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Abstract We have investigated the nonlinear stability of the triangular libration point
L4 in the R3BP when the smaller primary is a heterogeneous spheroid with three lay-
ers having different densities. We observe that in the nonlinear sense, the triangular
libration is stable in the range of linear stability 0 < p < ., a critical value of mass
parameter /1, except for three mass ratios ), 5, (5 at which Moser’s theorem is not
applicable.

Keywords R3BP - Libration point L4 - Nonlinear stability - Heterogeneous
spheroid

Introduction

We know that the classical planar Restricted three body problem(R3BP) possesses
five libration points, two triangular and three collinear. The collinear libration point

P< Kumari Shalini
thakurshalini2000 @ gmail.com

Md Sanam Suraj
mdsanamsuraj @ gmil.com

Rajiv Aggarwal
rajiv_agg1973 @yahoo.com

1" Department of Mathematics, Deshbandhu College, University of Delhi, Kalkaji, New Delhi
110017, India

Department of Mathematics, Sri Guru Teg Bahadur Khalsa College, North Campus University
of Delhi, New Delhi -110007, India

Department of Mathematics, Sri Aurobindo College, University of Delhi, Malviya Nagar,
New Delhi 110017, India

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40295-016-0093-1&domain=pdf
mailto:thakurshalini2000@gmail.com
mailto:mdsanamsuraj@gmil.com
mailto:rajiv_agg1973@yahoo.com

J of Astronaut Sci (2017) 64:18-49 19

L1, L, and L3, are unstable for all values of mass parameter w, while the two trian-
gular libration points L4 and Ls form an equilateral triangle with the primaries and
are stable for u < p. = 0.03852... Szebehely [20]. Deprit and Deprit [6] calculated
the exceptional values for the triangular libration points and proved that the nonlinear
stability of these points can be answered in the affirmative for all values of the mass
ratio in the range of linear stability except at three mass ratios 0.024293...,0.013516...
and 0.010913.... Bhatnagar and Hallan [4] studied the effect of perturbations ¢ and &’
in the coriolis and the centrifugal forces respectively on the nonlinear stability of the
libration points in the restricted problem and found that the collinear points remain
unstable for all mass parameter w, and for the triangular points obtained the rela-
4(36e—19¢")

tion (. = po + Wthereby establishing that the range of stability increases

or decreases depending upon whether the point (5, &' ) lies in one or the other of
two parts in which the (e, ¢’) plane is divided by the line (36¢ — 19¢) = 0. Chan-
dra and Kumar [5] have studied the effect of oblateness on the nonlinear stability of
the triangular libration points of the restricted three-body problem in the presence of
resonance when the more massive primary is an oblate spheroid. They have applied
KAM theorem with the help of Markeev’s theorem. Aggarwal et al. [1] have also
studied the nonlinear stability of the triangular libration point L4 of the restricted
three-body problem under the presence of third and fourth order resonances when
the bigger primary is an oblate body and the smaller a triaxial body and both are
source of radiation. It is found through Markeev’s theorem that triangular points are
always unstable in the third order resonance case and stable or unstable in the fourth
order resonance case depending upon the values of the parameters Ay, Az, P; and
P>. Kushvah et al. [12] have discussed the nonlinear stability in the generalized pho-
togravitational restricted three-body problem with Poynting-Robertson drag. They
have considered smaller primary an oblate spheroid and bigger primary as radiat-
ing. They have found using KAM theorem that triangular points are stable except
three critical mass ratios. Hallan and Mangang [11] studied the effect of perturba-
tions in coriolis and centrifugal forces on the nonlinear stability of equilibrium point
in Robe’s restricted circular three-body problem. Singh [17] has studied the effect of
small perturbations ¢ and ¢’ in the coriolis and the centrifugal forces on the nonlinear
stability of the triangular points in the restricted three-body problem with variable
mass and found that the triangular points are stable for all mass ratios in the range
of stability except for three mass ratios, which depends upon ¢, ¢’ and B, the con-
stant due to the variation in mass governed by Jeans’ law. Singh [18] has also studied
the combined effects of perturbations in the coriolis and the centrifugal forces, radia-
tion and oblateness on the nonlinear stability of the triangular points in the restricted
three-body problem. Bombardelli and Pelaez [3] have discussed the stability of arti-
ficial equilibrium points in the circular restricted three-body problem. They analyzed
that the stability is found when the distance from the second primary exceeds a mini-
mum value which is a simple function of the mass ratio of the two primaries and their
separations. Lyapunov stability under non-resonant conditions is demonstrated using
Arnold’s theorem. Jain and Sinha [9] studied the nonlinear stability of the triangu-
lar libration point L4 in the restricted three-body problem when the smaller primary
is a finite straight segment of length 2/ under the presence of third and fourth order
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resonances. For these two resonance cases Moser’s theorem is not applicable. She
has used Markeev’s theorem to check the stability. For this they have normalized the
Hamiltonian up to fourth order. They found that the triangular stationary solutions are
always unstable in the third and fourth order resonance case for 0 </ < 0.05. Suraj
et al. [19] studied the photo-gravitational R3BP when the primaries are heteroge-
neous spheroid with three layers. They showed the effect due to heterogeneous oblate
spheroid and source of radiation on the position of equilibrium point L4 and Ls. Fur-
ther they observed that as the perturbation all or one is being taken into account the
equilibrium point L4 and L5 moves away slightly from the line joining the primaries.
Also they observed that the triangular points are stable for 0 < u < peri; and the
range of stability is reduced by the perturbation. The triangular libration points are
unstable for . < u < 0.5, where u. is the critical mass parameter influenced by
the both primaries taken as heterogeneous oblate spheroid of three layers and sources
of radiation pressure. However they have discussed the stability of libration points in
linear sense. Singh and Narayan [16] have studied the nonlinear stability of the trian-
gular libration points for radiating and oblate primaries in CR3BP in non-resonance
condition.

For the last so many years the literature of celestial mechanics is full of a num-
ber of research papers in the restricted three-body problem, where the primaries
are either point masses or spherical in shape and also the many perturbing forces
such as oblateness, radiation forces, coriolis, centrifugal forces, variation of the
masses of the primaries and of the infinitesimal mass etc., have been included in
the study of the restricted three body problem (Ishwar et al. [8]), Hallan et al. [10],
and Yan-ning et al. [22]. But generally, the celestial bodies are axis-symmetric
bodies and not homogeneous in density therefore, we have taken into account the
effect due to different layers with different density. A heterogeneous rotating planet
with a rigid crust cannot be modeled by a rotating stratified spheroidal system. We
proposed this system of physical interest for many reasons. One of them is a het-
erogeneous rigid bodies more realistic than homogeneous incompressible spheroidal
rotating system.The replacement of mass point by rigid-body is quite important
because of its wide applications in practical problems. In general, scientists have
taken the primaries as homogeneous point masses or spherical in shape but in
my paper we have taken the primary as heterogeneous triaxial rigid body with 3
layers.

We have got the idea of our problem from the paper ‘Rotating Stratified Het-
erogeneous Oblate Spheroid in Newtonian Physics’ by Esteban and Vazquez [7].
By solving the Euler hydro dynamical equations they have obtained closed form
solutions for the angular velocities and pressures of a three stratified non-confocal
heterogeneous oblate spheroid. Limiting and particular solutions cases, such as a
spheroid with N layers, a stratified spheroid with the same eccentricities, as well as
confocal layered spheroids are also explicitly written down. In this paper we study
the nonlinear stability of the triangular libration point L4, in the restricted three body
problem when the smaller primary with mass m» is a heterogeneous spheroid with
three layers, having different densities p; and axes (a;, ¢;), (i = 1, 2, 3) respectively.
For this we will apply Moser’s modified version of Arnold’s theorem [2] and will
follow the procedure as adopted by Bhatnagar and Hallan [4].
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Arnold proved that if

(a) Kiw1+ Kwn # 0, for all pairs (K, Ky) of rational integers, where w{, w» are
the basic frequencies for the linear dynamical system and
(b) The determinant D # 0, where

D = det(b,-j), (i, j =1, 2,3),

92H
bij = (i,j=1,2)),
’ 81,»8[]- Ii=1;=0

o — b (2H
i3 = 03] = 3[i 11.:1].:0’

b3z = 0,

H

1
ol + b+ 5 <A112 +2BL L + C122> + .

is the normalized Hamiltonian with /; and I, as the action momenta co-
ordinates, then on each energy manifold H = #h in the neighborhood of
equilibrium, there exists invariant tori of quasi periodic motions which divide
the manifold and consequently the equilibrium is stable. Applying Arnold’s the-
orem, Leontovich [13] proved that the triangular points in the restricted problem
are stable for all permissible mass ratios but a set of measure zero. Moser has
shown that Arnold’s Theorem [2] is true if the condition (a) of the theorem is
replaced by Kjw| + Kwo # 0, for all pairs (K1, K») of rational integers such
that |K1| + |K2| < 4.

Using the first condition of the theorem, we have found two critical mass ratios
M’], ,u’2 where this condition fails. By taking the second order coefficients, we have
calculated the determinant D occurring in the second condition of the theorem. From
this, we have found the third critical mass ratio M/3, where the second condition of the
theorem fails.

This paper should be read in conjunction with the papers by Bhatnagar and Hallan
[4], Suraj et al. [19] and Shalini and Jha [15] as, to save space, we are not mentioning
the values of various variables given in those papers, although they are used in this
paper.

This paper is organized as follows: In “Introduction” we have reviewed the litera-
ture related to R3BP under different perturbations. In “Equations of Motion” we have
derived the potential of heterogeneous spheroid with three layers and further, formu-
lated the equations of motion of the proposed system. “First Order Normalisation”,
deals with the first order normalization. In “Second Order Normalization”, we have
determined the second order normalization. In “Second Order Coefficients in the
Frequencies”, we have found the second order frequencies. In “Stability”, we have
checked the nonlinear stability of triangular libration points. “Conclusion”, contains
the discussion and conclusion of the obtained results.

@ Springer



22 J of Astronaut Sci (2017) 64:18-49

Equations of Motion

Consider three masses m, my and m3. The bodies with masses m| and m, revolve
with the angular velocity n (say) in circular orbits without rotation about their cen-
tre of mass O and the mass m3 (m3 << my, my) is moving in the plane of motion
of m1 and m, and is being influenced by their motion but not influencing them. We
consider the smaller primary with mass mj a spheroid with three layers having dif-
ferent densities p; (Fig. 1) and axes (a;, ¢;) (i =1, 2, 3), and its equatorial plane is
coincident with the plane of motion. Let us consider a synodic system of coordinates
O(xyz), initially coincident with the inertial system O(XYZ), rotating with the angular
velocity n about the Z—axis; (the z—axis is coincident with Z—axis). We suppose,
initially, the principal axes of the body with mass m>, are parallel to the synodic axes
O(xyz) and the axis of symmetry of the body with mass m> is perpendicular to the
plane of motion (Fig. 1).
Now, the gravitational potential of the body of mass m, at the point P is

Vo = V33 + Vaz + Vi3,

where V33, Va3 and Vi3 are the potential of the spheroid of densities p; for the regions
IIL, IT and I respectively.
Now
Vis = V3/3 - V3/2,
where V3/3 and V3’2 are the potentials of the spheroid of axes (a3, ¢3) and (a2, ¢2)
respectively with homogeneous density p3 throughout at P. Thus, we have

Vis = ———{asc3 [ 1 + — (a —c ) ,

33 3 { W T2\ BT
—4rp3G | , 1 )

Vi, = ——— a5 |1+ — (a —c ) .

32 3r { 22 10}’22 2 2

ms(x,y)

m, Y

Fig. 1 Configuration of R3BP when smaller primary is heterogeneous spheroid
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Thus,

Vi3 = ——— Jasc 1 + — (a —C ) — a5C 1 + — (Cl -
T I O T 102\ BT ) TR T T2\

similarly,

Vs = ——— {a5c 1 + — (Cl —C ) —dajc 1 + — (Cl -
S P { 22\ T2 272 U T 102\

and

471G | , 1 2 9
Viz=—{ajca |1+ — (a —c ) .
B 3r { el 10;’22 ! !

Hence adding these equations we get

3 2 _ 2
A7 G 5 (af —c}) m2G
P —pisate [ 1+ A—L ) = 22 22
2 31 ;(P: Pi+1) a; Cz( 10r22 s
where
3
4
my = = 21: ((Pi - /Oi+1)a,'20i),
i=
3
4
k = EY Z ((Pi - ,0i+1)ai2Ci0'i)s
i=1
@-)
g = Ta (l = 1’273)7 p4=07

Hence the total potential at P due to m and m is given by

Gmy myG kG
v (Ll
r r 2r;

kG

)

2r;

Now, we choose the unit for the length and mass such that the distance between the
primaries as one and sum of their masses as one i.e. m| + my = 1. The unit of time
is so chosen that the gravitational constant becomes unity. Let 4 = my/(m| +m3) <
1/2, then m, = p add m; = 1 — w. Adopting the notations and terminology of
Szebehely [20] and using the dimensionless variables, the equations of motion in a

synodic co-ordinates system are

X —=2ny = Qq,
V+2nx = Qy,

ey
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where

n? 5 ) kq
2="x +y)+—+ +
2 ) 2r2

=4y, =t u— D24y

4 3
_ / / 220 1
k] - ? (,01- _pi+l)a ¢i0;,
i=1
2 2
;i ;__Ci /_az{_cz{
ap = —, ¢ =—7,0; = ———5—,
R R 10R
pi= 15 ph=0. ki <<1,
M = my +my,
aj, c; = the semi-axes of the spheroid,

R = dimensional distance between the primaries.

The mean motion n of the primaries is given by

3k2
=14+ —
n=1+ 1

where

3

; ((pl - '01+1) a/ZC/O_/)
3
2 (i - Pii1)aic)

i=1

ky =" <<1, py=0.

Here, the location of triangular libration points are solutions of the system obtained
by making all the derivatives of Q2 equals to zero (i.e. 2 = 0 and , = 0). Solving
these equations, we get three collinear and two non-collinear libration points. The
co-ordinates of the noncollinear libration points L4(x, y) and Ls(x, —y) are given
by Shalini and Jha [15]

ko ﬁ( kz).

1= 2=
2 3

First Order Normalisation

In order to investigate the non linear stability of non-collinear libration point Ly, it
is necessary to reduce the Hamiltonian to its normalized form. So, we perform the
first and second order normalization. The stability can be investigated by using KAM
theorem, if H, Eq. (4) is not a function of definite sign. The Liapunov’s [14] theorem
states, if H> is of positive definite form, then the libration point is stable for all orders
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and all time. We shall follow the procedure as adopted by Bhatnagar and Hallan [4]
to perform the first order normalization.
The Lagrangian of the Eq. 1 is given by

ki
+ + 3 )
ri %) 2r2

= {x +324n <x2+y2>+2n(x)'1—y)'c)]+

l\)l>—

Now shifting the origin to L4 (x, y) and expanding I" in power series of x and y, it
can be expressed as:

F=To+T 1+ +T3+T4+ ...,

where

3
Ip = +=+—= 3+J/2)k2,

3 1 3J3 1
rh = <—7+<§—T\/_>k2>5€+{%_§(4_3V)k2})'}

2%, + (—1 +2y —2«/§y)k2)x

+5(
( «/_k1+<—1+f—ﬁy)k2)y,

1/. . . . 3 3k 3 /3 21y
= = (22 2 _ 2k1 2
) Z(x +y)+n(xy yx)+<8+16+(+16 " ky | x

9 33k (3 3J3 33y 5
S R Y R A Rt Ay
+(8+ 16 +(4+ 6 " 32) 2>y

3V3y  15V3Bki | (3V3 1y
2 + ky ) xy,

8 6 T3

_l’_
7 25k 37 25
M= (—-""ty Y Yk ) a3
16 32 64 32[
+

3V3 453k 41 753y 5
- = +\—= ko ) x“y
16 32 32 64
33y 255k 123 453y 5
-= —— k
+( 6 T 3 +( 64 3 )Y
3V3 4543k 1 45V3
N EEE S e AT
16 32 32 64
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37 285k 95+/3 115

128 256 256 ' 512
( 253y 10543k 28543k 215k2y> s
+{ - + - - X7y

£ 64 128 192
123 1395k, (3453 645y -
_ k
+<64+ 128 +< 128 256) 2)’”

) 64 128 64
(3 2%k 553 RN APR
128 " 256 256 512 ) 2) Y

Corresponding to the Lagrangian I" given by Eq. 2, the Hamiltonian function is given
by:

45+/3 52543k 34543k 185k
+< \/_V_ ~/_1+ \/_2+ 2)/>xy3

H = =T + p:X + pyy, 3)
where p, and p, are the momenta coordinates and given by

T

. ar .
Px=—_-T=X—ny, py=—_-T-=YyY+nx.
ax

ay
Finally, the Hamiltonian function (3) becomes

1 l—p n ki
H(x,y,px,py)=5<p§+p§)+n(ypx—xz7y)—————

nooorn 25
After this we apply the following translation:
y ko V3 Kk
— =,y — ==,
X = x+ > > y y+ 5 3
V3 ke y ko
e\ T ) T )

o
which transforms the Hamiltonian H given in Eq. 3to H = )_ Hj, where Hj = the
k=0
sum of the terms of k" degree homogenous in variables x, y, p., Dy-
Now,

Hy = —TY,
3 3
= -3 <2k, +(—1+2y—2f3y)kz)x+1(—f3k1 +(—1+~/§—x/§y)kz)y,
1
H, = 5 <p% + pg +n (ypx — xpy) + Ex? + Fy? + 2Guxy,
Hy = —TI's, Hy=—Ty, 4)
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1 3k 3 V3 2y
E=—(-+2 4 (24+X 22 )%
<8+16+(4+16 32)2>’

where

5 33k 3 3V3 33y
F=og 22 (240232 4 227 g,
st 16 <4 16+32>2
33 15+/3k 3W3 11
G- _ Y f1+ f+_y o).
2 4 8 4

To investigate the stability of motion as in Whittaker [21], we consider the following
set of linear equations in the variables x and y:

oH; oH;
—Apx = —— =2Ex + Gy — npy, Ax = = px thy,
0x 3Px
0H> 0H,
—Apy = —— =2Fy + Gx +npy, Ay =—=py—nx, (5
dy dpy
2E G A —n X
i.e. AX =0, where A = G 2Fn A , X = Y
-2 n 10 Dx
—n =10 1 Dy

The Eq. 5 will have a non zero solution if and only if det(A) =0, which implies
that

A4+2A2<E+F+n2)+EF—G2—2n2(E+F)+n4=0.

So the characteristic equation corresponding to Hamiltonian H is given in Eq. 4 is
given by

1634 + (16 — T2k + <48 83— 12y) k2> 22427 (1 - y2> (63 + 135p) ki
+ (72 +9v3 — 36y — 33f3y2) ks = 0.

Stability is assured only when the discriminant of the characteristic equation is
greater than zero, implying that

< pe = 1o — (2.24318...)k; + (0.0588081...)k2,

where o = 0.0385208965....
When D > 0,the roots +iw] and +iw) (] and w) being long/short-periodic
frequencies) are related to each other as

9%k 3 3
w’12+w§2=1—2'+(3—\2[—1>k2, (6)
27 63 135y 93 135y 9y  33./3y?
2 72 2
== (1- — g+ [ = = -2 ky, (7
“1rez 16( ”)+<16+ 16)] (16 LTI 6 ) @

(0<a/1<a/2<

o)
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It may be noted that the perturbed frequencies (], w)) are related to the unperturbed
one (w1, wy) as

oy = w1 (1+ pki + p'ky) , 0y = w5 (1 + gk1 + ¢'k2) @)
where

9(7+ 15y + 8w}

P 4 “1) K2 =207 —1=1- 202,
3207k

1624543 + 81y + (108 — 623 = 272) 0} + 44v/30]
/ /
p=-q=- :

T2wik?

Following the method given in Whittaker [21], we use a canonical transformation
from the phase space (x, Y, Px» py) into the phase space of the angles (¢, ¢2) and
the actions (I, I»), so that the Hamiltonian H, be normalized.

X=JT,
where
y o 21\
X = ix , T= IQ’12 , J= (a’{j)lgi,jsf 0; = <;;) sin @;,
Py P

1
P = (21;0))? cosgi, (i = 1,2).

Now we have calculated all the elements a; ; of J given by

alfj = ajj (l + ok +a£jk2) , i, j=1,2,3, 4.

where
ayy = ap =0,
I L —dw) —dan 33y 33y
M= ok M T 200k T Tk P T Tk P T 2ok T 2ambk
—wim —womy 33y 343y 3V3yw 33y w,
BUZ Tk T Tk 0 BT 2eiik ™ T 2enbkt M T Tk T Tk
DL B - BN ) wa p aly = w3 w4p”
2w11k 2wnlrk 2k2p1i3  K2pil? S o h
0y = 2:2)9 N 1;)10172’0{51 _ 1;)11 - wlzzs”‘)m: 1;)17 wlsPZ’
pr o kKpil 4k2 p1 13 k213 2k*pry  K2pil
Wy = O WP o 42 P 04dl?, g =34del. (=12).

36V3ykipil} KR

The values of o;; and alfj’s for j = 1, 2. can be obtained from those for j = 1, 3
respectively by replacing wy by wy, [ by [, mj by my , n; by ny whenever they
occur, keeping k unchanged and all the values of w;’s (i =1, 2, 3...., 24) are given
in Appendix A.
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The transformation changes the second order part of the Hamiltonian into the nor-
mal form H, = w/l I — a)/z 1> and the general solutions of the corresponding equations
of motion are

I; = Constant (i = 1,2) , ¢ = |t + Constant, ¢ = —w)t + Constant.

Second Order Normalization

Moser’s conditions are utilised for transforming the Hamiltonian to the Birkhoff’s
normal form with the help of double D’ Alembert’s series. Here we wish to perform
Birkhoff”’s normalization for which the co-ordinates (x, y) are to be expanded in
double D’ Alembert series:

x:ZBé’Qy:ZB,?’],

n>1 n>1

where the homogeneous components B,%’O and B,(,) Tof degree n in /11, /12, are of
the form

1 _ 1
Z 112(n—/n) 122(”7,”) Z (Cn—m,m,i,j cos (ig1 + jg2) + Sn—m,m,i,j sin (g1 + j(p2))s ©)

0<m=n @)

The double summation over the indices i and j is such that (a) i runs over those
integers in the interval 0 < i < n — m that have the same parity as n — m (b) j runs
over those integers in the interval —m < j < m that have the same parity as m. I
and I are to be regarded as constants of integration and @1, ¢, are to be determined
as linear functions of time such that

Gr=0i+Y full,h), ¢r=-oh+) gnll, b)),

n>1 n>1

where f7, and gy, are of the form

f2n= Z f2/(n—m),2mliq_m1£n’ 82n = Z gé(n—m),Zmlln_mI2m'

0<m=<n 0<m<n

The first order components Bl1 0 and B?’lare the values of x and y given by Eq. 9.

The second order componentsle'O and Bg ‘lare solutions of the partial differential
equations

A1A2By" = @) and A1 A2BY ! =y,
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where

d 0
A= (D +of), (=12, D=oj——a,—,
i w; @ ) ] o Wy 50r
2 1.0)2 2 0.1\
@, = <AlD + AD +A3) (Bl’ ) + (BlD +B:D + 33) (Bl’ )
+(cip?+ cop+¢3) (B)?) (B),
' N2 l / 1,0 2 ' 2 / / 0,1 2
v = (A1D?+ 43D + 45) (BI) + (BiD*+ ByD + BS ) (BY')
+(cip?+csp+c5) (B7) (B)),
where the values of A;, B;, C;, A}, B', C/ (i = 1,2, 3), are given in Appendix A.
Now, adopting the procedure of Bhatnagar and Hallan [4], the second order
components le’0 and Bg ‘L are as follows

1,0
BZ

rily + ryl + rilzcosgi + rylocosgr + rilisin2¢) + rglhsin2g)

+ {rjcos (@1 + @2) + rgcos (91 — ¢2) + ricos (g1 + @2) + rosin (g1 + ¢2)
+riosin (o1 — ¢2)} Vb,

Bg’l = 5111 + s51r + s4Izcos@r + sylacosgy + s51isin2¢) + sglsin2¢;

+ {sécos (@1 + @2) + sgcos (1 — @2) + s7c0s (@1 + @2) + ssin (@1 + ¢2)
+s105in (o1 — ¢2)} Vb,

where
ri=ri(1+aiki+ajk), s =si (14 Biki + Bik2), (i =1,2,3,...10),

and all the values of 7;’s, s;’s, @;’s and B;’s, are given in Appendix B.

Second Order Coefficients in the Frequencies

To make use of Moser’s modified version of Arnold’s theorem [2], it is necessary to
reduce the Hamiltonian to its normalized form. So, we performed the first and second
order normalization. We have found the second order coefficients in the frequencies.
For this we have obtained the partial differential equations which are satisfied by the
third order homogeneous components of the fourth order part of Hamiltonian Hy and
second order polynomials in the frequencies.

Following the iterative procedure of Bhatnagar and Hallan [4], we note that
the third order components Bg ‘I and B31 0 can be obtained by solving the partial
differential equations

AMABY Y = @3 —2/HP 200, AIABY =y3 —2HU —2gV, (10)
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31

where

3 = X3 D? — 2—{-@
4 8

3V3y

3 33 33y
(3230))

154/3k
Y,

+Y3(2n D + (

d /
P =— a)l
991 3(#1

nB

Q_i !
¢ 23
30

/ 1
+<Cl)28

1()

—X3(2nD —

d
0,1 2
—nBp )(3890
,8
+w18 B

2nw

8
2 99,
d
1753
3 3k 3
v (o (R (5

8 16

9 33k 3 33 33y
R

0 (3VBy 153k N 11k1y 33k
dp1 4 8 16

9 33k 33 33)/
o)

lky 3J§k2)

:

) ) <3ﬁy 15+/3k1 11k1y 3[1@))
2nw) — +
4 8
21)/
k
33y B 15V3k  llkiy 33k
4 8 8 16 J°

3 aBY! 3 3k 3 V3 21y
U= — / 1 _ quo D2_ - - - Ny _ = k
8(p1<w1 a0 T3 T2t T

N 3?B;"°
w
' dg

yo_? ,8B"°
= — |
9

2 dg

w: —n
2 EP 1

2 pl,0
_< /aBZ BI,O

_nB?"> @nD — (3‘5”

15V3k N llkiy 333k
4 8 8 16 |’

33 153k 11k 34/3k
_nB?’l)(2nD—( {V— {1+ 8”/+ \Q2>

3 3k 3 /3 2y
) 2)1),

and X3 and Y3 are homogeneous components of order 3 obtained on substituting

x=B"+B"y

The components B

_ Bo,l +BO’1
I and B

ar; n ar4 and ar; i ar4

are not requlred to be found out. We find the

coefficients of cos¢q, szncpl cosg; and singy in the right-hand sides of Eq. 10, they
are the critical terms. We eliminate these terms by properly choosing the coefficients

in the polynomials

f2 = fz/,oll + f(;,zlz,

82 = gé,oll + 86,212,
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where

coefficient of cosg; in ®3

/
fz,o =

2 (coefficient of cos¢; in P)’

fro[l+E -k + (& —n') k] = A(say), (10a)
coefficient of cosg; in O3

[
foz = 820 2 (coefficient of cosg, in Q)’

Jo2[1+ @ —=mki+ (' =) k2] = B(say), (10b)
coefficient of cos; in Yr3

2 (coefficient of cosgo in Q)’
= go2[1+ (0 — p)ki + (¢ — p') k2] = C(say), (10c)

w5 (81 — 69607 + 1247)
72(1 = 203)° (1 = 503)
w? (81 — 696w3 + 124w3)
72(1=202) (1 - 502)
wlwy (43 + 640)%0)%)
6 (1 —20}) (1 —2w3) (1 — 507) (1 — 5w3)’

0=

80,2 =

foo2 = —

o 7
1
& = o (32 (Z (Liv1Lis11 Ti1s) Zl (Lis1Tip14) + {_ (15 n \@p) 6v3Tr
1=

i=0
F12(85 — 22py) Tos — (15 +2p) 18+/3Tou+3 (465+82p) Tas
—45(35 +6py) V/3Ta + (255 +6p) Trr — 6 (2J§T22,1 +44T5s,

+6+/3T4,1 — 44Tas,1 — 45v/3y o6, — To7.1} w1],

6 6

1

=3 [32 (2{; (Liv1Liv11Ti428) Z(; (Lit1Tiy281) + {— (15 +2p) 6/3Ts
1= 1=

+12(85 — 22py) T3e — (15 +2p) 18+/3T37+3 (465 + 82p) Tsg

45 (35 +6py) v/3T30 + (255 + 6p) Tao — 6 (2«/§T35,1 44T,

+6\/§T37,1 —44T33,1 — 45«/§yT39,1 — T4(),1} w1:| ,
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0 [3(11+60p — 45y + 6ay3 — 48ar1 + 18 a23) +4 (33 +78p

T
+20013 + 1601 — 8an3) a)% +3205p + o13 + a23) a)?] ,
I
W = | 27via + 8y (244 370} - 236 0 - 2702 + 1230},
8k4llzla)2

+ 60w ) + KEzion [36 (27 + 407) — 4p' (45 + 7807 + 400} )
—16a}, (=9 +40?) — 2% (27 — 1607 + 160f) — 201, (1+407)}].

and the values of &', ¢’ are obtained from the values of &, ¢ respec-
tively by replacing L;’s, T;’s by corresponding L}’s, T/’s and p, g by p/,
q' respectively keeping i, wy, I1, 13, 21, 22, 23, 24, unchanged. Also the val-
ues of o, p,0’,p’ can be obtained from &,n, &', n" respectively by replacing
w1 by —wy, I} by b, k2 by —k2, 74 by z» whenever they occur and the
values of L; (i =1,2,...,14),Li1 (i =1,2,...,7),T; i =15,16,...,40) and
T;1 (i = 15,16, ..., 40) are given in Appendix C.

Stability

Now we verify that this condition is satisfied. The condition is K 1a)’1 + Kza)’2 # 0,
for all pairs (K1, K2) of rational integers such that |K;| + [K2| < 4.
We calculate

’ ’ w/l K>
K1w1+K2w2:O,©J:—? (I1)
) 1
Here as |
O<wy < —=<w <1,
V2
and so |
0<o)<— <o <1(Ki| <<1,|Kz2| << 1).
2 «/5 1
So we have
w/
—/1 > 1,
@
For Eq. 11 to be true, K| and K> are of opposite signs and -8

Therefore, K1, K>, can have the following values, :

Ki=1, Kb =-2 ;Ki=-1, K, =2.
Ki=1, K, =-3 ;K1 =-1, K, =3.
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Case(i) K1 =1, Kb =-2 ;Ki=-1, K, =2.
Equation 11 gives
CL)/] 2 : / /
— =2 ie.w] — 2w, =0. (12)

/
)

Solving the Egs. 6, 7 and 12 and putting y = 1 — 2, we get
Wy = (0.024293897...) + (0.0201245...) ki + (—0.00602906...) k2,

Case (ii) K; =1, K =-3 ;K;=-1, K, =3.
Equation 11 gives
/

—L =3 e, —3w,=0 (13)
7 L. 1 2 .
w)

Solving the Egs. 6, 7 and 13 and putting y = 1 — 2, we get
wh = (0.013516016...) + (0.503812...) k1 + (—0.228826...) k2,

Hence for the values | and ), of the mass ratio condition (i) of Moser’s theorem is
not satisfied.
The normalized Hamiltonian up to fourth order is written as

1
H=oil+o+ 3 (AR +2BIL+ CI3) + ...

After substituting the values of A, B and C from Eq. 10a, b and ¢, the determinant D
occurring in condition (a) of Moser’s theorem becomes

9 (36 — 54lwlw; + 644wlw]) + Rky + R'kz
72 (1 — 40}w}) (4 — 250iw3)

’

where
_ 4 2 4 2 2
R = —w} (81— 6960 + 1240}) 6 — 1+ 29) 22 — 24u® (43 + 64u?)
xE-n+p+q) — o (81 —696w§+1z4w‘2‘) ( —p+2p)z1,

And R can be obtained from R by replacing &,71,¢,0,0,p,q by
.0, ¢, 0,0, p,q respectively.

Moser’s second condition is violated for the unperturbed problem (i.e. for k; =
ko = 0) when p3 = .0109137....

When &y, ko # 0, we take ,u/3 = u3 + Xki + X’ky such that D = 0. It is seen that
the condition (b) of Moser’s theorem is satisfied i.e. D 7~ 0 if in the interval 0 < u <
e, the mass ratio does not take the value u’3 = u3 + 6069.97...k1 + 733.824...k>.

Therefore, the libration point Ly is stable in the range of linear stability u < uc,
except at three values of mass parameters w1, > and p©3.

@ Springer



J of Astronaut Sci (2017) 64:18-49 35

Conclusion

We have investigated the non linear stability of the triangular libration point Lg4
in the restricted three body problem where the Moser theorem is satisfied, by
taking the smaller primary with mass m; an oblate spheroid with three layers
having different densities p; and axes (a;, ¢;) (i = 1, 2, 3). Till now, researchers
and scientists have investigated this problem by taking different shapes of the
primaries but all of them have taken homogeneous primaries. We found the tri-
angular point L4 is stable in the range of linear stability 0 < u < e,

where, (,uc = o+ If—é (41 - %@) , o = 0.03852....), except for three mass
ratios

) = (0.024293897...) + (0.0201245...) k; + (—0.00602906...) k.
1y = (0.013516016...) + (0.503812...) k; + (—0.228826...) k>,
1y = (0.0109366...) + (6069.97...) ky + (733.824...) k.

at which Moser’s theorem does not apply. k; and kp are the parameters which
depend upon the oblateness and densities p1, p2 and p3. If we take k1 = k» = 0,
then the values of ), u5 and u5, agree well with the classical case which was
discussed by Deprit and Deprit [6]. We observe that p. is independent of kp and
its range increases if k| increases. We also observe that the value of ) and p)
increases as k; increases and decreases as kp increases, while value of ,ug always
increases.

Appendix A

w = -3 (78 — 507 + 28w‘,‘) , wy =27 — 8802 — 424w + 5440,
wy = 126 — 36+/3 — 90y — <216 14243 + 39y> W + <1248 183+ 108y) ot
wy =9+ 360} + 80, wy=—15(1+0}), wig =27 - 520} — 2800} + 5440,
wiy = 180 — 18v/3 — 9y —307? (260 — 18V3 — 357 ) + i (=384 + 40v/3 + 156y ) —1920,
wip = 9+80f,  wiy=—-5(-3+3y + 20 + 3ye} +80}),
wig = 27 — 64wt — 4400} + 4800,
wig = —162v/3 + 162V3y +2268y + o (1062 +939+/3 - 6696v3y )

+ot (—4200y +76v3 + 864«/§y) +of (—21 12y — 56083 + 832)/\@) ,

wy = —9 + 28w} + 24wf,

The values w;’s (i =5,6,7,8,13, 14, 15,16, 21, 22,23,24) can be obtained
respectively by replacing wi by w», [ by lp, m1 by my, ny by no whenever they
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occur, keeping k unchanged.

2ly 75 33 453
Al = 5 — Zk +tky, Ay=—"—"— ki + oko,
1 16 321+12 2 3 16 1+ ko
27y 33y 255
Az = ==L 4 13ky + 14ko, Bl = — =L 4+ ="k + tsko,
3 8+31+42 1 16+321+52
93 13543 27
By = ——— — ki +teka, B3 = —y+t7k1+t8k2,
8 16 8
3J/3 453 33y 255
Cl = ——— — ——"ki +1okn, Cr=—"1 Z—kj + ti0ks,
1 g 16 1 + f9k2 2 4+321+102
2733 99/3y? 33 453
C; = - fiki + toky, Al = -0 — Tk + fi3ka,
3 0 0 + 1K1 + ti2ko 1 16 ) 1+ t13k2
20y 75 9V3 (1 +7y?)
Ay = ==L 4 Tk +rtsky, Ay=———"1 4 ti5ky + ti6ka,
2 3 +161+142 3 o1 + t15k1 + t16k2
93  135V3 33y 255
B, = ——~ — ki + tizks, B, = —1 — ="k + t1gka,
1 16 0 1+ t17k2 ) g 161+182
V3 (=3 +11y?) 33y 255
By = — tioks + taoka, C) =—"1 4+ "—k{ + tr1k2,
3 o + gkt + 10k2 1 8+161+212
33 453 9
Cé = —+ k1 + toka, Cé = —y+t23k1+l24k2,
4 8 4
where,
111 2543 41 93 753y 405 549y
[1=_+—7 t2=____+ ’ 3= T T T
64 32 16 32 32 64 64
513 63y  111/3y  9y2 3
=l o T T = (41430Vy ),
4 128 32 32 128 3 64( +30v3y
L3 7V3 13V3y 945 63y
6= 716 32 32 0 7T 64 64
513 99y 993y  63y2 41 753
P10 ) G WL
128 ' 32 32 128 16 32
123 99y 453y 633 315/3y
ho=————-~— ) i = + )
16 16 8 8 16
99 93 261 41 7
t12=—+£—ﬂ—12y2, t13=——+ 5\/§y’
16 16 32 32 64
111 63y 253 93
Ha = —— — =% — \/_y’ t15=—i(—4+15)/),
32 32 16 32
3 3 13543y
fe = — (22 +6v/3 + 93y + 76 2), fy = — o 2NV
16 64( + \/_+ \/_)/+ )4 17 32 64

123 9943 454/3 93
123 9V3 | 45V3y r19=—f<12+35y>,
32 32 16 32

g =
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ho =

i)

4

7

g

9

131

132

133

134

136

137

138

139

140

64 32 16
41 9v3  75V3y 315 153y

TR 16 Pt T T

171 99y 33y  9y? 2 2

ST TTI6 e P T e T ey

K2 pl2pi + wy + 2pws

4k4 pwy

s

k2q12p2 + w5 — 2qwe

4k4 prary

2k p' 2 py + w3 — 4p' prwa

8k* prwy

il
2k2/u’

3 123 453
( 6—18f+21fy+128y) hi = —— — */_7’,

2k2 '12[72 +wy —4q’ p2w8

3

8k* paan

_kzlflgplpz (P +q) + 3p2 (w1 + 2pwy) + I3 p1 (ws — 2qwe)

2

4kt fulyl py p2

p2(p'+4q') +13p2 (w3 — 4p'prwa) + 13 p1 (w7 — 4¢" paws)

8k*ulilapi p>

27y? + 6407 27y? + 6403

4K oy

4k4l?p1w1

+64ll UJ9a)1

4k4lgp20)2

, I35 =
42w,

’

(27k2py21 p1 + 27y Pwig + 54pyPwis — 64K pl2 pros?

+ 128pw10w1>

{271/ (kzqypz + wo1) 3 — S4qywyn — (64k2ql§p2

—641%11)13 + 128qw14> a)%} s

k41 pro

{549 p1v? (P13 =277 wo) +V3ywio — (128 p'1E

—64wy; — 256p prwia) w%} .

8k*13 pran
+64w15a)§

27y?
4K oy

(54k2q’yzl§pz +V3ywas + 108¢'y 2 paway — 128k2¢ 12 pra?

— 2564’ pzwmwg) ,
]6601
k22
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73]

7]

143

T44

145

146

147

148

149

15

154

156

157

m <Z7k2py2l%p1 + 27yll2w17 + 54py2w13 + 64k2pl%p1a)%
1

—64l%w9a)% — 128pw10w%> ,

RTINS (54k2p’y2lfp1 + V3ywio — 108p"y? prwag + 128k% p'1? pro?
1 P1w1

—64wwF — 256p’p1w12a)%) ,

27y? 160,
42w, kA3

— (27k2qy21§p2 + 27yl%w21 — 54qy*wy + 64k2ql§p2w§
4k412 P22

—6413w13003 + 128qw14w§) ,

— (54k2q’yzl§ P2+ N3y was + 108¢'y2 pywas + 128k 12 prew?
8k412 ) 20X0%%)

—64w15w§ + 256q’p2w16w§) s

64u — 27y>
2k2ﬁ11lz ’
1

271272 2 272
—W “k Llpip2(p+q) (64u +27y )} — 6413 15u (pawo

+p1wiz) — 128ul3 (ppawio + gpiwia) + 27y 1313 (prwa1 + pawao)
+54y2 (Plgpzwls - ql%l?lwzz)] ,
1
8k4/uli13 p1p2
—64u (lgpzwn + Z%P1w15> — 256up| p2 (lgp/wlz - q/llzwm)
++3y (1§P2w19 + l%p1w23) — 108y%p1p2 (P’lgwm - q/l%wz4>] ,
—l46, 150 = —147, 151 = —148,

[{k%%l%mm (r'+4) (128” + 547’2>}

124/3y , 6+/3 (yl%wg +2pywio + l%wn + 2pyw18)
, 153 = ;
K212 k4 py1t
9V3ywii +368/3p yp1 (wia — wao) + wie o= 124/3y
3k py 14 P T TR
_6«/g (vBwiz — 2y wis + Bwar — 2y w)n)
k4 pal3 ’
—9v3ywis 4 36+/3¢"y pa (wie — wa4) — wo3 124/3y (w1 + w2)
3k pllz k ﬁlllz
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159 =

160

61

62

163

T64

165

T66

te7

168

169

1
k4 Juli13 p1pa

+ prw21) — 2y w; (Plgpzwm - qllzplwzz) — {Gws (yprwi3 + pawi7)

{28812y @1 = 02 (0 = )} = 13Ben (rpowy

+2y (ql%mwm - Plgpzwls)] )

o [[s4y 212 (4 + )+ 277w,
k*3V/3Vuli13 pi p2 i ?

+V312 prwas + 108y p1 p2 (p/l%U)lZ + q/l%w24)} w]
+ {542y BB p1p2 (0 = ') + 27y Bprwns + V3B paung

—108yp1p2 (q/l%wlﬁ + P/lngo) } wz] )
_12V3y (@1 —an)
kzﬁlllz
63
k4 Juli 13 p1 pa

=2y (szlgwm + qmllzwzz) } w1 + {kZVllzl%sz (p—q)

“kzyl%lﬁmm (p — q) — 1115 (ypawo + prwar)

+313 (yprwis + pawi7) — 2y (qml%wm - szlgww)}wz] ,
-1

k433 ulii3 p1p2

++/313 prwas + 108y pi po (P’l%wu + q/lfwz4)} w1

[{s462v 383 p1p2 (=" + ') + 277 Bpown,

— {542y 25 p1p2 (0 = 4') = 2771} prwss — V3 pawns

+108y p1 p2 (q/llzwlé + P/l§w20> } wz] ,
33y

Kw
—3/3y

k2wo

Sl pror (2’<2PV112P1 + ywi +2pyws + [fwi7 +2pywis) .
1 P11

33

) (2k2py1§pz +yws — 2qywe + w21 —2qywn)
8k*15 pran

—1
— (108p"ypy (K32 — wy — wag) +27yws + V3wyo),
48«/§k4l%p1w1( pre ( ! ) ’ )

-1

————— (108¢'yp> (k212 —wg — w24) +27yw7 + «/§w23) ,
48/3k412 pran ( :
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A 33yl 3V3yh
T M T WS
3V3 ) 2124
M= —F7—m7—— [k yiilipip2(p+q) +k7ylilpip2 (p+q)
8k*/ul313 p1 pa
+y 1} (pawi + prws) + 2y1H3 (ppawr — gp1we)
+13p2 (112w7 + 2PVW18) +1ip1 (l§w21 - 2QVW18)] ,
1
m = e |18V pip2 (0 + 4
48k* Jul3 3 p1 pa LI )
+18V3K*y 113 p1p2 (P + q') + 9V3y 33 (pows + prwy)
+367/3y 1113 p1 p2 (p'ws — q'ws) + 13 pawao + I prwas + 3633y pi pa

(P/lngo + q’lfw24>] )

2 wa +2p (w2 + wio) + (Fwio
3= —75, Ia=-— ) )
k k P]ll
s = 3T Wn +4p'p1 (wg — w12)
2k pi1? ’
b 2 Ws—2q (W +wia) +Bwis
6 =3 1171= il ,
= W1 wis 44’ p2 (wg + wie) e 2 (For — 1)
78 22 , 79 ENTT
1 2,24 2,2
180 = =33 “—k 5 pip2 (p—q) + 115 p1 (ws — 2qwe)
KU p1p " i
4 2 2,24 22
+3p2 (Bws+2pwio) | or + {81 pip2 (0 — @) + 1} p2 (w1 = 2pw2)
+ip1 <I§w13 - 261w14)} wz] ,
1
51 = o || =22 pip2 (0 = a') + B p1 (w1 = 4pag'ws
2k4ﬁl?lgp]p2 1°2 ( ) 1°2 ( )
+13p2 (wit +4p' prws)} w1
+ {Zkzlil?mpz (P —4q)+ B3 pa (w3 —4p'prws)
+ip1 (wis — 4q' prwie) f wa],
o — 2 (—l%a)l + l%a)z)
827 K2 Julil
-1 2,24 22
183 = ———=—7—— “k lilypip2 (p —q) — 1l p1 (ws — 2qwe)
k4 Juli13 p1 pa

—lgpz (112w9 + 2pw10>}a)1 + {kzlgl?plpz (p—q)+ lfl%pz (w1 —2pwy)
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134

135

+{p1 (l§w13 - 261w14>}w2] ,
—1 “ 2274 o 2.2 ,

——3—— |12k hLpip2 (P —4q") — i3 p1 (w7 — 4pag ws

24 Jul3E pi pa iz (P = d') = Iapi ( )

—Lypa (win +4p prws) } @

+ {Zkzlgl?PIPZ (p/ _ q/) + llzlng (w3 _ 4p/p] IU4)

+ip1 (wis — 4q'pawie) } 2],

220+ ) _2(p'+4) . 1
u2 s 86 s 87 s 88 12(()‘11' — 3142’

u? u?

48pw‘1t —6u*(p+q) o — 48p/a)‘11 — 6u? (p’ +q’)

1% 120) —3u2 2o =32
o1 1 o= —48(]0)34—6”2 (p+q) o3 — —48q/w§+6u2 (p/+q’)
1205 —3u?’ 1205 —3u? ’ 1205 —3u? ’
fo4 ;
u (24 5u)
o —2{Bp+q o} +5u(p+q)+(p+ 361)605}’
(2 + 5u)
o —2{(@Bp' +q) 0} +5u(p +4')+ (P +34q") 3} ’
(24 5u)
fg7 ;
u(—=24+5u)
o = 2 {Bp+@) o] —5u(p+q9)+(p+ 361)603}’
(=2 + 5u)
oy —2{(3p' +¢) 0} — 5u (p’+q’)~|—(p’+3q’)a)§}’
(=24 5u)
tioo = (01 + w2)?, tio1 = (01 + w2) (pw1 +qw?) ,
no2 = (w1 + ) (p'or +q'w) 103 = (01 — w2)?,
fio4 = (01 — @2) (pw1 — qan),
tos = (w1 — @) (p'wr — q'w) t106 = 277/3 — 99+/3y 2,
Appendix B
- A (27 + 321w} —760)‘1‘), oo 18— 530} + 44w}
8wk 8k22wzy V3k22 7
. 3y (=36 +229u — 72u?) o — V3 (o1 — ) (154 3u — 44u?)

42111 /u (=2 + Su) K211la/u (=2 + 5u)
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V3 (9+8w?) V3 (279 — 2733w? + 14440} — 73609)
§S] = ——————————, §3 = R
: 24w k2 ’ 7262wz
y (24 — 590?) V3 (=180 +261u — 160u? + 144u?)
§5 = _2—21 §7 = ) )
k237 12k21115/u (=2 + 5u)

3y (w1 — w2) (9 + Tu)

k2l /u (=2 + 5u)
U=ww, z1=1 —Swiz, (i=172)

S9 =

The values of r;, s; for i = 2,4, 6 can be obtained respectively from those for i =
1,3, 5 by replacing w; by —ws, I1 by I, k> by —k?, z1 by z5, whenever they occur
and the values of r;, s;, for i = 8, 10 can be obtained respectively from those fori =
7,9 by replacing wy by —w» keeping wi, k2, k*, 11, 112, b, l%, /@12, unchanged,
whenever they occur.

1
a = {ts5 (3213125 — 108y 127 + 3217134 4 108y 136 + 32111164 + t106 t66)
1

+136 (—108y 125 + 108y 134 + t106 f64)}

1
o3 = % {—=3 137 (36ytr7 — 36yt49 — 9\@)?64 + 33\@)/21‘64 + 24ﬁt52(1)] + 176y t713w1

~+ (56ytrs — 88ytao — 16+/3 t64) a)%) + 138 (3213125 — 108y 127 + 3217140 + 108y 141

+3211 1164 + 2733166 — 993 2166 — (540J§t52 — 7233 ptsy — 72+/3ts3 + 2040173
—528pyt;3 — 528yta) w1 + (300125 — 336 pytas — 168y tr7 — 1020149
+528py 140 + 264y 141 + 360+ 3164 + 96+/3 ptes + 48\/’3’166) w%} ,

1
o5 = s {tgs (3217 tso + 108yts3 + 3211173 + tio6 t74) + 139 (108y 152 + t106 173)
+oi153 (108«/3 125 + 2473 ptas + 24+/3ta7 + 54083140 + 723 ptag + 7233141 — 2040164
+528pytea + 528ytee) + witgy (24\/5 hs + 72\/§f40 + +528y te4) + w%txg (—1020¢57

+528pytsy + 264y 153 + 360+/3173 + 96+/3 pt73 + 48J§r74)+ wltgg 264y tsy + 483 173)},

a7 = —3;7 {197 (=32t3 131 + 108y 133 — 3217149 — 108y t50 — 3211170 — t106 171)
+tog (108y 31 — 108yt49 — t106 t70) + t97t103 (—=75t31 + 42y 132 + 255149 — 66y 150
—~90v/3170 — 12+/3 171) + togti03 (42131 — 66y a9 — 124/3 170) + to71104 (427131

—66yt39 — 124/3 t0) + torm1 (27o¢§t61 + 36+/3pts1 + 363/ 3tsy — 102015; + 264 py i)
4264y t33) + togwi (36\/5[61 + 264y tg2) + to7w2 <_270\/§t61 — 36\/§qt61 — 36\/51‘62

11020152 — 264q 1152 — 264y 1s3) + togan (—36\5161 — 264y tgz)}
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oy = % [—3tog (=36 yte1 — 93152 + 333150 — 2291611103 — 4/ 3121103 — <4~/§t31
1243149 + 88y170) @1 + (46131 11243139 + 88y170) ws) + fo7 {32%1 + 108y 16
+32111182 + 273153 — 99+/3y 183 4 (—255t61 + 66y 162 + 90+ 3150 + 12\/§t83) 1103
+ (66yt61 + 12J§z82> f104 + (90«/5131 +12/3pt31 + 124313 + 27053130 + 365/3 ptao
+36+/3150 — 1020170 + 264 py 19 + 264y 171) w1 — (90«@31 +124/3gt31 + 124313,
12703140 + 36+/3q1a0 + 3673150 — 1020670 + 264q 170 + 264y171) a)g” ,

1
B = g liss (G4nists + 93127 + 6332127 4 144y 166 + 1106 136)
;‘]

+136 <9\/§l‘25 + 63\/§y2t27 — 108y 125 + 108y 134 + t106 t6a)},

3
Br= o [{lgg (3«/§z25 4213y 211 + 9v/3ta0 — 3333y 10 + 48y tes + 176y teswr + 32317301
53

+ <16«/§t25 + 483140 + 352y 1rs) w%> T 135 (64115125 +9v3127 + 6333217
+27«/§t41 — 99«/5)/2[41 + 144y tee + 64ta0t19 + 64t6atr3 + (720\/5[73 + 96«/§pt73 + 96\/§l74
+528y 153 + 528 pytsy — 1240y15y) ) + (360\@25 + 288v/3pytag + 1444/314 — 4080164

+2112pytes + 1056y 166 + 108073145 + 967/3 ptas + 48J§z27) wf}] ,

1
Bs = Glss [188 {t106 53 + 144y 174188 + 139 (27\/5 163 — 99v/3y %16 + 144y 173)

+igg {64 ts2119 + 64173123 (— 600125 + 336 pytrs + 336y 127 + 1240140 — 528 py a0
—528y 141 — 7208/ 3164 — 963/3 ptes — 96+/3 tg6) w1 + (1080 /315, + 288+/3 prs;

+144+/3153 — 4080173 + 2112 py 173 + 1056y t74) w%} + (336 ytaswi + 144+/315y00?

+1056y t73wf) 139}],

Po = 764S9 [t97 (—tioete2 — 144y t33) — tog (t106t61 — 144y t82) + fo7t103 (_270\/§ I61

—36\/§t6z + 102013y — 264y 133) + togt103 (—36\/5 te1 — 264y tg2) + to7t104

(—36\/§ te1 — 264y tgr) — 64161197119 — 64tgat97t23 + to7w (300 131 — 168[7[3]

—168y 133 — 620149 + 264 py tag + 264y 150 + 360~/ 3170 4 48+/3171 + 48+v/3p 170)
+togw (—168 y131 + 264y 149 + 483 t70) + to7w2 (—300 131 + 168¢q
yt31 + 168y 13y + 620149 — 264qyta9 — 264y 150 — 360«/§t70 — 48xf3q

170 — 48+/3p 111) + togwn (168 y 131 — 264y tsg — 48+/3 1709) ]

The values of «;, a,f , Bis ,3; fori = 2,4, 6 can be obtained respectively from those
fori = 1,3, 5 by replacing w; by —ws, 1 by l», k*> by —k?, whenever they occur
and the values of «;, &}, B;, B/ for i = 8, 10 can be obtained respectively from those
for i = 7,9 by replacing wy by —w», keeping w1 [ ,ll2 , b, 12, k%, k* and Joror,
unchanged, whenever they occur.
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Appendix C
L - 3)/(18-{-70)%),
16

L=

—135+ 183y — 500} + 56py w?
4y (18 + 7w%)

s

(783 + 378y + 6667/3y + 325w} + 150+/3yw} + 504p'yw? + 8 wf)

)

L = 36y (18 +70?) ’
1
Ly — - V3 (54 — 530} + 440}) , Lo ® (42 + 105y + 150} + 4pw?)
24 ’ 2(54 — 53w} + 440f)

/ {1674 — 1624/3 + 23494/3y — 278607 — 2168/3p'w? + 675+/3yw? + 2048 w})
2 = 12/3 (54 — 5307 + 440t

= 3y (18+11w%)’ _ 31521y — l70w%+88pyw%’

) 16 4y (18 + 11w?)

. (675 + 594y + 5943y + + 42507 + 27033y} +792p'y o} —560)

3,1 —

1
Li= -5 (81+211w12— 1ooa)‘1‘),

36y (18 + 110?)

3 (1893 + 1035y + 57007 + 296 pw})
2 (=81 —211w? + 100w})

Ly =~

5

{5994 — 6426V/3 + 17577y — (90503/3 +7992p" — 3105y ) w? + 392073 wf}

L, =
! 36 (—81 — 211e? + 1000?)
Le = 3V/3y (87 4 2507) Lei— 5(=78 4+ 111y — 21} +20pyw?)
32 ’ 2y (87 + 2507)
y {2151J§ 43534y + 45043y + (775J§ 1430y + 600J§p’y> o? + 8033 o)
51 = ’
124/3y (87 + 2507)
Le— — 3(9 — 101w} + 60wf) Lei—— (2769 + 3375y + 930w] + 328 pw})
32 ' ’ 4(9 — 1010} + 60w}) '
{—2214 — 4864/3 + 9207y — (4870ﬁ 42952 — 1935;/) @? + 280073 ')
L., = s
ol 36 (9 — 101} + 60w?)
L - 9v3y (11 + 507) L= 5(=78 + 12y — 350% + 12pyw?)
32 ’ ’ 6y (114 507) ’
(2187[3 43798y + 810v3y + (1115ﬁ+ 1110y + 1080ﬁp/y) @? — 8043 o)
Ly, = ’
108+/3y (11 + 50?)
Lo A 21V3 T5V3y Lo 123 297V3 453y
L TR 2 TS 16 g
L3 81v/3 1353y Lo 28543 215y 2253y
S T ) 2 =" e 96 64
1107 3453 645y 10353 555y 12153y
Lp = —+ - 13 = + + ,
64 32 64 64 32 64
_ 27 553 555y v (=574 302707 + 12440])
Ly = —_t—, Tis =
64 32 64 8k3wi2w1l121
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Tis,1

Tie

Ti6,1

T\7

Ti7,1

Tis,1

T0,1

Tr1,1

T,

1231

To4

Trs.1

Tr6,1

Tr7.1

Tg.1

Ty

Ty,

1
—— (11p + 1] + 133 + T4013) ,
16k3w1m11zl(]p 201 + T303 + T4013)

(651 — 39879w? — 114420} — 200320 — 104000})

24k3 w1/ 20111 21 ’
(t5p + t601 + T7003 + T35 + T9U13 + Ti0Q21 + T11@23 + T12B1 + T1383)

48\f3k3a)1«/2w1lle '
y (243 + 58507 + 756w] + 2240,%)
8k3wi/2w1l121 ’

— (T1ap + 115221 + T16023 + 71781 + T18 B3 + T1985) Tis — 317
163/3k3w1 2011321 ’ 8k3wi1/ 201

915 (p + 2013) —9V3yl 9v3l1y 3p + 4oz + 2003)

16530120, 0T 8w o Tio = 16k3w1 201
81+ 1607 + 48w
8k3 w14/ 2w1l)

(t19p + 200113 + T210021 + T22023) Ty = —9+/3y (27 + 48w} + 1607)
16k3wi 2011 ’ 8k3wi /2113 ’

9V3y (123p + 21021 + T2023) T — 18 — 5307 + 440}

1663012011} ’ RN TEN, e

(18 — 53w} + 44w}) (p + 205 + 2013) ot (459 — 210w} — 1028wf)

233 2w1l121 ’ ’ 2k3\/ﬂl?zl

y (To4p + Ta501 + 1303 + 2605 + T27013 + Tog@2] + T260023 + T28fB5)

43213/ 20113 '

V3 (=567 + 2538807 + 29320} + 7520,%) . —I
s 25 = s

SN k3201

=11 (p + 4013 + 2021) _— 6+/3y
TENG I STV, T
3v3y (p + 2013 + 2021 + 2023) J_ —3(27 4480} + 160))
) 27 =
K311y 2w; k320113
—3 (t3p + 13021 + T340003) _— =3y (—540 + 43010? — 3377w} — 110009)
k32011 ’ o 4l3wr+/201112324 ’

=3y (m35p + 1369 + T3702 + T38Q7 + T37Q13 + T362X14)
8k3wr2w1l12324
—/3 (468 — 58310} + 7741w} — 421408 + 252008

123 w0/ 201112324
— {40 (p + 2002 + 2023) + 141 (¢ + 2007 + 2024)

)

—1
16\/5«/2w1k3wzlllgz324

+142 (%q + a9 + 0622) + 143 (q + 2014 +287)} +

-1
16332013 w211 1324

{taa (p + 2013 +2B2) + 745 (¢ + 208 + 20004) + Ta6 (%q +aio + 0422)
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+747 (g + 20014 +2P8)}
. =3y (76 + 14307 — 735w} + 56009)
30 ,
43wy 2w1l1z324
T30.1 ————— (48P + T49q + T5022 + 2743023 + T510004
8k3w2\/ 2w111Z3Z4 1
+2748 2 + 15287 + 75388 + T54 P9 + T55B10)
, 3413 _3L13 (p +2q + 2013 + 4a14) =33y (31 +40))
T w201 = 8k3wr /201 T T B hoo2er
=3V37 {(p +29) (31 +407) +4 (013 + @24) [] + 8814 + 2 (13 — 4o}) a3}
T3, 3 ,
8k wr~/2w
117 — 40w? + 160}
41311 w201
-3
T33,1 m (T48p + T49g + T50@13 + Tagct14 + Ts10004 + 274882 + 15287
+75388 + 54 B9 + T55B10)
—9V3y (7 — 4?) —9+/3y
T: ——————— Tu1=—————— (t2p + 1639 + Tea22 + Te5023 + T34 024) ,
34 TSI 34,1 S oy 2r 12 (Te2p + 639 + Tea@22 + Te5Q23 + T34 U24)

T35

T3s,1

T3

T36,1

T36

T37.1

T34

T39

Tyo

3!

LX)

—24/3w (=51 + 22807 — 367w} + 22009)
kany2w1h2324 ’

-3
= (T66q + Te7Q9 + T6810 + 2T66 A14)
k3z3z424/ 20111 q
6yw) (—54 + 3330} — 29507)

2k3wr2w1l12324

3y q

—— {1 — 207 — 2a0) + T — 4oy +a
N {r60 (¢ 7 22) + 170 (2 9 24)

+171 (% +aig + /39) + 172 (g — 208 — 2022) + 173 (% + a0 + 0124)

+174 <% +aig + /310) +175 <_7p +oa + a21>} ,

2V3w; (95 — 71507 + 9420} — 3400))
3k3a)2\/2w111Z3Z4

5

_—m(r p + 1779 + T780021 + T79Q22 + TR0
ETETrE 76 779 + T18021 + T790022 + Tgo24
+778B2 + w2 (5287 — T5368) + 8189 + T82B10)
_l§«/2w1 i1 = l%wl (p —2q —4a1a — 2021)
Blhoy o k3liwr 201
—63/3y 201 673y 201 (F +q + ars + a24)
— T39,1 = 5 )
klian kK lhw
—32w; (7 — 40? 3 /o1
#, Tao,1 = 73— (t2p + 183 q + 184021 + Te4xr22 + T5 024) ,
k>l wy kwaly
—567 + 302707 + 12440f, 7 = —1188 + 541207 + 26400},
= 54+ 64207 — 15207, 7y = —1134 + 6054w? + 2488w},
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35 =

37 =

139

741
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—6561 + 4333507 + 126607 + 284800 + 1040005,

16038 + 826607 — 17160w] + 2217605 + 211208,
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—34560} 4 10176w] — 844809,
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~15309 + 9080107 — 2391607 + 285280 + 199040},

4374 + 1409407 + 345600 + 2083208 + 384005,
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62 = 91 — 80w] + 16wf,

63 = —74 4 9607 + 3201,

Te4 = 256(1)2,

65 = 182 — 16007 + 3207,

66 = 30w — 73w w3 + 8lwiws + 220w w3,
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770 = 3 (w1 — w2) (15 + 3u — 44u2> ,

71 = Z4l§ (w1 — ) O+ Tu),

2 = 2302 (36 +229u + 72u2) ,

s = 3 (@ +2) 23 (~15+ 3u + 447

74 = 2303 (@1 + @2) (=9 + Tu) ,

75 = 22Z3Z4I%w1\/w_, 76 = Z3Z4l§a)1 (9 + Sw%) ,
7 = —o (-1863 + 2926w} — 1057w} 4 104008 — 560w’f) :
s = 221301 (4= 507) (17 - 80}).

779 = —8ucwy (189 +256u%)

790 = 201 (27 = 1607 + 1603 ) (41 - 940 + 3501) |
81 = (27 — 1607 + 16w‘1‘) (@1 — @) 9+ Tu) 24,
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