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Abstract We have investigated the nonlinear stability of the triangular libration point
L4 in the R3BP when the smaller primary is a heterogeneous spheroid with three lay-
ers having different densities. We observe that in the nonlinear sense, the triangular
libration is stable in the range of linear stability 0 < μ < μc, a critical value of mass
parameter μ, except for three mass ratios μ′

1, μ
′
2, μ

′
3 at which Moser’s theorem is not

applicable.

Keywords R3BP · Libration point L4 · Nonlinear stability · Heterogeneous
spheroid

Introduction

We know that the classical planar Restricted three body problem(R3BP) possesses
five libration points, two triangular and three collinear. The collinear libration point
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L1, L2 and L3, are unstable for all values of mass parameter μ, while the two trian-
gular libration points L4 and L5 form an equilateral triangle with the primaries and
are stable for μ < μc = 0.03852... Szebehely [20]. Deprit and Deprit [6] calculated
the exceptional values for the triangular libration points and proved that the nonlinear
stability of these points can be answered in the affirmative for all values of the mass
ratio in the range of linear stability except at three mass ratios 0.024293..., 0.013516...
and 0.010913.... Bhatnagar and Hallan [4] studied the effect of perturbations ε and ε′
in the coriolis and the centrifugal forces respectively on the nonlinear stability of the
libration points in the restricted problem and found that the collinear points remain
unstable for all mass parameter μ, and for the triangular points obtained the rela-

tion μc = μ0 + 4(36ε−19ε′)
27

√
69

thereby establishing that the range of stability increases

or decreases depending upon whether the point
(
ε, ε′) lies in one or the other of

two parts in which the
(
ε, ε′) plane is divided by the line

(
36ε − 19ε′) = 0. Chan-

dra and Kumar [5] have studied the effect of oblateness on the nonlinear stability of
the triangular libration points of the restricted three-body problem in the presence of
resonance when the more massive primary is an oblate spheroid. They have applied
KAM theorem with the help of Markeev’s theorem. Aggarwal et al. [1] have also
studied the nonlinear stability of the triangular libration point L4 of the restricted
three-body problem under the presence of third and fourth order resonances when
the bigger primary is an oblate body and the smaller a triaxial body and both are
source of radiation. It is found through Markeev’s theorem that triangular points are
always unstable in the third order resonance case and stable or unstable in the fourth
order resonance case depending upon the values of the parameters A1, A2, P1 and
P2. Kushvah et al. [12] have discussed the nonlinear stability in the generalized pho-
togravitational restricted three-body problem with Poynting-Robertson drag. They
have considered smaller primary an oblate spheroid and bigger primary as radiat-
ing. They have found using KAM theorem that triangular points are stable except
three critical mass ratios. Hallan and Mangang [11] studied the effect of perturba-
tions in coriolis and centrifugal forces on the nonlinear stability of equilibrium point
in Robe’s restricted circular three-body problem. Singh [17] has studied the effect of
small perturbations ε and ε′ in the coriolis and the centrifugal forces on the nonlinear
stability of the triangular points in the restricted three-body problem with variable
mass and found that the triangular points are stable for all mass ratios in the range
of stability except for three mass ratios, which depends upon ε, ε′ and β, the con-
stant due to the variation in mass governed by Jeans’ law. Singh [18] has also studied
the combined effects of perturbations in the coriolis and the centrifugal forces, radia-
tion and oblateness on the nonlinear stability of the triangular points in the restricted
three-body problem. Bombardelli and Pelaez [3] have discussed the stability of arti-
ficial equilibrium points in the circular restricted three-body problem. They analyzed
that the stability is found when the distance from the second primary exceeds a mini-
mum value which is a simple function of the mass ratio of the two primaries and their
separations. Lyapunov stability under non-resonant conditions is demonstrated using
Arnold’s theorem. Jain and Sinha [9] studied the nonlinear stability of the triangu-
lar libration point L4 in the restricted three-body problem when the smaller primary
is a finite straight segment of length 2l under the presence of third and fourth order
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resonances. For these two resonance cases Moser’s theorem is not applicable. She
has used Markeev’s theorem to check the stability. For this they have normalized the
Hamiltonian up to fourth order. They found that the triangular stationary solutions are
always unstable in the third and fourth order resonance case for 0 ≤ l < 0.05. Suraj
et al. [19] studied the photo-gravitational R3BP when the primaries are heteroge-
neous spheroid with three layers. They showed the effect due to heterogeneous oblate
spheroid and source of radiation on the position of equilibrium point L4 and L5. Fur-
ther they observed that as the perturbation all or one is being taken into account the
equilibrium point L4 and L5 moves away slightly from the line joining the primaries.
Also they observed that the triangular points are stable for 0 ≤ μ < μcrit and the
range of stability is reduced by the perturbation. The triangular libration points are
unstable for μc ≤ μ < 0.5, where μc is the critical mass parameter influenced by
the both primaries taken as heterogeneous oblate spheroid of three layers and sources
of radiation pressure. However they have discussed the stability of libration points in
linear sense. Singh and Narayan [16] have studied the nonlinear stability of the trian-
gular libration points for radiating and oblate primaries in CR3BP in non-resonance
condition.

For the last so many years the literature of celestial mechanics is full of a num-
ber of research papers in the restricted three-body problem, where the primaries
are either point masses or spherical in shape and also the many perturbing forces
such as oblateness, radiation forces, coriolis, centrifugal forces, variation of the
masses of the primaries and of the infinitesimal mass etc., have been included in
the study of the restricted three body problem (Ishwar et al. [8]), Hallan et al. [10],
and Yan-ning et al. [22]. But generally, the celestial bodies are axis-symmetric
bodies and not homogeneous in density therefore, we have taken into account the
effect due to different layers with different density. A heterogeneous rotating planet
with a rigid crust cannot be modeled by a rotating stratified spheroidal system. We
proposed this system of physical interest for many reasons. One of them is a het-
erogeneous rigid bodies more realistic than homogeneous incompressible spheroidal
rotating system.The replacement of mass point by rigid-body is quite important
because of its wide applications in practical problems. In general, scientists have
taken the primaries as homogeneous point masses or spherical in shape but in
my paper we have taken the primary as heterogeneous triaxial rigid body with 3
layers.

We have got the idea of our problem from the paper ‘Rotating Stratified Het-
erogeneous Oblate Spheroid in Newtonian Physics’ by Esteban and Vazquez [7].
By solving the Euler hydro dynamical equations they have obtained closed form
solutions for the angular velocities and pressures of a three stratified non-confocal
heterogeneous oblate spheroid. Limiting and particular solutions cases, such as a
spheroid with N layers, a stratified spheroid with the same eccentricities, as well as
confocal layered spheroids are also explicitly written down. In this paper we study
the nonlinear stability of the triangular libration point L4, in the restricted three body
problem when the smaller primary with mass m2 is a heterogeneous spheroid with
three layers, having different densities ρi and axes (ai, ci) , (i = 1, 2, 3) respectively.
For this we will apply Moser’s modified version of Arnold’s theorem [2] and will
follow the procedure as adopted by Bhatnagar and Hallan [4].
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Arnold proved that if

(a) K1ω1 + K2ω2 �= 0, for all pairs (K1,K2) of rational integers, where ω1, ω2 are
the basic frequencies for the linear dynamical system and

(b) The determinant D �= 0, where

D = det
(
bij

)
, (i, j = 1, 2, 3) ,

bij =
(

∂2H

∂Ii∂Ij

)

Ii=Ij =0
(i, j = 1, 2) ,

bi3 = b3i =
(

∂H

∂Ii

)

Ii=Ij =0
,

b33 = 0,

H = ω1I1 + ω2I2 + 1

2

(
AI 21 + 2BI1I2 + CI 22

)
+ ...,

is the normalized Hamiltonian with I1 and I2 as the action momenta co-
ordinates, then on each energy manifold H = h in the neighborhood of
equilibrium, there exists invariant tori of quasi periodic motions which divide
the manifold and consequently the equilibrium is stable. Applying Arnold’s the-
orem, Leontovich [13] proved that the triangular points in the restricted problem
are stable for all permissible mass ratios but a set of measure zero. Moser has
shown that Arnold’s Theorem [2] is true if the condition (a) of the theorem is
replaced by K1ω1 + K2ω2 �= 0, for all pairs (K1, K2) of rational integers such
that |K1| + |K2| ≤ 4.

Using the first condition of the theorem, we have found two critical mass ratios
μ′
1, μ

′
2 where this condition fails. By taking the second order coefficients, we have

calculated the determinant D occurring in the second condition of the theorem. From
this, we have found the third critical mass ratio μ′

3, where the second condition of the
theorem fails.

This paper should be read in conjunction with the papers by Bhatnagar and Hallan
[4], Suraj et al. [19] and Shalini and Jha [15] as, to save space, we are not mentioning
the values of various variables given in those papers, although they are used in this
paper.

This paper is organized as follows: In “Introduction” we have reviewed the litera-
ture related to R3BP under different perturbations. In “Equations of Motion” we have
derived the potential of heterogeneous spheroid with three layers and further, formu-
lated the equations of motion of the proposed system. “First Order Normalisation”,
deals with the first order normalization. In “Second Order Normalization”, we have
determined the second order normalization. In “Second Order Coefficients in the
Frequencies”, we have found the second order frequencies. In “Stability”, we have
checked the nonlinear stability of triangular libration points. “Conclusion”, contains
the discussion and conclusion of the obtained results.
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Equations of Motion

Consider three masses m1, m2 and m3. The bodies with masses m1 and m2 revolve
with the angular velocity n (say) in circular orbits without rotation about their cen-
tre of mass O and the mass m3 (m3 << m1, m2) is moving in the plane of motion
of m1 and m2 and is being influenced by their motion but not influencing them. We
consider the smaller primary with mass m2 a spheroid with three layers having dif-
ferent densities ρi (Fig. 1) and axes (ai, ci) (i = 1, 2, 3), and its equatorial plane is
coincident with the plane of motion. Let us consider a synodic system of coordinates
O(xyz), initially coincident with the inertial system O(XYZ), rotating with the angular
velocity n about the Z−axis; (the z−axis is coincident with Z−axis). We suppose,
initially, the principal axes of the body with mass m2, are parallel to the synodic axes
O(xyz) and the axis of symmetry of the body with mass m2 is perpendicular to the
plane of motion (Fig. 1).

Now, the gravitational potential of the body of mass m2, at the point P is

V2 = V33 + V23 + V13,

where V33, V23 and V13 are the potential of the spheroid of densities ρi for the regions
III, II and I respectively.

Now
V33 = V ′

33 − V ′
32,

where V ′
33 and V ′

32 are the potentials of the spheroid of axes (a3, c3) and (a2, c2)

respectively with homogeneous density ρ3 throughout at P . Thus, we have

V ′
33 = −4πρ3G

3r2

{

a23c3

(

1 + 1

10r22

(
a23 − c23

))}

,

V ′
32 = −4πρ3G

3r2

{

a22c2

(

1 + 1

10r22

(
a22 − c22

))}

.

O

p3 p2 p1

Hetrogeneous Spheroid with three 

P

I II III

m2

m1

X

x

Y

y

m3 (x,y)

nt

F2

F1r

Fig. 1 Configuration of R3BP when smaller primary is heterogeneous spheroid
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Thus,

V33 = −4πρ3G

3r2

{

a23c3

(

1 + 1

10r22

(
a23 − c23

))

− a22c2

(

1 + 1

10r22

(
a22 − c22

))}

,

similarly,

V23 = −4πρ2G

3r2

{

a22c2

(

1 + 1

10r22

(
a22 − c22

))

− a21c1

(

1 + 1

10r22

(
a21 − c21

))}

,

and

V13 = −4πρ1G

3r2

{

a21c1

(

1 + 1

10r22

(
a21 − c21

))}

.

Hence adding these equations we get

V2 = −4πG

3r2

3∑

i=1

(ρi − ρi+1) a2i ci

(

1 +
(
a2i − c2i

)

10r22

)

= −m2G

r2
− kG

2r32
,

where

m2 = 4π

3

3∑

i=1

(
(ρi − ρi+1) a2i ci

)
,

k = 4π

3

3∑

i=1

(
(ρi − ρi+1) a2i ciσi

)
,

σi =
(
a2i − c2i

)

5
, (i = 1, 2, 3) , ρ4 = 0,

Hence the total potential at P due to m1 and m2 is given by

V = −Gm1

r1
+
(

−m2G

r2
− kG

2r32

)

.

Now, we choose the unit for the length and mass such that the distance between the
primaries as one and sum of their masses as one i.e. m1 + m2 = 1. The unit of time
is so chosen that the gravitational constant becomes unity. Let μ = m2/(m1 +m2) <

1/2, then m2 = μ add m1 = 1 − μ. Adopting the notations and terminology of
Szebehely [20] and using the dimensionless variables, the equations of motion in a
synodic co-ordinates system are

ẍ − 2nẏ = 	x,

ÿ + 2nẋ = 	y, (1)
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where

	 = n2

2

(
x2 + y2

)
+ 1 − μ

r1
+ μ

r2
+ k1

2r32
,

r21 = (x + μ)2 + y2, r22 = (x + μ − 1)2 + y2,

k1 = 4π

3

3∑

i=1

(
ρ′

i − ρ′
i+1

)
a′2
i c′

iσ
′
i ,

a′
i = ai

R
, c′

i = ci

R
, σ ′

i = a′2
i − c′2

i

10R2
,

ρ′
i = ρi

M
, ρ′

4 = 0, k1 << 1,

M = m1 + m2,

ai, ci = the semi-axes of the spheroid,

R = dimensional distance between the primaries.

The mean motion n of the primaries is given by

n = 1 + 3k2
4

,

where

k2 =

3∑

i=1

((
ρ′

i − ρ′
i+1

)
a′2
i c′

iσ
′
i

)

3∑

i=1

((
ρ′

i − ρ′
i+1

)
a′2
i c′

i

)
<< 1 , ρ′

4 = 0.

Here, the location of triangular libration points are solutions of the system obtained
by making all the derivatives of 	 equals to zero (i.e. 	x = 0 and 	y = 0). Solving
these equations, we get three collinear and two non-collinear libration points. The
co-ordinates of the noncollinear libration points L4(x, y) and L5(x, −y) are given
by Shalini and Jha [15]

x = μ − 1

2
+ k2

2
, y =

√
3

2

(
1 − k2

3

)
.

First Order Normalisation

In order to investigate the non linear stability of non-collinear libration point L4, it
is necessary to reduce the Hamiltonian to its normalized form. So, we perform the
first and second order normalization. The stability can be investigated by using KAM
theorem, if H2 Eq. (4) is not a function of definite sign. The Liapunov’s [14] theorem
states, if H2 is of positive definite form, then the libration point is stable for all orders
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and all time. We shall follow the procedure as adopted by Bhatnagar and Hallan [4]
to perform the first order normalization.

The Lagrangian of the Eq. 1 is given by


 = 1

2

{
ẋ2 + ẏ2 + n2

(
x2 + y2

)
+ 2 n (x ẏ − y ẋ)

}
+ 1 − μ

r1
+ μ

r2
+ k1

2 r32

. (2)

Now shifting the origin to L4 (x , y) and expanding 
 in power series of x and y, it
can be expressed as:


 = 
0 + 
1 + 
2 + 
3 + 
4 + ...,

where


0 = 11 + γ 2

8
+ k1

2
+ 3

16

(
3 + γ 2

)
k2,


1 =
(

−
√
3

2
+
(
1

3
− 3

√
3

8

)

k2

)

ẋ +
{

γ

2
− 1

8
(4 − 3γ ) k2

}
ẏ

+3

8

(
2k1 +

(
−1 + 2γ − 2

√
3 γ
)

k2

)
x

+3

4

(
−√

3k1 +
(
−1 + √

3 − √
3 γ
)

k2

)
y,


2 = 1

2

(
ẋ2 + ẏ2

)
+ n (xẏ − yẋ) +

(
3

8
+ 3k1

16
+
(
3

4
+

√
3

16
− 21γ

32

)

k2

)

x2

+
(
9

8
+ 33k1

16
+
(
3

4
+ 3

√
3

16
+ 33γ

32

)

k2

)

y2

+
(
3
√
3γ

4
− 15

√
3k1
8

+
(
3
√
3

16
+ 11γ

8

)

k2

)

xy,


3 =
(
7γ

16
− 25k1

32
+
(
37

64
+ 25γ

32
√
3

)
k2

)
x3

+
(

−3
√
3

16
− 45

√
3k1

32
+
(

−41

32
+ 75

√
3γ

64

)

k2

)

x2y

+
(

−33γ

16
+ 255k1

32
+
(

−123

64
− 45

√
3γ

32

)

k2

)

xy2

+
(

−3
√
3

16
− 45

√
3k1

32
+
(

− 1

32
− 45

√
3γ

64

)

k2

)

y3,
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4 =
(

− 37

128
− 285k1

256
+
(

−95
√
3

256
+ 115γ

512

)

k2

)

x4

+
(

−25
√
3γ

32
+ 105

√
3 k1

64
− 285

√
3k2

128
− 215k2γ

192

)

x3y

+
(
123

64
+ 1395k1

128
+
(
345

√
3

128
− 645γ

256

)

k2

)

x2y2

+
(
45

√
3γ

32
− 525

√
3 k1

64
+ 345

√
3k2

128
+ 185 k2γ

64

)

x y3

+
(

3

128
+ 255k1

256
+
(

−55
√
3

256
+ 555γ

512

)

k2

)

y4.

Corresponding to the Lagrangian 
 given by Eq. 2, the Hamiltonian function is given
by:

H = −
 + pxẋ + pyẏ, (3)

where px and py are the momenta coordinates and given by

px = ∂


∂ẋ
= ẋ − ny, py = ∂


∂ẏ
= ẏ + nx.

Finally, the Hamiltonian function (3) becomes

H(x, y, px, py) = 1

2

(
p2

x + p2
y

)
+ n

(
ypx − xpy

)− 1 − μ

r1
− μ

r2
− k1

2 r32

,

After this we apply the following translation:

x → x + γ

2
− k2

2
, y → y +

√
3

2
− k2

3
,

px → px − n

(√
3

2
− k2

3

)

, py → py + n

(
γ

2
− k2

2

)
,

which transforms the Hamiltonian H given in Eq. 3 to H =
∞∑

k=0
Hk , where Hk = the

sum of the terms of kth degree homogenous in variables x, y, px, py .
Now,

H0 = −
0,

H1 = −3

8

(
2k1 +

(
−1 + 2γ − 2

√
3 γ
)

k2

)
x + 3

4

(
−√

3k1 +
(
−1 + √

3 − √
3 γ
)

k2

)
y,

H2 = 1

2

(
p2

x + p2
y

)
+ n

(
ypx − xpy

)+ Ex2 + Fy2 + 2Gxy,

H3 = −
3, H4 = −
4, (4)
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where

E = −
(
1

8
+ 3k1

16
+
(
3

4
+

√
3

16
− 21γ

32

)

k2

)

,

F = 5

8
+ 33k1

16
+
(
3

4
+ 3

√
3

16
+ 33γ

32

)

k2,

G = −
(
3
√
3γ

2
− 15

√
3k1
4

+
(
3
√
3

8
+ 11γ

4

)

k2

)

.

To investigate the stability of motion as in Whittaker [21], we consider the following
set of linear equations in the variables x and y:

− λpx = ∂H2

∂x
= 2Ex + Gy − npy, λx = ∂H2

∂px

= px + ny,

−λpy = ∂H2

∂y
= 2Fy + Gx + npx, λy = ∂H2

∂py

= py − nx, (5)

i.e. AX =0 , where A =

⎛

⎜⎜
⎝

2E G λ −n

G 2F n λ

−λ n 1 0
−n −λ 0 1

⎞

⎟⎟
⎠ , X =

⎛

⎜⎜
⎝

x

y

px

py

⎞

⎟⎟
⎠.

The Eq. 5 will have a non zero solution if and only if det(A) =0, which implies
that

λ4 + 2λ2
(
E + F + n2

)
+ EF − G2 − 2n2 (E + F) + n4 = 0.

So the characteristic equation corresponding to Hamiltonian H2 is given in Eq. 4 is
given by

16λ4 +
(
16 − 72k1 +

(
48 − 8

√
3 − 12γ

)
k2

)
λ2 + 27

(
1 − γ 2

)
+ (63 + 135γ ) k1

+
(
72 + 9

√
3 − 36γ − 33

√
3γ 2
)

k2 = 0.

Stability is assured only when the discriminant of the characteristic equation is
greater than zero, implying that

μ < μc = μ0 − (2.24318....)k1 + (0.0588081...)k2,

where μ0 = 0.0385208965....
When D > 0,the roots ±iω′

1 and ±iω′
2 (ω′

1 and ω′
2 being long/short-periodic

frequencies) are related to each other as

ω′2
1 + ω′2

2 = 1 − 9k1
2

+
(

3 −
√
3

2
− 3γ

4

)

k2, (6)

ω′2
1 ω′2

2 = 27

16

(
1−γ 2

)
+
(
63

16
+ 135γ

16

)
k1+

(
9
√
3

16
+ 135γ

16
− 9γ

4
− 33

√
3γ 2

16

)

k2, (7)

(
0 < ω′

1 < ω′
2 <

1√
2

)
,
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It may be noted that the perturbed frequencies (ω′
1, ω

′
2) are related to the unperturbed

one (ω1, ω2) as

ω′
1 = ω1

(
1 + pk1 + p′k2

)
, ω′

2 = ω2
(
1 + qk1 + q ′k2

)
, (8)

where

p = −q = −9
(
7 + 15γ + 8ω2

1

)

32ω2
1k2

, k2 = 2ω2
1 − 1 = 1 − 2ω2

2,

p′ = −q ′ = −
−162 + 54

√
3 + 81γ +

(
108 − 62

√
3 − 27λ

)
ω2
1 + 44

√
3ω4

1

72ω2
1k

2
.

Following the method given in Whittaker [21], we use a canonical transformation
from the phase space

(
x, y, px, py

)
into the phase space of the angles (ϕ1, ϕ2) and

the actions (I1, I2), so that the Hamiltonian H2 be normalized.

X = JT ,

where

X =

⎡

⎢⎢
⎣

x

y

px

py

⎤

⎥⎥
⎦ , T =

⎡

⎢⎢
⎣

Q1
Q2
P1
P2

⎤

⎥⎥
⎦ , J =

(
a′
ij

)

1≤i,j≤4
, Qi =

(
2Ii

ω′
i

) 1
2

sin ϕi,

Pi = (
2Iiω

′
i

) 1
2 cosϕi, (i = 1, 2).

Now we have calculated all the elements a′
ij of J given by

a′
ij = aij

(
1 + αij k1 + α′

ij k2

)
, i , j = 1, 2, 3, 4.

where

a11 = a12 = 0,

a13 = l1

2ω1k1
, a14 = l2

2ω2k2
, a21 = −4ω1

l1k
, a22 = −4ω2

l2k
, a23 = 3

√
3γ

2ω1l1k
, a24 = 3

√
3γ

2ω2l2k
,

a31 = −ω1m1

2l1k
, a32 = −ω2m2

2l2k
, a33 = 3

√
3γ

2ω1l1k
, a34 = 3

√
3γ

2ω2l2k
, a41 = 3

√
3γω1

2l1k
, a42 = 3

√
3γω2

2l2k
,

a43 = n1

2ω1l1k
, a44 = n2

2ω2l2k
, α13 = w1

2k2p1l
2
1

+ w2p

k2p1l
2
1

, α′
13 = w3

4k2p1l
2
1

− w4p
′

k2l21

,

α21 = w9

2k2p1
+ w10p

k2p1l
2
1

, α′
21 = w11

4k2p1l
2
1

+ w12p
′

k2l21

, α23 = w17

2k2p1γ
+ w18p

k2p1l
2
1

,

α′
23 = w19

36
√
3γ k2p1l

2
1

− w20p
′

k2l21

, ni = 9 − 4ω2
i , l2i = 9 + 4ω2

i , pi = 3 + 4ω2
i , (i = 1, 2) .

The values of αij and α′
ij ’s for j = 1, 2. can be obtained from those for j = 1, 3

respectively by replacing ω1 by ω2, l1 by l2, m1 by m2 , n1 by n2 whenever they
occur, keeping k unchanged and all the values of wi’s (i = 1, 2, 3...., 24) are given
in Appendix A.
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The transformation changes the second order part of the Hamiltonian into the nor-
mal form H2 = ω′

1I1−ω′
2I2 and the general solutions of the corresponding equations

of motion are

Ii = Constant (i = 1, 2) , ϕ1 = ω′
1t + Constant, ϕ2 = −ω′

2t + Constant.

Second Order Normalization

Moser’s conditions are utilised for transforming the Hamiltonian to the Birkhoff’s
normal form with the help of double D’Alembert’s series. Here we wish to perform
Birkhoff”s normalization for which the co-ordinates (x, y) are to be expanded in
double D’Alembert series:

x =
∑

n≥1

B1,0
n , y =

∑

n≥1

B0,1
n ,

where the homogeneous components B
1,0
n and B

0,1
n of degree n in

√
I1,

√
I2, are of

the form

∑

0≤m≤n

I
1

2(n−m)

1 I
1

2(n−m)

2

∑

(i,j)

(
Cn−m,m,i,j cos (iϕ1 + jϕ2) + Sn−m,m,i,j sin (iϕ1 + jϕ2)

)
, (9)

The double summation over the indices i and j is such that (a) i runs over those
integers in the interval 0 ≤ i ≤ n − m that have the same parity as n − m (b) j runs
over those integers in the interval −m ≤ j ≤ m that have the same parity as m. I1
and I2 are to be regarded as constants of integration and ϕ1, ϕ2 are to be determined
as linear functions of time such that

ϕ̇1 = ω′
1 +
∑

n≥1

f2n (I1, I2) , ϕ̇2 = −ω′
2 +
∑

n≥1

g2n (I1, I2) ,

where f2n and g2n are of the form

f2n =
∑

0≤m≤n

f ′
2(n−m),2mIn−m

1 Im
2 , g2n =

∑

0≤m≤n

g′
2(n−m),2mIn−m

1 Im
2 .

The first order components B
1,0
1 and B

0,1
1 are the values of x and y given by Eq. 9.

The second order componentsB1,0
2 and B

0,1
2 are solutions of the partial differential

equations

�1�2B
1,0
2 = �2 and �1�2B

0,1
2 = ψ2,
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where

�i =
(
D2 + ω′2

i

)
, (i = 1, 2) , D = ω′

1
∂

∂ϕ1
− ω′

2
∂

∂ϕ2
,

�2 =
(
A1D

2 + A2D + A3

) (
B
1,0
1

)2 +
(
B1D

2 + B2D + B3

) (
B
0,1
1

)2

+
(
C1D

2 + C2D + C3

) (
B
1,0
1

) (
B
0,1
1

)
,

ψ2 =
(
A′
1D

2 + A′
2D + A′

3

) (
B
1,0
1

)2 +
(
B ′
1D

2 + B ′
2D + B ′

3

) (
B
0,1
1

)2

+
(
C′
1D

2 + C′
2D + C′

3

) (
B
1,0
1

) (
B
0,1
1

)
,

where the values of Ai, Bi, Ci, A
′
i , B

′, C′
i (i = 1, 2, 3), are given in Appendix A.

Now, adopting the procedure of Bhatnagar and Hallan [4], the second order
components B

1,0
2 and B

0,1
2 are as follows

B
1,0
2 = r ′

1I1 + r ′
2I2 + r ′

3I3cosϕ1 + r ′
4I2cosϕ2 + r ′

5I1sin2ϕ1 + r ′
6I2sin2ϕ2

+ {r ′
7cos (ϕ1 + ϕ2) + r ′

8cos (ϕ1 − ϕ2) + r ′
7cos (ϕ1 + ϕ2) + r ′

9sin (ϕ1 + ϕ2)

+r ′
10sin (ϕ1 − ϕ2)

}√
I1I2,

B
0,1
2 = s′

1I1 + s′
2I2 + s′

3I3cosϕ1 + s′
4I2cosϕ2 + s′

5I1sin2ϕ1 + s′
6I2sin2ϕ2

+ {s′
7cos (ϕ1 + ϕ2) + s′

8cos (ϕ1 − ϕ2) + s′
7cos (ϕ1 + ϕ2) + s′

9sin (ϕ1 + ϕ2)

+s′
10sin (ϕ1 − ϕ2)

}√
I1I2,

where

r ′
i = ri

(
1 + αi k1 + α′

i k2
)
, s′

i = si
(
1 + βik1 + β ′

ik2
)
, (i = 1, 2, 3 , ....10) ,

and all the values of ri’s, si’s, αi’s and βi’s, are given in Appendix B.

Second Order Coefficients in the Frequencies

To make use of Moser’s modified version of Arnold’s theorem [2], it is necessary to
reduce the Hamiltonian to its normalized form. So, we performed the first and second
order normalization. We have found the second order coefficients in the frequencies.
For this we have obtained the partial differential equations which are satisfied by the
third order homogeneous components of the fourth order part of Hamiltonian H4 and
second order polynomials in the frequencies.

Following the iterative procedure of Bhatnagar and Hallan [4], we note that
the third order components B

0,1
3 and B

1,0
3 , can be obtained by solving the partial

differential equations

�1�2B
1,0
3 = �3 − 2f2P − 2g2Q, �1�2B

0,1
3 = ψ3 − 2f2U − 2g2V, (10)
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where

�3 = X3

(

D2 −
(
9

4
+ 33k1

8
+
(
3

2
+ 3

√
3

8
+ 33γ

16

)

k2

))

+Y3 (2n D +
(
3
√
3γ

4
− 15

√
3k1
8

+ 11k1γ

8
+ 3

√
3k2
16

)

,

P = ∂

∂ϕ1

(

ω′
1
∂B

1,0
1

∂ϕ1
− nB

0,1
1

)(

ω′2
1

∂2

∂ϕ1
−
(
9

4
+ 33k1

8
+
(
3

2
+ 3

√
3

8
+ 33γ

16

)

k2

))

+
(

ω′
1
∂B

0,1
1

∂ϕ1
− nB

1,0
1

)(

2nω′
1

∂

∂ϕ1
+
(
3
√
3γ

4
− 15

√
3k1
8

+ 11k1γ

8
+ 3

√
3k2
16

))

,

Q = ∂

∂ϕ2

(

ω′
2
∂B

1,0
1

∂ϕ2
− nB

0,1
1

)(

ω′2
2

∂2

∂ϕ2
−
(
9

4
+ 33k1

8
+
(
3

2
+ 3

√
3

8
+ 33γ

16

)

k2

))

+
(

ω′
2
∂B

0,1
1

∂ϕ2
− nB

1,0
1

)(

2nω′
2

∂

∂ϕ2
+
(
3
√
3γ

4
− 15

√
3k1
8

+ 11k1γ

8
+ 3

√
3k2
16

))

,

�3 = Y3

(

D2 −
(
3

4
+ 3k1

8
+
(
3

2
+

√
3

8
− 21γ

16

)

k2

))

−X3 (2nD −
(
3
√
3γ

4
− 15

√
3k1
8

+ 11k1γ

8
+ 3

√
3k2
16

)

,

U = ∂

∂ϕ1

(

ω′
1
∂B

0,1
1

∂ϕ1
− nB

1,0
1

)(

D2 −
(
3

4
+ 3k1

8
+
(
3

2
+

√
3

8
− 21γ

16

)

k2

))

+
(

ω′
1
∂2B

1,0
1

∂ϕ1
− nB

0,1
1

)

(2nD −
(
3
√
3γ

4
− 15

√
3k1
8

+ 11k1γ

8
+ 3

√
3k2
16

)

,

V = ∂

∂ϕ2

(

ω′
2
∂B

1,0
1

∂ϕ1
− nB

0,1
1

)

(2nD −
(
3
√
3γ

4
− 15

√
3k1
8

+ 11k1γ

8
+ 3

√
3k2
16

)

−
(

ω′
2
∂2B

1,0
2

∂ϕ2
− nB

1,0
1

)(

D2 −
(
3

4
+ 3k1

8
+
(
3

2
+

√
3

8
− 21γ

16

)

k2

))

,

and X3 and Y3 are homogeneous components of order 3 obtained on substituting
x = B

1,0
1 + B

1,0
2 , y = B

0,1
1 + B

0,1
2 , in ∂
3

∂x
+ ∂
4

∂x
and ∂
3

∂y
+ ∂
4

∂y
.

The components B
0,1
3 and B

1,0
3 are not required to be found out. We find the

coefficients of cosϕ1, sinϕ1, cosϕ2 and sinϕ2 in the right-hand sides of Eq. 10, they
are the critical terms. We eliminate these terms by properly choosing the coefficients
in the polynomials

f2 = f ′
2,0I1 + f ′

0,2I2, g2 = g′
2,0I1 + g′

0,2I2,
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where

f ′
2,0 = coefficient of cosϕ1 in �3

2 (coefficient of cosϕ1 inP)
,

= f2,0
[
1 + (ξ − η) k1 + (ξ ′ − η′) k2

] = A(say), (10a)

f ′
0,2 = g′

2,0 = coefficient of cosϕ2 in�3

2 (coefficient of cosϕ2 inQ)
,

= f0,2
[
1 + (ζ − η) k1 + (ζ ′ − η′) k2

] = B(say), (10b)

g′
0,2 = coefficient of cosϕ2 inψ3

2 (coefficient of cosϕ2 inQ)
,

= g0,2
[
1 + (σ − ρ) k1 + (σ ′ − ρ′) k2

] = C(say), (10c)

f2,0 = ω2
2

(
81 − 696ω2

1 + 124ω2
1

)

72
(
1 − 2ω2

2

)2 (
1 − 5ω2

1

) ,

g0,2 = ω2
1

(
81 − 696ω2

2 + 124ω2
2

)

72
(
1 − 2ω2

2

)2 (
1 − 5ω2

2

) ,

f0,2 = − ω1ω2
(
43 + 64ω2

1ω
2
2

)

6
(
1 − 2ω2

1

) (
1 − 2ω2

2

) (
1 − 5ω2

1

) (
1 − 5ω2

2

) ,

ξ = 1

32
[32

(
6∑

i=0

(
Li+1Li+1,1 Ti+15

) 7∑

i=1

(Li+1Ti+14) +
{
−
(
15 + √

3p
)
6
√
3T22

+12 (85 − 22pγ ) T23 − (15 +2p) 18
√
3T24+3 (465+82p) T25

−45 (35 +6pγ )
√
3T26 + (255 + 6p) T27 − 6

(
2
√
3T22,1 + 44T23,1

+6
√
3T24,1 − 44T25,1 − 45

√
3γ T26,1 − T27,1

}
ω1
]
,

ζ = 1

32

[

32

(
6∑

i=0

(
Li+1Li+1,1Ti+28

) 6∑

i=0

(
Li+1Ti+28,1

) +
{
− (15 + 2p) 6

√
3T35

+12 (85 − 22pγ ) T36 − (15 +2p) 18
√
3T37+3 (465 + 82p) T38

−45 (35 +6pγ )
√
3T39 + (255 + 6p) T40 − 6

(
2
√
3T35,1 + 44T36,1

+6
√
3T37,1 − 44T38,1 − 45

√
3γ T39,1 − T40,1

}
ω1

]

,



J of Astronaut Sci (2017) 64:18–49 33

η = 1

8k2l21
[3 (11 + 60p − 45γ + 6α13 − 48α21 + 18 α23) + 4 (33 + 78p

+20α13 + 16α21 − 8α23) ω2
1 + 32 (5p + α13 + α23) ω4

1

]
,

η′ = 1

8k4l41z1ω2

[
−27γ l21z1 + 8γω2

(
24 + 37ω2

1 − 236 ω4
1 − 27ω2 + 123ω2

1ω2

+ 60ω4
1ω2

)
+ k2l21z1ω2

{
36
(
27 + 4ω2

1

)
− 4p′ (45 + 78ω2

1 + 40ω4
1

)

−16α′
21

(
−9 + 4ω2

1

)
− 2α′

23

(
27 − 16ω2

1 + 16ω4
1

)
− 2α′

13

(
1 + 4ω2

1

)}]
,

and the values of ξ ′, ζ ′ are obtained from the values of ξ, ζ respec-
tively by replacing Li’s, Ti’s by corresponding L′

i’s, T ′
i ’s and p, q by p′,

q ′ respectively keeping ω1, ω2, l1, l2, z1, z2, z3, z4, unchanged. Also the val-
ues of σ, ρ, σ ′, ρ′ can be obtained from ξ, η, ξ ′, η′ respectively by replacing
ω1 by −ω2, l1 by l2, k

2 by −k2, z1 by z2 whenever they occur and the
values of Li (i = 1, 2, . . . , 14), Li,1 (i = 1, 2, . . . , 7), Ti (i = 15, 16, . . . , 40) and
Ti,1 (i = 15, 16, . . . , 40) are given in Appendix C.

Stability

Now we verify that this condition is satisfied. The condition is K1ω
′
1 + K2ω

′
2 �= 0,

for all pairs (K1, K2) of rational integers such that |K1| + |K2| ≤ 4.
We calculate

K1ω
′
1 + K2ω

′
2 = 0, ⇔ ω′

1

ω′
2

= −K2

K1
(11)

Here as

0 < ω2 <
1√
2

< ω1 < 1,

and so

0 < ω′
2 <

1√
2

< ω′
1 < 1 (|K1| << 1, |K2| << 1) .

So we have

ω′
1

ω′
2

> 1,

For Eq. 11 to be true, K1 and K2 are of opposite signs and −K2
K1

> 1.
Therefore,K1, K2, can have the following values,

K1 = 1, K2 = −2 ; K1 = −1, K2 = 2 .

K1 = 1, K2 = −3 ; K1 = −1, K2 = 3 .
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Case (i) K1 = 1, K2 = −2 ; K1 = −1, K2 = 2 .

Equation 11 gives

ω′
1

ω′
2

= 2 i.e.ω′
1 − 2ω′

2 = 0. (12)

Solving the Eqs. 6, 7 and 12 and putting γ = 1 − 2μ,we get

μ′
1 = (0.024293897...) + (0.0201245...) k1 + (−0.00602906...) k2,

Case (ii) K1 = 1, K2 = −3 ; K1 = −1, K2 = 3 .

Equation 11 gives

ω′
1

ω′
2

= 3 i.e.ω′
1 − 3ω′

2 = 0. (13)

Solving the Eqs. 6, 7 and 13 and putting γ = 1 − 2μ,we get

μ′
2 = (0.013516016...) + (0.503812...) k1 + (−0.228826...) k2,

Hence for the values μ′
1 and μ′

2 of the mass ratio condition (i) of Moser’s theorem is
not satisfied.

The normalized Hamiltonian up to fourth order is written as

H = ω1I1 + ω2I2 + 1

2

(
AI 21 + 2BI1I2 + CI 22

)
+ ....

After substituting the values of A, B and C from Eq. 10a, b and c, the determinant D
occurring in condition (a) of Moser’s theorem becomes

D = −9
(
36 − 541ω2

1ω
2
2 + 644ω4

1ω
4
2

)+ Rk1 + R′k2
72
(
1 − 4ω2

1ω
2
2

) (
4 − 25ω2

1ω
2
2

) ,

where

R = −ω4
2

(
81 − 696ω2

1 + 124ω4
1

)
(ξ − η + 2q) z2 − 24u2

(
43 + 64u2

)

× (ξ − η + p + q) − ω4
1

(
81 − 696ω2

2 + 124ω4
2

)
(σ − ρ + 2p) z1,

And R′ can be obtained from R by replacing ξ, η, ζ, σ, ρ, p, q by
ξ ′, η′, ζ ′, σ ′, ρ′, p′, q ′ respectively.

Moser’s second condition is violated for the unperturbed problem (i.e. for k1 =
k2 = 0) when μ3 = .0109137....

When k1, k2 �= 0 , we take μ′
3 = μ3 +Xk1 +X′k2 such that D = 0. It is seen that

the condition (b) of Moser’s theorem is satisfied i.e. D �= 0 if in the interval 0 < μ <

μc, the mass ratio does not take the value μ′
3 = μ3 + 6069.97...k1 + 733.824...k2.

Therefore, the libration point L4 is stable in the range of linear stability μ < μc,
except at three values of mass parameters μ1, μ2 and μ3.
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Conclusion

We have investigated the non linear stability of the triangular libration point L4
in the restricted three body problem where the Moser theorem is satisfied, by
taking the smaller primary with mass m2 an oblate spheroid with three layers
having different densities ρi and axes (ai, ci) (i = 1, 2, 3). Till now, researchers
and scientists have investigated this problem by taking different shapes of the
primaries but all of them have taken homogeneous primaries. We found the tri-
angular point L4 is stable in the range of linear stability 0 < μ < μc,

where,
(
μc = μ0 + k1

18

(
41 − 11

√
69

3

)
, μ0 = 0.03852....

)
, except for three mass

ratios

μ′
1 = (0.024293897...) + (0.0201245...) k1 + (−0.00602906...) k2,

μ′
2 = (0.013516016...) + (0.503812...) k1 + (−0.228826...) k2,

μ′
3 = (0.0109366...) + (6069.97...) k1 + (733.824...) k2,

at which Moser’s theorem does not apply. k1 and k2 are the parameters which
depend upon the oblateness and densities ρ1, ρ2 and ρ3. If we take k1 = k2 = 0,
then the values of μ′

1, μ
′
2 and μ′

3, agree well with the classical case which was
discussed by Deprit and Deprit [6]. We observe that μc is independent of k2 and
its range increases if k1 increases. We also observe that the value of μ′

1 and μ′
2

increases as k1 increases and decreases as k2 increases, while value of μ′
3 always

increases.

Appendix A

w1 = −3
(
78 − 5ω2

1 + 28ω4
1

)
, w2 = 27 − 88ω2

1 − 424ω4
1 + 544ω6

1,

w3 = 126 − 36
√
3 − 90γ −

(
216 + 42

√
3 + 39γ

)
ω2
1 +

(
1248 + 8

√
3 + 108γ

)
ω4
1,

w4 = 9 + 36ω2
1 + 8ω4

1, w9 = −15
(
1 + ω2

1

)
, w10 = −27 − 52ω2

1 − 280ω4
1 + 544ω6

1,

w11 = 180 − 18
√
3 − 9γ −3ω2

1

(
260 − 18

√
3 − 35γ

)
+ ω4

1

(
−384 + 40

√
3 + 156γ

)
−192ω6

1,

w12 = 9 + 8ω4
1, w17 = −5

(
−3 + 3γ + 2ω2

1 + 3γω2
1 + 8ω4

1

)
,

w18 = 27 − 64ω2
1 − 440ω4

1 + 480ω6
1,

w19 = −162
√
3 + 162

√
3γ + 2268γ + ω2

1

(
1062 γ + 939

√
3 − 6696

√
3γ
)

+ω4
1

(
−4200γ + 76

√
3 + 864

√
3γ
)

+ ω6
1

(
−2112γ − 560

√
3 + 832γ

√
3
)

,

w20 = −9 + 28ω2
1 + 24ω4

1,

The values wi’s (i = 5, 6, 7, 8, 13, 14, 15, 16, 21, 22, 23, 24) can be obtained
respectively by replacing ω1 by ω2, l1 by l2, m1 by m2, n1 by n2 whenever they
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occur, keeping k unchanged.

A1 = 21γ

16
− 75

32
k1 + t1k2, A2 = −3

√
3

8
− 45

√
3

16
k1 + t2k2,

A3 = −27γ

8
+ t3k1 + t4k2, B1 = −33γ

16
+ 255

32
k1 + t5k2,

B2 = −9
√
3

8
− 135

√
3

16
k1 + t6k2, B3 = 27γ

8
+ t7k1 + t8k2,

C1 = −3
√
3

8
− 45

√
3

16
k1 + t9k2, C2 = −33γ

4
+ 255

32
k1 + t10k2,

C3 = 27
√
3

32
− 99

√
3γ 2

32
+ t11k1 + t12k2, A′

1 = −3
√
3

16
− 45

√
3

32
k1 + t13k2,

A′
2 = −21 γ

8
+ 75

16
k1 + t14 k2, A′

3 = 9
√
3
(
1 + 7γ 2

)

64
+ t15k1 + t16k2,

B ′
1 = −9

√
3

16
− 135

√
3

32
k1 + t17k2, B ′

2 = 33γ

8
− 255

16
k1 + t18k2,

B ′
3 = −9

√
3
(−3 + 11γ 2

)

64
+ t19k1 + t20k2, C′

1 = −33γ

8
+ 255

16
k1 + t21k2,

C′
2 = 3

√
3

4
+ 45

√
3

8
k1 + t22k2, C′

3 = 9γ

4
+ t23k1 + t24k2,

where,

t1 = 111

64
+ 25

√
3

32
, t2 = −41

16
− 9

√
3

32
+ 75

√
3γ

32
, t3 = 405

64
− 549γ

64
,

t4 = −513

128
− 63γ

32
− 111

√
3γ

32
− 9γ 2

128
, t5 = − 3

64

(
41 + 30

√
3γ
)

,

t6 = − 3

16
− 27

√
3

32
− 135

√
3γ

32
, t7 = −945

64
− 63γ

64
,

t8 = −513

128
+ 99γ

32
+ 99

√
3γ

32
− 63γ 2

128
, t9 = −41

16
+ 75

√
3γ

32
,

t10 = −123

16
− 99γ

16
− 45

√
3γ

8
, t11 = 63

√
3

8
+ 315

√
3γ

16
,

t12 = 99

16
+ 9

√
3

16
− 261

√
3γ

32
− 12γ 2, t13 = −41

32
+ 75

√
3γ

64
,

t14 = −111

32
− 63γ

32
− 25

√
3γ

16
, t15 = −9

√
3

32
(−4 + 15γ ) ,

t16 = 3

64

(
22 + 6

√
3 + 9

√
3γ + 76γ 2

)
, t17 = − 3

32
− 135

√
3γ

64
,

t18 = 123

32
+ 99

√
3

32
+ 45

√
3γ

16
, t19 = 9

√
3

32
(12 + 35γ ) ,
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t20 = − 3

64

(
−6 − 18

√
3 + 21

√
3γ + 128γ 2

)
, t21 = −123

32
− 45

√
3γ

16
,

t22 = −41

8
+ 9

√
3

16
− 75

√
3γ

16
, t23 = −315

32
− 153γ

32
,

t24 = 171

64
+ 99γ

16
+ 3

√
3 γ

16
− 9γ 2

64
, t25 = l21

4k2ω1
, t26 = l22

4k2ω2
,

t27 = k2pl21p1 + w1 + 2pw2

4k4p1ω1
,

t28 = k2ql22p2 + w5 − 2qw6

4k4p2ω2
,

t29 = 2k2p′l21p1 + w3 − 4p′p1w4

8k4p1ω1
, t30 = 2k2q ′l22p2 + w7 − 4q ′p2w8

8k4p2ω2
,

t31 = l1l2

2k2
√

u
,

t32 = −k2l21 l
2
2p1p2 (p + q) + l22p2 (w1 + 2pw2) + l21p1 (w5 − 2qw6)

4k4
√

ul1l2p1p2
,

t33 = −2k2l21 l
2
2p1p2

(
p′ + q ′)+ l22p2

(
w3 − 4p′p1w2

)+ l21p1
(
w7 − 4q ′p2w8

)

8k4
√

ul1l2p1p2
,

t34 = 27γ 2 + 64ω2
1

4k2l21ω1
, t35 = 27γ 2 + 64ω2

2

4k2l22ω2
,

t36 = 1

4k4l41p1ω1

(
27k2pγ 2l21p1 + 27γ l21w17 + 54pγ 2w18 − 64k2pl21p1ω

2
1

+64l21w9ω
2
1 + 128pw10ω

2
1

)
,

t37 = 1

4k4l42p2ω2

{
27γ

(
k2qγp2 + w21) l22 − 54qγ 2w22 −

(
64k2ql22p2

−64l22w13 + 128qw14

)
ω2
2

}
,

t38 = 1

8k4l41p1ω1

{
54p′p1γ

2
(
k2l21 − 2γ 2 w20) + √

3γw19 − (128 k2p′l21p1

−64w11 − 256p′p1w12
)

ω2
1

}
,

t39 = 1

8k4l42p2ω2

(
54k2q ′γ 2l22p2 + √

3γw23 + 108q ′γ 2p2w24 − 128k2q ′l22p2ω
2
2

+64w15ω
2
2 − 256q ′p2w16ω

2
2

)
,

t40 = 27γ 2

4k2l21ω1
− 16ω1

k2l21

,
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t41 = 1

4k4l41p1ω1

(
27k2pγ 2l21p1 + 27γ l21w17 + 54pγ 2w18 + 64k2pl21p1ω

2
1

−64l21w9ω
2
1 − 128pw10ω

2
1

)
,

t42 = 1

8k4l41p1ω1

(
54k2p′γ 2l21p1 + √

3γw19 − 108p′γ 2p1w20 + 128k2p′l21p1ω
2
1

−64w11ω
2
1 − 256p′p1w12ω

2
1

)
,

t43 = 27γ 2

4k2l22ω2
− 16ω2

k2l22

,

t44 = 1

4k4l42p2ω2

(
27k2qγ 2l22p2 + 27γ l22w21 − 54qγ 2w22 + 64k2ql22p2ω

2
2

−64l22w13ω
2
2 + 128qw14ω

2
2

)
,

t45 = 1

8k4l42p2ω2

(
54k2q ′γ 2l22p2 + √

3γw23 + 108q ′γ 2p2w24 + 128k2q ′l22p2ω
2
2

−64w15ω
2
2 + 256q ′p2w16ω

2
2

)
,

t46 = 64u − 27γ 2

2k2
√

ul1l2
,

t47 = − 1

4k4
√

ul31 l
3
2p1p2

[{
k2l21 l

2
2p1p2 (p + q)

(
64u + 27γ 2

)}
− 64l21 l

2
2u (p2w9

+p1w13) − 128ul22 (pp2w10 + qp1w14) + 27γ l21 l
2
2 (p1w21 + p2w20)

+54γ 2
(
pl22p2w18 − ql21p1w22

)]
,

t48 = − 1

8k4
√

ul31 l
3
2p1p2

[{
k2l21 l

2
2p1p2

(
p′ + q ′) (128u + 54γ 2

)}

−64u
(
l22p2w11 + l21p1w15

)
− 256up1p2

(
l22p

′w12 − q ′l21w16

)

+√
3γ
(
l22p2w19 + l21p1w23

)
− 108γ 2p1p2

(
p′l22w20 − q ′l21w24

)]
,

t49 = −t46, t50 = −t47, t51 = −t48,

t52 = 12
√
3γ

k2l21

, t53 = 6
√
3
(
γ l21w9 + 2pγw10 + l21w17 + 2pγw18

)

k4p1l
4
1

,

t54 = 9
√
3γw11 + 36

√
3p′γp1 (w12 − w20) + w19

3k4p1l
4
1

, t55 = −12
√
3γ

k2l22

,

t56 = −6
√
3
(
γ l22w13 − 2qγw14 + l22w21 − 2qγw22

)

k4p2l
4
2

,

t57 = −9
√
3γw15 + 36

√
3q ′γp2 (w16 − w24) − w23

3k2p1l
4
2

, t58= −12
√
3γ (ω1 + ω2)

k2
√

ul1l2
,
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t59 = 1

k4
√

ul31 l
3
2p1p2

[{
k2l21 l

2
2p1p2γ (ω1 − ω2) (p − q)

}
− l21 l

2
2ω1 (γp2w9

+ p1w21) − 2γω1

(
pl22p2w10 − ql21p1w22

)
− l21 l

2
2ω2 (γp1w13 + p2w17)

+2γω2

(
ql21p1w14 − pl22p2w18

)]
,

t60 = −1

k43
√
3
√

ul31 l
3
2p1p2

[{
54k2γ l21 l

2
2p1p2

(−p′ + q ′)+ 27γ l22p2w11

+√
3l21p1w23 + 108γp1p2

(
p′l22w12 + q ′l21w24

)}
ω1

+
{
54k2γ l21 l

2
2p1p2

(
p′ − q ′)+ 27γ l21p1w15 + √

3l22p2w19

−108γp1p2

(
q ′l21w16 + p′l22w20

)}
ω2

]
,

t61 = −12
√
3γ (ω1 − ω2)

k2
√

ul1l2
,

t62 = 6
√
3

k4
√

ul31 l
3
2p1p2

[{
k2γ l21 l

2
2p1p2 (p − q) − l21 l

2
2 (γp2w9 + p1w21)

−2γ
(
pp2l

2
2w10 + qp1l

2
1w22

)}
ω1 +

{
k2γ l21 l

2
2p1p2 (p − q)

+l21 l
2
2 (γp1w13 + p2w17) − 2γ

(
qp1l

2
1w14 − pp2l

2
2w18

)}
ω2

]
,

t63 = −1

k43
√
3
√

ul31 l
3
2p1p2

[{
54k2γ l21 l

2
2p1p2

(−p′ + q ′)+ 27γ l22p2w11

+√
3l21p1w23 + 108γp1p2

(
p′l22w12 + q ′l21w24

)}
ω1

−
{
54k2γ l21 l

2
2p1p2

(
p′ − q ′)− 27γ l21p1w15 − √

3l22p2w19

+108γp1p2

(
q ′l21w16 + p′l22w20

)}
ω2

]
,

t64 = −3
√
3γ

k2ω1
,

t65 = −3
√
3γ

k2ω2
,

t66 = 1

8k4l21p1ω1

(
2k2pγ l21p1 + γw1 + 2pγw2 + l21w17 +2pγw18) ,

t67 = 3
√
3

8k4l22p2ω2

(
2k2pγ l22p2 + γw5 − 2qγw6 + l22w21 −2qγw22) ,

t68 = −1

48
√
3k4l21p1ω1

(
108p′γp1

(
k2l21 − w4 − w20

)
+ 27γw3 + √

3w19

)
,

t69 = −1

48
√
3k4l22p2ω2

(
108q ′γp2

(
k2l22 − w8 − w24

)
+ 27γw7 + √

3w23

)
,
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t70 = 3
√
3γ l1

4k2l2
√

u
− 3

√
3γ l2

4k2l1
√

u
,

t71 = 3
√
3

8k4
√

ul31 l
3
2p1p2

[
k2γ l41 l

2
2p1p2 (p + q) + k2γ l21 l

4
2p1p2 (p + q)

+γ l21 l
2
2 (p2w1 + p1w5) + 2γ l21 l

2
2 (pp2w2 − qp1w6)

+l42p2

(
l21w7 + 2pγw18

)
+ l41p1

(
l22w21 − 2qγw18

)]
,

t72 = 1

48k4
√

ul31 l
3
2p1p2

[
18

√
3k2γ l41 l

2
2p1p2

(
p′ + q ′)

+18
√
3k2γ l21 l

4
2p1p2

(
p′ + q ′)+ 9

√
3γ l21 l

2
2 (p2w3 + p1w7)

+36
√
3γ l21 l

2
2p1p2

(
p′w4 − q ′w8

)+ l42p2w20 + l41p1w23 + 36
√
3γp1p2

(
p′l42w20 + q ′l41w24

)]
,

t73 = − 2

k2
, t74 = −w2 + 2p (w2 + w10) + l21w10

k4p1l
2
1

,

t75 = −w3 − w11 + 4p′p1 (w4 − w12)

2k4p1l
2
1

,

t76 = 2

k2
, t77 = −w5 − 2q (w6 + w14) + l22w13

k4p2l
2
2

,

t78 = −w7 − w15 + 4q ′p2 (w8 + w16)

2k4p1l
2
1

, t79 = −2
(
l22ω1 − l21ω2

)

k2
√

ul1l2
,

t80 = 1

k4
√

ul31 l
3
2p1p2

[{
−k2l21 l

4
2p1p2 (p − q) + l21 l

2
2p1 (w5 − 2qw6)

+l42p2

(
l21w9 + 2pw10

)}
ω1 +

{
k2l22 l

4
1p1p2 (p − q) + l21 l

2
2p2 (w1 − 2pw2)

+l41p1

(
l22w13 − 2qw14

)}
ω2

]
,

t81 = 1

2k4
√

ul31 l
3
2p1p2

[{
−2k2l21 l

4
2p1p2

(
p′ − q ′) + l21 l

2
2p1

(
w7 − 4p2q

′w8
)

+l42p2
(
w11 + 4p′p1w4

)}
ω1

+
{
2k2l22 l

4
1p1p2

(
p′ − q ′)+ l21 l

2
2p2

(
w3 − 4p′p1w4

)

+l41p1
(
w15 − 4q ′p2w16

)}
ω2
]
,

t82 = −2
(−l22ω1 + l21ω2

)

k2
√

ul1l2
,

t83 = −1

k4
√

ul31 l
3
2p1p2

[{
k2l21 l

4
2p1p2 (p − q) − l21 l

2
2p1 (w5 − 2qw6)

−l42p2

(
l21w9 + 2pw10

)}
ω1 +

{
k2l22 l

4
1p1p2 (p − q) + l21 l

2
2p2 (w1 − 2pw2)
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+l41p1

(
l22w13 − 2qw14

)}
ω2

]
,

t84 = −1

2k4
√

ul31 l
3
2p1p2

[{
2k2l21 l

4
2p1p2

(
p′ − q ′) − l21 l

2
2p1

(
w7 − 4p2q

′w8
)

−l42p2
(
w11 + 4p′p1w4

)}
ω1

+
{
2k2l22 l

4
1p1p2

(
p′ − q ′)+ l21 l

2
2p2

(
w3 − 4p′p1w4

)

+l41p1
(
w15 − 4q ′p2w16

)}
ω2
]
,

t85 = 2

u2
, t86 = −2 (p + q)

u2
, t87 = −2

(
p′ + q ′)

u2
, t88 = 1

12ω4
1 − 3u2

,

t89 = 48pω4
1 − 6u2 (p + q)

12ω4
1 − 3u2

, t90 = 48p′ω4
1 − 6u2

(
p′ + q ′)

12ω4
1 − 3u2

,

t91 = 1

12ω4
2−3u2

, t92= −48qω4
2+6u2 (p+q)

12ω4
2−3u2

, t93= −48q ′ω4
2+6u2

(
p′+q ′)

12ω4
2−3u2

,

t94 = 1

u (2 + 5u)
,

t95 = −2
{
(3p + q) ω2

1 + 5u (p + q) + (p + 3q) ω2
2

}

(2 + 5u)
,

t96 = −2
{(
3p′ + q ′)ω2

1 + 5u
(
p′ + q ′)+ (p′ + 3 q ′)ω2

2

}

(2 + 5u)
,

t97 = 1

u (−2 + 5 u)
,

t98 = −2
{
(3p + q) ω2

1 − 5u (p + q) + (p + 3q) ω2
2

}

(−2 + 5u)
,

t99 = −2
{(
3p′ + q ′)ω2

1 − 5u
(
p′ + q ′)+ (p′ + 3q ′)ω2

2

}

(−2 + 5u)
,

t100 = (ω1 + ω2)
2 , t101 = (ω1 + ω2) (pω1 + qω2) ,

t102 = (ω1 + ω2)
(
p′ω1 + q ′ω2

)
, t103 = (ω1 − ω2)

2 ,

t104 = (ω1 − ω2) (pω1 − qω2) ,

t105 = (ω1 − ω2)
(
p′ω1 − q ′ω2

)
, t106 = 27

√
3 − 99

√
3γ 2,

Appendix B

r1 = − 33γ

8ω1k2
, r3 = γ

(
27 + 321ω2

1 − 76ω4
1

)

8k2l21ω1z1
, r5 = −18 − 53ω2

1 + 44ω4
1√

3k2l21z1
,

r7 = 3γ
(−36 + 229u − 72u2

)

4k2l1l2
√

u (−2 + 5u)
, r9 =

√
3 (ω1 − ω2)

(
15 + 3u − 44u2

)

k2l1l2
√

u (−2 + 5u)
,
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s1 =
√
3
(
9 + 8ω2

1

)

24ω1k2
, s3 =

√
3
(
279 − 2733ω2

1 + 1444ω4
1 − 736ω6

1

)

72k2l21ω1z1
,

s5 = −γ
(
24 − 59ω2

1

)

k2l21z1
, s7 =

√
3
(−180 + 261u − 160u2 + 144u3

)

12k2l1l2
√

u (−2 + 5u)
,

s9 = 3γ (ω1 − ω2) (9 + 7u)

k2l1l2
√

u (−2 + 5u)
,

u = ω1ω2, z1 = 1 − 5ω2
i , (i = 1, 2)

The values of ri, si for i = 2, 4, 6 can be obtained respectively from those for i =
1, 3, 5 by replacing ω1 by −ω2, l1 by l2, k

2 by −k2, z1 by z2, whenever they occur
and the values of ri, si , for i = 8, 10 can be obtained respectively from those for i =
7, 9 by replacing ω2 by −ω2 keeping ω1, k

2, k4, l1, l
2
1 , l2, l

2
2 ,

√
ω1ω2, unchanged,

whenever they occur.

α1 = 1

32r1
{t85 (32t3t25 − 108γ t27 + 32t7t34 + 108γ t36 + 32t11t64 + t106 t66)

+t86 (−108γ t25 + 108γ t34 + t106 t64)} ,

α3 = 1

32r3
{−3 t87 (36γ t27 − 36γ t40 − 9

√
3t64 + 33

√
3γ 2t64 + 24

√
3t52ω1 + 176γ t73ω1

+ (56γ t25 − 88γ t40 − 16
√
3 t64) ω2

1

)
+ t88 (32t3t25 − 108γ t27 + 32t7t40 + 108γ t41

+32t11t64 + 27
√
3t66 − 99

√
3γ 2t66 −

(
540

√
3t52 − 72

√
3pt52 − 72

√
3t53 + 2040t73

−528pγ t73 − 528γ t74) ω1 + (300t25 − 336pγ t25 − 168γ t27 − 1020t40

+528pγ t40 + 264γ t41 + 360
√
3t64 + 96

√
3pt64 + 48

√
3t66
)

ω2
1

}
,

α5 = 1

32r5
{t88 (32t7 t52 + 108γ t53 + 32t11t73 + t106 t74) + t89 (108γ t52 + t106 t73)

+ω1t88

(
108

√
3 t25 + 24

√
3pt25 + 24

√
3t27 + 540

√
3t40 + 72

√
3pt40 + 72

√
3t41 − 2040t64

+528pγ t64 + 528γ t66) + ω1t89

(
24

√
3 t25 + 72

√
3t40 + +528γ t64) + ω2

1t88 (−1020t52

+528pγ t52 + 264γ t53 + 360
√
3t73 + 96

√
3pt73 + 48

√
3t74
)
+ ω2

1t89 (264γ t52 + 48
√
3 t73)} ,

α7 = −1

32r7

{
t97 (−32t3 t31 + 108γ t33 − 32t7t49 − 108γ t50 − 32t11t70 − t106 t71)

+t98 (108γ t31 − 108γ t49 − t106 t70) + t97t103 (−75t31 + 42γ t32 + 255t49 − 66γ t50

−90
√
3t70 − 12

√
3 t71) + t98t103 (42γ t31 − 66γ t49 − 12

√
3 t70) + t97t104 (42γ t31

−66γ t49 − 12
√
3 t70) + t97ω1

(
270

√
3t61 + 36

√
3pt61 + 36

√
3t62 − 1020t82 + 264pγ t82

+264γ t83) + t98ω1

(
36

√
3t61 + 264γ t82) + t97ω2

(
−270

√
3t61 − 36

√
3qt61 − 36

√
3t62

+1020t82 − 264qγ t82 − 264γ t83) + t98ω2

(
−36

√
3t61 − 264γ t82)

}
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α9 = 1

32r9
[−3t98 (−36 γ t61 − 9

√
3t82 + 33

√
3γ 2t82 − 22γ t61t103 − 4

√
3t82t103 −

(
4
√
3t31

+12
√
3t49 + 88γ t70) ω1 +

(
4
√
3t31 + 12

√
3t49 + 88γ t70) ω2) + t97

{
32t7t61 + 108γ t62

+32t11t82 + 27
√
3t83 − 99

√
3γ 2t83 + (−255t61 + 66γ t62 + 90

√
3t82 + 12

√
3t83
)

t103

+
(
66γ t61 + 12

√
3t82
)

t104 +
(
90

√
3t31 + 12

√
3pt31 + 12

√
3t32 + 270

√
3t49 + 36

√
3pt49

+36
√
3t50 − 1020t70 + 264pγ t70 + 264γ t71) ω1 −

(
90

√
3t31 + 12

√
3qt31 + 12

√
3t32

+270
√
3t49 + 36

√
3qt49 + 36

√
3t50 − 1020t70 + 264qγ t70 + 264γ t71) ω2

}]
,

β1 = 1

64s1
{t85 (64t15t25 + 9

√
3t27 + 63

√
3γ 2t27 + 144γ t66 + t106 t36)

+t86

(
9
√
3t25 + 63

√
3γ 2t27 − 108γ t25 + 108γ t34 + t106 t64)} ,

β3 = 3

64s3

[{
t89

(
3
√
3t25 + 21

√
3γ 2t21 + 9

√
3t40 − 33

√
3γ 2t40 + 48γ t64 + 176γ t64ω1 + 32

√
3t73ω1

+
(
16

√
3t25 + 48

√
3t40 + 352γ t25) ω2

1

)
+ t88 {(64t15t25 + 9

√
3t27 + 63

√
3γ 2t27

+27
√
3t41 − 99

√
3γ 2t41 + 144γ t66 + 64t40t19 + 64t64t23 +

(
720

√
3t73 + 96

√
3pt73 + 96

√
3t74

+528γ t53 + 528pγ t52 − 1240γ t52) ω1 +
(
360

√
3t25 + 288

√
3pγ t40 + 144

√
3t41 − 4080t64

+2112pγ t64 + 1056γ t66 + 1080
√
3t48 + 96

√
3pt25 + 48

√
3t27
)

ω2
1

}]
,

β5 = 1

64s5
[t88 {t106 t53 + 144γ t74t88 + t89

(
27

√
3 t68 − 99

√
3γ 2t68 + 144γ t73)

+t88 {64 t52t19 + 64t73t23 (− 600t25 + 336pγ t25 + 336γ t27 + 1240t40 − 528pγ t40

−528γ t41 − 720
√
3t64 − 96

√
3pt64 − 96

√
3 t66) ω1 + (1080

√
3t52 + 288

√
3pt52

+144
√
3t53 − 4080t73 + 2112pγ t73 + 1056γ t74) ω2

1

}
+ (336 γ t25ω1 + 144

√
3t52ω

2
1

+1056γ t73ω
2
1

)
t89}] ,

β9 = −1

64s9

{
t97 (−t106t62 − 144γ t83) − t98 (t106t61 − 144γ t82) + t97t103

(
−270

√
3 t61

−36
√
3t62 + 1020t82 − 264γ t83) + t98t103

(
−36

√
3 t61 − 264γ t82) + t97t104

(
−36

√
3 t61 − 264γ t82) − 64t61t97t19 − 64t82t97t23 + t97ω1 (300 t31 − 168pt31

−168γ t32 − 620t49 + 264pγ t49 + 264γ t50 + 360
√
3t70 + 48

√
3t71 + 48

√
3p t70)

+t98ω1 (−168 γ t31 + 264γ t49 + 48
√
3 t70) + t97ω2 (−300 t31 + 168q

γ t31 + 168γ t32 + 620t49 − 264qγ t49 − 264γ t50 − 360
√
3t70 − 48

√
3q

t70 − 48
√
3p t71) + t98ω2 (168 γ t31 − 264γ t49 − 48

√
3 t70)

}

The values of αi, α
′
i , βi, β

′
i for i = 2, 4, 6 can be obtained respectively from those

for i = 1, 3, 5 by replacing ω1 by −ω2, l1 by l2, k
2 by −k2, whenever they occur

and the values of αi, α
′
i , βi, β

′
i for i = 8, 10 can be obtained respectively from those

for i = 7, 9 by replacing ω2 by −ω2, keeping ω1 l1 , l21 , l2 , l22 , k2, k4 and
√

ω1ω1,
unchanged, whenever they occur.
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Appendix C

L1 = 3γ
(
18 + 7ω2

1

)

16
, L1,1 = −135 + 183γ − 50ω2

1 + 56pγω2
1

4γ
(
18 + 7ω2

1

) ,

L′
1,1 = (783 + 378γ + 666

√
3γ + 325ω2

1 + 150
√
3γω2

1 + 504p′γω2
1 + 8 ω4

1

)

36γ
(
18 + 7ω2

1

) ,

L2 = −
√
3
(
54 − 53ω2

1 + 44ω4
1

)

24
, L2,1 = −9

(
42 + 105γ + 15ω2

1 + 4pω2
1

)

2
(
54 − 53ω2

1 + 44ω4
1

) ,

L′
2,1 =

{
1674 − 162

√
3 + 2349

√
3γ − 2786ω2

1 − 216
√
3p′ω2

1 + 675
√
3γω2

1 + 2048 ω4
1

}

12
√
3
(
54 − 53ω2

1 + 44ω4
1

) ,

L3 = 3γ
(
18 + 11ω2

1

)

16
, L3,1 = −315 − 21γ − 170ω2

1 + 88pγω2
1

4γ
(
18 + 11ω2

1

) ,

L′
3,1 =

(
675 + 594γ + 594

√
3γ+ + 425ω2

1 + 270
√
3γω2

1 + 792p′γω2
1 −56ω4

1

)

36γ
(
18 + 11ω2

1

)

L4 = − 1

96

(
81 + 211ω2

1 − 100ω4
1

)
, L4,1 = −3

(
1893 + 1035γ + 570ω2

1 + 296pω2
1

)

2
(−81 − 211ω2

1 + 100ω4
1

) ,

L′
4,1 =

{
−5994 − 6426

√
3 + 17577γ −

(
9050

√
3 + 7992p′ − 3105γ

)
ω2
1 + 3920

√
3 ω4

1

}

36
(−81 − 211ω2

1 + 100ω4
1

) ,

L5 = 3
√
3γ
(
87 + 25ω2

1

)

32
, L5,1 = 5

(−78 + 111γ − 21ω2
1 + 20pγω2

1

)

2γ
(
87 + 25ω2

1

) ,

L′
5,1 =

{
2151

√
3 + 3534γ + 450

√
3γ +

(
775

√
3 + 430γ + 600

√
3p′γ

)
ω2
1 + 80

√
3 ω4

1

}

12
√
3γ
(
87 + 25ω2

1

) ,

L6 = −3
(
9 − 101ω2

1 + 60ω4
1

)

32
, L6,1 = −

(
2769 + 3375γ + 930ω2

1 + 328pω2
1

)

4
(
9 − 101ω2

1 + 60ω4
1

) ,

L′
6,1 =

{
−2214 − 486

√
3 + 9207γ −

(
4870

√
3 + 2952p′ − 1935γ

)
ω2
1 + 2800

√
3 ω4

1

}

36
(
9 − 101ω2

1 + 60ω4
1

) ,

L7 = 9
√
3γ
(
11 + 5ω2

1

)

32
, L7,1 = 5

(−78 + 12γ − 35ω2
1 + 12pγω2

1

)

6γ
(
11 + 5ω2

1

) ,

L′
7,1 =

(
2187

√
3 + 3798γ + 810

√
3γ +

(
1115

√
3 + 1110γ + 1080

√
3p′γ

)
ω2
1 − 80

√
3 ω4

1

)

108
√
3γ
(
11 + 5ω2

1

) ,

L8 = −41

16
− 27

√
3

32
+ 75

√
3γ

32
, L9 = −123

16
− 297

√
3

16
− 45

√
3γ

8
,

L10 = − 3

16
− 81

√
3

32
− 135

√
3 γ

32
, L11 = −285

√
3

64
− 215γ

96
− 225

√
3γ

64
,

L12 = 1107

64
+ 345

√
3

32
− 645γ

64
, L13 = 1035

√
3

64
+ 555γ

32
+ 1215

√
3γ

64
,

L14 = 27

64
− 55

√
3

32
+ 555γ

64
, T15 = γ

(−57 + 3027ω2
1 + 1244ω4

1

)

8k3ω1
√
2ω1l1z1

,
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T15,1 = 1

16k3ω1
√
2ω1l1z1

(τ1p + τ2α1 + τ3α3 + τ4α13) ,

T16 =
(
651 − 39879ω2

1 − 11442ω4
1 − 20032ω6

1 − 10400ω8
1

)

24k3ω1
√
2ω1l1z1

,

T16,1 = (τ5p + τ6α1 + τ7α3 + τ8α5 + τ9α13 + τ10α21 + τ11α23 + τ12β1 + τ13β3)

48
√
3k3ω1

√
2ω1l

3
1z1

,

T17 = γ
(
243 + 585ω2

1 + 756ω4
1 + 224ω6

1

)

8k3ω1
√
2ω1l1z1

,

T17,1 = − (τ14p + τ15α21 + τ16α23 + τ17β1 + τ18β3 + τ19β5)

16
√
3k3ω1

√
2ω1l

3
1z1

, T18 = 3l31
8k3ω1

√
2ω1

,

T18,1 = 9l31 (p + 2α13)

16k3ω1
√
2ω1

, T19 = −9
√
3γ l1

8k3ω1
√
2ω1

, T19,1 = 9
√
3l1γ (3p + 4α13 + 2α23)

16k3ω1
√
2ω1

,

T20 = 81 + 16ω2
1 + 48ω4

1

8k3ω1
√
2ω1l1

,

T20,1 = (τ19p + τ20α13 + τ21α21 + τ22α23)

16k3ω1
√
2ω1l1

, T21 = −9
√
3γ
(
27 + 48ω2

1 + 16ω4
1

)

8k3ω1
√
2ω1l

3
1

,

T21,1 = 9
√
3γ (τ23p + τ21α21 + τ20α23)

16k3ω1
√
2ω1l

3
1

, T22 = −18 − 53ω2
1 + 44ω4

1√
3k3

√
2ω1l1z1

,

T22,1 =
(
18 − 53ω2

1 + 44ω4
1

)
(p + 2α5 + 2α13)

2
√
3k3

√
2ω1l1z1

, T23 = γ
(
459 − 210ω2

1 − 1028ω4
1

)

2k3
√
2ω1l

3
1z1

,

T23,1 = γ (τ24p + τ25α1 + τ3α3 + τ26α5 + τ27α13 + τ28α21 + τ26α23 + τ28β5)

4k3z1
√
2ω1l

3
1

,

T24 =
√
3
(−567 + 25388ω2

1 + 2932ω4
1 + 752ω6

1

)

9k3
√
2ω1l

3
1z1

, T25 = −l1

k3
√
2ω1

,

T25,1 = −l1 (p + 4α13 + 2α21)

2k3
√
2ω1

, T26 = 6
√
3γ

k3l1
√
2ω1

,

T26,1 = 3
√
3γ (p + 2α13 + 2α21 + 2α23)

k3l1
√
2ω1

, T27 = −3
(
27 + 48ω2

1 + 16ω4
1

)

k3
√
2ω1l

3
1

,

T27,1 = −3 (τ33p + τ3α21 + τ34α23)

k3
√
2ω1l

3
1

, T28 = −3γ
(−540 + 4301ω2

1 − 3377ω4
1 − 1100ω6

1

)

4k3ω2
√
2ω1l1z3z4

,

T28,1 = −3γ (τ35p + τ36q + τ37α2 + τ38α7 + τ37α13 + τ36α14)

8k3ω2
√
2ω1l1z3z4

,

T29 = −√
3
(
468 − 5831ω2

1 + 7741ω4
1 − 4214ω6

1 + 2520ω8
1

)

12k3ω2
√
2ω1l1z3z4

,

T29,1 = −1

16
√
3
√
2ω1k3ω2l1l

2
2z3z4

− {τ40 (p + 2α2 + 2α23) + τ41 (q + 2α7 + 2α24)

+τ42

(−q

2
+ α9 + α22

)
+ τ43 (q + 2α14 + 2β7)} + −1

16
√
3
√
2ω1k3ω2l1l

2
2z4

{τ44 (p + 2α13 + 2β2) + τ45 (q + 2α8 + 2α24) + τ46

(−q

2
+ α10 + α22

)
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+τ47 (q + 2α14 + 2β8)} ,

T30 = −3γ
(
76 + 143ω2

1 − 735ω4
1 + 560ω6

1

)

4k3ω2
√
2ω1l1z3z4

,

T30,1 = −3γ

8k3ω2
√
2ω1l1z3z4

(τ48p + τ49q + τ50α22 + 2τ48α23 + τ51α24

+2τ48β2 + τ52β7 + τ53β8 + τ54β9 + τ55β10) ,

T31 = 3l1l22
4k3ω2

√
2ω1

, T31,1 = 3l1l22 (p + 2q + 2α13 + 4α14)

8k3ω2
√
2ω1

, T32 = −3
√
3γ
(
31 + 4ω2

1

)

4k3l1ω2
√
2ω1

,

T32,1 = −3
√
3γ {(p + 2q)

(
31 + 4ω2

1

)+ 4 (α13 + α24) l21 + 88α14 + 2
(
13 − 4ω2

1

)
α23}

8k3l1ω2
√
2ω1

,

T33 = 117 − 40ω2
1 + 16ω4

1

4k3l1ω2
√
2ω1

,

T33,1 = −3γ

8k3ω2
√
2ω1l1l

2
2

(τ48p + τ49q + τ50α13 + τ48α14 + τ51α24 + 2τ48β2 + τ52β7

+τ53β8 + τ54β9 + τ55β10) ,

T34 = −9
√
3γ
(
7 − 4ω2

1

)

4k3l1ω2
√
2ω1

, T34,1 = −9
√
3γ

8k3ω2
√
2ω1l1l

2
2

(τ62p + τ63q + τ64α22 + τ65α23 + τ34 α24) ,

T35 = −2
√
3ω1

(−51 + 228ω2
1 − 367ω4

1 + 220ω6
1

)

k3ω2
√
2ω1l1z3z4

,

T35,1 = −√
3

k3z3z4ω2
√
2ω1l1

(τ66q + τ67α9 + τ68α10 + 2τ66 α14) ,

T36 = 6γω1
(−54 + 333ω2

1 − 295ω4
1

)

2k3ω2
√
2ω1l1z3z4

,

T36,1 = 3γ

2
√
2ω1k3ω2l1l

2
2z3z4

{τ69 (q − 2α7 − 2α22) + τ70

(q

2
+ α9 + α24

)

+τ71

(q

2
+ α14 + β9

)
+ τ72 (q − 2α8 − 2α22) + τ73

(q

2
+ α10 + α24

)

+τ74

(q

2
+ α14 + β10

)
+τ75

(−p

2
+ α2 + α21

)}
,

T36 = 2
√
3ω1

(
95 − 715ω2

1 + 942ω4
1 − 340ω6

1

)

3k3ω2
√
2ω1l1z3z4

,

T37,1 = −√
3γ

3k3z3z4ω2
√
2ω1l1l

2
2

(τ76p + τ77q + τ78α21 + τ79α22 + τ80α24

+τ78β2 + ω2 (τ52β7 − τ53β8) + τ81β9 + τ82β10) ,

T34 = −l22
√
2ω1

k3l1ω2
, T38,1 = l22ω1 (p − 2q − 4α14 − 2α21)

k3l1ω2
√
2ω1

,

T39 = −6
√
3γ

√
2ω1

k3l1ω2
, T39,1 = 6

√
3γ

√
2ω1

(−p
2 + q + α14 + α24

)

k3l1ω2
,

T40 = −3
√
2ω1

(
7 − 4ω2

1

)

k3l1ω2
, T40,1 = 3

√
ω1

k3ω2l1
(τ62p + τ83 q + τ84α21 + τ64α22 + τ85 α24) ,

τ1 = −567 + 3027ω2
1 + 1244ω4

1, τ2 = −1188 + 5412ω2
1 + 2640ω4

1,

τ3 = 54 + 642ω2
1 − 152ω4

1, τ4 = −1134 + 6054ω2
1 + 2488ω4

1,
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τ5 = −6561 + 43335ω2
1 + 1266ω4

1 + 28480ω6
1 + 10400ω8

1,

τ6 = 16038 + 8266ω2
1 − 17160ω4

1 + 22176ω6
1 + 21120ω8

1,

τ7 = 729 + 8235ω2
1 − 6756ω4

1 + 6352ω6
1 − 1216ω8

1,

τ8 = −3456ω2
1 + 10176ω4

1 − 8448ω6
1,

τ9 = 2187 − 7587ω2
1 + 36624ω4

1 + 19984ω6
1 + 896ω8

1,

τ10 = 3456ω2
1 + 10176ω4

1 − 8448ω6
1,

τ11 = −15309 + 90801ω2
1 − 23916ω4

1 + 28528ω6
1 + 19904ω8

1,

τ12 = 4374 + 14094ω2
1 + 34560ω4

1 + 20832ω6
1 + 3840ω8

1,

τ13 = 6561 − 21681ω2
1 + 2064ω4

1 − 848ω6
1 − 2944ω8

1,

τ14 = 243 − 2487ω2
1 + 8268ω4

1 + 224ω6
1, τ15 = 3072ω2

1 − 7552ω4
1,

τ16 = 486 − 1902ω2
1 + 8984ω4

1 + 448ω6
1, τ17 = −972 + 3564ω2

1 + 6096ω4
1 + 1920ω6

1,

τ18 = 1458 − 54566ω2
1 + 2888ω4

1 − 1472ω6
1, τ19 = 243 − 208ω2

1 + 144ω4
1,

τ20 = 162 + 32ω2
1 + 96ω4

1, τ21 = 256ω2
1, τ22 = 324 − 192ω2

1 + 192ω4
1,

τ23 = 81 − 112ω2
1 + 48ω4

1, τ24 = −783 + 2661ω2
1 + 1764ω4

1,

τ25 = 1188 − 5412ω2
1 − 2640ω4

1, τ26 = 108 − 318ω2
1 + 264ω4

1,

τ27 = −432 + 870ω2
1 + 472ω4

1, τ28 = 1242 − 4770ω2
1 − 2782ω4

1,

τ29 = −1863 + 6492ω2
1 + 276ω4

1 + 2640ω6
1, τ30 = 2430 − 9030ω2

1 − 3208ω4
1 − 3392ω6

1,

τ31 = −1296 + 3954ω2
1 − 2656ω4

1, τ32 = 972 − 3564ω2
1 − 6096ω4

1 − 1920ω6
1,

τ33 = 27 − 208ω2
1 + 16ω4

1, τ34 = 108 − 64ω2
1 + 64ω4

1,

τ35 = −396 − 176ω2
1 + 2475u2 + 1100ω4

1ω
2
2, τ36 = −144 + 2002u2,

τ37 = −792 − 352ω2
1 + 4950u2 + 2200ω4

1ω
2
2, τ38 = τ36 + 556u − 720u3,

τ39 = τ36 − 556u + 720u3, τ40 = z3

(
3861 − 3476ω2

1 + 2992ω4
1 − 704ω6

1

)
,

τ41 =
(
27 − 16ω2

1 + 16ω4
1

) (
36 − 29u + 72u2

)
, τ42 = −192 (ω1 − ω2) ω2

(
15 + 3u − 44u2

)
,

τ43 =
(
−180 + 261u − 160u2 + 144u3

)
l22 , τ44 = z4

(
1989 − 664ω2

1 − 400ω4
1 + 128ω6

1

)
,

τ45 =
(
27 − 16ω2

1 + 16ω4
1

) (
36 + 29u + 72u2

)
, τ46 = 192 (ω1 + ω2) ω2

(
−15 + 3u + 44u2

)
,

τ47 =
(
180 + 261u − 160u2 + 144u3

)
l22 , τ48 = z1l

2
1

(
68 − 117ω2

1 + 40ω4
1

)
,

τ49 = 2 (216 − 359ω2
1 − 617ω4

1 − 320ω6
1 + 720ω8

1

)
, τ50 = 128ω2

2

(
−18 + 24ω2

1 + 35ω4
1

)
,

τ51 = 20 (−72 + 197ω2
1 − 53ω4

1 − 288ω6
1 + 144ω8

1

)
, τ52 = 2z4

(
−180 + 261u − 160u2 + 144u3

)
,

τ53 = 2z3
(
180 + 261u + 160u2 + 144u3

)
,

τ54 = 64 (ω1 − ω2) ω2z4 (9 + 7u) ,

τ55 = −64 (ω1 + ω2) ω2z4 (−9 + 7u) ,

τ56 = 1521 − 988ω2
1 + 368ω4

1 − 64ω6
1,

τ57 = 738 − 696ω2
1 + 1760ω4

1 − 128ω6
1,

τ58 = 1638 − 712ω2
1 − 352ω4

1 + 128ω6
1,

τ59 = 1404 − 1264ω2
1 + 1088ω4

1 − 256ω6
1,

τ60 = 2304 − 1280ω2
1 − 1024ω4

1,
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τ61 = 2376 − 1408ω2
1 + 1408ω4

1,

τ62 = 91 − 80ω2
1 + 16ω4

1,

τ63 = −74 + 96ω2
1 + 32ω4

1,

τ64 = 256ω2,

τ65 = 182 − 160ω2
1 + 32ω4

1,

τ66 = 30ω1 − 73ω3
1ω

2
2 + 81ω1ω

2
2 + 220ω3

1ω
3
2,

τ67 = (ω1 − ω2)
(
30 + 81u − 73u2 + 220u3

)
,

τ68 = (ω1 + ω2)
(
30 − 81u − 73u2 + 220u3

)
,

τ70 = 3 (ω1 − ω2)
(
15 + 3u − 44u2

)
,

τ71 = z4l
2
2 (ω1 − ω2) (9 + 7u) ,

τ72 = z3ω2

(
36 + 229u + 72u2

)
,

τ73 = 3 (ω1 + ω2) z3

(
−15 + 3u + 44u2

)
,

τ74 = z3l
2
2 (ω1 + ω2) (−9 + 7u) ,

τ75 = 22z3z4l
2
2ω1

√
ω2, τ76 = z3z4l

2
2ω1

(
9 + 8ω2

2

)
,

τ77 = −ω1

(
−1863 + 2926ω2

1 − 1057ω4
1 + 1040ω6

1 − 560ω8
1

)
,

τ78 = 2z1l
2
2ω1

(
4 − 5ω2

1

) (
17 − 8ω2

1

)
,

τ79 = −8uω2

(
189 + 256u2

)
,

τ80 = 2ω1

(
27 − 16ω2

1 + 16ω4
1

) (
41 − 94ω2

1 + 35ω4
1

)
,

τ81 =
(
27 − 16ω2

1 + 16ω4
1

)
(ω1 − ω2) (9 + 7u) z4,

τ82 = −
(
27 − 16ω2

1 + 16ω4
1

)
(ω1 + ω2) (−9 + 7u) z3,

τ83 = −2
(
−37 + 48ω2

1 + 16ω4
1

)
,

τ84 = −2
(
−91 − 80ω2

1 + 16ω4
1

)
,

τ85 = −4
(
27 − 16ω2

1 + 16ω4
1

)
,

References

1. Aggarwal, R., Taqvi, Z.A., Ahmad, I.: Non-linear stability of L4 in the restricted three body problem
for radiated axes symmetric primaries with resonances. Bull. Astron. Soc. India 34, 327 (2006)

2. Arnold, V.I.: On the stability of positions of equilibrium of a a Hamiltonian system of ordinary
differential equations in the general case. Soviet Math. Dokl. 2, 247 (1961)



J of Astronaut Sci (2017) 64:18–49 49

3. Bombardelli, Pelaez: On the stability of artificial equilibrium points in the circular restricted three-
body problem. Celest. Mech. Dyn. Astron. 109(1), 13–26 (2011)

4. Bhatnagar, K.B., Hallan, P.P.: The effect of perturbation in coriollis and centrifugal forces on the
nonlinear stability of equilibrium points in the restricted problem of three bodies. Celes. Mech. 30, 97
(1983)

5. Chandra, N., Kumar, R.: Effect of oblateness on the nonlinear stability of the triangular liberation
points of the restricted three-body problem in the presence of resonances. Astrophys. Space Sci.
291(1), 1–19 (2004)

6. Deprit, A., Deprit-Bartholome, A.: Stability of the triangular Lagrangian points. Astron. Astrophys.
72, 173–179 (1967)

7. Esteban, E.P., Vazquez, S.: Rotating stratified heterogeneous oblate spheroid in Newtonian physics.
Celes. Mech. Dyna. Astronmy 81, 299–312 (2001)

8. Ishwar, B., Sharma, J.P.: Nonlinear stability in photogravitational non-planer restricted three body
problem with oblate smaller primary. Astrophys. Space Sci. 337, 563–571 (2012)

9. Jain, R., Sinha, D.: Nonlinear stability of L4 in the restricted problem when the primaries are finite
straight segment under resonances. Astrophys. Space Sci. 353, 73–88 (2014)

10. Hallan, P.P., Jain, S., Bhatnagar, K.B.: The nonlinear stability of L4 in the restricted three-body prob-
lem when the bigger primary is a triaxial rigid body. Celes. Mech. Dyn. Astron. 77(3), 157–184
(2000)

11. Hallan, P.P., Mangang, K.B.: Effect of perturbations in coriolis and centrifugal forces on the nonlinear
stability of equilibrium point in Robe’s restricted circular three body problem. Adv. Astron., 425412
(2008)

12. Kushvah, B.S., Sharma, J.P., Ishwar, B.: Non-linear stability in the generalized photogravitational
restricted three-body problem with Poynting-Robertson drag. Astrophys. Space Sci. 312(3), 279–293
(2007)

13. Leontovich, A.M.: On the stability of Lagrange’s periodic solutions of the restricted three-body
problem(Russian). Dokl. Akad Naunk, SSSR 143, 525–528 (1962)

14. Lyapunov, A.M.: A general problem of stability of motion, Acad. Sci. USSR, Moscow (1956)
15. Shalini, K., Jha, M.: Existence and stability of libration points of the restricted three body problem,

when the smaller primary is a heterogeneous spheroid with three layers. Global Sci-Tech, Al-Falah’s
Journel of Science & Technology 2(4) (2010)

16. Singh, N., Narayan, A.: Nonlinear stability of the triangular libration points for radiating and oblate
primaries in CR3BP in nonresonance condition. Advances in Astronomy 2015, 850252 (2015)

17. Singh, J.: Effect of perturbations on the nonlinear stability of triangular points in the restricted three-
body problem with variable mass. Astrophys. Space Sci. 321(2), 127–135 (2009)

18. Singh, J.: Nonlinear stability in the restricted three body problem with oblate variable mass.
Astrophys. Space Sci. 333(1), 61–69 (2011)

19. Suraj, M.S., Hassan, M.R., Asique, M.C.: The photo-gravitational R3BP when the primaries are
heterogeneous spheroid with three layers. J. Astronaut. Sci. 61(2), 133–155 (2014)

20. Szebehely, V.: Theory of Orbits, pp. 242–264. Academic Press, New York (1967a)
21. Whittaker, E.T.: A Treatise on the Analytical Dynamics of Particles and Rigid Bodies. Cambridge

University Press, London (1965)
22. Yan-Ning, F., Yi-Sui, S., Ji-Lin, Z.: Nonlinear stability of the equilibrium of a system of mass poins.

Chin. Astron. Astrophys. 26(3), 354–362 (2002)


	The Nonlinear Stability of L4 in the R3BP when the Smaller Primary is a Heterogeneous Spheroid
	Abstract
	Introduction
	Equations of Motion
	First Order Normalisation
	Second Order Normalization
	Second Order Coefficients in the Frequencies
	Stability
	Case (i)
	Case (ii)


	Conclusion
	Appendix   
	Appendix A
	 
	Appendix  
	Appendix B
	  
	Appendix   
	Appendix C
	References


