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Abstract
Treatment of wastewater and reuse of purified water in an industrial process can provide an alternative source of fresh water 
as well as reduce pollution load by discharging a lower quantity of wastewater. When adsorption is used for treatment, the 
regeneration of the used adsorbent may also account for a large portion of the operational cost and cause secondary pollution. 
This problem may be solved by cyclic repetition of adsorption/regeneration cycles using a column method. In this paper, a 
total of nine successive cycles of zinc capture and zeolite bed regeneration using a column method have been investigated. 
The derived form of the breakthrough curve was used for analysing mass transfer in the column. For that purpose, the 
Dose–response, the Thomas, the Bohart-Adams, the Yoon-Nelson and the Wolborska models were used for modelling the 
breakthrough curve by nonlinear regression analysis. Simulation results and mathematical similarities between the models 
were discussed. This is the first study that used derived form of Dose–response model to analyse the inflection points of the 
breakthrough curve and mass transfer during nine consecutive sorption-regeneration cycles of zinc ions on natural zeolite. 
Obtained peak shape rate profiles were analysed for all cycles. Optimal operation conditions were evaluated with respect to 
the inflection point, the model parameters, and the residence time.

Keywords Column method · Cyclic adsorption/regeneration · Multi regenerated bed · Mass transfer analysis · Rate profile · 
Inflection point

Introduction

Industry such as paints, batteries, fabrics, ceramics, wood, 
drugs, deodorants, sun blocks, etc. uses heavy metal com-
pounds and thus release large quantities of metals effluent 
solution which can cause a serious human and environmen-
tal health threat [1]. Their purification prior to discharge 
into a natural water system is therefore necessary. However, 
because of the limitation in water availability and quality at a 
global scale, the wastewater should not be treated as a waste, 
but as a source. In this light, there is a need for technological 
innovation to transform the way that wastewater is treated, 
distributed, and reused. Water reuse in an industrial process 
can provide an alternative source of fresh water and reduce 

pollution load by discharging a lower quantity of wastewa-
ter. Thus, water reuse at the industrial scale is encouraged 
because of the economic savings and its influence in pre-
venting a global water crisis [2]. New trends in purifying of 
industrial wastewater loaded with heavy metals are based on 
innovative physico-chemical processes such as adsorption 
on new adsorbent, membrane filtration, electrodialysis, and 
photo catalysis [3, 4]. Adsorption on a new adsorbent is rec-
ognized as a process which can contribute to increase in the 
reuse of industrial water. Advantages such as low-cost, easy 
operation condition, wide pH range for applications and high 
metal-binding capacities make the application of adsorption 
attractive. The typical disadvantages of adsorption are con-
nected with low selectivity towards the selected metal com-
pounds and the production of metal-saturated adsorbents as a 
waste [5, 6]. Metal ions attached to the adsorbent create seri-
ous disposal problems and may cause secondary pollution. 
Thus, regeneration of a saturated adsorbent for additional 
use or reuse is desirable. Reuse (recycling) of a saturated 
adsorbent and recovery of the adsorbate from the regenerate 
solution is the focus of many recent investigations. Proper 
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management of regeneration cycle, saturated adsorbent and 
recovery of adsorbate are important for the environment 
and can contribute to financial savings, as well as various 
possible regenerating agents, such as acids, alkalis, chelat-
ing agents and salts, have already been investigated [7-10]. 
Recovery and reuse of the saturated adsorbent and adsorbate 
without subsequent solid–liquid separation could easily and 
efficiently be performed in a fixed bed column [10]. How-
ever, only a few of the reported studies focused on regen-
eration of the used adsorbent and recovery of metals as a 
valuable source through multiple or repeated adsorption/
regeneration cycles in column [11-15]. Osifo et al. (2009) 
investigated the adsorption of copper in a packed-bed of 
chitosan beads. In the desorption experiments, 91–99% of 
the adsorbed copper was regenerated in the first three cycles. 
They conclude that regeneration with 0.1 M HCl may not be 
the best option when more than four or five multiple cycles 
of adsorption and desorption are to be employed due to sig-
nificant mass loss [11]. Biswas and Mishra (2015) inves-
tigated removal of lead ions from the aqueous stream by 
chemically carbonized rubber wood sawdust (CRSD). Reus-
ability of the adsorbent was done by repeating the adsorp-
tion–desorption cycle for four times. They found out that 
removal efficiency decreases as cycle proceeds because the 
use of acid solution may destroy the binding sites of the 
CRSD or insufficient acid solution may allow the lead ion to 
remain in the binding sites [12]. Negrea et al. (2020) inves-
tigated the potential of a new adsorbent material Amberlite 
XAD 7 to recover Au (III) from real wastewater, in a column 
with a fixed bed in a dynamic regime. They found out a total 
of five cycles for adsorption–desorption the new material 
can be used, until the process was no longer efficient [13]. 
Satya et al. [14] investigated removal of Cd by dry cyano-
bacterium Aphanothece sp cultivar in adsorption columns. 
The regeneration efficiency with 0.1 M HCl through repeti-
tive adsorption–regeneration experiment show that, at the 
end of the fifth cycle, the desorption efficiency decreased by 
21% [14]. Our previous study (Vukojević Medvidović et al., 
2006) investigated the removal of lead ions from aqueous 
solutions by the column method using the fixed bed of natu-
ral zeolite clinoptilolite. During alternating exchange and 
regeneration, the same zeolite mass was used eight times, 
showing natural zeolite great possibility for successive 
adsorption-regeneration study of heavy metals removal [15]. 
Thus, in this study, nine consecutive sorption-regeneration 
have been performed to evaluate the cyclic zinc capture and 
natural zeolite regeneration abilities.

For a description of dynamic sorption behaviour, sim-
plified models such as the Bohart-Adams, Thomas, Yoon-
Nelson, Clark, Wolborska and Dose–response models are 
usually used for predicting of breakthrough curves [16-23]. 
However, several authors have noticed mathematical similar-
ities between the Bohart-Adams, Thomas and Yoon-Nelson 

models. These models share the identical mathematical 
forms and their parameters are interconvertible (commut-
able or interchangeable): kYN = kBAc0 = kThc0 (see Table 1) 
[22, 24, 25] According to Hui et al. (2019, 2020), the Yoon-
Nelson model does not require detailed data with respect 
to the adsorbate characteristics, the type of adsorbate, and 
the physical properties of the fixed bed column [22, 23]. 
The Wolborska model is an exponential function valid 
for a small exit concentration; thus, it can be successfully 
applied only for the initial part of the breakthrough curve. 
The Dose–response model was recognized as a sigmoidal 
curve only when its parameter satisfies kDR > 1. In addition, 
the term inflection point was introduced as an operating time 
in which the breakthrough curve is converted from concave 
to convex (see Fig. 1) [22, 23]. On the other side, Hendricks 
introduced the inflection point as a point of changing the 
mechanism [26, 27]. By applying the packed bed reactor 
theory, mass transfer through the packed bed is controlled 
by particle kinetics or convection/dispersion kinetics. Up 
to the inflection point, convection/dispersion governs mass 
transfer, while, particle kinetics governs mass transfer after 
the inflection point.

In this study, the inflection point was determined from 
the derivation of the breakthrough curve of the best suitable 
model. The experimental data were obtained from testing 
the reusability of the zinc saturated natural zeolite origi-
nated from Vranjska Banja deposit through nine successive 
sorption-regeneration cycles in a fixed bed column. Simula-
tions were performed using nonlinear regression analysis in 
Mathcad program. The Dose–response model that achieved 
the best prediction result was chosen for evaluation of the 
rate profile and position of the inflection point. According 
to our knowledge, this is first study that used derived form 
of Dose–response model to analyse the inflection points. In 
addition, the optimal working condition during nine consec-
utive sorption-regeneration cycles was analysed with respect 
to operational and models parameters.

Theoretical background

Mathematical description of breakthrough curve

According to Hu et al. (2019; 2020) the typical breakthrough 
curve (c/c0 vs. time) is comprised of three stages (see Fig. 1), 
lag, exponential, and stationary stage as a microorganism 
grows [22, 23]. In the lag stage, the adsorbent present in a 
fixed bed column contains large numbers of vacant adsorp-
tion sites and detains the adsorbate ions or molecules con-
secutively, leading to a reduced effluent concentration. In the 
exponential stage, as the adsorption advances, the number 
of vacant adsorption sites decreases and consequently, the 
effluent concentration increases. In the stationary stage, the 



335Journal of Environmental Health Science and Engineering (2023) 21:333–353 

1 3

vacant adsorbent sites are scarce and the saturation state is 
approaching gradually. At this point, the effluent concen-
tration becomes more or less constant. Three parameters 
describe the three stages of the breakthrough curve: λ is the 

lag time (h), μmax is the maximum specific breakthrough 
rate  (h−1) and c0 is the influent concentration, (mmol/L). 
The parameters μmax and λ are defined as the slope of the 
tangent line at the inflection point of the breakthrough curve 

Table 1  Breakthrough curves 
equations of used models

c – the effluent adsorbent concentration (mmol/L), c0 – the influent adsorbent concentration (mmol/L), t 
– the time (h), Q—the flowrate (L/h), �  – the linear flow velocity (m/h), H – the fixed bed depth (m), 
m – the mass of the adsorbent bed in column (g), V – the effluent volume (L), kDR – the kinetic constant 
of the Dose–response model (-), qDR – the saturation capacity calculated from the Dose–response model 
(mmol/g), kT – the rate constant of the Thomas model (L/(mmol h)), qT – the saturation capacity calcu-
lated from the Thomas model (mmol/g), kBA – the rate constant of the Bohart-Adams model (L /(mmol h)), 
qBA

*– the adsorption capacity of Bohart-Adams model (mmol/L), τYN – the time required for 50% sorbate 
breakthrough calculated from the Yoon-Nelson model (h), kYN—rate constant of the Yoon-Nelson model 
 (h−1), qYN – the saturation capacity calculated from the Yoon-Nelson model (mmol/g), βA – the kinetic 
coefficient of the external mass transfer  (h−1), qw * – the adsorption capacity of the Wolborska model 
(mmol/L)

Model Nonlinear form of equation Model parameters Eq. no Reference

Dose–response c

c0
= 1−

1

1+(
c0 ⋅V

qDR ⋅m
)kDR

c

c0
= 1−

1

1+(b⋅t)kDR

kDR, qDR (4)
(5)

[28, 29]
[23, 24, 30]

Thomas c

c0
=

1

1 + exp
[

kT

Q
⋅(qT⋅m−c0⋅V)

]

c

c0
=

1

1 + exp
[

kT ⋅qT ⋅m

Q
−kT ⋅c0⋅t

]

kT, qT (6)
(7)

[27, 28]
[22, 23, 30, 31]

Bohart-Adams c

c0
=

exp(kBA⋅c0⋅t)

exp(kBA⋅q
∗
BA

⋅H∕�)−1+exp(kBA⋅c0⋅t)
  

c

c0
=

1

1+exp

[

(kBA⋅c0⋅(
q∗
BA

⋅H

�⋅c0
−t)

]

  
kBA, qBA

* (8)
(9)

[24, 25, 32]
[24, 25, 32]

Yoon-Nelson c

c0
=

exp[kYN⋅(t−�YN)]
1+exp[kYN⋅(t−�YN)]

kYN, τYN, qYN (11) [23, 29, 30, 33]

Wolborska c

c0
= exp

[

(
�a⋅c0⋅t

q∗
W

) − (
�a⋅H

�
)
]

  
�a, qW

∗ (14) [25, 34]

Fig. 1  Typical breakthrough curve with tangent line and inflection point, according to Hui et al. 2019 [22]
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and the x-axis intercept of this tangent line, respectively. The 
inflection point is defined as an operating time at which the 
breakthrough curve is converted from concave to convex. 
The t50 is referred to as the half-operating time (50% break-
through c/c0 = 0.5). The parameters tI and t50 are proposed 
to identify the symmetry of the breakthrough curve [22, 23].

The packed bed reactor theory, rate profile 
and inflection point

According to Hendricks (2006), by feeding adsorbate solu-
tion from the top of the column bed filled with adsorbent, 
the adsorbate concentration varies along the length of the 
reaction zone at certain times (see Fig. 2a) [26]. Since the 
adsorbate concentration in the column process is not inde-
pendent of position, the material balance is applicable only 
to the infinitesimal volume element, i.e. infinitesimal layer 
of thickness ∆Z (column slice), which achieves homogeneity 
as ∆Z approaches zero. Thus, the material balance equation 
applied to the infinitesimal slice is the differential equation:

where c is the effluent adsorbent solution concentration 
(mmol/L), t is the service time (h), v is the linear flow veloc-
ity of the adsorbent solution in the adsorbate layer (m/h), Z 

(1)
[

�c

�t

]

= −v
�c

�Z
+ DL

�2c

�Z2
− �

1 − �

�

[

�q

�t

]

is the distance along the column from the entrance (m), DL 
is the coefficient of axial dispersion  (m2/h), ε is the porosity 
of the adsorbent (-), ρ is the dry density of the adsorbent 
(g/cm3), q is the quantity of adsorbate retention onto the 
adsorbent at time t (mmol/g).

According to Eq. (1), the change in adsorbate concentra-
tion with time in the slice Z is equal to the adsorbate trans-
port flux in slice Z (by convection and dispersion) minus the 
rate of uptake to the adsorbent phase [26].

Particle kinetic controls the rate of sorption if the adsorb-
ate is delivered to the adsorbent particles faster than its 
uptake rate. But, when the rate of delivery of the adsorb-
ate is less than can be taken up by particle kinetics, then 
the rate of convection to the adsorbent particles governs the 
overall rate. These two mechanisms, particle kinetics and 
convection kinetics, are distinguished symbolically by the 
term [∂q/∂t]P and [∂q/∂t]K, respectively [26]. Figure 2b. illus-
trates the change in mass transfer mechanism along the bed.

The concentration profile along the slice Z (see Fig. 2b) 
shows the inflection point. To the left of the inflection point, 
diffusion through the particles is the slower step of the pro-
cess, thus, the particle kinetics governs mass transfer (Hen-
dricks 2006):

(2)
[

�q

�t

]

P

= Ds ⋅ c ⋅ (q
∗ − q)

Fig. 2  a) The mass transfer zone in a fixed bed column; b) Illustra-
tion of the change in the mechanism of adsorbate transfer through a 
fixed layer of adsorbent according to Hendrickson 2006 [26], c) The 

derived form of the S-shape breakthrough curve with two characteris-
tic area and inflection point, according to Nuić et al. 2016 [27]
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where Ds is the diffusion coefficient in the solids phase  (m3/
(s mol)), q* is the quantity of adsorbate removed per unit of 
the adsorbent phase in the equilibrium (mmol/g), and q is 
the quantity of adsorbate remove per unit of the adsorbent 
phase at time t (mmol/g).

To the right of the inflection point, convection/disper-
sion governs mass transfer, which can be expressed by 
Eq. (3):

Equation (3) is made with the assumption of steady state 
at any Z in the advective—dispersion zone [26].

The derivation of the modelled breakthrough curve, 
d(c/co)/dt = f(t), should show the time of the mechanism 
change [27]. This curve (see Fig. 2c) is comprised of 
three parts. The first part represents the increase in the 
process rate, the second represents a constant rate, and 
the third part represents its decrease. Convection kinet-
ics governs the process from the beginning until around 
the maximum, i.e., inflection point. At the maximum of 
the derivation curve, the constant rate part overlaps with 
the inflection point. At this point, the particle kinetics 
prevails and controls the overall rate until the exhaustion 
point [26, 27].

Breakthrough curves model

The nonlinear form of the breakthrough curve kinetic mod-
els of the Dose–response, Thomas, Bohart-Adams, Wolbor-
ska and Yoon-Nelson are summarized in Table 1.

The nonlinear form of the Dose–response model is given 
by Eq. (4) [28, 29]:

where c is the adsorbate concentration in the effluent 
(mmol/L), c0 is the initial adsorbate concentration (mmol/L), 
V is the effluent volume (L), m is the mass of the adsor-
bent bed in column (g), kDR is the kinetic constant of the 
Dose–response model (-), and qDR is the saturation capacity 
calculated from the Dose Response model (mmol/g).

Equation (4) also can be expressed as a function of time 
[23, 24, 30]:

where b = (c0 ⋅ Q)∕(qDR ⋅ m) , Q is the flowrate (L/h), and 
t is the time (h). A reciprocal value of b is defined as 
the time when the effluent concentration reaches 50% 
of the influent concentration [11]. The Dose response 

(3)
[

�q

�t

]

K

=
�

� ⋅ (1 − �)

[

−v
�c

�Z
+ DL

�2c

�Z2

]

(4)
c

c0
= 1−

1

1 + (
c0⋅V

qDR⋅m
)kDR

(5)
c

c0
= 1−

1

1 + (b ⋅ t)kDR

model achieves a sigmoidal curve only when the param-
eter kDR > 1. For kDR ≤ 1, a parabolic-like curve occurs. 
For higher values of kDR, the values of tI become closer 
to t50 [23].

The nonlinear form of the Thomas model is given by 
Eq. (6) [27, 28]:

where kT is the rate constant of the Thomas model (L/(mmol 
h)) and qT is the the saturation capacity calculated from the 
Thomas model (mmol/g).

Equation (6) can be expressed in terms of time [22, 23, 
30, 31]:

The nonlinear form of the Bohart-Adams model is given 
by Eq. (8) [24, 25, 32]:

where kBA is the rate constant of the Bohart-Adams model 
(L/(mmol h)), qBA

* is the adsorption capacity calculated 
from the Bohart-Adams model (mmol/L), H is the fixed bed 
depth (m), � is linear flow velocity (m/h).

Equation (8) can be simplified into Eq. (9) [24, 25, 32]:

It is evident that the Bohart -Adams model given by 
Eq. (9) displays the characteristic feature of the logistic 
equation. However, it is important to note that in environ-
mental adsorption literature, the simplified version of the 
Bohart-Adams model restricted for low effluent concentra-
tion (c < 0.15 c0) is also used very often [24, 25, 32]. The 
saturation capacity of the Bohart-Adams model, qBA, can be 
evaluated as follows:

where qBA is the saturation capacity of the Bohart-Adams 
model (mmol/g), BVS is the fixed bed volume (L), and ρ is 
the apparent density of the adsorbent in the packed bed [35].

The nonlinear form of the Yoon-Nelson model is given by 
Eq. (11) [23, 29, 30, 33]:

(6)
c

c0
=

1

1 + exp
[

kT

Q
⋅ (qT ⋅ m−c0 ⋅ V)

]

(7)
c

c0
=

1

1 + exp
[

kT⋅qT⋅m

Q
− kT ⋅ c0 ⋅ t

]

(8)
c

c0
=

exp(kBA ⋅ c0 ⋅ t)

exp(kBA ⋅ q∗
BA

⋅ H∕�) − 1 + exp(kBA ⋅ c0 ⋅ t)

(9)
c

c0
=

1

1 + exp
[

(kBA ⋅ c0 ⋅ (
q∗
BA

⋅H

�⋅c0
−t)

]

(10)qBA = q∗
BA

⋅ BVS∕m = q∗
BA
∕�

(11)
c

c0
=

exp
[

kT ⋅ (t − �YN)
]

1 + exp
[

kT ⋅ (t − �YN)
]
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where τYN is the time required for 50% adsorbate break-
through (h) calculated from the Yoon-Nelson model, and 
kYN is the rate constant of the Yoon-Nelson model  (h−1).

For a symmetrical breakthrough curve, the value of the 
saturation capacity of the Yoon Nelson model can be calcu-
lated as follows [17, 18, 34]:

where qYA is the saturation capacity calculated from the 
Yoon-Nelson model (mmol/g).

The Thomas, Bohart-Adams and Yoon-Nelson models 
share identical mathematical forms and their parameters are 
interchangeable (or interconvertible or commutable) [22, 24, 
25, 33]:

It follows that the Bohart–Adams, Thomas and Yoon-
Nelson models are equivalent in mathematical nature. Con-
sequently, the fitting curves provided by the three models 
are identical and all error values are equal when the curve 
fitting is carried out.

Wolborska model

The nonlinear form of the Wolborska model is given by 
Eq. (14) [25, 34]:

and

where β is the kinetic coefficient of the external mass trans-
fer  (h−1), ε is the bed voidage (-), and qw

* is the sorption 
capacity of the Wolborska model (mmol/L). By analogy 
to the BA model, the saturation capacity of the Wolborska 
model, qw

*, can be calculated according to Eq. (10).

Materials and methods

Sample and solutions preparation

The natural zeolite sample from the Vranjska Banja (Ser-
bia) deposit of particle size fraction of 0.6–0.8 mm was 
pre-treated into the Na-form. The chemical composition of 
the zeolite sample was determined by the chemical analysis 
of alumosilicates. Expressed in mass percentages the com-
position was:  SiO2—65.15;  Al2O3 -11.56;  Fe2O3—1.35; 
MgO—1.76; CaO—0.91;  K2O—0.72;  Na2O—4.40; loss 
of ignition-11.66. X-ray diffraction was used for qualitative 

(12)qYN = c0 ⋅ Q ⋅ �YN∕m

(13)kYN = kBA ⋅ c0 = kT ⋅ c0

(14)
c

c0
= exp

[

(
�a ⋅ c0 ⋅ t

q∗
w

) − (
�a ⋅ H

�
)

]

(15)�a = � ⋅ �

mineralogical analysis, using a “Philips-CubiX XRD” type 
diffractometer (CuKα radiation, 2θ = 0—60, 0.03 2θ/s). The 
main mineral component of zeolite was clinoptilolite, whose 
content in the sample was approximately 80% with quart as 
an impurity [36]. The theoretical exchange capacity equals 
1.411 mmol/g [36]. The XRPD (X-ray powder diffraction 
method), SEM–EDS (scanning electron microscopy and 
energy dispersive X-ray analysis), a thermal analysis (TG-
DTG), and FTIR (Fourier-transform infrared spectroscopy) 
of raw zeolite sample were published previously [37].

Metal and regeneration solutions were prepared by dis-
solving Zn(SO4)2 and  Na2SO4 in ultrapure water.

Column studies

The column studies were performed using glass columns 
with an inner diameter of 12 mm and a height of 500 mm 
that were filled with zeolite sample. The zeolite sample 
was put into the column carefully so that no air remained 
between the particles, which helped to attain compact lay-
ers. Column studies consisted of successively repeating nine 
service cycles for Zn capture followed by nine regeneration 
cycles to recover the zeolite bed.

Service cycle for Zn capturing onto the fixed zeolite bed

A total of nine cycles of zinc capturing on the zeolite was 
performed isothermally (T = 23 °C) at an initial zinc solution 
concentration, c0, of 0.770—1.787 mmol Zn/L, a solution 
flow rates through the column, Q, of 1—3 mL/min, and with 
decreasing zeolite bed depths (four cycles at H = 120 mm, 
two cycles at H = 80 mm, and three cycles at H = 40 mm) 
using the down flow mode. Effluents were collected during 
the experiment and the zinc concentration was determined 
by complexometrical titration and checked by ion chroma-
tography [36]. The constant flow rate was maintained by a 
vacuum pump.

Regeneration cycle for recovery of the zeolite bed

After the service cycle, the regeneration cycle took place with 
the sodium sulphate solution c0(Na2SO4) = 105.60 mmol/L 
and the flow rate, Q, of 1 mL/min, also using the down flow 
mode. The regeneration process was stopped when the zinc 
concentration in the effluent became less than 0.1 mmol/L. 
This regenerated bed was employed in the next service cycle 
to investigate possible reusability of natural zeolite for zinc 
uptake in multiple operation procedure. Experimental set up 
of fixed bed column performance are given in Fig. 3 while 
experimental conditions during the nine cyclic service-
regeneration cycles are given in Table 2.
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During the service and regeneration cycle, the changes 
in pH value were recorded in the influent and the effluent.

Results and discussion

Analysis of the breakthrough curve obtained 
through successive service cycles

It is well known that the natural zeolites are a good 
adsorbent for heavy metals, ammonium and radionu-
clide. Due to their alumosilicate structure, exchangeable 

cations that compensate for the negative charge of the 
structure are able to participate as ion-exchanger. How-
ever, the mineral heterogeneity, structural imperfection 
and broken bonds are reason why zeolites behave as ion-
exchangers and adsorbents [15]. Thus, the term sorption 
is generally used to define the surface retention process 
without specifying the exact retention mechanism. Before 
starting the experiment, natural zeolite is transformed 
into the Na-form, thus mostly sodium participates in the 
ion-exchange process with the zinc from the solution. 
The experimental results for zinc uptake on a fixed bed 
of Na-form of natural zeolite are represented by break-
through curves plotted in Fig. 4. From those curves, the 
characteristic parameters were calculated by applying the 
equations published previously [15]. Table 3 shows these 
parameters.

Saturation of the zeolite bed during the first three succes-
sive service cycles (Fig. 4) was carried out under the same 
conditions of the zeolite bed height of 120 mm, the initial 
concentration of the zinc ion solution of 1.067 mmol/L and 
the flow of 1.0 mL/min. It is evident that curves for these 
three cycles are not overlapping. The breakthrough curves 
for the second and third cycles are shifted slightly to the 
right, towards a higher BV (bed volume) value as well as 
higher value of calculated breakthrough (qB) and exhaus-
tion capacity (qE) (Table 3). This indicates that repetition 
of service and regeneration cycles on the same zeolite bed 
layer influences the establishment of stable exchange condi-
tions, bed texture, mobility of the participating ions, con-
tact time between zeolite and solution, as well as activation 
of exchangeable places in the zeolite structure during the 
regeneration cycles.

Fig. 3  a) Experimental set up of column fixed bed performance; b) Experimental performance of nine cyclic service-regeneration cycle

Table 2  Experimental conditions during service cycle of Zn captur-
ing onto Na-zeolite and regeneration cycle for recovering of zeolite 
bed

where: c0 – the influent zinc concentration in solution (mmol/L), H – 
the fixed bed depth of zeolite (mm), Q – the flowrate of solution (mL/
min), cR – the concentration of regeneration solution (mmol/L)

Cycle
no

Service cycle Regeneration cycle

c0(Zn)
mmol/L

H,
mm

Q,
mL/min

cR,
mmol/L

Q
mL/min

1st 1.067 120 1.0 105.60 1
2nd 1.067 120 1.0
3rd 1.067 120 1.0
4th 1.787 120 1.0
5th 0.770 80 1.0
6th 1.083 80 1.0
7th 1.083 40 1.0
8th 1.051 40 2.0
9th 1.054 40 3.0
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Saturation of the zeolite from the fourth to nine service 
cycles was carried out by varying the initial concentration of 
the zinc ion solution, zeolite bed depth and the flow through 
the column. Obtained breakthrough curves show differences 
in the shape and position of the curve (and thus affecting 
the values of qB, qE, F, hz, see Table 3), which determined 
the amount of zinc captured by the zeolite bed. The break-
through curves obtained for the condition of lower zeolite 
bed, lower initial concentration of the zinc ion solution, and 
higher flow of solution through the column are flatter (less 
sharp) and the ratio of c/c0 has not reached 1, but ranges 
from 0.810 to 0.957. The reason for this is that, at a lower 
initial concentration of the zinc solution, the concentration 
difference (c0-c), which is the driving force of the process, 
is smaller, which affects the efficiency of the saturation 
process. At a lower bed depth and higher flow rate through 

the bed, the contact time of the zeolite solution is reduced, 
which is also reflected in a reduced column efficiency. The 
values of the calculated breakthrough (qB) and exhaustion 
capacity (qE) during nine successive service cycles will be 
discussed in the following section.

Analysis of successive regeneration cycle 
and evaluation of the zeolite fixed bed reusability

After each service cycle a regeneration cycle took place 
with the sodium sulphate solution at a very high concentra-
tion. The results are presented by zinc elution curves as Zn 
concentration in the effluent versus the regeneration solu-
tion volume flowed through the bed, expressed by BV. Fig-
ure 5 shows the elution curves for nine successive regenera-
tion cycles. All elution curves have a similar unsymmetrical 

a)                                                                            b) c)
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Fig. 4  The breakthrough curves for removal of Zn ions onto zeolite 
during: a) 1st, 2nd, 3rd and 4th successive service cycles at at bed 
depth of 120 mm, b) 5th and 6th cycle for different initial zinc con-

centration at bed depth of 80 mm, c) 7th, 8th and 9th cycle at differ-
ent flow rate at bed depth of 40 mm

Table 3  The parameters 
calculated from breakthrough 
curves

VB – the volume at breakthrough point (BV), BV – the number of bed volume, tB – the time at break-
through point (h), qB – the capacity at the breakthrough point (mmmol/g), qE – the capacity at the exhaus-
tion point (mmol/g), η – the column efficiency (qB/qE), F – the parameter measuring the symmetry of the 
breakthrough point (-), hz – the height of the mass transfer zone (cm)

Service cycle
No

VB
BV

tB
h

qB
mmol  g−1

qE
mmol  g−1

η
-

F
-

hz,
cm

1st 305 69.12 0.451 0.547 0.83 0.500 5.54
2nd 340 76.83 0.528 0.650 0.81 0.380 5.77
3rd 395 89.33 0.604 0.692 0.87 0.445 3.42
4th 210 47.42 0.564 0.631 0.89 0.435 1.96
5th 420 63.25 0.624 0.726 0.86 0.319 3.83
6th 348 52.50 0.578 0.786 0.74 0.636 2.08
7th 353 26.58 0.593 0.703 0.84 0.520 1.23
8th 271 10.21 0.443 0.714 0.62 0.430 3.39
9th 294 7.39 0.482 0.759 0.63 0.474 3.07
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shape; they first show a sharp increase in the Zn effluent 
concentration, followed by a gradual decrease until the Zn 
concentration in the effluent reaches under 0.1 mmol/L. 
Table 4 summarises the characteristic parameters calcu-
lated from the elution curves, using equations published 
previously [8, 14].

During nine regeneration cycles, about 36—71 BV 
of the regenerate solution is needed for complete regen-
eration of the zeolite bed. Due to the reduced volume, 
the Zn concentration is very high and attains the value 
of 40—98 mmol/L, depending on operational conditions 
during the service cycles. A very high concentration of 
Zn ions in the regenerate solution enables their reuse in 
an industrial process.

In order to evaluate the reusability of the multi-regener-
ated zeolite fixed bed, the amount of zinc bound onto the 
zeolite bed up to breakthrough (qB) and exhaustion (qE), 

and eluted (qR) from the zeolite bed during nine successive 
cycles is compared in Fig. 6.

It is evident that there is no significant reduction in 
the values of qB, qE and qR compared to its initial sorp-
tion capacities, confirming that nine successive service 
and regeneration cycles were harmless to the binding site. 
Summing up the exhaustion capacities qE, the total of 
6.208 mmol Zn (or 406 mg Zn) was removed per gram of 
zeolite. Small changes in the values of qB and qE are due 
to changes in the experimental conditions in the service 
cycles.

The advantages of column performance can be evaluated 
by comparing zinc solutions volume treated during the ser-
vice cycles up to breakthrough (VB) and exhaustion (VE), 
and the volumes of the same solution eluted (VR) from the 
zeolite bed during regeneration. This comparison for each 
of the nine cycles is given in Fig. 7.

The volumes of solutions eluted during regeneration 
are about 7—13 times smaller than the volumes of zinc 
solutions treated up to exhaustion. Due to the reduced 
volumes, the concentration of Zn is very high (see 
Table 4), which provides the opportunity for zinc to be 
reused from such concentrated solutions. Summing up 
the volume of zinc solution processed up to the break-
through point, it was found that a total of 27.88 L of 
zinc solution was treated during nine service cycles on 
the same layer of zeolite. The effluent solution up to the 
breakthrough point can be used as an alternative source 
of fresh water.

The obtained results indicate the advantage of the col-
umn method compared to the batch one, especially when 
large amounts of wastewater need to be purified. Namely, the 
batch method would require a large capacity reactor, as well 
as additional separation by sedimentation and/or filtration, 
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Fig. 5  Elution curves of Zn ions obtained during nine successive regeneration cycle of saturated zeolite

Table 4  Characteristic parameters of regeneration curves

VR – the volume of regeneration solution (BV), cmax – the max con-
centration of zinc ions in solution during regeneration (mmol/L), qR 
– the regeneration capacity (mmol/g)

Regeneration cycle
No

VR,
BV

cmax,
mmol/L

qR,
mmol/g

1st 37.173 64.291 0.599
2nd 36.933 86.965 0.722
3rd 40.693 82.878 0.749
4th 35.533 98.040 0.722
5th 52.923 77.941 0.824
6th 52.636 62.738 0.869
7th 71.239 40.623 0.759
8th 55.089 46.830 0.672
9th 51.327 41.388 0.566
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which makes the process very expensive and economically 
unfeasible.

Changes in the pH value during the service 
and regeneration process

Before starting the experiment, natural zeolite is transformed 
into the Na-form, to ensure that mostly sodium from zeolite 
will participate in the replacement process with zinc from 
the solution during the column study. Thus, it is very inter-
esting to monitor the change in pH values of the effluent 
solution. The pH profile during the first three successive 
repetitions of the service and regeneration cycle is shown in 
Fig. 8. Both graphs give clear indication that pH values have 
changed, following the opposite shape of the breakthrough 
and regeneration (elution) curves.

During the service cycles, the pH value achieves almost 
constant values. After the breakthrough point, the amount of 
zinc in the effluent increases, and the pH value decreases by 
one pH unit (from around 6.4 to 5.6). This is due to hydrolysis 
of the zinc ions in the effluent, according to the reaction:

During the regeneration cycle, the amount of zinc in the 
effluent is significantly higher than during the service cycle, 
and so the intensity of the pH changes (pH decreases from 
6.5 to 4.5).

Such results were obtained for all service and regeneration 
cycles, which indicate that if the pH value in the effluent is 
continuously monitored, the completion of the cycle can be 
determined by simple measurement of the pH value.

(16)Zn2+ + H2O ⇔ Zn(OH)+ + H+

Fig. 6  Comparison of qB, qE 
and qR during nine successive 
cycles
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Determination of the inflection point 
of the breakthrough curve

Modelling the experimental breakthrough curve

The breakthrough curves of zinc removal onto Na-zeo-
lite given in Fig. 4 are tested according to the nonlinear 
form of the kinetic model of the Dose–response, Thomas, 
Bohart-Adams, Wolborska and Yoon-Nelson. Nonlin-
ear forms of equations of all models are summarized in 
Table 1.

The testing of the model using the non-linear least 
square methods was done using the Mathcad program. The 
parameters were calculated from Eqs. (4), (6), (8), (11) 
and (14) using Solve block and Minerr as output function. 
Constraints for models used are:

– for Dose–response model

– for Thomas model

– for Bohart-Adams model

(17)d
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– for Yoon-Nelson model

– for Wolborska model

where (c∕c0)i is experimental c/c0 data, X is a parameter 
(kDR and qDR for the Dose–response model; qT and kT for 
the Thomas model; kBA and qBA* for the Bohart-Adams 
model; τYN and kYN for the Yoon-Nelson model and βa and 
qw

* for the Wolborska model). The number of constraints 
is equal to the number of parameters.

The correlation coefficient  (r2) and the root mean square 
error (RMSE) were used as indicators of fitting of the 
experimental results with the results obtained by the model.

The parameters of the model have been evaluated for 
the 1st, 2nd, 3rd, 4th, 5th, 7th and 8th service cycle and 
are summarized in Table 5.

From the results given in Table 5, among the tested 
models, the Wolborska model achieves the lowest value of 
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Fig. 8  The pH profile during the 
service and regeneration cycle

c/
c o

, 
-

BV, -

1st cycle

2nd cycle

3rd cycle

1st cycle

2nd cycle

3rd cycle

1.0

0.8

0.6

0.4

0.2

0.0 0

20

40

60

80

100

c
L/l

o
m

m
,

BV

1st cycle

2nd cycle

3rd cycle

0 200 400 600

p
H

BV, -

7.0

6.5

6.0

5.5

5.0 0 20 40 60

p
H

BV

7.5

6.5

5.5

4.5

3.5



344 Journal of Environmental Health Science and Engineering (2023) 21:333–353

1 3

Ta
bl

e 
5 

 P
ar

am
et

er
s o

f m
od

el
s e

va
lu

at
ed

 fo
r d

iff
er

en
t e

xp
er

im
en

ta
l c

on
di

tio
ns

 (1
st,

 2
nd

, 3
rd

, 4
th

, 5
th

, 7
th

,  8
th

 c
yc

le
), 

an
d 

pa
ra

m
et

er
s o

f t
he

 m
od

el
 s

im
ul

at
ed

 fr
om

 th
e 

cu
rv

e 
fit

tin
g 

on
 F

ig
. 6

 (6
th

 
an

d 
9t

h 
cy

cl
e)

c 
– 

th
e 

effl
ue

nt
 z

in
c 

co
nc

en
tra

tio
n 

(m
m

ol
/L

), 
c 0

 –
 th

e 
in

flu
en

t z
in

c 
co

nc
en

tra
tio

n 
(m

m
ol

/L
), 

t –
 th

e 
tim

e 
(h

), 
Q

 –
 th

e 
flo

w
ra

te
 (L

/h
), 

v 
– 

th
e 

lin
ea

r fl
ow

 v
el

oc
ity

 (m
/h

), 
H

 –
 th

e 
fix

ed
 b

ed
 d

ep
t 

(m
), 

m
 –

 th
e 

m
as

s 
of

 th
e 

ze
ol

ite
 b

ed
 in

 c
ol

um
n 

(g
), 

V 
– 

th
e 

effl
ue

nt
 v

ol
um

e 
(L

), 
k D

R
 –

 th
e 

ki
ne

tic
 c

on
st

an
t o

f D
os

e–
re

sp
on

se
 m

od
el

 (-
), 

q D
R
 –

 th
e 

sa
tu

ra
tio

n 
ca

pa
ci

ty
 c

al
cu

la
te

d 
fro

m
 th

e 
D

os
e–

re
sp

on
se

 m
od

el
 (m

m
ol

/g
), 

k T
 –

 th
e 

ra
te

 c
on

st
an

t o
f t

he
 T

ho
m

as
 m

od
el

 (L
/(m

m
ol

 h
))

, q
T 

– 
th

e 
sa

tu
ra

tio
n 

ca
pa

ci
ty

 c
al

cu
la

te
d 

fro
m

 th
e 

Th
om

as
 m

od
el

 (m
m

ol
/g

), 
k B

A
—

th
e 

ra
te

 c
on

st
an

t o
f t

he
 

B
oh

ar
t-A

da
m

s 
m

od
el

 (
L 

/(m
m

ol
 h

))
, q

BA
* – 

th
e 

ad
so

rp
tio

n 
ca

pa
ci

ty
 o

f 
th

e 
B

oh
ar

t-A
da

m
s 

m
od

el
 (

m
m

ol
/L

), 
τ Y

N
 –

 th
e 

tim
e 

re
qu

ire
d 

fo
r 

50
%

 o
f 

zi
nc

 b
re

ak
th

ro
ug

h 
ca

lc
ul

at
ed

 f
ro

m
 th

e 
Yo

on
-

N
el

so
n 

m
od

el
 (h

), 
k Y

N
 –

 th
e 

ra
te

 c
on

st
an

t o
f t

he
 Y

oo
n-

N
el

so
n 

m
od

el
  (h

−
1 ), 

q Y
N

 –
 th

e 
sa

tu
ra

tio
n 

ca
pa

ci
ty

 c
al

cu
la

te
d 

fro
m

 th
e 

Yo
on

-N
el

so
n 

m
od

el
 (m

m
ol

/g
), 

β A
 –

 th
e 

ki
ne

tic
 c

oe
ffi

ci
en

t o
f t

he
 

ex
te

rn
al

 m
as

s t
ra

ns
fe

r  (
h−

1 ), 
q w

 *  –
 th

e 
so

rp
tio

n 
ca

pa
ci

ty
 o

f t
he

 W
ol

bo
rs

ka
 m

od
el

 (m
m

ol
/L

)

C
yc

le
s f

or
 te

sti
ng

 
m

od
el

s
Pr

ed
ic

te
d 

cy
cl

es

C
yc

le
 N

o
1s

t
2n

d
3r

d
4t

h
5t

h
7t

h
8t

h
6t

h
9t

h

 E
xp

er
im

en
ta

l 
co

nd
iti

on
s

H
, m

m
12

0
80

40
80

40

c o
(Z

n)
, m

m
ol

/L
1.

06
7

1.
06

7
1.

06
7

1.
78

7
0.

77
0

1.
08

3
1.

05
1

1.
08

3
1.

05
4

Q
, m

L/
m

in
1.

0
2.

0
1.

0
3.

0
q E

, m
m

ol
/g

0.
54

7
0.

65
0

0.
69

2
0.

63
1

0.
72

6
0.

70
3

0.
71

4
0.

78
6

0.
75

9
D

os
e–

re
sp

on
se

 
m

od
el

k D
R
, -

11
.3

12
13

.5
99

20
.1

67
18

.5
23

18
.3

38
14

.7
47

7.
11

1
18

.3
24

4.
07

9

q D
R
, m

m
ol

/g
0.

58
5

0.
66

8
0.

73
1

0.
63

4
0.

53
1

0.
70

9
0.

66
9

0.
70

6
0.

63
7

r2
0.

96
7

0.
99

6
0.

99
4

0.
98

0
0.

98
4

0.
98

5
0.

98
2

0.
97

8
0.

98
3

RM
SE

0.
07

4
0.

02
8

0.
03

1
0.

05
8

0.
06

0
0.

04
2

0.
05

8
0.

06
3

0.
05

5
Th

om
as

m
od

el
k T

, L
/(m

m
ol

 h
)

0.
13

3
0.

13
9

0.
18

4
0.

19
3

0.
34

7
0.

42
8

0.
32

0
0.

29
7

0.
22

9

q T
, m

m
ol

/g
05

86
0.

66
9

0.
73

2
0.

63
5

0.
53

2
0.

71
1

0.
68

0
0.

70
4

0.
65

3
r2

0.
96

2
0.

99
4

0.
99

3
0.

98
1

0.
98

3
0.

98
7

0.
96

4
0.

97
5

0.
96

6
RM

SE
0.

08
1

0.
03

4
0.

03
3

0.
05

6
0.

06
0

0.
04

4
0.

07
6

0.
06

5
0.

13
2

B
oh

ar
t-A

da
m

s 
m

od
el

k B
A

, L
/(m

m
ol

 h
)

0.
13

3
0.

13
9

0.
18

4
0.

19
3

0.
34

7
0.

42
8

0.
32

0
0.

29
7

0.
22

9

q B
A

* , m
m

ol
/L

38
8.

63
44

4.
09

48
5.

81
42

1.
32

34
6.

95
45

6.
13

43
6.

79
45

7.
88

1
42

1.
64

3
q B

A
, m

m
ol

/g
0.

58
6

0.
66

9
0.

73
2

0.
63

5
0.

53
2

0.
71

1
0.

68
1

0.
70

2
0.

65
7

r2
0.

96
2

0.
99

4
0.

99
3

0.
98

1
0.

98
3

0.
98

6
0.

96
4

0.
97

4
0.

95
0

RM
SE

0.
08

1
0.

03
4

0.
03

3
0.

05
6

0.
06

0
0.

04
4

0.
07

6
0.

06
6

0.
13

5
Yo

on
-N

el
so

n 
m

od
el

k Y
N
,  h

−
1

0.
14

2
0.

14
8

0.
19

6
0.

34
5

0.
26

7
0.

46
4

0.
34

1
0.

32
1

0.
24

0

τ Y
N
, h

82
.3

45
94

.0
97

10
2.

93
7

53
.3

03
67

.9
13

31
.7

40
15

.2
46

63
.0

00
10

.6
05

q Y
N
, m

m
ol

/g
0.

58
6

0.
66

9
0.

73
2

0.
63

5
0.

53
2

0.
71

1
0.

66
3

0.
69

4
0.

69
4

r2
0.

96
2

0.
99

4
0.

99
3

0.
98

1
0.

98
3

0.
98

6
0.

97
2

0.
97

2
0.

95
0

RM
SE

0.
08

1
0.

03
4

0.
03

3
0.

05
6

0.
06

0
0.

04
4

0.
07

1
0.

07
1

0.
13

5
W

ol
bo

rs
ka

 m
od

el
β A

,  h
−

1
13

.1
07

18
.8

41
27

.3
16

19
.9

36
23

.8
86

53
.7

54
53

.6
77

39
.2

94
52

.4
09

q W
* , m

m
ol

/L
53

7.
42

56
9.

40
56

2.
09

44
4.

66
43

4.
65

47
9.

94
73

7.
37

54
7.

41
5

80
0.

67
6

q W
, m

m
ol

/g
0.

81
0

0.
85

8
0.

84
7

0.
67

0
0.

66
6

0.
74

8
1.

15
0

0.
83

9
1.

24
8

r2
0.

81
3

0.
89

4
0.

92
4

0.
94

8
0.

87
3

0.
95

8
0.

78
2

0.
88

2
0.

89
2

RM
SE

0.
17

0
0.

13
1

0.
11

2
0.

30
9

0.
16

1
0.

32
6

0.
37

2
0.

14
0

0.
23

7



345Journal of Environmental Health Science and Engineering (2023) 21:333–353 

1 3

 r2 and highest values of RMSE. As an exponential func-
tion, the Wolborska model is applied to the region of low 
breakthrough concentration, in which the process kinetics 
is controlled by mass transfer and axial diffusion in the 
liquid phase [25, 34].

The Dose–response model fitting show quite high values 
of  r2, and low values of the RMSE for all cycles. The param-
eter kDR is evaluated in the range 7.111—20.167, depend-
ing on the operation conditions. For values of the param-
eter kDR > 1, the Dose response model achieves a sigmoidal 
curve, and satisfactory agreement with experimental values 
was obtained. This is in agreement with previous findings 
[23].

The Thomas, Bohart-Adams and Yoon-Nelson model 
parameters show interchangeable properties for almost all 
cycles, following the rules kYN = kBA⋅c0 = kT⋅c0. Small devia-
tions are only observed for the 8th cycle. This indicates that 
the Bohart-Adams, Thomas and Yoon-Nelson models are 
equivalent in mathematical nature. Consequently, the fitting 
curves provided by the three models are identical for all 
tested cycle and error values are equal when the curve fitting 
is carried out. This is in agreement with previous findings 
[22, 24, 25, 33].

All models enabling calculations of saturation capacity 
(qDR, qT, qBA, qW, qYN) and obtained values are comparable 
with the capacity value of qE experimentally calculated at 
the exhausting point. However, the validity of the model 
is not just a result of good fitting, but also its capability to 
predict the system behaviour under conditions different from 
those used to get the model parameters [38]. Thus, based on 
the parameters evaluated for cycle 2, 7 and 8 (Fig. 9 com-
pares the experimental and model breakthrough curve), the 
parameters for the experimental condition for the 6th and 
9th cycle were predicted using equations given in Table 6.

It is evident that the model parameters in the equations 
are expressed in terms of the residence time or empty bed 
contact time EBCT, the main parameter which is suggested 
to keep constant during scale up [17, 19]. The EBCT is cal-
culated by the following equation for different experimental 
conditions during the cycles:

where A is the cross sectional area of the column which 
equals A =  (d2 π)/4  (cm2). The values of EBCT during the 
cycles are given in Table 7.

A comparison of experimental and predicted break-
through curves for the 6th and 9th cycles is given in Fig. 10, 
while predicted parameters are presented in Table 5.

From the graphical comparison of the breakthrough 
curves (Fig. 9) and calculated parameter and fitting indi-
cators (Table 5, predicted cycles 6th and 9th), among the 
tested models the Dose–response model shows the best 

(23)EBCT = H∕� = H∕(Q∕A)

agreement of the predicted values with the experimental 
points. Other models show satisfactory prediction for the 
6th cycle, but fail in predicting the 9th cycle. Therefore, the 
Dose–response model was chosen to provide a derived form 
of the breakthrough curve.

Rate profile and inflection point

The term inflection point is defined as an operating time in 
which the breakthrough curve is converted from concave 
to convex [23]. By derivation of the breakthrough curve, 
the rate profile curve achieves the pulse shape. In the first 
part, the process rate increases, in the second part, d(c/c0)/
dt = 0 and the rate is constant, and the third part shows the 
decrease in the process rate. Thus, the inflection point of 
the breakthrough curve coincides with the maximum of its 
derivation curve [26, 27].

In order to determine the inflection point, define the mass 
transfer process and characterize the dynamic behaviour 
of the system, the derivation of the Dose response kinetic 
model was done:

Comparisons of experimental and model breakthrough 
curves (symbol and dashed lines) with their derived forms 
(solid lines) during nine successive service cycles are given 
in Fig. 11.

It is evident that the derived forms of the breakthrough 
curves achieve a peak (pulse) shape which change in height 
and width. The inflection point of the breakthrough curve 
coincides with the maximum of its derivation curve. This 
maximum indicates the change in the rate controlling mech-
anism, explained in Fig. 2. Thus, it can be assumed that 
from the beginning of the process up to the inflection point 
the mass transfer rate is governed by the advection kinet-
ics, around the inflection point the particle kinetics becomes 
more significant, and finally, it controls the overall rate until 
the exhaustion point.

The time for achieving of the inflection point (tI) has been 
evaluated for nine successive service cycles and summarised 
in Table 7. For comparison, the values for achieving 50% of 
the breakthrough curve are also listed (t50).

It is evident that at the bed depth of 120 mm, and for 
a constant initial concentration (1st, 2nd and 3rd cycle), a 
slight increase in tI values is due to trained active sites in 
the zeolite layer during successive repetition of service and 
regeneration cycles. From the 4th cycle, the tI values show a 
decreasing trend. If we are analysing the operating condition 
during the cycle, it is evident that tI decreases with increas-
ing initial concentration (comparison of the 3rd with 4th and 
5th with 6th cycle), decreasing bed depth/mass of sorbent 

(24)
d(c∕c0)

dx
=

b ⋅ kDR ⋅ (b ⋅ t)
kDR−1

(

(b ⋅ t)kDR + 1
)2
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(comparison of the 3rd, 6th and 7th cycle), and with increas-
ing flow rates (comparison of the 7th, 8th and 9th cycle).

Explanation of this behaviour can be found in the analy-
sis of the quantity of zinc ions bound onto the fixed bed 
during the service cycle (Fig. 12). It is evident that the 

quantity of bound zinc increases linearly up to the inflec-
tion point, as the higher amount of exchangeable active 
sites in the zeolite are available. As the process progresses, 
the numbers of available active sites decrease. At the 
inflection point, the competition between the zinc from the 

Fig. 9  Comparison of experi-
mental and model breakthrough 
curves: a) Dose–response model 
b) Thomas model c) Bohart-
Adams model d) Wolborska 
model e) Yoon-Nelson model
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solution and the sodium from the zeolite structure occurs, 
resulting in a decrease in the quantity of bonded zinc. 
Thus, after the inflection, the transfer rate becomes slower, 
which is probably due to the diffusion and increased mass 
transfer resistance through the zeolite particles, as well 
as lower amount of available exchangeable active sites in 
the zeolite.

Calculated values of μmax,  h−1 (Table 7) evaluated at the 
inflection point from Fig. 11 are indicators of maximum spe-
cific breakthrough rate. These values significantly increase 
for the 7th, 8th and 9th cycle; thus, the time for achieving 
the inflection point at tI is significantly reduced.

Values of tI were compared with t50 in Table 7, and dif-
ferences of t50-tI were calculated. The results show a posi-
tive difference of t50-tI which indicates that the inflection 
point occurs below t50 for all cycles, and varies in the range 
0.031—0.914 h. It is also evident that the values of c/co at 
which the inflection occurs (see Fig. 11) during nine suc-
cessive service cycles slightly moved toward lower values 
of c/co. This is comparable with decreasing values of param-
eter τ (see Table 7.) and kDR (see Table 5.). This confirmed 

that the breakthrough curves achieve a sigmoid shape for all 
cycles, but at the lower bed depth and at increased flowrate 
(such as for the 9th cycle), it shows a tendency to achieve an 
asymmetric shape.

Analysis of parameter τ and evaluation 
of the optimal operating condition during cycle

The term τ is defined as a group of parameters that affects 
the adsorption performance according to the following equa-
tion [23]:

where τ is the time required for 50% adsorbate breakthrough 
(h) and c0, Q, H, m and � are dependent on initial operating 
conditions.

The values of τ were evaluated on the experimental data 
for zinc capture on natural zeolite through nine successive 
sorption-regeneration cycles, and compared with values of 
time for achieving the inflection point tI.

(25)� = q∗ ⋅ H∕� ⋅ c0 = q ⋅ m∕Q ⋅ c0

Table 6  Equation for fitting the 
parameters

Model Model parameters Dependence

Dose–response kDR, - kDR = 2.753 ⋅ EBCT1.791
⋅ 0.797EBCT  

qDR, mmol/g qDR = 0.618 ⋅ EBCT0.174
⋅ 0.973EBCT  

Thomas kTh, L/mmol g kTh = 0.202 ⋅ EBCT1.367
⋅ 0.748EBCT  

qTh, mmol/g qTh = 0.639 ⋅ EBCT0.145
⋅ 0.976EBCT  

Bohart-Adams kBA, L/mmol g kBA = 0.202 ⋅ EBCT1.367
⋅ 0.748EBCT  

qBA
*, mmol/L q∗

BA
= 412.189 ⋅ EBCT0.120

⋅ 0.983EBCT  
Wolborska βa,  h−1

�a = 54.428 ⋅ e−(0.102⋅EBCT−0.347)
2  

qW
*, mmol/L q∗

w
= 479.175 ⋅ EBCT−1.721

⋅ 1.226EBCT + 479.175  
Yoon-Nelson kYN,  h−1

kYN = 0.211 ⋅ EBCT1.149
⋅ 0.742EBCT  

τ, h � = 417.158 ⋅ EBCT + 7.67  

Table 7  Evaluation of inflection 
point

t50 – the time at inflection point (h), t50 – the time required for 50% of zinc breakthrough (h), τ—the time 
required for 50% of zinc breakthrough calculated from experimental condition by Eq. (16), μmax – the max-
imum specific breakthrough rate  (h−1), EBCT – empty bed contact time (min), EBCT = H∕� = H∕(Q∕A)

Service cycle
No

tI
h

t50
h

t50-tI μmax,  h−1 τ
h

EBCT
min

1st 83.140 83.33 0.190 0.034 76.90 13.565
2nd 92.996 93.91 0.914 0.037 91.38 13.565
3rd 102.683 102.80 0.117 0.049 97.28 13.565
4th 52.801 53.22 0.419 0.088 52.97 13.565
5th 67.779 67.81 0.031 0.068 92.71 9.043
6th 63.171 63.62 0.449 0.062 71.37 9.043
7th 31.410 31.64 0.230 0.117 31.37 4.522
8th 15.020 15.38 0.360 0.118 16.42 2.261
9th 9.524 10.32 0.796 0.123 17.40 1.507
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The good agreement between the values of τ and tI, with 
slight deviation for 5th and 9th cycle, is evident (Fig. 13a). 
This indicates that a simple calculation of τ values based on 

initial operating conditions can give accurate information 
on the position of the inflection point as an indicator of the 
point of change of mechanism.

Fig. 10  Comparison of 
simulated and experimental 
breakthrough curves: a) Dose–
response model b) Thomas 
model c) Bohart-Adams model 
d) Wolborska model e) Yoon-
Nelson model
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However, according to Eq. (25), the higher values of τ 
will be achieved at higher saturation/sorption capacity and 
the bed depth /mass of zeolite in fixed bed depth, while 
increasing flow rate and initial concentration decreases the 
τ values.

Our results indicate that τ value is most affected by the 
flow rate, the bed depth and the initial concentration. Thus, 
the τ values decrease with decreasing bed depth/mass of zeo-
lite (comparison of the 3rd, 6th and 7th cycle), with increas-
ing flow rates (comparison of the 7th, 8th, and 9th cycle) and 

initial concentrations (comparison of the 3rd with 4th and 
the 5th with 6th cycle). But at the same time the values of 
saturation/sorption capacity slightly increase.

So the question is how to evaluate the optimal range of τ, 
which is especially important during the process of scaling 
up. Namely, the main parameter that is suggested to keep 
constant during scale up is residence time (EBCT), which 
represents the contact time between the zinc solution and 
zeolite particles in the fixed bed.

Fig. 11  Comparison of experimental and Dose–response model breakthrough curves (symbol and dashed lines) with their derived forms (full 
lines) during nine successive service cycle
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A higher EBCT is desirable, as it results in a higher sorp-
tion capacity due to a higher effective diffusion process. At 
lower EBCT, the zeolite is saturated earlier because the front 
of the sorption zone quickly reaches the bottom of the col-
umn. This usually occurs at a high flow rate and lower bed 
depth. Thus optimal values of EBCT need to be defined.

As evident from our results (see Table 7), the EBCT value 
is most affected by the flow rate and the bed depth while 
change in the initial concentration does not have any impact.

Hence, for design of the column process, the EBCT and 
τ values should be equally important parameters. In order to 
identify a suitable range of values for these two variables for 
the investigated system of Zn capture onto zeolite, they are 
compared with the removal column efficiency η in Fig. 13b. 
Namely, higher values of column efficiency is an indicator of 
sharpness of the breakthrough curve. Thus, the peak sharp-
ness depends on column efficiency.

If we assume that acceptable column efficiency should 
be η ≥ 75%, from Fig. 13a and b, the optimal (or the most 
favourable) conditions for the examined system are estimated 
to be: τ in the range 31.37—97.28 h and EBCT in the range 

4.5—13.56 min. The results indicate that although increas-
ing contact time over 4.5 min increases process time, it will 
ensure satisfying column efficiency. These two parameters, 
EBCT and τ, ensure more information and easier prediction 
of breakthrough behaviour during scale up of the process.

Conclusion

This study confirm that natural zeolite is an efficient adsor-
bent and ion-exchanger for the treatment of zinc-loaded 
wastewater to obtain high quality effluent, contributing to 
sustainable water management and water resource conser-
vation. The regeneration of saturated zeolite was carried 
out sequentially nine times on the same zeolite bed. The 
typical S-shape of the breakthrough curves of Zn capture on 
zeolite were obtained for all service cycles, and the typical 
peak shape of the elution curves of Zn ions were obtained 
for nine consecutive zeolite regeneration cycles, indicating 
excellent sorption and regeneration capabilities of the same 
zeolite bed. A total of 6,208 mmol Zn (or 406 mg Zn) was 

Fig. 12  Quantity of zinc ions 
bound onto the fixed bed as the 
service cycle progresses (Note: 
tI—time for achieving of inflec-
tion point in h)
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removed per gram of zeolite which was regenerated dur-
ing nine successive regeneration cycles. The concentrated 
regenerated solution allows for the zinc ions recovery and 
reuse in manufacturing industries, which contribute to the 
zero waste practice.

Testing of the models on experimental data by nonlin-
ear regressions analysis confirmed that Thomas, Bohart-
Adams, and Yoon-Nelson share identical mathematical 
form and their kinetic parameters are interchangeable: 
kYN = kBA⋅c0 = kT⋅c0. The Wolborska model describes the 
initial part of the breakthrough curve. The Dose–response 
model achieves a sigmoidal curve when the parameter 
kDR > 1. Additionally, a simulation for a condition differ-
ent from those used to get model parameters was done, 
and the Dose–response model was found to be the best 
for describing the system. Its derived form of the equa-
tion is given and used for evaluation of inflection point 
(tI). The result shows that the position of the inflection 
point varies as a function of the operation condition during 
the cycles. The tI values decrease with increasing initial 
concentrations and flow rates of zinc in the solution and 

with bed depth/mass of zeolite in the fixed bed column. 
The position of tI is in agreement with the quantity of zinc 
ions bound onto the fixed bed during the progress service 
cycle. Up to the inflection point, the mass transfer through 
aqueous phase governs the rate, while after the inflection 
point, the transfer rate becomes slower due to the diffusion 
and increased mass transfer resistance through the zeo-
lite particles. The adsorption performance was evaluated 
through the parameters τ, residence time, EBCT, and col-
umn efficiency η ≥ 75%. The optimal working conditions 
for the examined system are estimated to be: τ in the range 
31.37—97.28 h and EBCT in the range 4.5—13.56 min.
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