds Cp s(M, g) < 2(1 + ﬁ)%CNJ(M, 2).

For the proof, see [12]. The following estimate of the Neumann isoperimetric
constant follows Afrom S. Gallot’s estimate in [4]. We define the diameter rescaled
Ricci curvature Ric(v, v) of a unit tangent vector v to be diam(M )2Ric(v, v), and

set KRic = minv{ﬁic(v, v)}. Then we set IQRI.C = | min{«Rjc, —1}|. We also define the

diameter rescaled volume vol(M) to be vol(M)diam(M)~".

Theorem 2.3 There holds
~ ~ _1
Cw.1(g, M) < Cn, &, )Dol (M) 7, 2.8)
where C(n, K, ) is a positive constant depending only on n and k p, .

Note that k.. can be replaced by a certain integral lower bound of the Ricci
curvature, see [3].

3 The Logarithmic Sobolev Inequalities on a Riemannian Manifold
The various versions of the logarithmic Sobolev inequality on the Euclidean space
as presented in Appendix 1 allow suitable extensions to Riemannian manifolds. We

formulate a log gradient version and a straight version, cf. Appendix 1. As in the last
section, let (M, g) be a compact Riemannian manifold of dimension 7.

Theorem 3.1 There holds

1
/u21nu2dvol§nln Cs(M, &)IIVul + ——— ), (3.1)
M volg (M)

provided that u € W“2(M) and |Jul|, = 1.
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The Logarithmic Sobolev and Sobolev Inequalities Along the Ricci... 11

Proof Set g = . Since In is concave and | M u’dvol = 1, we have by Jensen’s
inequality

ln/ u"dvol:ln/ u2~u"_2dvolz/ W nul 2. (3.2)
M M M

It follows that

2 1
u“lnu < In /| wu9dvol
M 9-2 Ju

=- 1 5 Inlully
< —1n(cs(M, OIVullz + ;lllullz)- (3:3)
volg (M)
[m}
Lemma 3.2 There holds
Inx+B) <ax+aB—1—In«a (3.4)

forall B> 0,a > 0and x > —B.

Proof Consider the function y = In(x + B) — ax forx > —B. Since y — —00 as
x — —B or x — 00, it achieves its maximum somewhere. We have

1
x+ B

Y = —a. (335)

Hence, the maximum point is xo = é — B. Tt follows that the maximum of y is
y(x0) =aB —1—Ina. O

Theorem 3.3 For each o > 0 and all u € W“2(M) with ||\u|» = 1, there holds

Cs(M,
/ uzlnuz_u/ Vi |2——lnot+—(ln2+otvol (M)~7 — 1)
M

(3.6)

and

Cs(M, g)? R
/ w?Inu? < M/ |Vu|2—}——u2 — Elnot
M 2 M 4 2

no _2 minR™ 5 n
—{-7 volg (M)~ — Cs(M, g) +§(ln2—1). (3.7

(The notation of the volume is omitted.)

@ Springer



12 R. Ye

Proof By (3.1), we have for u € WH2(M) with ||ul, = 1

2
1
/ i < S csm, DIVuly + ——
M 2 volg (M)«

n n 5 5 1
“2+-In{CsM,)* [ |Vu>+ —— ). (3.8)
2 2 M volg (M) s

IA

Applying Lemma 3.2 with x = Cs(M, g)? fM |[Vu|?> and B = 1, we then arrive at

(3.6). The inequality (3.7) follows from (3.6). O
Lemma 3.4 Let A > 0,B > 0andy > 0 such that A > HLB. Then we have

In(x+B) < Ax —InA+In(y +B) —lny — 1 3.9)
forallx > y.
Proof First consider the function y = In¢ — y¢ for¢ > 0. Since y - —oo ast — 0
or t — 00, y achieves its maximum somewhere. We have y’ = % — y. Hence, the
maximum is achieved at % It follows that the maximum is y(%) =—Iny — 1. We
infer

InA—yA<—-—Iny—1. (3.10)

Next we consider the function y = In(x + B) — Ax +1In A for x > y. By (3.10),
we have y(y) =In(y + B) — Ay +In A < In(y + B) —In y — 1. On the other hand,
we have y' = HLB —A< )H-;B — A < 0. We arrive at (3.9). O
Theorem 3.5 Assume that the first eigenvalue Ly = ro(g) of the operator —A + §
is positive. For each A > 8y and all u € WY2(M) with ||u|l» = 1, there holds

nAC? R
/uzlnuzf 5/ Vul? + ~®) = ZimA+ 22400, (3.11)
M 2 M 4 2 2

where
NI
_ _ 2 1 _ omin R
8o = 8o(g) = *oCs + 5> — Cs , (3.12)
volg (M) 4
n 2 1 omin R~ 5
oo = 0p(g) ==5 In{ 2oCs + > — Cg —In(AoCs5) — 1],
volg (M)» 4

(3.13)

and Cs = Cs(M, g).
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The Logarithmic Sobolev and Sobolev Inequalities Along the Ricci... 13

Proof Arguing as in the proof of Theorem 3.3, we deduce for u € W2(M) with
llullz =1

1
/uzlnu25’11n2+fln c§/ IVl ————
M 2 2 M volg (M)

R 1 in R—
<224+t c§/ (|W|2 n —uz) o S E RPN
2 2 M 4 volg (M) 4
Applying (3.9) with y = 4C2, B = —L— — C2MR_and x = C2 [,,(IVul? +
volg (M) n
Xu?), we then arrive at (3.11) for each A > (y + B)~\. ]

4 The logarithmic Sobolev Inequality Along the Ricci Flow

Let M be a compact manifold of dimension n. Consider Perelman’s entropy functional

-f

W, 7, r):/ [r(R+|Vf|2)+f—n] ¢ dvol, 4.1)
M (

n
TT)2

where T is a positive number, g is a Riemannian metric on M, and f € C*(M)
satisfies

e/t
/ _dvol = 1. 4.2)
M (4mtT)?2

All geometric quantities in (4.1) and (4.2) are associated with g. To relate to the idea
of logarithmic Sobolev inequalities, we make a change of variable

o~

e

pe @3)
Amr)4
Then (4.2) leads to
/ u*dvol = 1 (4.4)
M
and we have
W(g, f.7) = W (g, u, 7) — glnr - gln(4n) —n. (4.5)
where
W*(g, u, T) = / [t(4|Vu|2 + Ru?) —u’In u2] dvol. (4.6)
M

We define ©*(g, 7) to be the infimum of W*(g, u, t) over all u satisfying (4.4).
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Next let g = g(¢) be a smooth solution of the Ricci flow

98 _ g 4.7)
— = —2Ric .
ot
on M x [0, T) for some (finite or infinite) 7 > 0. Let 0 < t* < T and o > 0. We set
T*=t*4+ocandt =1t(t) = T* —1t for 0 <t < t*. Consider a solution f = f(¢)
of the equation

af

§=—Af+|Vf|2—R+

n

= (4.8)

on [0, t*] with a given terminal value at r = t* (i.e., T = o) satisfying (4.2) with
g = g(*). Then (4.2) holds true for f = f(t),g = g(), and all r € [0, ¢*].
Perelman’s monotonicity formula says

aw 1 -/
—=2r/ |Ric + V2 f — —g|P—5dvol > 0, 4.9)
dr M 207 (4m7)?
where W = W(g(¢), f(¢), T(t)). Consequently,
d nd
—W*e,u,7) > ——Inrt, 4.10
a8 = ST (4-10)
where g = g(¢), T = 7(¢), and
e~ f0)2
u=ult)y = —-, 4.11)
(4r(r)s
which satisfies the equation
GO \ LT (4.12)
— =—Au —u. .
at u 2
It follows that
n. T
W (g(t), T(t)) < u*(g(t2, T(12)) + n o (4.13)

fort; < 1, where t; = t(f1) and 7 = ©(2). Choosing t; = 0 and r, = t*, we then
arrive at

n. t"+o
w(g(0),t* + o) < u*(g(t*), o) + > In (4.14)
Since 0 < r* < T is arbitrary, we can rewrite (4.14) as follows
" " n o
(g, o) = nu(g0),1r+0)+ Eln (4.15)
t+o

forallt € [0, T) and o > O (the case r = 0 is trivial).
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We will also need the following elementary lemma.

Lemma 4.1 Let a > 0 and b be constants. Then the minimum of the function y =
ac — 5Ino +bforo > 0is 5 In(aa), where

2e 2
o=—en. (4.16)
n

Proof Since y — ocoast — 0ort — 00, it achieves its minimum somewhere. We
have y = a — 5 » Whence the minimum is achieved at o = z’l—a Then the minimum
equals y(5), which leads to the desired conclusion. O

Proof of Theorem 1.1 We apply Theorem 3.3 with g = g to estimate u*(go, t + o).
Consider u € W12(M) with ||ul|» = 1. We choose

8(t
g U 4.17)
nCs(M, go)?
in (3.6) and deduce
8(t
/ WPinu? < 4(t+a)/ Va2 — L 30T
M M 2 nC3
8(t
PP U )P S
2 nCivolgy(M)n 2
4
<( +a)/ @|Vul* + Ru*) + (t + o) ———— —minR
M nCivolg,(M)» =0
—%1n(t+o)+%(21n65+1nn—21n2—1), (4.18)
where C s = C s(M, go). It follows that
% n 4 .
n(g0),t+0)>-In(t+0)—(t+0)| ————— —minR
2 nC¥volg, (M) 1=0

—%(21n65+1nn—21n2— D). (4.19)

Combining this with (4.15) leads to

4
uw (g, o) > glna —(t+o0) T — min R
nCigvolg (M)n 1=0
—%(2lné‘s+lnn—21n2—1), (4.20)
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or

,u*(g(t) 0)>nlna—(t+0) 4 — min R
472 47\ nCvoly (Mys =0
—g(zlnés Flnn— 1), 4.21)

which is equivalent to (1.2).
To see (1.3), we apply Lemma 4.1 to (1.2) witha = fM(|Vu|2 + %uz)dvol + %
and b = At + As. |

Proof of Theorem 1.2 This is similar to the proof of Theorem 1.1. We apply Theorem
3.5 with g = gg to estimate w*(go, f +0). Assume t + o > %CS(M, 20)%80(g0). We
set

8(1 +0)

~ nCs(M, go)* -

Then there holds A > 8¢(go). Using this A in (3.11), we deduce for u € W2 (M)
with [Julr = 1

20 2 2, RH)y n
u-lnu” <4(t+ o) |Vu|*+ —u“) — = In(t 4+ o)
M M 4 2

n
+§(21nCS(M, go) +1Inn —21In2) 4+ op(go). (4.23)
It follows that

n n
uw*(go, t +0) > 5 In(t +0) — 5(2 InCs(M, go) +Inn —21In2) — o9(go).
4.24)

Combining this with (4.15) yields
1 (g(t), o) > glna - %(2 InCs(M, go) +Inn — 21n2) — o(g0). (4.25)

Replacing o by 7, we then arrive at (1.5).

To see (1.6), we apply Lemma 4.1 to (1.5) witha = [,,(|Vu|> + £u?) and b =
5Inn+nln Cs(M, go)+00(go). Note that by the maximum principle and the evolution
equation of the scalar curvature associated with the Ricci flow, min R is nondecreasing,
which implies that a > 0. O

Note that the proofs of Theorems 1.1 and 1.2 lead to the following general result.
Indeed, Theorems 1.1 and 1.2 follows from it.

@ Springer



The Logarithmic Sobolev and Sobolev Inequalities Along the Ricci... 17

Theorem 4.2 Let g = g(t) be a smooth solution of the Ricci flow on M x [0, T) for
some (finite or infinite) T > 0. Let h(o") be a scalar function for o > 0. Assume that
the initial metric gy = g(0) satisfies the logarithmic Sobolev inequality

20 2 >, R
u“lnu“dvol < o [Vul|* + —u” ) dvol + h(o) (4.26)
M M 4

foreacho > Qandallu € Wl’z(M) with fM u*dvol = 1. Then there holds at each
tel0,7)

2,2 >, R,
/ u”Inu“dvol < a/ (qul + Zu )dvol+h(4(t + 0)) 4.27)
M M

for each o > 0 and all u € W2(M) with fM u*dvol = 1.

Proof of Theorem 1.3 Lett € [0,T) and o > 0. If 0 < %CS(M, g0)280(g0), we
apply Theorem 1.1. Otherwise, we apply Theorem 1.2. Then we arrive at (1.8). To see
(1.9), we note that by [6] the eigenvalue Ay(g(?)) is nondecreasing. Hence, Lo(g(t)) >
0 for all ¢, which implies that fM(|Vu|2 + §u2) > 0 for all 7. Hence, we can apply
Lemma 4.1 to (1.8) with a = fM(|Vu|2 + %uz) and b = C to arrive at the desired
inequality. O

Proof of Corollary 1.4 to Theorem 1.3 Choosingu = VOlg(t)(M)_% in (1.8), we infer

1
<

O ~ n
e < 2R - 2o +C. 428
" Vol (M) = 4 (0) =3 Ino+ (4.28)

If I%(t) < 0, we choose o = 1 to arrive at (1.11). If ﬁ(t) > 0, we choose 0 = R?(t)_1
to arrive at (1.12). O

5 The Sobolev Inequality Along the Ricci Flow

We first present a general result which converts a logarithmic Sobolev inequality to
a Sobolev inequality. It follows straightforwardly from more general results in [2].
Consider a compact Riemannian manifold (M, g) of dimension n > 1. Let ¥ €
L*° (M), which we call a potential function. We set H = —A + W. Its associated
quadratic form is

0u) = / (|Vul? + Wu?)dvol, (5.1
M
where u € W12(M). We also use Q to denote the corresponding bilinear form, i.e.,

Ou,v) = / (Vu - Vv + Yuv)dvol. (5.2)
M
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18 R. Ye

Consider the operator e ' associated with H. It is characterized by the property that

forug € LE(M), u = e 'Hyy satisfies the heat equation

ou

—=—-H 5.3
” u (5.3)

for ¢ > 0 and the initial condition u(0) = up. We have the spectral formula
e Mu=2 e < u i >, G4

foru € LZ(M ), where {¢;} is a complete set of L?-orthonormal eigenfunctions of
H and A1 < Xy < - - . are the corresponding eigenvalues. Since A; — 00, e tH .
L*(M) — L*(M) is a bounded operator. On the other hand, there holds

e—fHu=/ K (-, y, Hudvoly, (5.5)
M

where K (x, y, t) denotes the heat kernel of H.

Lemma 5.1 The extension of e ' fort > 0 to L' (M) by the spectral formula (5.4)
defines a bounded linear operator et : LY(M) — W*P(M) for each 0 < p < oc.

Proof By elliptic regularity, we have ¢; € W7 (M) for eachi and 0 < p < o0o. The
elliptic W?2P estimates and Sobolev embedding lead to [|¢; [|2,p < cp(|A;] + 1)™ for
some ¢, > 0 independent of i and a natural number m, depending only on n. The
Sobolev embedding then implies ||¢; ||co < c(A;| + 1)" for some ¢ > 0 independent
of i. Now we have for u € L' (M)

et <uci =o | NIgillapy < | D e dilloolillzp | lulli.  (5.6)

i1 i1
By the above estimates, the last series converges. The desired conclusion follows. O

Lemma 5.2 Assume ¥ > 0. Then e ' fort > 0is a contraction on L? (M) for each
1 <p<oo,ie,

”e—lH

ullp < llullp (5.7)
forallu € LP(M). Itis also a contraction on WL2(M) with respect to the norm Q(u)%
(if Q > 0, i.e., .1 > 0) or the norm (Q(u) + fM uzdvol)% (if A1 = 0). Moreover, it
is positivity preserving, i.e., e "Hu > 0ifu > 0 and u € L*>(M).

Proof The maximum principle implies that e ~'# is a contraction on L> (M) fort > 0.
Fort > Oandu € L' (M), we set ¢ = sgn(e "u), ie, ¢ = 1 where e "y > 0
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The Logarithmic Sobolev and Sobolev Inequalities Along the Ricci... 19

and ¢ = —1 where e "#u < 0. There holds

le ™ Hul, = / de M ydvol = / ue " pdvol
M M

< le™ ™ @lloollulls < IBlloollull = llul:. (5.8)
'H is a contraction on L'(M). By the Riesz—Thorin interpolation theorem
(see Appendix 3), e~ is a contraction on LP (M) for each 1 < p < 0.

The contraction property of e " on W!2(M) follows from the spectral formula
(5.4) because A; > 0. (The contraction property of e 'H on L2(M ) also follows
from (5.4).) Finally, the positivity preserving property of e /! is a consequence of the
maximum principle. O

Hence, e~

Theorem 5.3 Let 0 < o* < oo. Assume that for each 0 < o < o™ the logarithmic
Sobolev inequality

/ u? Inudvol < o Q(u) + B(o) (5.9)
M

holds true for allu € W'2(M) with ||u||» = 1, where B is a nonincreasing continuous
function. Assume that

1 t
(1) = —/ B(o)do (5.10)
2t Jo
is finite for all 0 < t < o*. Then there holds

_ 737{ —
le ™ ulloo < e @7 MYy (5.11)

foreach0 <t < 4—110* and all u € L>*(M). There also holds

3. _
le ™ ullo < 2T D=F0YT 1, (5.12)

foreach0 <t < %0* and allu € LY(M).

The proof of this theorem is presented in Appendix 2. Note that (5.12) is equivalent
to an upper bound for the heat kernel. The nonincreasing condition on 8 can easily be
removed (the function 7 (¢) needs to be slightly modified).

Theorem 5.4 (1) Assume ¥ > 0. Let v > 2 and ¢ > 0. Assume that the inequality
le™ M ullos < ct™ % Jull2 (5.13)

holds true for each t > 0 and all u € L*(M). Then the Sobolev inequality

IIMIIZZT,L2 = C(u, 0)Q(u) (5.14)
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holds true for all u € WL2(M), where the positive constant C (i, c) can be
. 1
bounded from above in terms of upper bounds for c, |1 and =t
(2) Let u > 2 and ¢ > 0. Assume that the inequality

le™ M ullog < c1~% ulla (5.15)
holds true for each 0 < t < 1 and all u € L>(M). Then the Sobolev inequality

Ilullzzf,t2 < C(u, )(Qu) + (1 —inf W) flull3) (5.16)

holds true for allu € WY2(M), where C(u, c) has the same property as the above
C(u,c).

The proof of this theorem is presented in Appendix 3. Combining Theorems 5.3
and 5.4, we arrive at the following result.

Theorem 5.5 Let 0 < 0* < co. Assume that for each 0 < o < o™ the logarithmic
Sobolev inequality

/ u? Inudvol < o Q(u) — %lna e (5.17)
M

holds true for allu € W'“2(M) with ||u||> = 1, where u and ¢ are constants such that
W > 2. Then we have the Sobolev inequality

o*\ ! - 4 —oc*min¥—
lul?y, < (—4 ) C(C.p (Q(u) t— ||u||%) (5.18)
n=2 o

forallu e WbL2(M), where C(C, w) is from Theorem 5.4 and Cis defined in (5.22)
below.

Proof For A > 0, we consider the metric g = 172g and the potential function

U = 22W. Let H = —Ag + ¥ and Q be the associated quadratic form. It follows
from (5.17) that

/ uzlnuzdvolg,50@(u)—%1n0+(n—u)lnk+c (5.19)
M

for0 < o < A720* and u € W'2(M) with |lull; = 1. Choosing » = $+/o*, we
obtain

n—u

/ u? Inu*dvolz < o Q(u) — %lna + (Inoc* —2In2)+C (5.20)
M

for each 0 < 0 < 4. By Theorem 5.3, we have foreachO <7 < l andu € L2(M)

_ = _ K
le " ulloo < Ct™% |lull2,g, (5.21)
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where

3o*

C =2"7" (o%)" T i~ o min¥ ™ +3C. (5.22)

Applying Theorem 5.4 and converting back to g, we then arrive at (5.18). O

Proof of Theorem 1.6 Applying Theorems 1.3 and 5.5 with W = %u = n, and
o* =4, we deduce

R in, R~
lul%, <c Vul? + Su2 ) dvol + (1= 220 [ 2avol ), (5.23)
=) M 4 4 M

where ¢ = ¢(C, —min; R™). By the maximum principle, we have min; R~ >
min,—g R~ . Hence, we arrive at

||u||2T,,2 <c N |Vu| —}—Zu dvol + I—T Mu dvol (5.24)

with ¢ = ¢(C, —ming R™). Since A¢ is nondecreasing along the Ricci flow [6], we
obtain

| ing R~ R
lul? <c (1 + (1 - %)) (/ (|Vu|2 + —uz) dvol)
i Ao(go) 4 M 4

(5.25)
which leads to (1.14). m]
Proof of Theorem 1.5 This is similar to the above proof. O

6 The k-Noncollapsing Estimate

It is obvious that Theorems 1.7 and 1.8 follow from Theorem 1.5, Theorem 1.6, and
the following result.

Theorem 6.1 Consider the Riemannian manifold (M, g) for a given metric g, such
that for some A > 0 and B > 0 the Sobolev inequality

n—2
20 T 2 R, 2
|u|"=2dvol <A |Vul|* + —u“ ) dvol + B u-dvol  (6.1)
M M 4 M

holds true forallu € WY2(M). Let L > 0. Assume R < rlz ona geodesic ball B(x,r)
with O < r < L. Then there holds

1 5
vol(B(x,r)) > (m) r". (6.2)
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Proof Let L > 0. Assume that R < rlz on a closed geodesic ball B(xq,r) with
0 < r < L, but the estimate (6.2) does not hold, i.e.,

vol(B(xg, r)) < &r", (6.3)

where

n

1 2
S=——=) . 6.4
(2"+3A+23L2) ©4
We derive a contradiction. Set g = rizg. Then we have for g
vol(B(xg, 1)) < § (6.5)

and R < 1 on B(xg, 1). Moreover, (6.1) leads to the following Sobolev inequality for

8
n—2
o\ 7 > R, 2 2
|u|n—2 S A |VM| + —Uu +BL u-, (66)
M M 4 M

where the notation of the volume form is omitted. For u € C° (M) with support
contained in B(xg, 1), we then have

n—2
2\ 1
(/ |u|"2—2) < A/ (|Vu|2 + —u2) + BL2/ W2 (6.7)
B(xo,1) B(xo,1) 4 B(xo,1)

By Holder’s inequality and (6.5), we have

/ u? <4
B(xo,1)

(/ |u|ﬂ2—”2) . (6.8)
Bxo 1)

B[N}

Hence, we deduce

n—2

n—2
w7 ) A 2\ .2 2\
W) <A vl + (£ + BL?) 57 jul 2
B(xo,1) B(xo,1) 4 B(xo,1)
n=2
<A [Vul|” + = | n=2 . (6.9)
B(xo,1) 2 \JBxo)

It follows that

n—2
(/ |u|n2"2) < ZA/ IVul?. (6.10)
Bxo. 1) Bxo. )
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Next consider an arbitrary domain Q C B(xg, 1). For u € C°(2) with support
contained in €2, we deduce from (6.10) via Holder’s inequality

/ u* < 2Avol(9)%/ |Vul|?. 6.11)
B(xo,1) Q

Hence, we arrive at the following Faber-Krahn inequality:

B3N}

1
>

A (2)vol(2)r > A (6.12)

where 11(€2) denotes the first Dirichlet eigenvalue of —A on Q. By the proof of
Proposition 2.4 in [1], we then infer

1 2
vol(B(x, p)) = (m) " (6.13)

for all B(x, p) C B(xg, 1). Consequently, we have

n
2

1
vol(B(xp, 1)) > (m) s (6.14)

contradicting (6.5).

For the convenience of the reader, we reproduce here the arguments in the proof of
Proposition 2.4 in [1]. Consider B(x, p) C B(xp, 1). Set u(y) = p — d(x, y). Then
we obtain

vol(B(x,r)) _ 4vol(B(x, p))

A(B(x, p)) = A (int B(x, p)) < < . (6.15)
Jsep 4>~ PPVOL(B(x, p/2))
By (6.12), we then infer
vol(B(x, p)) > 2\ 4= vol (B (x ﬁ))ﬁ (6.16)
P =\2a "2 ' '

Iterating (6.16), we obtain

1
2N\ 2imi (7 m Y )"
vol(B(x, p)) = (g—A) i) 4 Zr () o (B (x. ﬁm))(””) (6.17)
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for all natural numbers m > 1. Letting m — oo, we finally arrive at

1
> (s PN
vol(B(x, p)) > (g) A (#) 4 I (k)

2\ 2 5
0 _ni+2) 1 2
(%) = () o ew

Appendix 1: The Logarithmic Sobolev Inequalities on the Euclidean
Space

In this appendix, we review several versions of the logarithmic Sobolev inequality on
the euclidean space for the purpose of presenting the background of the logarithmic
Sobolev inequalities. These versions are equivalent to each other.

The Gaussian version

This is the original version of L. Gross.

Theorem 7.1 Letu € Wlla’cz(R") satisfy fR" uzd,u =1, where

n .\‘2
dp = Qm) 3e T dx. 7.1

Then
/ ulnu’dp < 2/ |Vu|>dp. (7.2)
n Rll

The straight (Euclidean volume element) version

Theorem 7.2 There holds
/u21n u’dx < 2/ |Vu|?dx, (7.3)
provided that u € W-2(R") and fuzdx = (2m)"2e". Equivalently, for B > 0,
/u21n u*dx < 2/ |Vul?dx + BIn B — %,8 In(2re?), (7.4)
provided that u € W'2(R") and [ u* = .
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The log gradient version

It appears to be stronger than the other versions because of the logarithm in front of
the Dirichlet integral of u.

Theorem 7.3 There holds

272 n 2 2
u"Inu“dx < =In [Vul|“dx |, (7.5)
2 Tne

provided that u € W'2(R") and [ u*dx = 1.
The entropy version (as formulated in [6])

This version is intimately related to Perelman’s entropy functional W. Indeed, it can
be viewed as the motivation for W.

Theorem 7.4 There holds
1 2 -f
EWf' 4+ f—n)e /dx >0, (7.6)

provided that f € WIIO’CZ(R”) and [e=/dx = 2m)"/2.

Appendix 2: The Estimate for e/

In this appendix, we present the proof of Theorem 5.3. The global case o* = oo of
this theorem follows from Corollary 2.2.8 in [2]. On the other hand, the proof of this
corollary in [2] can easily be extended to cover the local case 0™ < 00, as is done
below. The global case is customarily phrased in terms of “ultracontractivity,” i.e., the
logarithmic Sobolev inequality implies the ultracontractivity of e ~"#, see e.g., [2].
Note that the global case suffices for the main purpose of this paper. The local case
should be useful for further applications.

Proof of Theorem 5.3 Part 1 We first assume ¥ > 0, i.e., min W~ = 0. It follows
from (5.9)

/Mu2 Inu? < o Q)+ B(o)lull + llull3 n |ull3 (8.1)

for all u € W12(M). Here the notation of the volume form is omitted. Replacing u
by lu|P/? for p > 2 and u € WH2(M) N L®(M), we deduce

P/ jul? 1n |u| < o Q(ul) + B@)lullh + pllul}In laell,- (8.2)
M
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Since
» 2
0ul%) = 7 0dl. L™, 83
we arrive at
[ il < 27 0t i) + Sl + . (8.4

By the nonincreasing property of 8, we then infer, replacing o by 4(” Do

/Iulplnlu|<0Q(|M| ||~ 1)+ﬁ )||u||p+llullp1n||ullp (8.5)

foro € (O, ﬁo’*]

Part 2 We continue with the assumption ¥ > 0. Consider 0 < ¢ < %a*. Let o(p)
be a nonnegative continuous function for p > 2 such that o (p) € (0, WL_UU*] for
p > 2, which will be chosen later. Then we have

/ ul? In|u| < o (p)Q(lul, [ulP~") + T(p)llullpy + lullpInlul,  (8.6)
M

foreach p > 2 and allu € WL2(M) N L% (M), where I'(p) = @. Define the
function p(s) for0 <s < t by

dp P
= sy @ =2 8.7)
Assume that
ps) — 00 (8.8)

as s — t. We also define the function N(s) for0 < s < t by

AN _ T(p(s) o

B e VO =0 (8.9)
and set

N* =1lim = - Mdp. (8.10)

s—t 2 p

Foru € Wh2(M) N L®(M) withu > 0, we set uy = e *Hyu for0 < s < 1. By
the contraction properties of e ¥, we have u; € WL2(M) N L®(M) for all s. If
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W € C*°(M), we have for a fixed g > 2

d ou _ _
anusHZ:q/Ma—;u? l=—qr/MHus-u§’ " (8.11)

Hence,

1

d -
—lusllg = —q Qus, ui ™). (8.12)

ds

In the general case W € L°°(M), this formula follows from the spectral formula for
e~*H  Using this formula, we compute

d N d 1 p(s)
—tn(e™N gl o)) = - (—N(s) oy s
r 1p

_ 1 - -1 P
r_ 2_1n||us||Z+—||us||,,n(_pg(us,uf )+_/ uflnus)
o p’o p o Ju

1 _
= ;Ilusllp"7 (/ ul nug — o Qug, ul ™) — Dllugllh — llusll In IIMsIIp) .
M
(8.13)

By (8.6), this is nonpositive. Hence, e =V &) | || p(s) 18 nonincreasing, which leads to

le™ullpiy < MUz (8.14)
forall0 < s < ¢. By the contraction properties, we have ||e_’Hu||p(s) < ||e_SHu||p(S),
whence

lle™  ullpisy < VU112 (8.15)
forall 0 < s < t. It follows that

lle™ ulloo < e full2. (8.16)

This estimate extends to u € L>(M) with u > 0 by an approximation. For a general
u € L>(M), we use the pointwise inequality |e "7 u| < e™"H| f| (a consequence of
the positivity preserving property) to deduce
_ _ *
le™ T ulloe < lle™ ullloc < e flull2. (8.17)

Now we choose
2t
o(p)=— (8.18)
p
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for p > 2. Then p(s) = ==. One readily sees that o (p) € (0, 4(p i o*]forp > 2
and p(s) > coass — f. We have for this choice
1 t
= 27/0 B(o)do. (8.19)
Hence, we arrive at
lle™ M ulloe < e lull2 (8.20)

forallu € L2(M)and 0 < 1 < 4—110*.
Part 3 For a general W, we consider v = W —min V™ and denote the corresponding
operator and quadratic form by H and Q, respectively. We have by (5.9)

/ u? Inu*dvol < o Qu) + B(0) (8.21)
M

forallu € L?(M) with ||ul|> = 1, where B(c) = B(c) + o min W~. We apply (8.20)
to deduce for 0 < ¢ < 1o* and u € L2(M)

e ulln < 7 0 F@ |y = T Hgmine™ (8.22)
The desired estimate (5.11) follows.

The estimate (5.12) follows from (5.11) in terms of duality, namely we have for
u,v e L>(M)

/ve*f”uzf we My < e Pl lully < O F M0y . (8.23)
M M

It follows that
le™ Hully < e*®= 3 min ™, (8.24)
and then

t 3t . — t t 3t . —
e ™ ulloo < e™ @MY o= Hy ) < 2T@ =T minY Ty (8.25)

By Lemma 5.1, we arrive at (5.12) forallu € L'(M). The estimate (5.12) also follows
from the arguments in Part 2 by choosing o (p) = % and p(s) = é O

Appendix 3: From the Estimate for e ~*¥ to the Sobolev Inequality
In this appendix, we present the proof of Theorem 5.4. We also present a more general

result Theorem 9.5, and its implication for the Ricci flow. Consider a compact Rie-
mannian manifold (M, g) of dimension n > 1 and ¥ € L°° (M) as in the set-up for
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Theorem 5.4. If O > 0, then we define the spectral square root H 2 of the operator
H = —A + W as follows. For u = Zizl aip; € LX(M), we set

1
Hiu =" 2aig;, ©.1)
i>1

whenever the series converges in L(M).

Lemma 9.1 Assume Q > 0. Then H? is a bounded operator from WY2(M) to
L2(M). Indeed, there holds for all u € W'2(M)

1
IH2u))3 = Q). 9.2)
Proof Foru =3 ,. ai¢; € C2(M), there holds Q(u) =< Hu,u >2= D=1 Aia?.

By approximation, we derive Q(u) = Zizl )L,'al? forallu € WL-2(M). Now we have
for N > 1

2
1
Magi| = D hai. 9.3)
1<i<N 5 I=i<N
Taking the limit as N — oo, we infer ||H%u||% = Q0(u). O

If 0 > 0, ie., the first eigenvalue of H is positive, then the inverse H -3 :
_1

L2(M) — WY2(M) of H? exists. We have H 2u = D=1 A Caigi foru =

Ziz] aip; € L%(M). More generally, we define H_% in the case Q@ > 0 by

1 _1
H 2u = ZA,~>0 A 2a;¢; foru = Zizl a;p; € LZ(M).
Lemma 9.2 Assume Q > 0. We set ¢f = ¢1 if .1 = 0and ¢ = 0if Ay > 0. There
holds

-1 Ly [™ 21w
H 2u=l"(§) t~2e¢ M udt 9.4
0

forall u € L>(M) with u L @}. Moreover, if u e L*(M) with u L @7 satisfies
le " ulloo < ¢ (t) on an open interval (a, b) C (0, 00) for a nonnegative continuous
function ¢, then there holds

b 1
/ t~2e M ydr
a

b 1
5/ t"2¢(r)dr. 9.5)
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Proof For u € L2>(M) with u L d)i‘, we write u = Z,\,->o a;¢;, where the series
converges in L>(M). We have e "y = D30 e i'a;¢;. We have

R 1 -3 1 -1
> e M agidt =T =) DA Caigi =T (5 ) H 2. (9.6)
0 2 1i>0 2

2i>0

Hence, the formula (9.4) follows. Next we note that convergence in L? implies almost
everywhere convergence. Moreover, if u; converges to u almost everywhere, then
lulloo < liminf |lug||oo. These two facts lead to (9.5). O

Next we recall, for the sake of clarity and precise estimates, the Marcinkiewicz
interpolation theorem [8] and the Riesz—Thorin interpolation theorem [8], which we
formulate in the special case of the measure space (M, ), where u denotes the
Lebesgue measure associated with the volume element dvol of g.

Theorem 9.3 (Marcinkiewicz interpolation theorem) Let L be an additive operator
from L*°(M) to the space of measurable functions on M. Let 1 < py < go < 00 and
1 < p1 < q1 < ocowithqo # qi1. Assume that L is of weak type (po, qo) with constant
Ko and of weak type (p1, q1) with constant K1, i.e.,

llaell po N2
n{ILW)| > a}) < KOT 9.7)
and
el p, N
n{ILW)| > a}) < KIT 9.8)

forallu € L°°(M). Then L is of type (p;, q;) on L°° (M) with constant K, for each
O0<t<l,ie,

IL@)llg < Kellullp, 9.9)
forallu € L°°(M) and a > 0, where

11—t ¢t 1 1-t ¢
S AT R LI (9.10)
pe po P4 g0 q

K: < KK, 'K!, (9.11)

and K = K(po, 90, p1,q1,1) is bounded for 0 < € <t < 1 — € with each given
€ > 0, but tends to infinityast — Qort — 1.

It follows that for each 0 < t < 1, L extends uniquely to an additive operator
L: LPt(M) — L% (M) with the bound (9.10).

This follows from [8, Theorem 5.2]. The space of simple functions is used in [8,
Theorem 5.2] instead of L°°(M). Moreover, L is only assumed to be sublinear. Note
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that Theorem 9.3 holds both in the set-up of real-valued functions and the set-up of
complex-valued functions.

Theorem 9.4 (Riesz—Thorin interpolation theorem) Let L be a linear operator from
LZ (M), i.e., the complex-valued L°° (M), to the space of complex-valued measurable
functions on M. Let 1 < po, p1,q0,q1 < 0o. Assume that L is of type (po, qo) on
L& (M) with constant Ko, and of type (p1, q1) on L (M) with constant K. Then L

is of type (p, q;) on LEF (M) with constant K, for each 0 <t < 1, where p; and q;
are given by (9.10) and

K, < K)7'K!. 9.12)

Consequently, for each 0 < t < 1, L extends uniquely to a linear operator L :
LY (M) — LE(M) with the bound
L) g < Killull p, (9.13)

forallu € Lg’ (M), where Lg(M) denotes the complex-valued LP (M).
Ifwe replace the complex-valued spaces by real-valued spaces, then the same holds
except that (9.12) is replaced by

K: < 2K, 'K!. 9.14)

The bound (9.12) still holds in the set-up of real-valued functions, provided that py <
q0, p1 < q1, or T is a positive operator.

Now we are ready to prove Theorem 5.4. We present a more general result which
implies Theorem 5.4.

Theorem 9.5 (1) Let u > 1. Assume that ¥ > 0 and for some ¢ > 0 the inequality
le™ M ulloo < ct™% Jully (9.15)

holds true for eacht > 0 and allu € L*(M). Let | < p < 1. Then there holds
1
1 2ull . =< Cle, p, p)llullp (9.16)

for all u € LP (M), where the positive constant C(u, ¢, p) can be bounded from
above in terms of upper bounds for c, |, %_p and ﬁ. Consequently, there holds

1
lull = Cle, p, PIH2ullp 9.17)
forallu € WhP(M).
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(2) Let u > 1. Assume that for some ¢ > 0 the inequality

le™ ™ ulloo < ct™ T [lul (9.18)

holds true for each0 <t < l andallu € L2(M). Set Hh= H —inf W~ + 1. Let
1 < p < . Then there holds

_1
IHy *ull s < Cu,c, p)lull, (9.19)
n—p

forallu € LP (M), where the positive constant C (i, ¢, p) has the same property
as the C(u, ¢, p) above. Consequently, there holds

1
el sz < Clp, c, PIHG ullp (9.20)

forallu € WhP(M).

Proof (1) For simplicity, we work in the set-up of real-valued functions. The case
p = 2 follows from [2, Theorem 2.4.2]. The proof of that theorem in [2] extends in
a standard way to the general case of (9.16), so we follow it here. By the proof of
Theorem 5.3 in Appendix 2, we have with t(¢) =Inc| — % Int

252

t
le ™ ulloo < ¥ |lul|; =

l[uelly 9:21)

for all u € L'(M) and all + > 0. On the other hand, we have by Lemma 5.2
le ™ ulloo < |lu|loo forall u € L®(M). By Theorem 9.4, we then have

1

I >

B 27C2 P
lle tHu“oo 5( t% ) ”u”p (9.22)

foreachl < p <ocandallu € L?(M).
Next we consider 1 < p < u and set

1 1 1
N T 9.23)

9 P W w=p

Observe that (9.15) implies that the first eigenvalue A; of H is positive. Otherwise,
since Q > 0, A1 would be zero. Then e~ ¢1 = ¢ for all ¢t > 0. This contradicts

(9.15). Thus (9.4) is valid for all u € L%(M). We show thatH’% : L®(M) — L*(M)

is of weak type (p, g). For a given T € (0, 0co), we write H_%(u) = Gor(u) +
G 00(1t), where

Nt
Gapu)=T (5) / 1~2e M ydr, (9.24)
a
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1
2%0% r
—— | lullpds
12

We have by Lemma 9.2 and (9.22)

D
||Gr,oo(u>||oo5r(§) / .
T

=

1_n
=ci(u, p)T? 27 |lullp (9.25)
for all u € LP (M), where
2p A 2\ 7
e, p) = —L (= (2zc) . (9.26)
w—p \2

On the other hand, we have by Lemma 5.2

Nt T N
I1GorWlp =T |5 2 lullpdr =2\ =) T2ull,  (9.27)
2 0 2

forallu € LP(M). Givenu € L°°(M) and o > 0, we define T by

1_p
=ci(w, pllullp,T> 7. (9.28)

| R

Then |G7,00(u) |00 < 5, and hence

p@1H 2wl > o) = 1 ({1Gorwi = £1) = () " 1Gor el

2 2
<(3)"(2r (3 " rt)
- = u
-2 2 P
lluell p \?
= (i, p) (—”) : (9.29)
o
where
P2u—p) s 1\77?
ca(u, p) =2 #=r cy(u, p)r-rT 2 : (9.30)

It follows that H~? is of weak type (p, g) with constant ¢ (i, p)'/4.
Given 1 < p < u, we set y = max{-2-,2, 2’kp}+1, pPo = yT_lpandpl =

p—10" pu—p
Z—:ép.Thenl < po < p1 < pand
1 1 2 1 1 2
—t—=— —ft—=-, (9.31)
po D1 P 40 41 q
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where 1 /qo = 1/po—1/pnand 1/q1 = 1/p1 — 1/, and q is the same as before, i.e.,
1/g = 1/p — 1 /. Applying (9.29) and Theorem 9.3 with ¢t = %, we then arrive at
(9.16) with

1 1 1
Cu,c,p)=K (po, q0, P1, 41, 5) ca(p, po)*0 ca(pn, pr)n. (9.32)

The property of C (i, ¢, p) is easy to see from this formula.

By [9], the operator H Jisa pseudo-differential operator of order 1. Since M is
compact, it follows that H 3 is a bounded operator from W17 (M) into L? (M) for all
I < p < oo. (The special case p = 2 is contained in Lemma 9.1). For2 < p < u
(assuming p > 2), we have whr(M) ¢ Wl2(M), and hence H’%H%u = u by
Lemma 9.1. Replacing u in (9.16) by H%u foru € WP (M), we then arrive at (9.17).
For 1 < p < min{2, u}, we can argue this way to arrive at (9.16) for u € C*(M).
By the boundedness of H? : WLP(M) — LP(M), we then arrive at (9.16) for all
u € WHP (M) via approximation.

By [9], the operator H ~Yisa pseudo-differential operator of order —1. It follows
that H_% is a bounded map from L? (M) into WLr(M) forall 1 < p < oo. It also
follows that H~? LP(M) — WLP(M) is the inverse ofH% cwWhr(M) - LP(M).
Moreover, by approximation, the inequality (9.17) also implies the inequality (9.16).
(2)For0 <t < 1, we have foru € L%(M)

_ —t(l—inf U=Y) ) — _u

le™ oullog = e~ Y ey oy < 7 Jlulla. (9.33)
Fort > 1, we write t = % + 1o for a natural number m such that 1/2 < 79 < 1. Then
we have for u € L2(M)

: - m
”e—tHQu”oo — e—t(l—lnf\lf )llg—the—toH —toH

Ulloo < e e ulloo

t

IA

.4 wo_,
ce 'ty “lullz < c2%e " ull2

n

e (%)Z =T )y (9.34)

Hence, we can apply the result in (1) to arrive at the desired inequalities (9.19) and
(9.20). (Note that by the above arguments they are equivalent to each other.) O

Proof of Theorem 5.4 1) Let u € W2(M). Applying (9.17) with p = 2, we arrive
at

1
lull 2 = €, e, DI H2ull2. (9.35)
=

Combining this with (9.2), we then obtain the desired inequality. 2) This is similar to
1). Note that the quadratic form of H — inf ¥~ 4 1 is Q(u) + (1 — inf \Il_)||u||%. O
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Combining Theorems 1.1, 1.3, 5.3 and 9.5, we obtain the following two results for
the Ricci flow, which extend Theorems 1.5 and 1.6. Let g = g(¢) be a smooth solution
of the Ricci flow on M x [0, T) as before.

Theorem 9.6 Assume that Ry, > 0 and Ao(go) > 0. Let 1 < p < n. There is a
positive constant C depending only on the dimension n, a positive lower bound for
Ar0(g0), a positive lower bound for volg, (M), an upper bound for Cs(M, go), an upper
bound for ﬁ, and an upper bound for ﬁ, such that for each t € [0, T) and all

u € WHP (M) there holds

R\?
loell 2o < Cl| (—A + Z) ullp. (9.36)

Theorem 9.7 Assume T < oo and 1 < p < n. There is a positive constant C
depending only on the dimension n, a nonpositive lower bound for Ry, a positive
lower bound for volg, (M), an upper bound for Cs(M, go), an upper bound for T, an
upper bound for ﬁ, and an upper bound for ﬁ, such that for each t € [0, T) and

allu € WhP(M) there holds

1
IIMII% < C|Hg ullp, (9.37)
where
R min R;O
Hoy=—-A+—— —5 41, (9.38)
4 4
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