The Journal of the Astronautical Sciences (2020) 67: 829-862
https://doi.org/10.1007/540295-019-00186-z

®

Electrostatic Force and Moment Approximations Ghee e
of Coulomb Charged Spacecraft Based on Center updates
of Charge

Mohammad Poursina’ - Eric A. Butcher!

Published online: 15 July 2019
© American Astronautical Society 2019

Abstract

A novel analytical formula is developed for the second order approximation of the
potential function of a pair of charged spacecraft assuming either particle-body or
body-body interactions. These approximations use the center of charge (CoCh) as
the center of expansions provided that the charge distribution is known. The gener-
ated formulas for the potential function are then used to analytically find Coulomb
force and corresponding moment about the center of mass (CoM) of the interact-
ing bodies. The resulting expressions are presented in terms of the entire charge and
the quadrupole charge tensor (QCT) of each individual body about the correspond-
ing CoCh, as well as the relative distance between the centers of charge of the two
charged spacecraft. Because of using expansions about the CoCh, dipole moments of
each individual spacecraft do not explicitly appear in the resulting equations. Closed-
form approximations of the force and moment are also obtained from the potential
function using the CoM expansions. As it is shown, the CoCh expansions are gener-
ally more accurate when the distance between the CoCh and the CoM is a significant
fraction of the separation distance.
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Introduction

Electrostatic actuation using Coulomb forces is necessary in various spacecraft appli-
cations including re-orbiting of GEO debris [7, 16, 22], de-spinning non-cooperative
space objects [1, 2], and Coulomb formation flying [4, 9]. In order to design control
laws and prescribe needed voltages for these applications, fast and accurate meth-
ods are required to calculate the forces and torques on the affected spacecraft using
knowledge of the charge distribution of each craft and their relative separations and
attitudes. The amount of relative separation between charged spacecraft, as well as
their sizes and charge distributions can determine the model needed to achieve sat-
isfactory accuracy within a reasonable time. For example, flat electric fields can be
used for large separation distances, the Multi-Sphere Method (MSM) [23] as well as
first or second order approximations of radial electric fields can be used for medium
separation distances (larger than 5-10 craft radii), while finite element analysis is
needed for high accuracy at small separation distances [5, 6]. In some situations the
electric field of a spacecraft can be modeled as a point charge so that point-body
(particle-body) models may be used to calculate the resulting forces and torques
on neighboring spacecraft, while in other situations a point charge model is not
appropriate and body-body models must be used.

“Appropriate Fidelity Measure (AFM)” force and torque models are developed
in [5] for locally flat and radial electric fields, and the results compared with the
MSM method. In particular, the radial electric fields for particle-body interactions
are developed to second order using the expansion about the center of mass (CoM)
of the spacecraft. This results in expressions in which a charge tensor about the
CoM appears in the approximations. Furthermore, the corresponding body-body
interaction is generated in [8] with the expansions about the mass centers of the inter-
acting spacecraft resulting in the application of the charge tensors about the CoM.
Therefore, in these formulations, the approximations of Coulomb interactions are
expressed in terms of the entire charge, dipole moment, and the charge tensor. As in
the case of gravity gradient torque approximated to second order using the inertia ten-
sor [11, 21], the particle-body and body-body interaction approximations using the
charge tensor about the CoM are more accurate at large separations and less accurate
at small separations.

While the separation between the CoM and center of charge (CoCh) is accounted
for, the expansions about CoM causes the second order approximation to signifi-
cantly lose accuracy when this separation is large. This is due to the fact that relying
on the charge distribution about the mass center and using the CoM as the center
of local expansions does not completely capture all the effects of the charge distri-
bution. Introducing the pseudo-inertia tensor or quadrupole charge tensor (QCT) of
a charged pseudo-atom about its CoCh, the approximate resultant force and corre-
sponding moment are generated for pairwise interactions expressed in the form of
1/r (s > 11is an integer), and used for Coulomb and Van der Waals interactions in
multiscale modeling and simulation of molecular systems [12, 13, 17-20].

Herein, a closed-form approximation of the force function is developed for a pair
of charged spacecraft assuming either particle-body or body-body interactions, from
which second order approximations for the forces and torques are obtained. In this
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scheme, the entire charge, the CoCh, as well as the QCT about the CoCh of each
spacecraft are first introduced. Then key operations are presented to obtain the second
order approximation of the force function in particle-body and body-body interac-
tions. The resulting formulations are then used to find the resultant Coulomb force as
well as the moment about the CoM of each spacecraft. Unlike the previous approx-
imation techniques of Coulomb interactions which use local expansions about the
CoM of the body, the method presented in this paper formulates the approximations
using expansions about the CoCh of each spacecraft. Therefore, all of the expressions
are presented in terms of the total charge of each body, the relative distance between
the centers of charge of the interacting spacecraft, as well as the QCT about the CoCh
of each one. Because of using expansions about the CoCh, the resulting equations do
not explicitly include dipole moments of each spacecraft although these quantities
are necessary to obtain the CoCh. Furthermore, we use the new mathematical pro-
cedure developed in this paper to find the approximation of the force function using
the CoM of each spacecraft as the origin of expansions for both particle-body and
body-body interactions, from which forces and moment are obtained. These deriva-
tions are independent of the procedure used in [5, 8] since in this paper we develop an
approximate force function (opposite of electrostatic potential energy), from which
we derive forces and torques, while the final expressions are the same as those in
[5, 8]. The results for the particle-body and body-body interactions using CoM and
CoCh are compared for a variety of scenarios. It is found that CoCh expansions
are generally more accurate when the distance between the CoCh and the CoM is
a significant fraction of the separation distance. Finally, it should be noted that the
analytical expansions in this article and other works such as [5, 8] are convenient
for analytical study of charged spacecraft motions, while various numerical methods
such as the Multi-Sphere-Method (MSM) approximations [23] can be used if accu-
racy and numerical efficiency are critical. Therefore, the contributions in this work
do not compete with (and are not compared with) any of these numerical methods,
but only with the previously-used CoM-based force and torque approximations.

Physical Properties of Charged Bodies

In the following, we present necessary definitions and properties associated with the
electrostatic characteristics of the charged bodies as they will be used in the rest of
the paper.

Definition 1 Consider body B (not necessarily a rigid body) shown in Fig. 1 with the

charge distribution density function p,. The dipole moment of this body measured
from the center of mass (CoM) i.e. B* is defined as

pB/B* éf poydt (1)
B

In this equation, p is the position vector of the charge element dg relative to the
CoM. Furthermore, depending on the shape of B, t can represent the length, area, or
volume.
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Fig. 1 Charged body B with center of charge C, and center of mass B*

Definition 2 For charged body B, the center of charge (CoCh) denoted by C, is
located by

pB/B*
Re, =5 @)
where Q is the entire charge of the body and computed as
0= [ pyir G)
B

It should be noted that C, exists if the total charge of the body, i.e. Q, is not zero.

Definition 3 The Quadrupole Charge Tensor (QCT) of body B about the correspond-
ing center of charge C, is defined as [18, 20]

q97B/Cqy & /];(L{r2 —IT)pedT 4)

where U denotes the identity tensor, and r is the magnitude of r. We use a7B/Cq
to represent the QCT since it is similar to the mass moment of inertia tensor nota-
tion; however, it is related to the charge distribution and computed about the center
of charge. For the Coulomb potential field, this dyadic represents the quadrupole
moment tensor [15]. Based on the definition presented in Eq. 4, the trace of this
tensor is computed as

tr(178/Ca) = 2/ r?pgdt (5)
B

Furthermore, as shown in Lemma 2 and proven in [20], the parallel axis theorem
[10] can be applied to this tensor.
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Lemma 1 The dipole moment mesured from the center of charge is zero. In other
words, if x is the position vector of the charge element dq measured from Cy, then

/ rp,dt =0 (6)
B

Proof This lemma is proven based on the following relations

/r,oqdrzf(p—ch)pqdr = [p,oth—/ Rc, pqdt
B B B B

= ORc, - OR¢, =0 ™)
O

Lemma 2 Given the QCT of the charged body B about C; as 178/C4, one can use
the parallel axis theorem to find the QCT of body about an arbitrary point O as

a7B/0 — a7B/Cq 4 a7Cq/0 (8)

The second term on the right hand side of the above equation is the QCT of the
lumped particle with total charge Q located at CoCh of body about O. Defining OC,
as the position vector of point C, relative to O with three components ry, 2, and r3,
Eq. 8 can alternatively be expressed as [20]

178/0 = 478/% 1 0[0C, x]7 [0C, x] )
where
0 —r3 rn
[0C,;x] = r3 0 —rg (10)
—-rp rp 0

It should be noted that for two interacting spacecraft, the voltage is a known quan-
tity. Furthermore, unlike the gravity gradient problems in which the inertia properties
of the bodies do not change, the charge in interacting craft is dynamic [14]. In other
words, as two spacecraft move or rotate relative to one another the charge distribution
changes, resulting in the change of the dipole moment, the location of the CoCh, and
the value of the QCT. In this study, it is assumed that the charge distribution is known
through one of the well established methods such as finite element analysis, Methods
of Moments [3], or Multi-Sphere Method [23]. Therefore, the location of the CoCh,
and the value of the dipole moment and charge tensor relative to the CoM are known
up to the accuracy of the method used to find the charge distribution. Finally, since in
the following sections the quadrupole charge tensor (QCT) is used, one can apply the
parallel axis theorem presented in Lemma 2 to compute QCT from the charge tensor
about the CoM.
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Particle-Particle Coulomb Force Function

Consider charge element dg on body B and an individual charge g shown in Fig. 1.
The Coulomb force function V4, between these two points is expressed as

kgdq
Vidg = ———— (11)

-
where k is Coulomb’s constant, and r’ represents the length of the position vector
of dg relative to g. The Coulomb force function is the opposite of the electro-
static potential energy. Therefore, the particle-particle Coulomb force vector which
is applied to dq from g is expressed as

Fiaq = Vr'Viaq (12)
where V- (.) represents the gradient of a function with respect to r’. This force vector
can then be simplified as

kid
Fiug = %r’ (13)

Particle-Body Coulomb Approximations Using Expansions About
CoCh

Force Function

Consider body B in Fig. 1 (not necessarily a rigid body) with known charge distribu-
tion density function p, and center of charge C, provided that the entire charge of the
body is not zero. The position vector r represents the location of an arbitrary charge

element dq in the body measured from C,. The force function of charged body B
due to its interaction with g is then expressed as

o
qu:_/ Pad g (14)
B r

Based on the geometry shown in Fig. 1, we can rewrite (14) as

k ko,q
VqBZ—/—pqq dr:—/—pqq ~dt
B IR+r| B [(R+I‘)2]7

_1
= —/kpqq_ [R-R+2R-r+r2] ‘dr (15
B

Defining R in terms of its magnitude and unit vector as
R = Ra; (16)

we express (15) as

kq r r 5172
Vip = —?/B [1+2a1 = + (7] pgdr (17)
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Recalling the binomial series expansion as

(1 +x)n —1+nx+ n(n — l)xz i nn—1)(n — 2)x3

+.., |x]<1 (18

2 31
we expand (17), resulting in
V. G I O S YA S A S P (19)
GB = —— —a;-——=(= —(a; - — T
#="% | "RT2'R TR Pa

provided that |2a; - % + (%)2| < 1. We now elaborate on the constituent terms of the
above expression based on different orders of .

—  Zero order terms (ZOT) 0(%)0:

kq @) kq
ZOT = —— dr = - =2 20
o /B pedt =~ 0 (20)
—  First order terms (FOT) O (%):
kg r kq ©)
FOT = —?fg a1+ 20T = Tz /B rp,dt 2 0 Q1)

— Second order terms (SOT) 0(%)2:

kg 1r, 3 1,
SOT = —~L [ |21y 4 2@ - 292 p,d
! B[ SR+ R)}pq :
ké 2 2
=0 |, [r —3(a; - 1) ]pqdr (22)

Based on the geometry shown in Fig. 1, we simplify (22) by using (a; - r)?> =
2 2
r© —h* as

i
SOT = —q(f —2r2pth + 3/ thqdr) (23)
2R3 Jp B

Referring to Eq. 5, the first integral is related to the trace of 9Z5/C4, while the
second integral describes ¢ Z8/C in aja; direction. Therefore, the SOT can be
simplified as

y
SOT = % [—tr(qIB/C‘I) +3a; - 978/ . al] (24)

In general, we can express the force function as

Vs = <22 +iv(">> (25)
9B = R qB
i=1
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where qu is the collection of the terms in O (% ). Using Egs. 20, 21, and 24, the
approximate Coulomb force function up to the second order terms for particle-body
interaction can be expressed as

- k
Vog = — qQ<1+ @) 26)

where

@ _

= 101 [tr(qIB/C‘f) —3a; -978/C -31] 27

It should be noted that V indicates a second order approximation of V. The above
expression and the associated force and torque which will be derived in the follow-
ing sections are valid provided that the distance between charge g and the center of
charge C, is much larger than the distance of the farthest charge element on the body
from Cy.

Resultant Force from Approximate Force Function

It is proven in the Appendix that the force applied to body B from charge g can be
computed by finding the gradient of the force function with respect to R as

k
F;3 = VRV;3 = —VR ( 12 1 4 Z v ) (28)
The gradient of the approximate force function in Eq. 26 is then computed as
ViTis = 21+ ) VRR Ll v 29)

Using the definition of R in terms of its magnitude and unit vector, VR R is evaluated
as

VRR = a (30)

Now we compute VRU(—Z}; as

VRU(Z) = VR<

20K (tr(‘IIB/Cq) — 3a; .47B/Cq .al>>

1
—3 (tl‘(qIB/C‘/) —3a; - 978/Cq . a]> VRR

3
———Vga; - 178/ . a 31
QRZ R4l 1 ( )
Using the following property
1
VRa; = E(U —aja) (32)
we simplify (31) as

1
VRS ) = —ﬁ[tr("IB/cq)al — 6a; -qIB/C‘1~alal+3qIB/C‘1-al] (33)
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Using the results of Egs. 30 and 33, we compute ﬁ‘,; p as the second order approxima-
tion of the force vector in Eq. 29 as

2 kqQ I ]3 B/C B/C
F;p = = {1+QR [ (tr(qI/‘I)—Sal a7B/Cq . al> aj
3978/ . al]} (34)
This equation can alternatively be rewritten as
= 0
s = “12 @y + ¥ (35)

where F) 7B is the collection of the terms in 0( 2 expressed as

1
Fip = QRZ[ (tr(qIB/C") ay 978/ 'al)al+3qIB/Cq 'al} (0

Approximation of the Moment about the Mass Center

Since the Coulomb force applied from charge g to B does not necessarily pass
through B*, it creates the following moment about B*

Mg/ = /B P x Fgaq 37)
Based on the geometry shown in Fig. 1, we rewrite this equation as
M;,p+ = /B(ch —R+1') x Fjq4 (38)
Since Fz44 and r’ are collinear, the moment about B* is simplified as
Mg/« = (Rc, — R) x Fgp (39)
This moment can alternatively be expressed as
M; 8+ = (Rc, —R) x VRV;3 (40)

Expressing R in terms of its magnitude and unit vector (see Eq. 16), we rewrite Eq. 39
as

Mg/ B+ =ch x Fgp — Ra; x Fgp 41

Finally, the second order approximation of moment vector about B* denoted as
Mg, g+ is computed as

Mg/g* = ch XFQB — Ra; XFéB

R2
—5a; .47B/Cy ‘al)al +3LIIB/CL1 'al]}

kg 3
E Re, x Fj5 — Ray x ka0 {al +— [5 (tr("IB/C‘f)

3k
— R, x Fzp — R—Zal x (178/Ca . ayp) (42)
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It should be noted that R¢ , X ﬁ‘,; p is the moment generated due to the deviation
of the CoCh from CoM. If these two points coincide (R¢, = 0), then Mg /B* 1S
simplified as

3k
M, 5 = _R_fal % (1TP/C . a)) (43)

We observe that in the particle-body model of charged spacecraft, the approxima-
tions using the CoCh are expressed in terms of the charge of the particle, the relative
distance between the particle and CoCh of the interacting body, as well as the QCT of
the body about its CoCh. Because of using expansions about the CoCh, the resulting
equations do not explicitly include the dipole moment of body B, while the compu-
tations associated with the dipole moment have already been included in finding the
location of the CoCh as shown in Eq. 2.

Body-Body Coulomb Approximations Using Expansions About CoCh
Force Function

Consider bodies B and B in Fig. 2 (not necessarily rigid bodies) with known charge
distribution density functions p, and p,, respectively. Similar to body B, for body B,

one can find the entire charge, the dipole moment about the mass center, the location
of CoCh, and the QCT about the CoCh, respectively, as

0 = [ pat (44)
B
pB/B* =/ poydt (45)
B
R; = il 46
Cy, — Q (46)
178/Cq = f UF? — FF) pd7 (47)
B

As shown in Fig. 2, r denotes the position vector of dg from C:'q, while 7 represents
the magnitude of r. Furthermore, depending on the shape of B, T can represent the
length, area, or volume. Finally, based on Eq. 46, C_'q exists if the entire charge of the
body, i.e. Q, is not zero.

Consider charge elements dg and dg on B and B, respectively. Using Eq. 11, the
force function between these two bodies is expressed as

o
VBBz—/_/ a4 4raz (48)
BJB T

Rewriting this equation as
k dqdq
VBB:/_(—/ —) 49)
B B T
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Fig.2 Body-body interaction

k dgdg

and based on Eq. 14, the term — f g —, indicates the force function V55 due to
the interaction between charge element dg and body B. Therefore, Eq. 48 is rewritten
as

Vi = / \ 27 (50)
B
Replacing g with dq in Eq. 25, the above equation is expressed as
kdg Q N i
Vg = —/_ e D) (51)
B ,
i=1

Using the second order approximation for the particle-body Coulomb force function
in Eq. 26, the approximate body-body force function is written as

~ kQ 2) L= -
3 R
Based on the geometry shown in Fig. 2, we rewrite Eq. 52 as

5 kO o
Vap = _/ ———— (5 p)pdt

B [(S _ f)Z]?
= —/_kQ (S-S—28-F+7)72(1 +025)5dT (53)
B
Defining S in terms of its magnitude and unit vector as
S = Sey (54
we express (53) as
1
- kQ r T, 2 Q) \= =
Vep = 5 J; [1 — 2e; - 5T (§) } (I +v7p)pqdT (55)

Recalling binomial series expansion, we expand (55) as

g —_kQ

r I r, 3 r, @) y= o=
BB = T g 1+el‘___(§) +§(el'§) + .. (1“1‘qu3))0da (56)

B S 2
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provided that | — 2e; - % + (%)2| < 1. We now express the above equation using the
following auxiliary terms

Vig =21+ 2 (57)
where
kQ r 1r, 3 r, -
Z = —— 1 == —(= —(e1-— | pod 58
1 s /. [ +e 3 2(S) +2(el S) + ]pq T (58)
kO P 17, 3  F, @ - -
Z), = e 5 |:1+e1-§— E(E) +§(e1-§) +...]vqupth 59)

We first elaborate on the constituent terms of Z; based on different orders of %

—  Zero order terms (ZOT) 0(%)0:

k kQQ
zor = 2 pydi & _kQQ (60)
S Ji S
—  First order terms (FOT) 0(%):
kQ r__ kQ . (6
FOT = —?/I; €] - E,quf = —Fel é r,qu‘C =0 (61)
—  Second order terms (SOT) 0(%)2:
kQ 1r, 3 ro|l. .
SOT = —— —=(= —(e; - — d
s /s [ 2(S) +2(e1 S) ]pq T
_ kO 5 0. -
=55 /. [r —3(e; - ) ]pth (62)

Based on the geometry shown in Fig. 2, we can use (e; -¥)> = 72— h? to simplify
(62) as

k -
SOT = —Q(/ —27%p,dT + 3/ h?5,d7) (63)
283" )3 B

Referring to Eq. 5, the first integral is related to the trace of 978/C4  while the
second one describes 475/ in e;e; direction, resulting in

kQ

ST = —XC [ur2#160) 30, 9794 ¢, 4

Therefore, using Egs. 60, 61, and 64, we provide the approximation of Z| in
Eq. 58 as

k00 U [ grBse 478/C
L1~ - {1+2Q52[tr(I AR R q'e‘] (©65)
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Now, we elaborate on Z, in Eq. 59. Replacing g with dg in Eq. 27, we form the

. 2 .
expression for v‘(l (;B, and rewrite Z; as

kQ P 1F, 3 F, 5
Zy=—"= |[1+e-=—=(=)2+ (=) +.. tr(4Z8/
’ S Jp [ e g TPty ]ZQRZ[I( )
—3a, -978/C -al] pydt (66)

The QCT and its trace produce only terms of second degree in r. Therefore replacing
a; with ey, and R with S does not remove any terms of interest, resulting in

Zy A — I:tr(‘IIB/Cq) . ‘IIB/Cq . e]]

53
/_[1+e1-£——( 242 (e1 —)2+...],5qdf 67)
5 3

Since 2% [tr("IB/C‘I) —3e; -978/C . e1] contains 0(%)2 terms, we only keep the
o (%)0 term in the integral of the above equation, and simplify it as

k
2 %~y [W0T) — 30 977/ ] [ par
253 [ ] B
.
= —% [tr(qIB/c") —3e; - 178/C '61] (68)

Finally, using Eqgs. 65, and 68, we analytically express VE g as the second order
approximation of the force function using local expansions about the CoCh in Eq. 57
as

~ kQQ _
Vig = (1402 + 550 (69)
where
1
viy = 2082 [tr(qIB/Cq) ey - 175/% 'e‘] (70)
1 o o
—(2) _ q7B/Cqy _ .97B/Cq .
Vpp = 2552 [tr( I°/%ay — 3¢y - 9177/ e1] 71)

It is noted that the exact force function between B and B, i.e. Vi p» can be written
as

Vig = kQQ (1+Z 4 +Zu<”+zzf)g{;> (72)
j=1

i=1 j=1

@ (J

where Vg ) is the collection of the terms in 0( Y, v ) is the collection of the terms

in O( S)J, and vgg is the collection of the terms in 0(( S) ( S)/ ) Therefore, the
approximation in Eq. 69 and the corresponding force and torque (developed in the
following sections) are valid provided that the distance between C,; and C_'q is much
larger than the distance of the farthest charge element on B from C, and the distance
of the farthest charge element on B from C,.
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Resultant Force from Approximate Force Function

A similar proof provided in the Appendix can be used to show that the force applied
to B from charged body B can be computed by finding the gradient of the associated
force function with respect to S as

Fpp=VsVzp (73)

The gradient of the second order force function approximation in Eq. 69 is then
computed as

kQQ

“la QQ

7 2 -(2 2 2
VsVip = + 00+ D0 )VsS — == Vs (0] +55) (74)

Using the definition of S based on the associated magnitude and unit vector, VgS in
the above equation is expressed as

VsS = e (75)
Now we compute Vg v( ) as
2) (70) 1
vsu2 ‘2 vg (W (tr(qIB/Cq) _3e, - 9TB/C -e1)> (76)

Since (76) and (31) are analogous, we compute st by replacing R and a; with §
and ey, respectively, in Eq. 33, resulting in

veu® =

=55 [tr(‘fIB/Cq)el e -9TB/Ca . o) + 3978/Ca -el] (77)

Similar to the results shown in Eqs. 76 and 77, we can compute Vg v( ) a

_2) (D)

1 - - -
Vsvz, = _E [tr(qIB/Cq)el —6e, -9I8/Ca . eje; +3978/Ca -el] (78)

Finally, based on the results of Eqgs. 75, 77, a_md 78, we express the second order
approximation of the force applied to B from B as

~ QQ -
Fip= o (&1 +F +F) (79)

where Fg; , the collection of the terms in O (§)2, and ng)g’ the collection of the terms
in 0(%)2, are computed as

1 [3

F% — Q52 [ (tr(qIB/Cq) e - 178/Cq -61)61 +3978/C ’61] (80)
1 [3 ~B/C =B/C

Fg; = Q |: (t (qIB/Cq) — 5e; - 97B/Cq 'e]> e +3978/C -elj| (81)
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Approximation of the Moment About the Mass Center

Replacing g with dg in Eq. 42, we can express the approximate moment generated
about B* due to the application of Coulomb force from charge element dg to B as

3kd
Far x (T ) (82)

Myg/p+ = Rc, x Fagp —

Therefore, the approximate moment generated about B* due to the Coulomb force
applied from B to B is expressed as

- - 3kd
Mj) 5. = /Bch x Fagp — /; qum x (17%/% - ay) (83)

The second integral can produce only terms of second degree in /R since 4Z5/Cq
contains terms of second degree in r. Therefore replacing a; with e;, and R with
S does not remove any terms of interest. Now, we can simplify the second order
approximation of the moment about the mass center of B as

i 3 3k _
M; 5« = Re, X féFdéB - e X (“zB/C ~el)/£_;dq

o 3k 0
=R, xFjp - S—3Qe1 x (178 - e) (84)

The resulting moment can alternatively be expressed in terms of the gradient of the
body-body force function as

- - 3kQ

Mg g =Re, x VsV — —5-€1 X (TB/Ca . e) (85)
It should be noted that Rc, x F 7 18 amoment generated due to the deviation of C,
from B*. If these two points coincide, i.e. R¢ .= 0, the approximate moment about
B* is simplified as

3k0
Mg, pe = g3 e % (178/C . ¢) (86)

We observe that in the body-body model of charged spacecraft, local expan-
sions about the CoCh of each body result in expressions containing the relative
distance between the centers of charge of interacting bodies, the entire charge of each
spacecraft, as well as the QCT of each body about its CoCh.

Particle-Body Approximations Using Expansions About CoM

In this section, we derive the approximations using the mass center to compare the
results with those previously derived in Section “Particle-Body Coulomb Approxi-
mations Using Expansions About CoCh” using the center of charge. In this situation,
we denote r as the position vector of the charge element from B*, while R is a vector
directed from g to B* as shown in Fig. 3. Using this notation, since the measurements
are performed based on the origin of the expansion (CoM), some of the expressions in
the new derivations become analogous to those developed before. The only difference
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Fig.3 Center of mass as the origin of particle-body expansions

is that these terms are now measured from the CoM. For instance, the charge tensor
is now computed about the CoM and denoted by Z5/B" This tensor can be obtained
by applying the parallel axis theorem to 978/C4 as presented in Lemma 2.

Force Function

In order to compute the force function and generate the approximation about the
mass center, we follow the procedure presented in Eqgs. 14-24. Since r is measured
from B*, the first order term in force function in Eq. 21 is not zero anymore, and
must be considered in the force function development. Therefore, the second order
approximation of the force function is modified as

- kg Q
5= _QT (1+vip +vip) (87)
where
1 1 «
H B/B
qu = _aal /;9 I',qul' = _ﬁal -P / (88)
1 * *
U = g [CTYT) <3 9T a] (89)

Since r is measured from the CoM, the integral in Eq. 88 has been replaced by the
dipole moment measured from the CoM. Using (1), P53/ B* can also be expressed as

P5/E" = ORc, (90)

It should be noted that in the particle-body model of charged spacecraft, local expan-
sions about the CoM of the body result in expressions containing the charge of the
particle, the total charge of the interacting body, the relative distance between the
charge particle and the CoM of the interacting body, the dipole moment of the space-
craft, as well as the charge tensor about the CoM of the body. Furthermore, the
approximation in Eq. 87 and the corresponding force and torque (developed in the
following sections) are valid if the distance between B* and g is much greater than
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the distance between the CoM of the body and the corresponding farthest charge
element.

Resultant Force from Approximate Force Function

In order to generate the approximate force vector, we compute the gradient of Eq. 87
with respect to R as

~ kg
VRV;p = ‘IQ(1+ St vffg)VRR— C;Q R0 +059)

39 kq Q (1) k@ @
(1+ ) R VR (v qB+qu) 1)
All terms in the above equation have already been calculated in Section “Resultant

Force from Approximate Force Function” except VRU(%. This new term is computed
as

1
RV = o VRR @i PA/E) — oR VRG@I pY/EY) (92)
Using (30) and (32), we simplify the above expression as

Vroll =

* 1 *
aB = W(al PP/Pa; — WPB/B 93)

As such, the contribution of the first order terms in the gradient of the force function
of Eq. 91 is expressed as

kgQ kqQ NORCEONS 3kq B/

kG /g
—>-vgpal — —=VRugy 7 @ a) + FPB/B (94)

Finally, using the CoM as the origin of local expansions, we can analytically express
the second order approximate force applied to body B as

= kqQ
Fip = (@1 + Fp + Fp) (95)
where
1) 3 B/B* 1 BB
FqB = —&(al -P )a; + ap (96)
1 3 * *
Fo) = QRZ{ [t r(178/8") — 5a, . 975/8 ~a1]a1+3‘113/3 ~al} 97)
Moment Vector

According to the geometry shown in Fig. 3, we compute the moment about B* as

sz/B* 2/ I'Xquq=/(r/—R)Xquq=—RXFqB (98)
B B
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Expressing R in terms of its unit vector and magnitude, and using the forcing terms
in Eq. 95, we modify the second order approximate moment as

kqQ
MQ/B* = —Ral X —Zz (31 +FE§1) F(z))

a7B/B" . qa)) (99)

kg s/ge | 3
—ﬁaIX(P +E

We note that the results presented in Sections “Resultant Force from Approximate
Force Function” and “Moment Vector” are all in agreement with those in [5].

Body-Body Approximations Using Expansions About CoM

In this section, we derive the approximations using the mass center to compare the
results with those previously developed in Section “Body-Body Coulomb Approxi-
mations Using Expansions About CoCh” using the center of charge. In this situation,
r is measured from B*, F is measured from B*, R is directed from dg to B*, and
S is directed from B* to B* as shown in Fig. 4. Using this notation, since the mea-
surements are performed based on the origin of the expansion (CoM), some of the
expressions in the new derivations become analogous to those generated before. The
only difference is that these terms are now measured from the CoM. For instance, the
charge tensors of B and B are computed about the corresponding CoM and denoted
by 9Z5B/8° qIB/ B . They can be calculated by applying the parallel axis theorem
presented in Lemma 2 to 978/C4 and 97 B/C, , respectively.

Force Function

In order to compute the force function and generate the approximation about the mass
center, we follow the procedure presented in Eqs. 48—68. Since r is measured from
B*, the first order term in force function of Eq. 52 is not zero anymore. Therefore,
using (87), we express (52) as

. kQ B}
Vig = /B (14 vy s + Vo) Pgd (100)
where
1 (@) 1 B/B*
quB = —ﬁal -P (101)

2 @9

Yt = 3om [tr("IB/B)—3al a7B/B" . ] (102)

We first work on the integral of the first order term which is expressed as

kQ )y -, / k = B/B*
— | —v;2,0dT = (| — ajp,dt)-P / (103)
/B R azBP B R? !
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B

Fig.4 Derivations of body-body interactions using expansions about CoM

Based on the geometry shown in Fig. 4, we replace % with
al_Rl_ S—r) _ _ _2(—%)
R R S—FD (S_r)[(s_r) ]

_%)

— (S—f)[s-S—zs-i-+f2]

3
(S—1 St 7,107
= — 2|1 -2=-—+ (=
53 [ S S+(S)]
54y (S—r) r Foy -3

Provided that | — 2e; - % + (%)2| < 1, the binomial expansion of Eq. 104 results in

a _ (8-
R~ 8

FO3 7 15 T
1+3e-——=(=)+—(e;-=)>+... 105
[ + 3eq 3 2(S) + 2(01 S) + } (105)

Now we can express (103) as
( K oas dz) - PB/B" =
5 R2 MPadt =

k(S — 1) r r o .
</B — [1 +3e; - - — 5(5)2 + } ,0da> - PB/B"(106)

%)

Sine P2/5” produces only terms of first degree in 7, in the above integrals, we only
keep terms up to first degree in 7, resulting in

kK _ _ _ppe kS ro_ .
- .pB/BT o 22 .= .pB/B
(/B g2 21PadD) P $3 (/é(lHel S)p"df) P

k o *
- E(/g tp,dt) - PE/B (107)
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This equation can be rewritten as

k - - BB k B/B* - .-
(/Bﬁalpqdf)'P B~ E(el P8/ )/qudf
—I—%(e pB/B*)( | v5.dT
i e Bl'Pq 7)

kK [ __ .
_ﬁ(/- tp,d7) - PB/B (108)
B

Since F is measured from the CoM of B, according to Eq. 45, the integral / 5 TogdT
can be replaced by P5/B* Now (108) and therefore (103) are simplified as

kQ «y -, / k B/B*
— — V- ppdT = ( al,odt)P/
/B R V8P R2

kQ
5 e

22

* 3k * - D/ p*
- PB/BYy 4 S -PB/B")(e; - PB/ET)

k — D/ R* *
—E(PB/B .PB/BY (109)

In order to compute the remaining terms in Eq. 100, ie. (— [ B ]% a +

v[(l?B) 0gdT), we can use the result of the integral in Eq. 52 which has already been
presented in Eq. 69. However, since the origin of the expansions is not the CoCh, the
first order term in Eq. 61 does not vanish anymore, and is expressed as

kQ o kQ  Sp/pe
FOT = —F /; rpqd‘r = —gel -P (110)

Therefore, the remaining terms in Eq. 100 are computed as
kQ @) QQ 1 B/B* | @, =)
- | —=a dt = ———(1+ =—e; - P¥/ 111
/BR (I +v5p)PgdT = ( +QS + gy, + 05 (11D

Finally, using (109) and (111), we simplify the CoM-based second order approxima-
tion of force function presented in Eq. 100 as

- k _
V= QQ(1+ (1) )4 <1) +v<11>+v<_2> +v<_2>) (112)

(1
where v i

in 0(%), vg;) is the collection of the terms of in O (( )% ))

1)3 is the collection of the terms in 0( ), v(l) is the collection of the terms

@

BB is the collection
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of the terms in 0(%)2, and 17%21); is the collection of the terms in 0(%)2. These terms
are computed as

1 *
o — L pB/B
Vgr = T s P 4
1 — D/ R*
;O _ o .pB/B
VB = QSe1 P e
i) = - 3 S(e1 PB/E (e - PB/BYy 4 ! 2(PB/B*-I"B/B*) (115)
00S 00S
1 *
V@ O 0% [tr(qIB/B) 3¢, - 47B/B .el] (116)
_;2; b T [tr(qfé/é*)—%l .a7B/B* ~61] (117)

It should be noted that in the body-body model of charged spacecraft, local expan-
sions about the CoM of each body result in expressions containing the total charge
of each body, the relative distance between the centers of mass of interacting bodies,
the dipole moments of the interacting spacecraft, as well as the charge tensor about
the mass center of each spacecraft. Furthermore, the approximation in Eq. 112 and
the corresponding force and torque (developed in the following sections) are valid if
the distance between B* and B* is much greater than the distance between the CoM
of each body and the corresponding farthest charge element.

Resultant Force from Approximate Force Function

In order to generate the approximate force vector using local expansions about CoM,
we compute the gradient of Eq. 112 with respect to S as

Fpp=VsVz, = kQQ +ol) g +ol) o) +50))VsS
kQQV (vu) " 5(_1> n v(_ll) n v<_2> + v@))
@) kQ2Q(1 . v(ﬁ]) n vg) n v(}l) i U@) + v@) Yer
kQQV D 50 4 oUD )@ 5@y (1)
Since v( ) i

in the above equation is analogous to v 4GB in Eq. 101, fol]owing the

procedure presented in Egs. 92 and 93, we can compute the new term st ) by
replacing R with §, and a; with ey, resulting in

2 1 *
(1) B/B* _ B/B
Vs SUpp = Q52 (e; - P ey _Q52P (119)
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Similarly, we express st( )

2 1
-(1) _ B/B* B/B*
V —_—— P €] + P 120

BB Q52( ) QS ( )

(11)

Furthermore, st is computed as

(11) (115) 6

veulD () 2 (e . PB/B")(e, . PB/B")vgs
BB QQS3
3 * — D/ p*
“ o5 Vs -PE/P) ey - PPIPT
3 * — D/ R*
—Qgsz(el -PP/E) (Ve - PP/PY)
QQS3 (PB/B* . pB/B")yys (121)
Using (75) and
1
Vse| = E(U —erep) (122)
we simplify st( D a
= D/ R* 3 — D /R* *
an _ B/B* B/B B/B*\pB/B
Vgu: ~ = e -P e -P e —————(e;-P P
SVzp QQS3(1 )( )el QQS3(1 )
3 * =D /R* 2 * — D /R*
———(e; - PB/BY)PB/BT _ _Z__(pB/BT  pB/BTe, (123)
00s? 00s?

Similar to the results presented in Eqs. 77 and 78, we compute st( ) and Vs 171(;; as

1 * *
@ _ _ B/B* .q7B/B* | B/B*
VSUpy = T o8 [tr(qI Jer — 6ey - IT5/5" . ejey + 397 e1] (124)
Vs S; B _ﬁ [tr(qIB/B Jer — ey - 1ZB/E" . eje; + 3178/B ~el] (125)

Finally, the analytical expression of the second order approximation of the
resultant force applied to B from B in Eq. 118 is presented as

= kQQ O w0 ,w® 5@, pdh
Fap= (e + Fy + Fi + Fo 4+ +F ) (126)

where Fg])g is the collection of the terms in 0(%), Fg; is the collection of the terms

in 0(%), Fg ;) is the collection of the terms in O ((%)(g)), Fg; is the collection of
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the terms in O ( %)2, and l_?‘g; is the collection of the terms in 0(%)2. These terms are
computed as

1 * *
m _ _pB/B B/B
F) = QS[ 3(er - PH/F e, + PH/ (127)
_ 1 I o
a2 . PpB/B*\.. _ pB/B
¥ = 55 [3("1 PY " e — P ] (128)
FUD = 15 o pB/B e, BB/ e, 4 > (e, . PE/ET\pBIB
BB QQSZ 1 1 1 QQ52 1
3 v =R/ B* 3 .
—|— — 2(91 .PB/B )PB/B + _ 2(I)B/B 'PB/B )el (129)
QoS 00s
I (3 * *
F%z)B = QSZ { [tr(qIB/B ) Se e ,qIB/B 'el]el +3qIB/B ‘01} (130)

1 - B/B* =B/C

FO _ { [(qu/B> Se, - 97B/B ~e1]e1+3qIB/Cq~e1} (131)
0s?

Moment Vector

Replacing g with dgq in Eq. 99, the moment generated by dg about B* is computed as

kdq « 3 *
Maj/pe = = x (BP/F 4 Z978/5 a)) (132)

Integrating this equation over B results in

kdG . 3kdg .
Mj, e = [ —qa x pB/B +/B R3qa1 x (17B/B ~al)} (133)

The first integral in the above equation is the similar to the right-hand-side of Eq. 103
in which the dot product is replaced by the cross product. Therefore, it is computed
by changing the dot product before P5/ B* to the cross product in Eq. 109

kdg . kO oy 3K o pB/B "
: R_zqal « PB/B* ~ S_g(el x PB/B"y 4 F(el -PB/B)(e; x PB/BT)

k — D /R* *
—§(PB/B x PB/B") (134)

The second integral in Eq. 133 can produce only terms of second and higher degrees
in /R since 9Z5/B" contains terms of second degree in r. Therefore, replacing a;
with e1, and R with S does not remove any terms of interest. This results in

3kdg : 3k Q0 N
a2 e (T ey (135)

B
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Using the results of Eqs. 134 and 135, the second order approximation of the moment
moment about B* in Eq. 133 is computed as

~ k ) 1 * 3 — D/ R* *
Mg/p- = —% b(el x PP/PT) 4 005 -PB/E)(er x PP/PY)
U oB/E pB/BTy L 3 o 7B/ }
QQS( x P )+ QSel x (17 er) (136)

We note that the results presented in Sections “Resultant Force from Approximate
Force Function” and “Moment Vector” are all in agreement with those in [8].

Simulation Results
Particle-Body Interaction

Consider bar B with the length of 6 m, (L = 3 m). Mass center B* is always
located at the geometric center of the bar. This body contains two charged particles,
g1 = 4 x 1075 C located at the distance Ly (—L < Lo < L) from B*, while
g2 = 4 x 107> C is at the right end of the bar. This represents a dumbbell model of a
spacecraft. Charged particle § = 4 x 107> C is located at the origin of the x — y ref-
erence frame. It is assumed that B* is always on the y axis. We denote the distance
between g and B* as d. Therefore, the configuration of the bar relative to g is deter-
mined by d and 6 as shown in Fig. 5. Changing d and 6 respectively in the range
2L <d <5L and 0 < 6 < 7, we compute the force function, net force, and resul-
tant moment about B*, for each configuration. We use exact calculations to compute
the desired quantities. Using the schematic shown in Fig. 5a and b, we then utilize the
CoM-based expansions developed in Section “Particle-Body Approximations Using
Expansions About CoM” and CoCh-based expansions developed in Section “Particle-
Body Coulomb Approximations Using Expansions About CoCh” to compute the

a
b 1
9> L// 2 6
o 1 0 b
c 1
bl
d
Y
—> L
X o¢ X
q
(a) Particle-body interaction using the expansion (b) Particle-body interaction using the expansion
about the mass center about the center of charge

Fig.5 Schematic for the particle-body example
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desired quantities. The percentage error of the approximate force function, resultant
force, moment at each configuration (6;, d;) is calculated as

” V.ngact _ Vapprox. ”
L]

14 iJj
e/ . = x 100 (137)
b Ve
|[Fexact _ FIPPTOx:|
F iJ iLJ
e = TFee | x 100 (138)
i,J
IMgTact — MEPPTOT
M i,J i
VL — x 100 139
et,] ”M;?:\}act” +1 ( )

It should be noted that for this planar system, the moment is a scalar. Also since
at some configurations, the moment becomes zero, to avoid any singularity in the
evaluation of the relative error in Eq. 139 the absolute value of the exact moment is
shifted by a value of one in the denominator.

Figures 6, 7 and 8 compare the percentage error in the force function, force, and
moment for three different systems with Ly = —L, Lo = 0, and Ly = L. As
shown in Fig. 6, when CoM and CoCh coincide, both methods result in the same
approximation errors. Figure 7 shows the error when Ly = 0, meaning that the CoCh
is deviated from the CoM by 1.5 m. It is observed that using CoCh-based expansion
generates a wider region in the configuration space with small errors than using the
CoM-based expansion. As shown in Fig. 8, this region increases even more when two
particles are located on the right end of the bar, Ly = L, meaning that the CoCh is

eV : CoM-Expansion eF : CoM-Expansion eM : CoM-Expansion
5 5

d/L
d/L
d/L

0 90 180 0 90 180 0 90 180
0 (degree) 0 (degree) 0 (degree)
€” : CoCh-Expansion eF : CoCh-Expansion eM : CoCh-Expansion
5 5 5

d/L
d/L
d/L

0 90 180 0 90 180 0 90 180
0 (degree) 0 (degree) 0 (degree)

Fig. 6 The percentage error of the force function, resulting force and moment about B* using CoM
expansion and CoCh expansion for Lo = —L
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eV : CoM-Expansion eF : CoM-Expansion eM : CoM-Expansion
8 25 "
20
6 30
15
4 20
10
2 5 10
0 0 0
degree degree degree
e : CoCh-Expansion eF : CoCh-Expansion eM : CoCh-Expansion

[

IS

N

s 25 "
20

30
15

20
10

5 10

0 0 0

degree degree degree

Fig. 7 The percentage error of the force function, resulting force and moment about B* using CoM
expansion and CoCh expansion for Ly = 0

deviated from the CoM by 3 m. It should be noted that the percentage error for the
force function, force, and moment using CoCh-based expansion is on the order of
%10~13. In conclusion, comparing these results indicate that as the CoCh is separated

e” : CoM-Expansion eF : CoM-Expansion eM : CoM-Expansion
5
60 50
40
4
= 40 30
-~
= 20
8 20
10
2 0 0
90 180 0 90 180
0 (degree) 0 (degree) degree
eV : CoCh-Expansion eF : CoCh-Expansion eM : CoCh-Expansion
5 5
60 50
40
40 30
20
20
10
0 0
0 90 180 0 90 180
0 (degree) 0 (degree) degree

Fig. 8 The percentage error of the force function, resulting force and moment about B* using CoM
expansion and CoCh expansion for Lo = L
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from the CoM, for most of the configurations, the approximations using the CoCh
provide more accurate results.

We also want to investigate the required minimum distance of the bar from the
particle in both methods to reach a desired accuracy as we sweep the location of
charge g1 on bar B. In order to do so, we define this problem mathematically as

For Lo from — Lto L

d d; d
Find (z)mi,,, such that V fj > (Z)m,ﬁ, V 6; €[0,27]: (140)
\%4 Vv F M M
ei,j = €desired’ ei,j = €desired> ei,j = Clesired
end

It should be noted that (%)min obtained from the above statement guarantees that
if we pick a distance d such that d/L > (d/L)in, for all configurations of body
B, the error is less than egegireq. We find (d/L)pi, using CoM-based expansion and
CoCh-based expansion, and then compare the results. In order to solve this problem
numerically, we fix the location of g at Lo. Then we sweep d/L from 1.1L to 200L
with the spatial increments of L /30. For each value of d /L we change the orientation
of body by varying 6 from O to 2w with the angular increments of 7 /10. Then for
the given d/L we calculate the percentage error at all orientations. If the percentage
error for each orientation is less than the desired one, we pick the value of d/L as
(d/L)min, otherwise we move to the next value of d/L. Therefore, for the given
value of Lo we can solve the stated problem. We then move ¢g; to another location by
changing L, and repeat the procedure explained previously to find the corresponding
(d/L)min-

We solve the problem stated in Eq. 140 for the system described previously with
the particle-body interaction for the selected error e}{es ired = egeme g = eggs ired =
%1 and egesired = egesired = e(%sired = %0.01. Figure 9 shows (d/L)pi, versus the
distance between CoM and CoCh as we change L( from —L to L. When ¢ is located
at — L, both CoM and CoCh coincide. Therefore, both methods result in the same
value for (d/L)min. As we move g to the right side of the bar, CoCh separates from
the CoM. As this deviation increases, it is observed that (d/L),,;, increases when we
use CoM-based expansion (See curves with [] and ¢ in Fig. 9) . However, (d/L)nin
decreases when we use CoCh-based expansion (See curves with o and x in Fig. 9). It
is also observed that as we decrease the desired error, the deviation between (d/L)pin
from the CoM- and CoCh-based expansions significantly increases. Therefore, as the
CoCh distances from the CoM, the expansion using the CoCh provides acceptable
accuracy when the particle is close to the body; however, this is not true for CoM-
based expansion. It should be noted that the above problem is a conservative case in
which we want to find (d /L), to reach a desired accuracy for all orientations of the
body. However, if it is desired to reach a predefined accuracy for a given orientation,
the value of (d/L),i, for either of these methods may drop or even become the same.
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Force Function Force Moment
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Fig. 9 (d/L)min for different desired errors as a function of the distance between CoM and CoCh. o:
CoCh-expansion with desired error %1, [J: CoM-expansion with desired error %1, x: CoCh-expansion
with desired error %0.01, ¢: CoM-expansion with desired error %0.01

Body-Body Interaction

Consider bars B and B with the lengths of 6 m, (L = L = 3 m). Mass centers
B* and B* are always located at the geometric centers of the bars. Charged parti-
cle g = 4 x 1075 C is located at the distance Ly (L < Lo < L) from B*,
while go = 4 x 107> C is located at the right end of B. Furthermore, charged
particle g1 = ¢ is located at the distance Lo (=L < Lo < L) from B*, while
g» = ¢ is at the right end of B. The CoM of B is at the origin of the x — y
reference frame while this body always lies on the x axis. We denote the dis-
tance between B* and B* as d. The configuration of B is determined by 9, d,
and 6 as shown in Fig. 10. Changing d and 6 in the range 2L < d < 6L and
0 < 6 < 2w, and considering 6 as a constant quantity, we compute the force
field, net force and moment about B* for each configuration. We use exact calcu-
lation to find these quantities. Then following the schematic shown in Fig. 10a and
b, we use the CoM-based expansion developed in Section “Body-Body Approxi-
mations Using Expansions About CoM”, and the CoCh-based expansions developed
Section “Body-Body Coulomb Approximations Using Expansions About CoCh” to
compute the desired quantities. The percentage errors are calculated using the same
way explained in the previous section. Figures 11, 12 and 13 compare the per-
centage errors for three systems described by (Lg = —L, Lo = —L,6 = 1/3),
(Lo =0,Ly=0,0 =m/3),and (Lo = L, Lo = L/4,6 = 7/3), respectively. As
shown in Fig. 11, when CoM and CoCh coincide, both expansions result in the same
approximation errors. Figure 12 shows the error when Ly = 0 and Lo = 0, mean-
ing that the CoCh of each body is deviated from the corresponding CoM by 1.5 m.
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(a) Body-body interaction using the expansion (b) Body-body interaction using the expansion
about the mass center about the center of charge

Fig. 10 Schematic for the body-body example

It is observed that using CoCh-based expansion generates a wider region in the con-
figuration space with small errors than using the CoM-based expansion. As shown in
Fig. 13 this region increases even more when Lo = L and L = L /4.
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Fig. 11 The percentage error of the force function, resulting force and moment about B* using CoM
expansion and CoCh expansion Lo = —L, Lo = —L,and 0 = /3
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Fig. 12 The percentage error of the force function, resulting force
expansion and CoCh expansion Lo =0, Lo = 0, and 0 = /3
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Fig. 13 The percentage error of the force function, resulting force
expansion and CoCh expansion for Lo = L, Lo = L/4,and 6 = /3
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We also want to investigate the required minimum distance of the bars in both
methods to reach a desired accuracy as we sweep the location of charge g1 on bar B.
In order to do so, we revise the problem stated in Eq. 140 as

Given 6 and L
For Lo from — LtoL

d d; d
Find ()min, such that V ff = (Dmin ¥ 0 €10,2w] 2 (141)
14 % F F M _ M
€ j = Chesired> ©€i,j = Cdesired> €i,j = Cdesired
end

We solve this problem for the system described previously with body-body inter-
action picking the desired percentage errors as e(‘;es ired = eges ired = e(%xire g = %1,
and e:{esired = egesired = e%smd = %0.01. Figures 14 and 15 show the values
of (d/L)yin versus the distance between CoM and CoCh using both approxima-
tion methods for two cases: (§ = 7/3, Lo = —L) and (0 = n/3, Ly = L/2),
respectively. As we move ¢ to the right side of the bar, the distance between the
CoM and CoCh increases. As these two points separate more, it is observed that
(d/L)min increases when we use CoM-based expansion (See curves with ¢ and [] in
Figs. 14 and 15). However, (d /L), decreases when we use CoCh-based expansion
(See curves with o and x in Figs. 14 and 15). These figures also indicate that as we
decrease the desired error, the deviation between (d/L),,i,, using the CoM expansion
and CoCh expansion significantly increases. Therefore, as the CoCh distances from

Force Function Force Moment
140 T w 200 w w 90 w w
120
150 1
100
S 5100 1 <
—~ ~ ~
= 60 = =
40
50
20
0 : : 0 : : 0 : :
0 1 2 3 0 1 2 3 0 1 2 3
IRc, || (m) IRc, || (m) IRc, | (m)

Fig. 14 (d/L)min for different desired percentage errors as a function of the distance between CoM and
CoCh for the system with Lo = —L and 6 = 7/3. o: CoCh-expansion with desired error %1, [1: CoM-

expansion with desired error %1, x: CoCh-expansion with desired error %0.01, ©: CoM-expansion with
desired error %0.01
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Fig. 15 (d/L)min for desired percentage errors as a function of the distance between CoM and CoCh for
the system with Lo = L/2 and 6 = m/3. o: CoCh-expansion with desired error %1, [J: CoM-expansion
with desired error %1, x: CoCh-expansion with desired error %0.01, ¢: CoM-expansion with desired error
%0.01

the CoM, the expansion using the CoCh provides acceptable accuracy when the bod-
ies are close to each other; however, this is not true for the CoM-based expansion.
Furthermore, as it is shown in Fig. 15 due to the deviation of the CoM and CoCh
of B, for a given percentage error, CoM and CoCh methods do not have the same
(d/L)min when the CoM and CoCh of B coincide. It should be noted that similar to
the particle-body system, the above problem is a conservative case in which we find
(d/L)min to reach a desired accuracy for all orientations of B. However, if we want
to reach a desired accuracy for a given orientation of B, the value of (d/L),,;, for
either of these methods may drop or even become the same.

Conclusion

In this paper, we have derived closed-form approximations to the force function (or
electrostatic potential) of a pair of charged spacecraft assuming either particle-body
or body-body interactions. This is followed by the derivation of the second order
approximation of the resultant force, and the corresponding moment about the cen-
ter of mass (CoM) of the interacting spacecraft. These formulations can eventually
be used in the simulation or analytical analysis of the behavior of two charged space-
craft. Unlike the previous approximations which use expansions about the CoM of
each body, the presented method in this paper uses the center of charge (CoCh)
to derive the approximations. We have first generated the particle-body and body-
body second order approximations for the force function. Then using the gradient,
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we developed approximate force and the corresponding moment about the CoM of
the body. Since CoCh has been used as the origin of the expansion, the resulting
approximations have been expressed in terms of the entire charge of each body, the
relative location of the centers of charge of the interacting bodies, and the quadrupole
charge tensor (QCT) of each body about the corresponding CoCh. Shifting the ori-
gin of the expansion from the CoCh to the CoM, we have recovered the CoM-based
approximations which have been presented in the literature. We have then used both
CoM- and CoCh-based methods to compute the force function, force, and moment in
particle-body and body-body examples. As it has been shown, the CoCh expansions
are generally more accurate when the distance between the CoCh and the CoM is a
significant fraction of the separation distance.

Appendix

In this appendix, we prove that for body B the following resultant force which is
computed based on Eq. 13,

[
can be evaluated by using the gradient of the force function with respect to R.

Using (14), the gradient of the force function of the entire body with respect to R
is computed as

_ 1
VrRV;p = kq/B ;TZVRI'/quT (143)
Based on the geometry shown in Fig. 1, one can compute Vgrr’ as

Ver' = Vi [(R—i—r) ]

-[(VRR) + 0] (144)

= [®R+ 2]_% R+1) - VR(R+1)
I'
r

Knowing that VRR = U, Eq. 144 results in

Var’ = = (145)

],./

Using the result of Eq. 145, one can simplify (146) as

/

_ r
VRVzp = kq/ ?pth (146)
BTl

which is exactly the same as Eq. 142.
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