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Abstract
Solidification shrinkage has been recognized as an important factor for macrosegregation formation. An arbitrary Lagran-
gian–Eulerian (ALE) model is constructed to predict the macrosegregation caused by thermal–solutal convection and solidi-
fication shrinkage. A novel mesh update algorithm is developed to account for the domain change induced by solidification 
shrinkage. The velocity–pressure coupling between the non-homogenous mass conservation equation and momentum equa-
tion is addressed by a modified pressure correction method. The governing equations are solved by the streamline-upwind/
Petrov–Galerkin-stabilized finite element algorithm. The application of the model to the Pb-19.2 wt%Sn alloy solidification 
problem is considered. The inverse segregation is successfully predicted, and reasonable agreement with the literature results 
is obtained. Thus, the ALE model is established to be a highly effective tool for predicting the macrosegregation caused 
by solidification shrinkage and thermal–solutal convection. Finally, the effect of solidification shrinkage is analyzed. The 
results demonstrate that solidification shrinkage delays the advance of the solidification front and intensifies the segregation.
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1 Introduction

During solidification of metal alloys, large-scale non-uni-
formity in local solute composition (i.e., macrosegregation) 
is likely to arise. The defect causes a wide variation in the 
properties of the casting and impairs the performance of 
the final components. Macrosegregation results from the 
relative motion between the solute-rich liquid phase and 
solute-depleted solid phase [1]. The main factors influenc-
ing the relative motion are the thermal–solutal buoyancy 
forces, solidification shrinkage, grain sedimentation and 
solid deformation [2].

Modeling and simulation have been widely used to inves-
tigate macrosegregation during the past decades. Up to the 

present, substantial progress has been made in the develop-
ment of macrosegregation models; among these, the single-
domain models based on the classical mixture theory [3] 
or volume-averaging method [4] are the most popular. In 
numerous numerical studies, the solidification shrinkage is 
omitted in the single-domain models by using equal densi-
ties for the solid and liquid phases. During solidification, the 
volume shrinkage in the mushy zone is compensated by the 
melt in the risers, inducing a feeding flow in the liquid and 
mushy zones. Although the shrinkage-induced flow may be 
weak, it is likely to strongly impact the formation of mac-
rosegregation [5].

One of the earliest attempts to consider solidification 
shrinkage in the single-domain models was by Chiang and 
Tsai [6]. They modified the continuum model developed by 
Bennon and Incropera and considered the domain change 
by using the front tracking method. The model was used 
to analyze the interaction between shrinkage-induced flow 
and natural convection for solidifying alloys in a two-dimen-
sional rectangular cavity with a riser. Diao and Tsai [7] later 
extended the model to include the solute equation and stud-
ied the combined effect of solidification shrinkage, natural 
convection and change in the cross section on the formation 
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of macrosegregation. Krane and Incropera [8] examined the 
effect of solidification shrinkage on the macrosegregation 
formation in a Pb-19.2 wt%Sn alloy which was cooled at a 
side wall based on a modified continuum model. With regard 
to the treatment of solidification shrinkage, an inlet velocity 
boundary condition was provided on a portion of the top sur-
face; moreover, the feeding velocity was calculated from the 
volume required to compensate the shrinkage. They clarified 
that the solidification shrinkage flow was impelled by mass 
conservation requirements throughout the domain rather 
than the viscous stress terms in the momentum equation. 
Heinrich and Poirier [9] examined the effect of solidification 
contraction during directional solidification of hypoeutectic 
Pb–Sn alloys based on the volume-averaging model; they 
successfully predicted the inverse segregation at the cooled 
surface. Samanta and Zabaras [10] studied the convection 
and macrosegregation impelled by buoyancy and shrinkage 
for solidifying a Pb-19.2 wt%Sn alloy by using stabilized 
finite element techniques.

In the above studies, small test cases were considered, and 
certain simplifications of the free surface and boundary con-
ditions were carried out. An inflow boundary condition on a 
part of the upper boundary or a riser with a flat moving free 
surface was imposed to feed the shrinkage. However, these 
assumptions are not valid for steel ingot castings, where a 
shrinkage pipe forms during solidification. Thus, to predict 
the macrosegregation formation and solidification shrinkage 
pipe simultaneously, the free surface evolution has to be 
solved while predicting segregation formation.

Zhang et al. [11] developed a single-domain multiphase 
model for macrosegregation and shrinkage pipe formation 
and utilized a volume of fluid (VOF) method to track the free 
surface evolution. Wang et al. [12, 13] and Wu et al. [14, 15] 
extended the traditional multiphase models by including an 
additional gas phase to treat the formation of the shrinkage 
cavity and investigated the interaction between the shrink-
age cavity and macrosegregation. In these studies, fixed 
mesh methods were adopted, in which the location of the 
free surface was tracked through a variable defined on the 
mesh such as the VOF method or the gas-phase-included 
multiphase model method. The moving mesh method, or 
arbitrary Lagrangian–Eulerian (ALE) method, can also be 
used to solve the free surface problem. The advantage of this 
method lies in the natural representation of the free surfaces, 
which yields an accurate description of the front. Bellet and 
coworkers introduced this method into the solidification and 
casting context in order to simulate the mold filling process 
and shrinkage cavity formation [16, 17]. However, the uti-
lization of the ALE method to develop macrosegregation 

models for considering the effect of solidification shrinkage 
has been rarely reported.

In this study, an ALE model is developed to predict mac-
rosegregation caused by the combined effect of solidification 
shrinkage and thermal–solutal convection during solidifica-
tion of metal alloys. First, the governing equations of the 
modified continuum model are deduced based on the ALE 
theory. Secondly, an ALE-based finite element algorithm 
is developed for solving the coupled governing equations 
including the mesh update algorithm and the modified pres-
sure correction method. Finally, the ALE model is utilized 
to study the solidification progress of a Pb-19.2 wt%Sn alloy 
and the effect of solidification shrinkage is analyzed.

2  Mathematical Model

The mathematical model used in this study is modified 
from the continuum model developed by Ni and Incropera 
[18]. The conservation equations for mass, momentum, 
energy and solute are developed based on the following 
assumptions:

1. The liquid is Newtonian and incompressible, and the 
flow is laminar.

2. The solid phase is stationary; thus, neither grain sedi-
mentation nor mushy zone deformation is considered.

3. The mushy zone is modeled as an isotropic porous 
medium saturated with liquid, and the permeability is 
defined by the Carman–Kozeny formula.

4. The densities of the solid and liquid phases are differ-
ent albeit constant, and the Boussinesq approximation is 
used in the buoyancy term of the momentum conserva-
tion equation.

5. The thermal–physical properties of the solid and liquid 
phases are different albeit constant.

6. The level rule is used to describe microsegregation.
7. Neither porosity nor internal shrinkage is considered 

during solidification; thus, no gas phase is present in 
the casting.

The governing equations of the modified continuum 
model are commonly derived in the Euler framework based 
on the mixture theory. In this study, to handle the domain 
change caused by solidification shrinkage, an ALE technique 
is utilized. ALE formulations are adapted from the Eulerian 
formulations, as expressed by Eqs. (1)–(4). Details about the 
ALE adaption are available in the literature [19].

Mass conservation:

(1)

��(� , t)

�t
+ (u(� , t) − umesh(� , t)) ⋅ ∇�(� , t) + �(� , t)∇ ⋅ u(� , t) = 0.
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Momentum conservation:

Energy conservation:

Solute conservation:

In the above equations, χ denotes the ALE spatial system, 
t is the time, ρ is the mixture density, u is the mixture veloc-
ity, umesh is the mesh velocity, μl is the dynamic viscosity of 
the liquid phase, P is the pressure, K is the permeability, ρl 
is the liquid density, g is the gravity acceleration, βT (βw) is 
the thermal (solutal) expansion coefficient, T is the tempera-
ture, Tref is the reference temperature, wref is the reference 
mass fraction of the solute, H is the mixture enthalpy, Hl is 
the liquid enthalpy, k is the mixture thermal conductivity, w 
is the mixture solute mass fraction of solute, wl is the mass 
fraction of the solute in liquid phase, fl is the liquid mass 
fraction and Dl is the diffusion coefficient in liquid.

Because the densities of the solid and liquid phases are 
unequal, the mass fraction and volume fraction are different. 
Thus, it is necessary to distinguish between the two types of 
fractions in the variable definition. The mixture density and 
mixture thermal conductivity are volume-averaged; these 
are expressed as

The mixture enthalpy and mixture solute mass fraction 
are mass-averaged; these are expressed as

The permeability is a function of the volume fractions; it is 
defined as

where λ2 is the secondary dendrite arm spacing. In 
Eqs.  (5)–(9), f denotes the mass fraction; g denotes the 

(2)
�(� , t)

�u(� , t)

�t
+ �(� , t)(u(� , t) − umesh(� , t)) ⋅ ∇u(� , t) = ∇ ⋅

(

�l

�(� , t)

�l
∇u(� , t)

)

− ∇P(� , t) −
�l

K

�(� , t)

�l
u(� , t) + �(� , t)g

(

�T(T(� , t) − Tref) + �w(wl(� , t) − wref)
)

.

(3)�(� , t)
�H(� , t)

�t
− �(� , t)umesh(� , t) ⋅ ∇H(� , t) + �(� , t)u(� , t) ⋅ ∇Hl(� , t)

= ∇ ⋅ (k(� , t)∇T(� , t)) + (H(� , t) − Hl(� , t))∇ ⋅ (�(� , t)u(� , t)).

(4)�(� , t)
�w(� , t)

�t
− �(� , t)umesh(� , t) ⋅ ∇w(� , t) + �(� , t)u(� , t) ⋅ ∇wl(� , t)

= ∇ ⋅ (�(� , t)flDl∇wl(� , t)) + (w(� , t) − wl(� , t))∇ ⋅ (�(� , t)u(� , t)).

.

(5)� = �sgs + �lgl,

(6)k = ksgs + klgl.

(7)H = flHl + fsHs,

(8)w = flwl + fsws.

(9)K = �2
2
g3
l
∕g2

s
∕180,

volume fraction; and the subscript s or l denotes the solid or 
liquid phase, respectively.

In the ALE formulations, the variables are defined in the 
ALE system and the mesh is updated during each time step 
to account for the solidification shrinkage

where X denotes the global vector of nodal coordinates. The 
mesh velocity, umesh, is determined by the mesh update algo-
rithm, which will be introduced in the next section.

3  Numerical Method

3.1  Mesh Update Algorithm

During solidification of castings, shrinkage cavities form 
at the riser. The formation process of the shrinkage cavities 
corresponds to the evolution of the free surface. In this sec-
tion, the ALE mesh update algorithm for tracking the free 
surface evolution during the formation of shrinkage cavity 
is introduced.

The simplified assumptions are as follows: First, it is 
assumed that the fluctuations of the free surface are negligi-
ble (and thus omitted); moreover, only the decline in the liq-
uid level owing to the solidification shrinkage is considered. 
Secondly, for the nodes at the free surface, if the solid frac-
tion is larger than the critical solid fraction, gsc, these nodes 
stay stationary. For the other part of the free surface, which 
is generally at the middle of the free surface, the surface ten-
sion is omitted, and the melt is assumed to flow down with 
the feeding velocity.

(10)X(� , t + Δt) = X(� , t) + umesh(� , t) ⋅ Δt,
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The following objectives should be achieved by the ALE 
mesh update algorithm. First, the domain change of the cast-
ing caused by solidification shrinkage should be described 
by the updated mesh. Therefore, the boundary nodes at the 
free surface are supposed to track the evolution of the free 
surface owing to solidification shrinkage. Secondly, the 
positions of the internal nodes should be adjusted by a suit-
able algorithm to reserve adequate mesh quality. The update 
algorithms for the boundary nodes and the internal nodes are 
introduced as follows:

1. Boundary nodes

To determine the feeding velocity for the boundary nodes, 
the solidification shrinkage should be calculated. First, the 
total shrinkage volume is calculated. The solidification shrink-
age is defined by the source term of the mass conservation 
equation as follows:

Thus, the total shrinkage volume can be computed as the 
volumetric integral of the source term:

Next, the shrinkage area of the free surface is calculated. 
The shrinkage function is defined as follows:

The shrinkage area of the free surface can be computed as 
the surface integral of the shrinkage function:

Finally, the shrinkage displacement and the mesh node 
velocity at the free surface are calculated as follows:

2. Interior nodes

Compared with the boundary nodes, which should track the 
free surface, the movements of the interior nodes are largely 
arbitrary. However, the new positions of the mesh nodes 
should be placed to maintain adequate mesh quality so that 
no re-meshing is required owing to excessive mesh distortion. 
There are numerous mesh update algorithms. The Laplacian 
smoothing method is used in this study; it is based on updat-
ing the positions of the nodes by solving the Laplace equation. 

(11)

S� =
1

�(� , t)

(

��(� , t)

�t
+ (u(� , t) − umesh(� , t)) ⋅ ∇�(� , t)

)

.

(12)Vshr = ∫V

S� d�.

(13)𝛿 =

{

1, if gs < gsc
0, if gs > gsc

.

(14)Sshr = ∫S

� d� .

(15)dshr = Vshr∕Sshr,

(16)Umesh = dshr∕Δt ⋅ �.

Details about the Laplacian smoothing method are available 
in Ref. [19].

3.2  Solution Algorithm

The mathematical model adopted in this study is deduced in 
the ALE framework to consider the domain change owing to 
the solidification shrinkage of castings. The model covers the 
coupling among the fluid flow, the heat transfer and solute 
transport during solidification, and the update of the mesh. The 
finite element method is adopted to solve the coupled conser-
vation equations of mass, momentum, energy and solute. For 
solving the coupled mass and momentum equations—Eqs. (1) 
and (2), a modified pressure correction method is adopted as 
follows:

Tentative velocity step:

Pressure correction step:

Velocity update step:

The streamline-upwind/Petrov–Galerkin (SUPG) 
method is utilized to stabilize the convection terms in the 
transport equations for momentum, energy and solute. 
For computing the energy and solute conservation equa-
tions, the nonlinearity induced by the temperature–solute 
coupling during solidification is addressed by the New-
ton–Rapson method.

Because the model covers the multiphysics coupling 
and mesh update, a segregated method is adopted as 
follows:

1. Initialize the variables at the current time step with those 
at the previous time step.

2. Solve the conservation equations of mass and momen-
tum based on the modified stabilized pressure correction 
method.

3. Solve the nonlinear energy conservation equation with 
the Newton–Rapson method.

4. Solve the nonlinear solute conservation equation with 
the Newton–Rapson method.

(17)

�
u
∗ − u

n−1

Δt
+ �(un−1 − umesh) ⋅ ∇u

∗

= ∇ ⋅ �l

�

�l
∇u∗ −

�l

K

�

�l
u
∗ − ∇Pn−1

+ �g
(

�T(T − T0) + �C(wl − wl,ref)
)

.

(18)

∇ ⋅

1

�
∇(pn − p∗) =

1

Δt

(

1

�

(

��

�t
+ (un−1 − umesh) ⋅ ∇�

)

+ ∇ ⋅ u
∗

)

.

(19)
u
n − u

∗

Δt
= −

1

�
∇(Pn − P∗).
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5. Calculate the difference in velocity, temperature and 
solute concentration between two adjacent iterations. If 
they are not converged, return to step (2).

6. Calculate the solidification shrinkage, update the mesh 
based on the ALE algorithm and update the mesh veloc-
ity.

7. Advance time to the next time step.

In the above segregated method, the mesh is updated 
only one time at each time step, whereas multiple itera-
tions are performed for coupling the conservation equa-
tions to achieve synchronization among the coupling 
fields.

4  Results and Discussion

To test and validate the developed ALE macrosegregation 
model, a Pb-19.2 wt%Sn casting, which was addressed ear-
lier [10], is considered. The problem involves the solidi-
fication of a Pb-19.2 wt%Sn alloy in a square cavity with 
a hot top. The square cavity is of length 0.2 m and height 
0.05 m; moreover, the hot top of length 0.05 m and height 
0.02 m is located on the upper right side of the cavity. The 
domain is thermally insulated on all the surfaces except 
the left lateral side, which is subject to convective cooling 
condition; the heat transfer coefficient is 1000 W/(m2 K). 
Nonslip boundary conditions are assumed. The compu-
tation domain with boundary conditions and the struc-
tured triangular mesh used in the calculation are shown in 
Fig. 1. The thermal–physical properties and computational 
parameters are presented in Table 1 [10].

Fig. 1  a Schematic, b structured mesh for Pb-19.2 wt%Sn solidification problem

Table 1  Thermal–physical properties and computational parameters 
used in calculations

Properties Units Value

Liquid density, ρl kg m−3 10,000
Solid density, ρs kg m−3 10,800
Specific heat in liquid, cl J kg−1 K−1 154.7
Specific heat in solid, cs J kg−1 K−1 177.9
Thermal conductivity in liquid, kl W m−1 K−1 22.9
Thermal conductivity in solid, ks W m−1 K−1 39.7
Latent heat, L J kg−1 30,162
Liquid dynamic viscosity, μl kg m−1 s−1 2.3 × 10−3

Thermal expansion coefficient, βT K−1 1.09 × 10−4

Solutal expansion coefficient, βw (wt%)−1 3.54 × 10−3

Secondary dendrite arm spacing, λ2 m 71 × 10−6

Melting point of the pure metal, Tf °C 327.5
Liquidus slope, m K(wt%)−1 − 2.334
Partition coefficient, kP 0.31
Eutectic temperature, Teut °C 183.0
Eutectic composition, weut wt% 61.9
Nominal concentration, w0 wt% 19.2
Initial temperature, T0 °C 287
Heat transfer coefficient W m−2 K−1 1000
External temperature °C 20
Diffusion coefficient in liquid, Dl m2 s−1 1.05 × 10−9

Fig. 2  Distributions of tin concentration at time t = 400 s predicted using different meshes: a Mesh I, b Mesh II, c Mesh III
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4.1  Validation and Mesh Convergence Study

In this section, a mesh convergence study is conducted with 
three triangular structured meshes: Mesh I, Mesh II, and 
Mesh III. Their mesh sizes are 2.5 mm, 2.0 mm, and 1.0 mm, 
respectively.

Figure 2 shows the distribution of the solute concentra-
tion at time t = 400 s. The solute concentration distributions 
predicted by using the three meshes are similar, except that 
the channel segregation features are more developed for 
Mesh III. The formation of the channel segregation is related 
to the flow perturbation or instability in the mushy zone. 
When the thermal–solutal convection is adequately strong, 
flow instability occurs; this in turn destabilizes the mushy 
zone and causes the channel segregation [20].

To quantitatively study the effect of mesh size on the 
macrosegregation formation, the comparison of the maxi-
mum and minimum concentrations in midplane at different 
times for the three meshes is presented in Table 2. Predic-
tions by using a similar mesh as Mesh I are reported in Ref 
[10]; these are included in Table 2 for validation.

First, comparing the predictions by using Mesh I with 
those in Ref [10], a moderate agreement is obtained; thus, it 
can validate the ALE solidification model and the finite ele-
ment algorithm. Secondly, the concentrations predicted by 
using Mesh I and Mesh II are similar to each other, whereas 
the macrosegregation predictions by using Mesh III at times 
t = 200 s and t = 400 s are substantially severer than those by 
using Mesh I and Mesh II, as shown in Table 2. This differ-
ence results from the significant channel segregation features 
predicted by using Mesh III.

4.2  Solidification Progress and Solidification 
Shrinkage Effect

In order to investigate the effect of solidification shrinkage 
on macrosegregation, two cases are set up. For case 1, both 
solidification shrinkage and thermal–solutal convection are 
considered; moreover, the complete ALE model is utilized. 
For case 2, solidification shrinkage is omitted by assum-
ing equal densities for the solid and liquid phases. In case 
2, the computation domain does not change during solidi-
fication, and the ALE model degenerates to the classical 
fixed-domain continuum model [3] without solidification 

shrinkage. In the following part of this section, the results 
calculated for the two cases are compared and analyzed to 
investigate the effect of solidification shrinkage. Mesh II is 
used in both the cases.

The solidification progress of the Pb-19.2 wt%Sn alloy 
is characterized by the advance of the mushy zone and 
the evolution of fluid flow in the mushy and liquid zones 
(Fig. 3). Figure 3a–d corresponds to the ALE model con-
sidering both the thermal–solutal buoyancy flow and 
shrinkage-induced flow. Figure 3e–h corresponds to the 
simplified model considering only the thermal–solutal 
buoyancy force. The alloy has a wide freezing range of 
approximately 100 °C. Thus, a large mushy zone can be 
observed, as indicated by the color map of the solid vol-
ume fraction and the white contour lines of the solid frac-
tion in Fig. 3. As the solidification proceeds, the mushy 
zone advances from left to right gradually. Because the 
Sn-enriched interdendritic melt has a lower density than 
that of the bulk melt, the solutal convection dominates 
over the opposing thermal convection [8, 9]. Thus, a large 
counterclockwise circulation forms, as shown in Fig. 3a. 
Moreover, the height of the hot top predicted by ALE 
model decreases with time owing to solidification shrink-
age, as shown in Fig. 3a–d. An apparent reduction in the 
hot top height can also be observed at time t = 1000 s by 
comparing Fig. 3d, h. In this study, because the hot top is 
located at a distance from the chill wall of the cavity, the 
melt in the hot top solidifies last and the liquid level is 
flat. This coincides with the liquid level assumption used 
in Ref [10].

Although the solidification progress predicted by the ALE 
shrinkage model is highly similar to that by the simplified 
model without shrinkage, certain differences are apparent; 
this is evident by comparing Fig. 3a–d, e–h.

First, the white contour lines of the solid volume fraction 
in Fig. 3a–d are less forward than those in Fig. 3e–h. That 
is, if solidification shrinkage is considered, the advance of 
the mushy zone is marginally delayed compared with the 
case without shrinkage. The reason is apparent; when solid-
ification shrinkage is considered, the hot melt is induced 
to flow into the mushy zone, and then the advance of the 
mushy zone is delayed. However, this does not imply that 
the consideration of solidification shrinkage will extend the 
predicted solidification time. On the contrary, owing to the 

Table 2  Comparison of 
maximum and minimum 
concentrations in midplane of 
casting for the three meshes

Solidifica-
tion time (s)

wmax (wt%) wmin (wt%)

Mesh I Mesh II Mesh III Ref [10] Mesh I Mesh II Mesh III Ref [10]

50 20.27 20.26 20.27 20.0 18.86 18.61 17.83 18.8
100 20.27 20.26 20.27 20.1 18.62 18.48 17.66 18.6
200 20.27 20.26 20.50 20.2 18.36 18.26 17.74 18.3
400 20.27 20.26 20.73 20.2 17.90 17.88 17.48 17.4
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reduced volume of casting, the total solidification time pre-
dicted with the ALE shrinkage model is less than that with 
the model without shrinkage.

Secondly, the difference in the velocity field at time 
t = 50 s is negligible, as shown in Fig. 3a, e. However, at 
times t = 100 s and t = 200 s, difference in the distribution 
of the velocity vector between the two cases is apparent 
(Fig. 3b, c, f, g). This can be explained as follows: The 
flow is induced by the combined effect of thermal–solutal 
buoyancy and solidification shrinkage in Fig. 3a–c. At the 
beginning of the solidification process, the thermal–solutal 

buoyancy effect is significantly larger compared with the 
solidification shrinkage effect. Therefore, the influence 
of solidification shrinkage on the fluid flow is negligible. 
As solidification proceeds, the flow weakens owing to the 
increase in the solidification fraction. Then, the influence of 
the solidification shrinkage gradually becomes significant. 
Thus, it can be concluded that the solidification shrinkage 
exerts an apparent impact on the fluid flow at the subse-
quent stage of solidification (when the thermal–solutal flow 
weakens).

Fig. 3  Solidification sequence and fluid flow of Pb-19.2 wt%Sn alloy at different times a–d correspond to the ALE shrinkage model, e–h corre-
spond to the simplified model without shrinkage: a, e 50 s, b, f 100 s, c, g 200 s, d, h 1000 s
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Figure 4 shows the evolution of the temperature field 
during solidification. Figure 4a–d corresponds to the ALE 
model, and Fig. 4e–h corresponds to the model without 
shrinkage. Although the temperature field predicted by the 
ALE shrinkage model is highly similar to that by the sim-
plified model without shrinkage, the white contour lines 
of the temperature field in Fig. 4a–d are less forward than 
those in Fig. 4e–h. This also results from the delay caused 
by the solidification shrinkage. The temperature evolutions 
are also presented in Ref [10]; however, the delay caused 
by solidification shrinkage was not indicated.

Figure 5 shows the evolution of the Sn concentration dis-
tribution. Figure 5a–d corresponds to the ALE model, and 

Fig. 5e–h corresponds to the model without shrinkage. The 
solidification progress is indicated by the white contour lines 
of the solid volume fraction. For both cases, a thin positive 
segregation layer forms near the top surface of the cavity; 
moreover, negative segregation forms from the left at the 
bottom of the cavity, as shown in Fig. 5. It should be noted 
that positive segregation is predicted at the left chill wall 
by the ALE model, as shown in Fig. 5a–d. This is a typical 
inverse segregation caused by solidification shrinkage [1, 
2]; this will be analyzed further below. However, no appar-
ent positive segregation at the left chill wall is predicted in 
Fig. 5e–h. Whereas inverse segregation has been commonly 
observed at the chill wall of castings [6, 7], the prediction 

Fig. 4  Evolution of temperature field of Pb-19.2%Sn alloy at different times a–d corresponds to the ALE shrinkage model, e–h corresponds to 
the simplified model without shrinkage: a, e 200 s, b, f 400 s, c, g 600 s, d, h 800 s
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of this phenomenon relies on the proper consideration of 
solidification shrinkage in the macrosegregation model.

Figure 6 represents the evolution of the solute concentra-
tion profiles along the mid-height of the casting. In each sub-
figure, predictions for both cases with and without solidifi-
cation shrinkage are plotted. For the case with solidification 
shrinkage, the formation process of inverse segregation at the 
left chill wall is apparent in Fig. 6. However, when shrinkage 
is omitted, there is no apparent segregation at the left chill 
wall. Moreover, the fluctuations on the profiles that represent 

the channel segregation are predicted for both the cases. Fur-
thermore, the segregation degrees of the negative and positive 
segregation regions predicted by the ALE model are margin-
ally severer than those by the model without solidification 
shrinkage.

To better understand the formation mechanism of mac-
rosegregation and the effect of solidification shrinkage, the 
finite element form of the solute conservation equation is ana-
lyzed as follows. The weak form of the solute conservation 
equation, Eq. (4), can be simplified as

Fig. 5  Evolution of Sn concentration distribution of Pb-19.2%Sn alloy at different times a–d corresponds to the ALE shrinkage model, e–h cor-
responds to the simplified model without shrinkage: a, e 200 s, b, f 400 s, c, g 600 s, d, h 800 s
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where Ni denotes the test function, Ω denotes the domain 
and n is the unit vector normal to the domain boundary Γ. 
The left-side term represents the change rate of the solute 
concentration, and the right-side terms function as a sol-
ute redistribution function [9]. The different contributions 
to the formation of macrosegregation can be clearly identi-
fied: diffusion boundary integral, diffusion in liquid phase 
and transport owing to the thermal–solutal convection, ALE 
mesh movement and solidification shrinkage. For the model 
without solidification shrinkage, the mesh movement term 
and shrinkage term vanish.

The formation of inverse segregation is analyzed as fol-
lows: The diffusion boundary integral is retained here to 
eliminate the false flux on the boundary [9]. Owing to the 
very low diffusion coefficient Dl, of the order of  10−9 m2 s−1, 
the contributions of the diffusion boundary and diffusion in 
liquid are negligible. Moreover, the velocity near the left-
side wall is essentially perpendicular to the temperature 
gradient; thus, the contribution of the advection term is also 
rather limited. Therefore, when no solidification shrinkage 

(20)
∫ Ni

�w

�t
d� =∫ NiflDl∇wl ⋅ nd�

diffusion boundary integral

−∫ flDl∇wl ⋅ ∇Nid�

diffusion

−∫ Niu ⋅ ∇wld�

advection

+ ∫ Niumesh ⋅ ∇wd�

mesh movement

+∫ Ni(wl − w)
1

�

��

�t
d�

shrinkage

is considered, the change rate of the solute concentration 
at the left cool wall is very low; no apparent segregation 
is observed near the left-side wall in Fig. 6. For the ALE 
model considering solidification shrinkage, the mesh move-
ment term and shrinkage term exist. The contribution of the 
mesh movement term is limited because the nodes at the left 
side do not shift significantly. The solidification shrinkage 
term is positive because the liquid concentration is gener-
ally larger than the average concentration, and the density 
increases during solidification [11]. Therefore, the shrinkage 
term is the cause of the positive segregation or the inverse 
segregation at the left cool side of the casting.

5  Conclusions

In this study, a novel ALE-based finite element model is 
developed to predict the macrosegregation induced by 
solidification shrinkage and thermal–solutal convection of 
binary alloys. The governing equations for the conservation 

Fig. 6  Concentration of tin in mid-height of casting at different times: a 50 s, b 100 s, c 200 s, d 400 s, e 600 s, f 800 s
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of mass, momentum, energy and species are derived in the 
ALE framework and solved by stabilized finite element tech-
niques. A new mesh update algorithm based on Laplacian 
smoothing is developed to consider volume shrinkage. For 
the coupling between the non-homogenous mass conserva-
tion equation and momentum equation, a modified pres-
sure correction method is developed. The SUPG method is 
adopted to stabilize the convection terms in the conserva-
tion equations of momentum, energy and species. The ALE 
solidification model is applied to a Pb-19.2 wt%Sn alloy 
solidification problem. The results are in good agreement 
with those in the literature results, demonstrating the appli-
cability and accuracy of the model. The inverse segregation 
is successfully predicted by using the ALE solidification 
model. Furthermore, the effect of solidification shrinkage is 
investigated. The conclusions are as follows:

1. For the melt flow, solidification shrinkage apparently 
impacts the subsequent stage of solidification (when the 
thermal–solutal convection flow turns weak).

2. The advance of the solidification front is delayed by the 
hot feeding flow when considering solidification shrink-
age.

3. With regard to the macrosegregation, when consider-
ing solidification shrinkage, the inverse segregation is 
predicted at the cool surface of casting; moreover, the 
degrees of segregation at both the negative and positive 
segregation regions are enhanced by the solidification 
shrinkage.
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