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Abstract

Construction of suitable structural models in order to account for chemical short-range orders is the reason behind the dif-
ficult multi-scale computational simulation methods for solid solutions. Herein, using Ti—-Mo alloys as representative, we
used our cluster-plus-glue-atom model to address the chemical short-range orders for body-center cubic lattice. In accordance
with the atomic interaction mode, an Mo solute atom would prefer 14 Ti solvent atoms as its nearest neighbors, forming a
rhombic-dodecahedral cluster, and some next outer-shell Mo and Ti atoms would serve as the glue atoms, which is formu-
lated as [Mo-Ti,4]J(Mo,Ti),. The number of glue atoms x corresponds to different spatial distribution of the clusters. One
of the formula having good stability is [Mo-Ti4,]JMo, i.e., with one Mo as the glue atom. To verify its stability, mechanical
properties and electronic density of state are obtained using the first-principles calculations and the Young’s modulus agrees
with the experimental values. Also the formulated structural unit [Mo-Ti,,]Mo is indeed verified by the cluster expansion
method. This work then confirms the existence of simple structural unit covering the nearest neighbors and a few next outer-

shell atoms for the Ti—-Mo alloy of high structural stability.

Keywords Solid solution - p-Ti—-Mo alloys - Short-range order - First-principles calculations

1 Introduction

Short-range distribution of solute in a substitutional solid
solution is due to agglomeration of atoms in the atomic
range. However, computer simulations like SQS [1] and
EMTO [2] consider solid solution as being disordered
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randomly as addressing atomic order in short range is
extremely difficult due to simultaneous involvement of order
and disorder. On the contrary, specific chemical composition
of the good quality alloys which are regularly used in our
daily life implies that certain structural units must be respon-
sible for the chemistry of the alloys. Clarification of this
fundamental issue has recently been possible due to iden-
tification of the structural units using the cluster-plus-glue-
atom model [3]. For instance, the most widely used brass,
Cu-30Zn, is explained using a unit formulated as [Zn—Cu,,]
Zn, [4], but such formulism is only based on speculated
atomic interaction mode in accordance with their mixing
enthalpies. It is therefore significant to justify such short-
range model using state-of-the-art ab initio calculations,
which constitute the major objective of the present work.
To carry out the calculations, -Ti bio-alloys having low
Young’s modulus [5, 6] were chosen as the model alloy
system. The design of the alloys needs to be proper as it
contains both BCC stabilizers (i.e., Mo) and destabilizers
(i.e., Sn) with low modulus [7-9]. There are several meth-
ods available for multicomponent alloy design, such as
d-electron concept [10], Mo-equivalence (Moeq) [11] and
electron concentration criterion (e/a) [12]. Nevertheless,
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these prevailing methods do not offer precise composition
design and the alloy development is still based on empirical
exploration.

Herein, we first establish a model for p-Ti—Mo solid
solution alloys based on short-range order using our clus-
ter-plus-glue-atom model. The reason behind the choice
of this binary system is that it is the base for all kinds of
B-Ti bio-alloys. Our main focus was on the composition of
monotectoid point TiggMo,,, due to highest BCC stability of
the alloy. Thereafter, mechanical properties and electronic
density of states of the formulated structure are calculated
using ab initio method, showing good agreement with the
experimental data, while the cluster-plus-glue-atom model
[Mo-Ti4]Mo is successfully verified using the cluster
expansion (CE) method.

2 Cluster-plus-glue-atom model for 3-Ti-Mo
BCC alloys

Cluster-plus-glue-atom model is particularly useful in deal-
ing with chemical structures of short-range order. The basis
of this model is to derive a local structural unit that covers
the nearest neighbors (which are forming a coordination pol-
yhedral cluster) along with few outer-shell glue atoms which
represent the chemical short-range order and thereby pro-
viding key information on the overall structure of the solid
solution [3, 13]. The chemical form of the model is [cluster]
(glue atoms),, with the alloy structure being divided into
two parts, cluster part and glue-atom part, where the clus-
ter characterizes the local structure, and the glue atoms are
located between the clusters. The model has been success-
fully applied to FCC Cu-Zn brass alloys [3]. For instance,
the most widely used a-brass Cu—30Zn is precisely formu-
lated as [Zn—Cu,,]Zn, [4], where the square bracketed part
represents the nearest-neighbor cluster that is centered by
Zn and shelled by Cu, in accordance with their negative
enthalpy of mixing(AH, 7,=—6 kJ mol™").

As per literature reports [14—17], the Ti-Mo BCC alloys
are modeled according to following procedure. In BCC
Ti—Mo lattice, any Mo atom (the red atom in Fig. 1) is
selected as the center of a cluster, and then, solvent Ti atoms
are placed in its eight nearest-neighboring sites (the green
atoms \/ga /2, a being the lattice constant) as well as six
second nearest-neighboring sites (the blue atoms, radial dis-
tance being @). The reason behind the choice of such a local
[Mo-Ti,,] rhombic dodecahedron cluster with CN 14 is the
negative enthalpy of mixing between Ti and Mo [9, 10] as
well as the consideration that the most important interactions
fall on the first two sets of nearest neighbors of 14 atoms for
BCC alloys [18, 19].

These clusters are then distributed in the BCC lattice
without spatial overlapping, to avoid the extension of local

Fig.1 Geometrical configuration of the cluster-plus-glue-atom
model for BCC structure, centered by red atom Mo, and shelled by
14 Ti is a thombic-dodecahedral cluster [Mo-Ti,,]. The eight near-
est neighbors are shown as green balls, and the six second near-
est neighbors are shown as blue balls. The glue atoms locate at the
next outer-shell of twelve atoms (gray balls). The Ti-Mo monotec-
toid alloy TiggMo,, is modeled as a [Mo-Ti,,] cluster glued with one
Mo atom (out of the 12 available gray sites), formulated as [Mo-Ti, 4]
Mo =Ti;;M0,=Tig; sMoy, 5

cluster-type order to longer range that destroys the stability
of the solid solution. In such cases, the distance between two
neighboring clusters which is described by vectors must be
larger than or equal to vector <331>a/2 [20]. The positions
of the glue atoms are supposed to be only at the next outer
neighbors of twelve sites (gray atoms in Fig. 1). In cluster-
plus-glue-atom model, it is only the glue atoms that can be
shared by two clusters. The maximum number of glue atoms
is found to be 1-8 as determined experimentally [20], but
the maximum cluster packing density is observed for cluster
formula with one glue atom. In Ti—-Mo binary phase dia-
gram, the composition TiggMo,, (at%) of monotectoid reac-
tion corresponds to the stable BCC structure at the lowest
temperature. The TiggMo,, is thus modeled as a [Mo-Ti 4]
cluster glued with one Mo atom, formulated as [Mo-Ti,,]
Mo =Ti;Mo,=Tig; sMo,, 5 as per cluster-plus-glue-atom
model and whose chemical composition falls close to the
experimental one. The glue Mo atom is located in the inter-
stitial sites between the clusters, as shown in Fig. 2.
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Fig.2 Parallelepiped super-cell unit satisfying the cluster formula
[Mo-Ti4,]JMo (monotectoid alloy), defined by linking the [Mo-Ti,,]
cluster center (red atoms, Mo) as the cell vertices. There is only one
Mo glue atom (gray atoms) in the unit. The cluster shell atoms are
represented by green and blue atoms

3 Computational Methods

Density functional theory-based calculations are performed
using the Blochl’s projector-augmented wave (PAW) [21]
method within the generalized gradient approximation
(GGA) of Perdew, Burke and Ernzerhof (PBE) parameteri-
zation [22], as implemented in the Vienna Ab Initio Simu-
lation Package (VASP) [23]. The electronic wave functions
are expanded using a plane-wave basis set with a cutoff
energy of 350 eV. The Brillouin zone is sampled employ-
ing 5% 5%6 k-point meshes generated with Monkhorst—Pack
scheme [24]. The atomic positions and unit cell parameters
are fully relaxed with the conjugate-gradient method.

The cluster expansion method [25] is derived from the
well-known Ising Hamiltonian. For a binary substitutional
alloy, we firstly introduce a spin-like occupation variable
o; to each site: o;=—1(+1) if site i is occupied by an A (B)
atom. Here, vector o represents a particular configuration of
parent lattice containing all occupation variables for each
site. Thus, the properties correlated with particular configu-
ration of a lattice can be conveniently calculated using the
spin-like occupation variable, for example, energy as below
[26]:

E©)= Y mJ([] o). (1)

where a is a cluster comprised of a group of sites, m, denotes
the number of sites per lattice of symmetrically equivalent
to clusters a, and J, is so-called effective cluster interaction
(ECI). The summation is over all nonequivalent clusters «
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Fig. 3 Energies predicted from the cluster expansion as a function of
composition for each structure generated in Ti—-Mo alloy

as per asymmetry operation of the space group of the par-
ent lattice, whereas the average is taken over all clusters
of the lattice with symmetry equivalence. After knowing
all ECIs, the property correlated with atomic configuration
can be predicted by employing Eq. 1, whereas the unknown
EClIs can be determined by the Alloy Theoretic Automated
Toolkit (ATAT) code [27], which constructs cluster expan-
sion by fitting the energies of some configurations based on
first-principles calculations. It is also implemented in VASP
with PAW pseudo-potentials, and the exchange-correlation
interactions are also parameterized by PBE functional for
GGA. High energy cutoff (30% higher than the maximum
cutoff of both potentials) along with 5 x5 X 5 k-point Monk-
horst—Pack meshes ensured numerical convergence.

4 Results and Discussion
4.1 Verification of the cluster-based formula

The formation energy of Ti—-Mo alloys for each generated
structure is searched by CE method with ATAT as a function
of Mo concentration and is shown in Fig. 3. The “known str”
denotes structures whose energy has been calculated from
first principles. The “predicted” denotes structures that are
predicted by the cluster expansion, but still not confirmed
by first-principles-based calculations. There are three stable
structures for the alloy with 12.5% Mo as described in Fig. 4.
The first, second and third nearest neighbors of the central
Mo atom or Ti atom corresponding to three different struc-
tures are listed in Table 1. There are 8 nearest-neighboring
Ti atoms and 6 s nearest-neighboring Ti atoms centering
any Mo atom in the structural unit [MoTi;4,]Mo, forming
a two-shell cluster according to the cluster-plus-glue-atom
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Fig.4 Structures of Tig; sMo,, 5 obtained by ATAT (a’, b, ¢’ show the 1st, 2nd and 3rd nearest neighbor of Mo atom for a, b, ¢)

model. Glue Mo atoms are located at the next outer-shell ~ neighbors in structure a completely agree with the cluster-
(third nearest neighbors). plus-glue-atom model, with one [Mo-Ti ,] cluster being

We consequently observe the expected structural model ~ matched with one Mo glue atom (the apparent two Mo
in the searched results. The first, second and third nearest ~ atoms at the third nearest-neighbor shell are actually
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Table 1 1st, 2nd and 3rd nearest neighbors of the central Mo atoms
or Ti atoms in the configurations a, b, and ¢

Central atom Shell atom Numbers Radial distances (nm)
Mo* Ti 0.245-0.269
Ti 6 0.325-0.326
Mo 2 0.438
Ti 10 0.442-0.450
Mo® Ti 8 0.253-0.277
Ti 6 0.323-0.327
Ti 12 0.433-0.456
Ti? Mo 2 0.271
Ti 6 0.276-0.289
Ti 6 0.294-0.324
Ti 12 0.433-0.463
Mo Ti 6 0.257-0.262
Mo 2 0.280
Ti 6 0.319-0.321
Ti 12 0.433-0.442
Ti§ Mo 0.258
Ti 7 0.260-0.286
Ti 6 0.289-0.360
Ti 10 0.404-0.482
Mo 2 0.433-0.438
Ti§ Ti 0.260-0.281
Ti 6 0.320-0.328
Ti 10 0.437-0.445
Mo 2 0.441

shared by two adjacent [Mo-Ti,] clusters). In structure
b, there is no Mo atom located at the first, second and
third nearest neighbors with respect to a central Mo, but
they are located with respect to central a Ti atom. Two
Mo atoms are also located in the nearest neighbors, and
thus, the structural unit in terms of cluster-plus-glue-
atom model is [Ti-Mo,Ti,,]Ti. For structure ¢, two Mo
atoms are located at the first-neighbor if centered by any
Mo atom, but when centered by Ti atom, the formula can
be expressed as [Ti-Mo,Ti;,]Mo and [Ti-Ti,;4]Mo. The
respective formation energies of the structures a, b and ¢
are —0.1048 eV, —0.1013 eV and —0.0821 eV. Thereby,
structure a is found to have the lowest formation energy
among the three structures and is the most stable one. It
perfectly agrees with the cluster-plus-glue-atom model of
BCC structure. Therefore, the formula is confirmed to be

areliable method to describe and design stable solid solu-
tion alloys.

4.2 Young's modulus

The elastic properties of [Mo-Ti,,]Mo alloy are calculated
by DFT method from the cluster-plus-glue-atom model. The
XRD pattern of [MoTi,4]Mo alloy [14] indicates stable BCC
B-phase at room temperature. Mo has been demonstrated
as an effective B-Ti stabilizer with 5 at% Mo being enough
for stabilizing BCC -Ti solid solution [14]. This value is
close to the Mo concentration of 6.25% in the as-formulated
structure of [Mo-Ti 4]Ti, i.e., instead of Mo in the mono-
tectoid formula, the cluster is glued with one glue Ti. For
[Mo-Ti,4]Mo alloy, the equilibrium density upon relaxation
is 5.12 g/cm?, and it agrees well with our own measured
value of 5.17 g/cm® [16] on Tig; sMo,, 5. The mechanical
stability of the structures a, b and c is illustrated by cal-
culating the elastic constants of the structures a, b and c.
The elastic stiffness constants C;; (in the Voigt notation) are
listed in Table 2. We can see that all the three structures
satisfy the criteria of mechanical stability [28] and hence
are mechanically stable. The experimental Young’s modulus
of Tig; sMo,, 5 alloy prepared by suction casting is 99 GPa
[16], thus agreeing nicely with our DFT calculated value of
103.4 GPa. This coincidence gives a direct validation for the
cluster-plus-glue-atom model of Ti—-Mo monotectoid alloy.

30

N
o

DOS (states/eV atom)

Energy (eV)

Fig.5 Total and partial electronic densities of the states of [Mo—Ti,]
Mo

Table 2 Calculated elastic

. 3 : Structure (O Cy, Cy B G E
stiffness coefficients (in GPa)
for structure a, b and ¢ a 208.4 121.1 31.8 150.2 36.1 100.4
b 227.8 140.2 38.1 169.4 40.3 112.0
c 206.5 119.2 41.0 148.3 42.0 115.2
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Fig. 6 Difference charge density for structures a, b, ¢. Isovalues: 0.005 and —0.005 a.u.

4.3 Electron density of states

As shown in Fig. 5, the d states of Ti atoms dominate the
total electron density of the states of Ti-Mo monotectoid
alloy rendering the contribution from Mo atoms negligible.
Low Mo content in the alloy (12.5% only), coupled with
strong shielding effect over the central Mo atom by the sur-
rounded solvent atoms of Ti, is the reason behind this domi-
nance of Ti atoms.

Scale: An(r)
W 12876

The charge density difference [29] and quantity
plots of structures a, b and c¢ are calculated in Figs. 6
and 7. The results indicate that charge has trans-
ferred between Mo and Ti atoms, and charge densi-
ties of 0.0199 e /A? and — 1.2876 e /A? for structure
a, 0.0234 ¢7/A% and —1.2890 e /A for structure b, and
0.0233 e /A% and — 1.2901 ¢/A? for structure c. As shown
in Fig. 6, the red zone denotes the increased charge, while
the blue zone denotes the decreased charge. The charge
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Fig. 7 Quantity plots of the difference charge density for structures a, b, ¢. Isovalues: 0.005 and —0.005 a.u.
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density accumulation between the Mo and Ti atoms indi-
cates the strong orbital hybridization and bonding of these
atoms.

5 Conclusion

BCC Ti-Mo alloys have been described by an idealized local
unit, [MoTi,,](Mo,Ti), with short-range order as per clus-
ter-plus-glue-atom model where with respect to center Mo
atom, Ti atoms cover the first eight and second six nearest-
neighboring shell atoms. In the next outer shell which is the
third nearest neighbors, there are some Mo atoms with Ti
atoms serving as the glue atoms. Varying number of glue
atoms x corresponds to different spatial distribution of the
clusters. The cluster packing density reaches the maximum
in the formula [MoTi,4]Mo where x=1, signifying that the
structure having one Mo atom as the glue atom possesses
superior structural stability and peculiar properties. The
formulated structure has Young’s modulus value calculated
as 100.4 GPa and which agrees very well with that of the
experimental value 99 GPa. Successful verification of the
atomic structure [MoTi;4,]Mo via CE method supports the
application of cluster-plus-glue-atom model in the investiga-
tion of nearest-neighbor configurations in solid solutions.
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