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Abstract Over the years, one major objective of IIW Joint
Working Group (JWG) on residual stresses and distortion
prediction (RSDP) has been the development of consistent
residual stress profiles for supporting fitness-for-service as-
sessment of welded components. As a result of the JWG
activities and further in-depth investigations, this paper pre-
sents a major development on a novel full-field residual
stress estimation scheme that can be used for describing
through-thickness residual stress profiles not only within a
weld region, but also at any location away from a weld in
pressure vessel and piping components. Within weld re-
gion, a systematic parametric finite element analysis is used
to establish key parameters that govern through-thickness
residual stress distribution characteristics by introducing
membrane, bending, and self-equilibrating based decompo-
sition technique. Away from weld region, a shell theory
based method is developed for describing through-
thickness residual stress distribution at any distance away
from weld toe. This paper presents detailed results for sin-
gle BV^ joint preparation with pipe wall thickness varying
from 6.25 to 250 mm and wall thickness to pipe radius
ratio (r/t) varying from 2 to 100. The residual stress esti-
mation method can be applied for double V and narrow
groove joint preparations for girth welded components

since all three joint preparations have been shown to follow
a similar functional form to that seen in single V joint
preparation.

Keywords (IIW Thesaurus) Residual stresses .

Circumferential welds . Fitness-for-service . Stress
distribution . Finite element analysis . Pressure vessels . Tubes
and pipes

1 Introduction

International Institute of Welding (IIW) Commission X on
Fracture Avoidance formed a Joint Working Group (JWG)
on residual stress and distortion prediction (RSDP) with Com-
mission XIII on Fatigue of Welded Structures and Commis-
sion XVon Design of Welded Structures some years ago. In
addition to performing a detailed Round Robin on residual
stress modeling techniques available at the time (see Dong
and Hong [1]), one of the main objectives of this JWG has
been the development of more consistent residual stress pro-
files than those prescribed in some of the widely-adopted
structural integrity assessments, e.g., BS 7910:2013 [2], R6
[3], API 579 RP-1/ASME FFS-1 [4], among others.

Prescribed residual stress profiles in these procedures are
intended to provide upper-bound residual stress prescriptions
based on available finite element analyses and experimental
measurements at weld locations such as weld centerline and
weld toe positions. It is known that these prescribed residual
stress profiles can exhibit a significant variation from one
procedure to another for a given weld configuration with iden-
tical welding conditions, as demonstrated by Bouchard [5], by
Dong and Hong [6], and most recently by Dong et al. [7].
Moreover, needs often arise for describing residual stress dis-
tributions away from weld location, where residual stresses

Recommended for publication by Commission XIII - Fatigue of Welded
Components and Structures

* Pingsha Dong
dongp@umich.edu

1 Welded Structures Laboratory, Department of Naval Architecture
and Marine Engineering, University of Michigan,
Ann Arbor, MI 48109, USA

Weld World (2016) 60:283–298
DOI 10.1007/s40194-015-0286-4

http://crossmark.crossref.org/dialog/?doi=10.1007/s40194-015-0286-4&domain=pdf


can be significant, depending upon pipe or vessel geometry,
particularly when a through-thickness axial residual stress dis-
tribution exhibits a Bglobal bending^ type as illustrated by
Dong and Hong [6]. At present, guidance for estimating
through-thickness residual stress profile as a function of dis-
tance away from weld is nearly non-existent in most of the
above structural integrity assessment procedures as discussed
in [7]. For instance, the 2007 579 RP [4] only provides a single
curve based upper-bound estimate of axial and hoop residual
stress profiles for locations away fromweld toe for all cases of
girth welds, even though some recent investigations [6–10]
have clearly illustrated that both pipe r/t ratio and heat input,
among others, can have a significant impact on through-
thickness residual stress distribution characteristics, e.g., ei-
ther in the form of a rather localized distribution (e.g., of
self-equilibrating type) within weld region or a more wide
spread distribution (e.g., of global bending type) over a quite
distance away from weld. The most recent critical review on
residual stress profiles given by some of the FFS codes and
standards [2–4] can be found in Dong et al. [7], including
detailed comparative assessments between code-stipulated re-
sidual stress profiles and validated finite element solutions for
a number of selected girth weld configurations.

By building upon numerous investigations performed
by participants within IIW JWG on RSDP and research
results available in recent literature, this paper presents a
novel residual stress profile estimation procedure for girth
welds in pressure vessel and piping components. This is
accomplished by systematically synthesizing a large
amount of residual stress modeling and measurement re-
sults so that key contributing parameters that govern im-
portant residual stress distribution characteristics over a
large spectrum of component geometries and welding pa-
rameters can be established. The extraction of these key
parameters and understanding of their effects on important
residual stress distribution characteristics enable the devel-
opment of basic functional forms on which residual stress
profiles can be established for a broad spectrum of compo-
nent geometry and welding conditions. Then, a residual
stress profile so established should facilitate an introduc-
tion of a conservative margin in a consistent manner for
achieving a conservative FFS assessment.

This paper starts with a brief description of the finite
element based residual stress modeling procedure adopted
in this study, which has been validated by various applica-
tions [8–15], including work presented at IIW JWG on
RSDP over the years, e.g., [1]. A validation study is pre-
sented on a girth weld geometry that is of direct relevance
to this investigation. A comprehensive parametric study on
girth welds is then summarized to demonstrate how key
controlling parameters are extracted and defined for
supporting the development of a consistent residual stress
profile estimation scheme within weld area. A shell

theory based model is formulated for providing an effec-
tive means for estimating residual stress profiles beyond
weld region until residual stresses completely vanish.

2 Modeling procedure

The finite element residual stress modeling procedure adopted
here has been validated and documented in a number of earlier
publications [10–16]. The modeling procedure can be charac-
terized as a sequentially coupled thermo-mechanical analysis
using ABAQUS [17], in which temperature history is gener-
ated first based on a simplified welding heat flow solution
method [11] and then followed by a nonlinear thermo-
mechanical analysis. In the latter analysis, a unified weld ma-
terial constitutive model [16] is used for simulating metal de-
position, melting/re-melting and solid state phase transforma-
tion effects. Detailed discussions on the theories and numeri-
cal procedures can be found in the aforementioned references
and are not repeated here due to space limitation. Instead, only
relevant numerical considerations to this study are demon-
strated through an example on which experimental measure-
ments are recently available for facilitating the discussions of
parametric analysis results in later sections.

2.1 A case study

The details of a P91 pipe girth weld geometry and weld cross-
section are available in [18, 19]. The mock-up weld was made
with a single V preparation and 73 weld passes. Residual
stresses were measured using X-ray diffraction at the girth
weld outer surface (or OD) and a deep-hole drilling (DHD)
technique through wall thickness along weld centerline. The
measured data used here for validation purpose are directly
taken from [18].

An axisymmetric finite element model with 14,893
nodes and 14,662 quadrilateral linear elements is created
for this case, as shown in Fig. 1. Detailed weld pass
profiles (see Fig. 1b) are modeled according to the de-
scriptions given in [18], and temperature-dependent mate-
rial properties corresponding to P91 are directly taken
from [18] as shown in Fig. 1c. Note that all material
properties are normalized by their respective values at
ambient temperature 20 °C. The stress-strain curves for
both base material and weld metal are assumed to follow
the same hardening behavior beyond their respective yield
strengths. Von Mises yield criterion following isotropic
hardening law (see [11, 20] for detailed justifications) is
adopted for both this case study and all parametric anal-
yses reported in this paper.

In performing welding heat flow analysis, heat input
for each pass is simulated by assuming a deposition tem-
perature of slightly above material melting temperature
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1420 °C, i.e., 1650 °C in the present study, consistent
with procedures in number of earlier publications [11,
12]. At and above melting temperature, all the material
properties are assumed to be constant except the thermal
conductivity which is assumed to be doubled in order to
account for the enhanced convection associated with mol-
ten weld pool. In the thermo-mechanical analysis, time-
dependent temperature distributions obtained in the ther-
mal analysis are treated as temperature history input to
thermo-mechanical analysis for computing thermal stress
history until room temperature is attained, resulting in
final residual stress state. Boundary conditions are im-
posed in such a way that eliminates all rigid body motions
without over constraint. This is achieved by simply re-
straint axial displacement at one end of the pipe wall in
this axisymmetric model. Plastic strain annealing temper-
ature sets at 1200 °C for all cases in the unified weld
material model, see details in [16].

Effects of solid state phase transformation on residual
stresses are taken into consideration because of P91
steel’s hardenability. As given in [19], the starting temper-
ature for martensitic transformation is estimated at 375 °C and
finishing temperature at 185 °C. The Koist inen-
Marburger relationship is employed to describe the transfor-
mation effect. In order to account for the volumetric
change associated with a full martensitic transformation,
a strain value is chosen as 3.75×10−3 [19]. The austenitic
transformation temperature is from 820 to 920 °C [19].
The strain due to volumetric change in a full austenitic
transformation is −2.288 × 10−3 [19]. As far as residual
stresses are concerned, the austenitic transformation is
less significant compared with the martensitic transformation
in this study. This is mainly owing to the fact that the
austenitic transformation occurs at a rather high temperature
at which stresses are very small, almost negligible. In

the unified weld constitutive model, thermal strain and phase
transformation strain (based on empirical equations in [19])
are superimposed in an incremental formulation to allow two
separate paths for heating and cooling.

2.2 Modeling results

Through-thickness residual stress distributions are compared
between deep-hole drilling (DHD) measurement [18] and the
finite element analysis (FEA) results along weld centerline in
Fig. 2. It can be seen that modeling results and residual stress
measurements show an overall good agreement. The discrep-
ancies near OD surface may be attributed to the following
considerations: (1) phase transformation effects in this case
are found contributing significantly to the very localized
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Fig. 2 FE results versus deep-hole drilling (DHD) measurement data
along weld centerline. a Axial stresses and b hoop stresses
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residual stress features shown in Fig. 2, which are associatedwith
actual weld pass geometries and positions, while the model (see
Fig. 1b) only represents an idealized layout of weld passes; (2)
the original authors [18] reported that the validity of the DHD
measurements in through thickness direction was deemed ques-
tionable within a depth of 12 mm from OD surface, suggesting
that the measurement data should be considered valid from a
depth beyond 12 mm from OD surface up to 48 mm. With this
in mind, the FEA results from this study show a rather good
agreement with the measurements for both residual stress
components.

3 Key parameter identification through parametric
analysis

A large number of parametric residual stress analyses for pipe/
vessel girth welds have been performed by varying pass size,
welding sequence, radius to wall thickness ratio (r/t), thickness
(t), joint preparation, material, as well as heat input. In dealing
with hundreds of cases and associated residual stress distribu-
tions, an effective data reduction technique is essential. Such a
technique should allow the extraction of important residual
stress distribution features that are deemed important to frac-
ture mechanics based defect assessment while retaining their
mechanics underpinnings. The latter is necessary for develop-
ing simplified but mechanistically sound residual profile pre-
scriptions. Owing to the nature of well-defined restraint condi-
tions such as in the radial direction in girth welds, the length-
scale based residual stress decomposition procedure discussed
by Dong [8] is adopted in this study. For any given residual
stress distribution σ(x), where x is measured from pipe inner
surface (ID), its statically equivalent through-thickness mem-
brane (σm), bending (σb), and self-equilibrating (σs. e) can be
written as:

σm ¼ 1

t

Zt

0

σ xð Þdx

σb ¼ 6

t2

Zt

0

σ xð Þ t

2
−x

� �
d x

σs:e: ¼ σ xð Þ−σm−σb 1−
2x

t

� �
ð1Þ

where t is pipe wall thickness. It has been demonstrated by
Dong [8] and Dong and Hong [11] that membrane part σm and
bending part σb play a key role in contributing to fracture
driving force in fracture assessment while the contribution of
σs. e part is only limited to when a crack is rather small (i.e., up
to a crack size of 0.1~0.2 t). Beyond this small crack size,
stress intensity factor due to the self-equilibrating part starts
to decrease and becomes negligible at a crack size of about
0.4 t, as illustrated by Dong [8]. Therefore, Eq. (1) provides a
means not only for reducing complex residual stress distribu-
tions into simple forms in terms of its membrane and bending
content relative to self-equilibrating, but also for extracting
residual stress features that are most critical to fracture
assessment.

It should be noted that previous studies [5, 6, 21, 22] were
focused upon pipe wall thickness less than 50 mm (2^), most-
ly for single V joint preparation. This study considers a full
range of thicknesses varying from 6.35 mm (1/4^) to 254 mm
(10^) with joint preparations of SV, DV, and NG (see Fig. 3),
for which a detailed parametric analysis is presented for a
large number of SV joint preparation cases while the results
for joint preparations involving DVand NG will be discussed
for comparison with SV cases for demonstrating similarities
and differences. Component base material considered in this
parametric study is 2.25CrMo-V type. Figure 4 shows its
temperature-dependent properties normalized with respect to
their room temperature values at 23 °C. Further details can be
found in a two-part paper series by the same authors [23, 24].

3.1 r/t ratio effect

As reported by Dong and Hong [6], Dong [9] and Song et al.
[23], component geometry such as r/t ratio can have a signif-
icant effect on through-thickness residual stress distribution
characteristics. This can be illustrated by considering a series
of thick section (100 mm or 4^) girth welds as r/t ratio varies,
as shown in Fig. 5. Both axial (Fig. 5a) and hoop residual
stress components (Fig. 5b) show a continuous change in dis-
tribution characteristics as r/t ratio increases from 2 to 100.
Specifically, the axial residual stress component at r/t= 2
clearly exhibits a through-thickness bending dominated
distribution, i.e., with outer surface (OD) under tension
and inner surface (or ID) under compression. As r/t ratio

Fig. 3 Representative joint
preparations investigated in this
study. Single V (SV), double V
(DV), and narrow groove (NG)
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increases, the compressive residual stress at ID gradually de-
creases and becomes tensile at r/t reaches to 20, approaching
to a self-equilibrating dominated through-thickness distribu-
tion type at r/t=100. Accompanying the change in axial re-
sidual stress distribution, hoop residual stress distribution can
be characterized by re-distributing its two compressive zones
with respect to the yield-magnitude tensile zone, becoming
increasingly aligned in the axial direction.

To quantitatively evaluate r/t ratio effects, the residual
stress results shown in Fig. 5 are decomposed into
through-thickness membrane and bending parts (normal-
ized by material yield strength) according to Eq. (1) at
weld centerline, as shown in Fig. 6. Parametric analysis
results for DV and NG joint preparations (see Fig. 3) are
also plotted in Fig. 6 for comparison purposes. It can be
seen axial bending stress decreases with an increasing r/t
ratio (Fig. 6a), following essentially a logarithmic delay
as r/t increases, as the curve fitting results suggest. This
can be related to the saturation in hoop membrane stress
when r/t becomes large, as shown in Fig. 6b. This is
accompanied with a rapidly decreasing hoop bending
(Fig. 6c). It can be further observed that as far as axial
bending stresses are concerned, both SV and NG share a
similar magnitude with NG joint preparation giving a

slightly higher value. This can be related to a slightly
higher radial restraint by pipe section with a smaller linear
heat input in NG joints. The benefits in using DV joint
preparation can be clearly seen (Fig. 6a and 6c) as a result
of pass deposition sequence that is closer to symmetric
conditions with respect to mid-wall surface than other
two joint preparations. Residual stresses at weld toe posi-
tion follow a similar trend and will not be presented here
due to space limitation. It should be pointed out that the
trends shown in Fig. 6 are consistent with some of the
previous findings discussed in [9, 11] in which only a
few selected cases on the three joint configurations were
investigated, including a recent study by Song et al. [23].

3.2 Heat input effect and parameter formulation

Welding heat input is typically defined as a linear hear
input in practice as,

Q ¼ U ⋅I ⋅η
v

; J=mm½ � ð2Þ

where U is arc voltage, I welding current, η welding effi-
ciency, and v welding travel speed. As discussed in Dong
and Hong [11], a relationship between the heat input im-
plied in 2D cross-section models (e.g., axisymmetric or
generalized plane strain models) and linear heat input
(Eq. 2) used in practice must be carefully established since
any 2D heat transfer models cannot directly take into ac-
count of heat loss in the third direction, among other
things. As a part of this investigation, an analytical-based
heat input estimation scheme is introduced for calculating
heat input implied in a 2D cross-section model, which can
then be related to the conventional linear heat input defini-
tion described in Eq. (2). The details of this development
and its extensive validations can be found in a separate
publication [25]. In what follows, only the relevant results

Fig. 4 Temperature dependent material properties for 2.25CrMo-V steel

Fig. 5 Residual stress contour
plots for SV girth welds with
t= 100mm (4^): r/t ratio effects. a
axial residual stress and b hoop
residual stress
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are described in support of the present discussions.
In a 2D cross-section welding heat transfer model, a

simplified residual stress procedure adopted by various re-
searchers [6–15, 18, 19, 21, 22] involves the following: (1)
deposit a molten weld pass at a specified melting temper-
ature; (2) hold the melting temperature for a short period of
time (thold) while transient conduction into its surrounding
takes place. The resulting heat input can be separated into
two parts:

Q1
0 ¼ ρ⋅Cp⋅ΔT ⋅Apass ; J=mm½ � ð3Þ

Q2
0 ¼ 2k⋅ΔT ⋅

ffiffiffiffiffiffiffiffi
thold
πα

r
⋅Ls ; J=mm½ � ð4Þ

In Eqs. (3) and (4), Apass is the averaged cross section
area of weld pass deposit represented in a 2D model, ΔT
temperature difference between melting and ambient tem-
peratures, Ls weld pass fusion line in contact with the
surroundings. In Eq. (3), Q1

′ represents an estimate of heat
content involved in bringing a weld deposit with a cross-
sectional area of Apass per unit length in the welding di-
rection to its melting temperature from initial ambient
temperature. In Eq. (4), Q2

′ represents the amount of heat
that needs to be supplied to FE model for maintaining
melting temperature of the weld deposit while transient
heat conduction loss into the surrounding material takes

place during a hold time thold which is approximated with
a 1D transient heat conduction model [25].

The total linear heat input represented by a 2D cross-
section welding heat transfer model then becomes the sum
of the two parts described in Eqs. (3) and (4), i.e.,

Q0 ¼ Q1
0 þ Q2

0ð Þ⋅η0 ; J=mm½ � ð5Þ
where η ′ is a factor for taking account of additional 3D
heat loss not explicitly considered in the development of
Eqs. (3) and (4). After a series of benchmarking evalu-
ations against detailed experimental data (see [25] for
details), η ′ value is found to be 1.35 for consistently
estimating linear heat input. With Eq. (5), linear heat
input represented in a 2D cross-section model can now
be directly related to a linear welding heat input given
in Eq. (2) without ambiguity.

Past investigations, e.g., by Bouchard [5] and Dong and
Hong [6], indicated that linear heat input parameter in
Eq. (2) is not capable of effectively correlating residual
stress distributions under different heat input conditions,
as further demonstrated by Song et al. [23]. Recognizing
the deficiencies of above existing heat input parameters in
uniquely correlating through-thickness membrane and
bending stress content, Song et al. [23] proposed the fol-
lowing characteristic heat input definition, based on a

Fig. 6 Comparison of decomposed residual stresses at weld centerline as a function of r/t ratio over three types of joint preparations (SV, DV, and NG). a
Axial bending stresses, b hoop membrane stresses, and c hoop bending stresses
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careful examination of a wide range of through-thickness
residual stress results obtained in a systematic parameter
analysis covering a large span of component geometry,
linear heat input, and joint preparation:

Q
⌢
¼ Q0

Aw
J=mm3

� �
ð6Þ

where Aw represents the total fusion zone area in a weld-
ment, corresponding to the area defined by joint prepara-

tion profile shown as shaded area in Fig. 3. As such, Q̂
represents linear heat input per unit weld fusion zone area.

The effectiveness of the new characteristic heat input pa-
rameter described in Eq. (6) is illustrated in Fig. 7 by plotting
decomposed residuals stress components as a function of the

characteristic heat input Q̂. It is clear that Q̂ is indeed effective
in correlating both axial and hoop residual stresses for all wall
thicknesses investigated. In Fig. 7, hoop membrane stress in-

creases with an increasing characteristic heat input Q̂, imply-

ing an increased shrinkage force in hoop direction. As Q̂ ap-
proaches about 8 J/mm3, hoop membrane stresses seem to
attain their respective maximum values (at about yield mag-
nitude Sy for SV welds shown in Fig. 7b), causes the strongest
axial bending stresses as shown in Fig. 7a (e.g., about 80 % of
yield strength level under compression at ID). For NG and DV
joint types, the effectiveness of the new characteristic heat
input parameter has been demonstrated by Song et al. [23].

4 Residual stress profile estimation scheme—weld
region

The two key parameters (r/t ratio and characteristic heat

input Q̂ ) identified from the previous section can be con-
veniently used for constructing a residual stress profile
functional form that is applicable for a wide range of r/t

and Q̂. Such a functional form and its solution process are
illustrated below.

As implied by the through-thickness residual stress decom-
position technique in Eq. (1), any given through-thickness
residual stress distribution can be expressed by a combination
of three parts, i.e., membrane (σm), bending (σb), and self-
equilibrating (σs. e), as:

σ ξð Þ
Sy

¼ σm þ σbξ þ σs:e: ξð Þ ð7Þ

where ξ is a dimensionless coordinate parameter which is
expressed as ξ=2(x/t)− 1, where x is measured from pipe
ID, and Sy is material yield strength. Note that all barred stress
components on the right side of Eq. (7) are dimensionless. As
demonstrated in earlier sections, both membrane and bending
parts are dominated by the two key parameters: component

geometry parameter (r/t) and characteristic heat input Q̂.

4.1 Self-equilibrating stress

The self-equilibrating part σs. e is a higher order term and
shown to be dominated mostly by joint preparation and weld
pass sequence effects among others [8, 11, 20] and can be
expressed, for illustration purposes, in a polynomial form,
e.g.,:

σs:e: ξð Þ ¼ eξ2 þ f ξ3 þ gξ4 þ hξ5 ð8Þ
where the coefficients of e, f, g, and h in Eq. (8) can be directly
solved by imposing two self-equilibrating conditions and two
consistency conditions at both ID and OD on which surface
residual stresses are assumed to be bounded by material yield
strength magnitude. The four constants in Eq. (8) can then be
expressed as:

e ¼ −
3

4
S
s:e:

þ þ S
s:e:

−

� �

f ¼ −
5

4
S
s:e:

þ −S
s:e:

−

� �

g ¼ 5

4
S
s:e:

þ þ S
s:e:

−

� �

h ¼ 7

4
S
s:e:

þ −S
s:e:

−

� �
ð9Þ

Fig. 7 Decomposed though-thickness residual stresses at weld toe as a function of characteristic heat input Q̂ for SV welds (r/t= 10). a Axial bending
stresses and b hoop membrane stresses
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where S
s:e:
þ is the normalized surface value of self-

equilibrating part where bending is positive (tension), and

S
s:e:
− is the normalized surface value where bending is neg-

ative (compression). Since both surfaces are undergone

yield during welding, S
s:e:
þ and S

s:e:
− can be defined by in-

troducing a multiplicative factor (K) against material yield
strength as follows:

S
s:e:

þ ¼ K−σm− σb

			 			 ð10Þ

S
s:e:

− ¼ K−σm− σb

			 			 ð11Þ

Due to strain hardening and biaxiality effects, normal-
ized peak residual stress may exceed unity. This is accom-
modated by making K larger than unity, which also serves
as a means to achieve a desirable level of conservatism.
As an example, API 579 RP [4] assumes K= 1.2 for axial
residual stress and K = 1.5 for hoop residual stress,
respectively.

4.2 Membrane and bending stresses

As illustrated in Section 3, through-thickness membrane
and bending stresses can be uniquely related to r/t ratio

and characteristic heat input Q̂. By examining the depen-
dency of membrane and bending stresses on r/t ratio as
illustrated in Fig. 6, it is found that a logarithmic func-
tional form seems to provide a good description of the
variation of the membrane and bending stresses as a func-
tion of r/t, e.g.,:

σm
r

t

� �
or σb

r

t

� �
¼ a⋅ln

r

t

� �
þ b ð12Þ

where coefficients a and b in Eq. (12) can be related to

characteristic heat input Q̂ through a curve fitting process.

Therefore, Eq. (12) for membrane or bending stress can

be re-written as a function of both r/t and Q̂,

σm
r

t
; Q̂

� �
or σb

r

t
; Q̂

� �
¼ a Q̂

� �
⋅ln

r

t

� �
þ b Q̂

� �
ð13Þ

Thus, the coefficients in Eq. (13) for each of the joint
configurations shown in Fig. 3 can be determined through
a two-step process described as follows, using hoop mem-
brane stresses at weld toe in SV joints as an example:

(1) For each given characteristic heat input Q̂ value, deter-

mine aθ;m Q̂
� �

and bθ;m Q̂
� �

values for achieving a best fit
of Eq. (13) on r/t dependency;

(2) Determine aθ;m Q̂
� �

and bθ;m Q̂
� �

expressions as a func-

tion of Q̂ over the range of Q̂ values considered in the
previous step, as illustrated in Fig. 8 in which a nonlinear
lest squares method is used.

The results shown in Fig. 8 can be represented by a third-

order polynomial function of Q̂ as:

aθ;m Q̂
� �

¼ 0:0009Q̂
3
−0:0151Q̂

2
þ 0:0801Q̂þ 0:0646

bθ;m Q̂
� �

¼ −0:0019Q̂
3
þ 0:022Q̂

2
þ 0:0309Q̂−0:4516

ð14Þ
By following the same procedures described in the above,

the coefficients in Eq. (13) for other residual stress compo-
nents at weld toe in SV joints can be obtained, e.g.,

aθ;b Q̂
� � ¼ −0:0008Q̂

3 þ 0:0136Q̂
2
−0:0723Q̂−0:0785

bθ;b Q̂
� � ¼ 0:0171Q̂

3
−0:2085Q̂

2 þ 0:6139Q̂þ 0:8546

ð15Þ

Fig. 8 Curve-fitting results for aθ,m and bθ,m for hoopmembrane stress at weld toe (SV joints) according to Eq. (13). a aθ,m as a function of Q̂. b bθ,m as a

function of Q̂
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for hoop bending stresses, and

ax;b Q̂
� � ¼ −0:002Q̂

3 þ 0:0258Q̂
2
−0:0716Q̂−0:1268

bx;b Q̂
� � ¼ 0:0122Q̂

3
−0:1631Q̂

2 þ 0:3864Q̂þ 0:826
ð16Þ

for axial bending stresses.
Three-dimensional plots of membrane and bending stresses

based on Eqs. (13)–(16) are shown in Fig. 9 in which the
corresponding stress components computed by FEA for se-
lected cases are also shown for comparison purpose. It can be
seen that a good agreement is achieved between estimations
using Eqs. (13)–(16) and FEA results. The overall correlation
coefficient R2 is above 0.99, and standard deviation is within
0.03. With the same procedure, the membrane and bending
stresses for other joint preparations can be generated in the
same manner, which will not be reported here due to space
limitation.

5 Residual stress profile—outside weld region

As far as residual stresses at some distance away from weld
region are concerned, it can be argued that only membrane

and bending parts are operative while self-equilibrating part
remains local to weld area [8, 11, 20]. With such consider-
ations, a classical shell theory based solution should provide a
reasonable functional description of through-wall membrane
and bending stress distributions under prescribed loading con-
ditions in terms of forces and moments generated by weld
zone against the rest of the shell body.

5.1 Formulation

In the context of shell theory, it is assumed that residual stress
distribution in a girth-welded cylindrical component can be
modeled as an assembly of two shell sections, as shown in
Fig. 10. Part A represents an equivalent plastic zone width
along the shell mid-thickness while part B represents the rest
of the component section. The interactions between the two
parts are through a ring shear forceQ0 in radial direction and a
ring moment M0. The ring force (consistent with line force
definition with a unit of, e.g., N/mm) can be related to hoop
shrinkage force Fp induced by plastic zone (part A) position
on shell mid-thickness, as:

Q0 ¼
Fp

2r
¼ σave

θ;m⋅Wp⋅t
2r

ð17Þ
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Fig. 10 A two-part shell
assembly model (Part A:
Equivalent plastic zone (Wp)
along shell mid-thickness; Part B:
Remaining shell section). a 3D
view. b Through-thickness cross-
section view

Fig. 9 Comparisons between the proposed estimation method (Eqs. (13)–(16)) and FEA results at weld toe for SV girth welds. aHoopmembrane stress
according to Eqs. (13) and (14). b Hoop bending stress according to Eqs. (13) and (15). c Axial bending stress according to Eqs. (13) and (16)
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In Eq. (17), Wp represents the equivalent plastic zone
width situated on shell mid-surface, as shown in Fig. 10b,
in which dp stands for the depth of plastic zone beyond
weld fusion zone and its estimation method is to be given
in the next section. The average hoop residual stress σθ,m

ave

in Eq. (17) can be approximated by the membrane part of
hoop residual stress obtained at weld centerline, which can
be obtained through the residual stress profile estimation
procedure for weld region as described in Sec. 4. The
coefficients in Eq. (13) corresponding to hoop membrane
stress at weld centerline in SV joints are given below:

aθ;m Q̂
� �

¼ 0:0013Q̂
3
−0:0172Q̂

2
þ 0:0469Q̂þ 0:1281

bθ;m Q̂
� �

¼ −0:0088Q̂
3
þ 0:1124Q̂

2
−0:2724Q̂þ 0:3791

ð18Þ

As a result of the shell model idealization shown in
Fig. 10b, actual weld toe position in a girth welded
component can be assumed, for convenience, to be sit-
uated at the interface between part A and part B for
facilitating the development of the final assembled solu-
tion. Then, the ring moment M0 (consistent with line
moment definition with a unit of, e.g., N-mm/mm) can
be directly expressed in terms of bending part of axial
residual stresses at weld toe σx,b

0 that is already avail-
able in Eqs. (13) and (16) as:

M 0 ¼ t2

6
σ0
x;b ð19Þ

With both ring shear force (Q0) and ring moment
(M0) being determined as discussed above, both radial
deflection and line moment as a functional axial dis-
tance x can be analytically expressed through classical
shell theory [26], as:

w xð Þ ¼ 1

2β3D
βM 0e

−βx cosβx−sinβxð Þ−Q0e
−βxcosβx


 � ð20Þ

Mx xð Þ ¼ M 0e
−βx cosβxþ sinβxð Þ þ 1

β
Q0e

−βxsinβx ð21Þ

where, β and D are defined as:

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1−υ2ð Þ4

p
ffiffiffiffi
rt

p ;D ¼ Et3

12 1−υ2ð Þ ð22Þ

in which r is radius to shell mid-wall surface, t thickness, E
Yong’s modulus and υ Poisson ratio. With Mx(x) and w(x)

being given in Eqs. (20) and (21), line momentMθ(x) and line
force Nθ(x) in the hoop direction shown in Fig. 10a can be
obtained as follows:

M θ xð Þ ¼ υMx xð Þ ð23Þ

N θ xð Þ ¼ Etw xð Þ
r

ð24Þ

Once the plastic zone width on shell mid-surface, i.e.,Wp in
Eq. (17), is determined, radial displacement (Eq. 20), axial
moment (Eq. 21), and hoop moment and force in Eqs.
(23)–(24) can be directly calculated.

As shown in Fig. 10, the entire plastic zone contrib-
uting to the shrinkage force Fp along the hoop direction
consists of both weld fusion zone and additional plastic
deformation zone beyond fusion boundary area can be
described as:

Ap ¼ Aw þ 2dpt≈Wpt ð25Þ

where Aw represents weld fusion area which can be
estimated based on a given joint preparation or available
weld macrograph. A closed form solution for estimating
plastic zone extent dp measured from weld fusion (see
[24, 27–28]) can be obtained. Then, its estimation can
be written in a simple form as:

dp ¼
rw þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α⋅thold=π

p� �
⋅ΔT

4ΔTy
−rw ð26Þ

where rw represents an equivalent radius of a weld pass
deposit and ΔTy is expressed as (Sy/E)/α in which α is
material thermal expansion coefficient. As demonstrated
in [24], Eq. (26) can also be expressed in terms of the
linear heat input Q ' given in Eqs. (3)–(5) as:

dp ¼ Q0

4π⋅ρCp⋅rw⋅ΔTy
−rw ð27Þ

It is worth noting that Eq. (27) indicates that plastic
zone depth dp is linearly proportional to welding linear
heat input and depends on material’s thermal-physical
(ρ, Cp, K, αT) and mechanical properties (E, Sy), as
one would expect.

5.2 Residual stress solution

With the plastic zone area given in Eq. (25), ring force Q0 can
now be calculated from Eq. (17). Equation (21) can then be
used to calculate the resulting axial bending residual stress as a

292 Weld World (2016) 60:283–298



function of x defined in Fig. 10 measured from weld toe po-
sition, as:

σx;b xð Þ ¼ 6Mx xð Þ
t2

ð28Þ

Note that the membrane component of axial residual stress
is negligible since no axial restraint was considered in
Section 3 for all cases.

Hoop residual stresses in the form of through-thickness
membrane and bending can be estimated in a similar fashion
by using Mθ(x) and Nθ(x) given in Eqs. (23)–(24):

σθ;b xð Þ ¼ 6M θ xð Þ
t2

ð29Þ

σθ;m xð Þ ¼ N θ xð Þ
t

ð30Þ

Strictly speaking, Eqs. (29) and (30) or Eqs. (23) and (24)
are only applicable for deformation within elastic regime so
that Hooke’s law can be directly used to obtain Eqs. (29) and
(30). As discussed in Section 5.1 and shown in Fig. 10b, the
region described by plastic deformation depth dp requires an
additional treatment in order to avoid discontinuities in the
hoop stress components between weld fusion boundary and
elastic regime beyond dp. This can be accomplished by intro-
ducing a linear interpolation procedure between stresses at
fusion zone boundary and plastic zone boundary. Then, Eqs.
(29) and (30) becomes:

σθ;b xð Þ ¼
−
Δσθ;b

dp
xþΔσθ;b

� �
þ 6M θ xð Þ

t2
; 0≤x≤dp

6M θ xð Þ
t2

; x≥dp

8>><
>>:

ð31Þ
where, Δσθ;b ¼ σ0

θ;b−
6M θ xð Þ

t2

h i
x¼0

σθ;m xð Þ ¼
−
Δσθ;m

dp
xþΔσθ;m

� �
þ N θ xð Þ

t
; 0≤x≤dp

N θ xð Þ
t

; x≥dp

8>><
>>:

ð32Þ

where, Δσθ;m ¼ σ0
θ;m−

N θ xð Þ
t

h i
x¼0

In Eqs. (31) and (32), σθ,m
0 and σθ,b

0 are the membrane and
bending components of hoop residual stress at weld fusion
zone boundary or weld toe, Δσθ,b is the difference between
the value obtained from Eq. (29) at x=0 and σθ,b

0 , and simi-
larlyΔσθ,m is the difference between the value obtained from
Eq. (30) at x=0 and σθ,m

0 . Both of σθ,m
0 and σθ,b

0 can be obtain-
ed based the estimation procedure developed in Section 4
based on Eqs. (13) and (14) and Eqs. (13) and (15),
respectively.

5.3 Analytical versus FE solutions

Consider a girth weld with a thickness of 6.25 mm (¼^) in
single joint V preparation, Figs. 11 and 12 show the results for
two cases with r/t ratio of 10 and 100, respectively. The shell
theory based estimation results are presented in terms of nor-
malized residual stresses by material yield strength and com-
pared with finite element modeling results over the entire
component length starting from weld toe position. The hori-
zontal axis represents distance from weld toe and is normal-

ized by
ffiffiffiffi
rt

p
which serves as a characteristic length parameter

measuring pipe’s flexibility, as demonstrated for characteriz-
ing girth weld residual stresses by Dong [9]. The results based
on the estimation scheme are labeled with circular symbols (in
blue) and FEA results using straight line (in red). Note that all
residual stress results are compared at component OD surface
in Figs. 11 and 12, and all remaining figures. It can be seen
that the two sets of results are in a good agreement from weld

toe position to a distance of about 2.5
ffiffiffiffi
rt

p
beyond which

residual stresses become negligible in both r/t=10 (Fig. 11)
and r/t=100 (Fig. 12). The same can be said for the case with
wall thickness of 25 mm (1^) and r/t ratio of 10, shown in
Fig. 13.

For thick wall section, two cases of 100 mm (4^) thick with
single V joint preparation are presented in Figs. 14 and 15.
One is with r/t ratio of 10, and the other is 100. Again, an
excellent agreement between shell theory based estimations
and FEA results can be observed.

Fig. 11 Shell theory based estimation scheme versus finite element results for single V girth weld, thickness of 6.25 mm (¼^) and r/t of 10. a Axial
bending residual stresses, b hoop bending residual stresses, and c hoop membrane residual stresses
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Fig. 15 Shell theory based estimation scheme versus finite element results for single V girth weld, thickness of 100 mm (4^) and r/t of 100. a Axial
bending residual stresses, b hoop bending residual stresses, and c hoop membrane residual stresses

Fig. 14 Shell theory based estimation scheme versus finite element results for single V girth weld, thickness of 100 mm (4^) and r/t of 10. a Axial
bending residual stresses, b hoop bending residual stresses, and c hoop membrane residual stresses

Fig. 13 Shell theory based estimation scheme finite element results for single V girth weld, thickness of 25 mm (1^) and r/t of 10. a Axial bending
residual stresses, b hoop bending residual stresses, and c hoop membrane residual stresses

Fig. 12 Shell theory based estimation scheme versus finite element results for single V girth weld, thickness of 6.25 mm (¼^) and r/t of 100. a Axial
bending residual stresses, b hoop bending residual stresses, and c hoop membrane residual stresses
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6 Application demonstration

In this section, the full-field residual stress estimation scheme
presented in this paper will be demonstrated for two girth
welded components corresponding to rather different wall
thicknesses and r/t ratios. Note that within the weld zone,
Section 4 provides the procedure for through-thickness resid-
ual stress profile estimation for both weld centerline and weld
toe position. Section 5 provides the shell theory based analyt-
ical method for residual stress profile estimation for any axial
location beyond weld zone.

6.1 Case definitions

A thick section girth weld is considered here for demon-
strating how the full-field residual stress profile estimation
procedure developed in the previous two sections can be
used to establish through-thickness residual stress distribu-
tions for both axial and hoop components. All parameters
describing geometric, material, and welding procedures are
listed in Table 1.

With the information given in Table 1, the derived
parameters required by the full-field residual stress pro-
file estimation scheme are summarized in Table 2. Note
that the membrane and bending stresses listed in Table 2 are
used to compute input parameters to the shell theory based
estimation scheme, as summarized in Table 3. The relevant
equations used in computing these input parameters are also
listed in Table 3 (2nd column) for clarity.

6.2 Estimated residual stress profile

As given in Section 4, through-thickness residual stress profile
for both axial and hoop components can be estimated as:

σ ξð Þ
Sy

¼ σm þ σbξ þ σs:e: ξð Þ 0≤x≤dp

σ ξð Þ
Sy

¼ σm þ σbξ x > dp

ð33Þ

where x is measured from weld toe and Sy is material yield
strength. ξ is a dimensionless coordinate parameter along
through-thickness direction with ID at ξ=− 1 and OD at
ξ = 1. The self-equilibrating term σs:e: ξð Þ is given by
Eq. (8) in Section 4.

The estimated results at various axial locations are presented
in Fig. 16 for wall thickness of 250mmand r/t=10. Note
that Sections A-A and B-B are given by the procedure described
by Eq. (7) in Section 4. For x>0, Eq. (33) (after inserting
Eqs. 28 through 32) in conjunction with parameters given in
Table 3 provides a continuous estimation of through-thickness
residual stress profile as a function of x. For comparison pur-
pose, finite element results obtained for the same girth weld are
also plotted in Fig. 16. It can be seen that the full field residual
stress estimation scheme is capable of providing satisfactory

Table 1 Parameters describing two girth welded components

Joint preparation Single V

Pipe/weld material Pipe steel

Young’s modulus E [Gpa] 220.448

Yield strength Sy [MPa] 558

Density ρ [Kg/mm3] 7.84E-6

Specific heat Cp [J/Kg/°C] 448

Thickness t [mm] 254 (10^) 100 (4^)

r/t ratio 10 2

Linear heat input Q [J/mm] 4240 1144

Fusion zone and pass profile

17 layers
79 passes

11 layers
67 passes

Fusion zone size Aw [mm2] 37,840 6650

Averaged pass area Apass [mm2] 490 99

Molten weld deposit size rw [mm] 12.5 5.6

ΔTy [°C] 183.4
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Table 3 Calculated input parameters to be used by shell model

Parameters Equation
used

t= 254,
r/t= 10

t= 100, r/
t= 2

Plastic zone boundary dp
[mm]

Eq. (27) 30 20

Plastic zone area Ap [mm
2] Eq. (25) 53,080 10,714

Shrinkage force Fp [N] Eq. (17) 19,549,364 2,560,646

Ring force Q0 [N/mm] Eq. (17) 3665 5040

Ring moment M0 [N-mm/
mm]

Eq. (19) 3,299,993 751,678

Δσθ,b Eq. (31) 0.495 0.65

Δσθ,m Eq. (32) 0.24 0.426

Table 2 Derived parameters based on the procedure presented in Sec. 4

r/t 10 2

Q̂ ¼ Q=AW

0.112 0.172

σx,b
0 0.55 0.783

σθ,b
0 0.66 0.854

σθ,m
0 −0.278 −0.39

σθ,m
ave 0.66 0.429
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residual stress profiles for all locations in pipe or vessel girth
welds with self-equilibrating stresses somewhat over-estimated
to be conservative. A similar comparison can also be seen for the
case with wall thickness of 100 mm and r/t=2, as shown in
Fig. 17. For another extreme r/t ratio, such as r/t=100 with
t=100 mm, Fig. 15 clearly shows that the full-field residual
stress estimation scheme also gives satisfactory results.

In addi t ion, comparing with Fig. 15 (r / t = 10,
thickness=100 mm) and Fig. 17, it can be clearly seen that
both axial bending and hoop membrane stresses for r/t=100
become much less significant (or becoming more self-
equilibrating dominated) than those for r/t=10, 2, respective-
ly. The proposed estimation scheme is based on parametric
analysis results for girth welded components for r/t ratio vary-
ing from r/t=2 to 100. Note that for pure self-equilibrating
residual stress distribution in through-thickness direction, σm

and σb in Eq. (33) become drop out. The remaining self-
equilibrating component σs:e: can then be estimated by Eq.
(8) through self-equilibrating conditions given in by Eq.
(9) and consistency conditions given in Eqs. (10) and (11).

7 Concluding remarks

Through a large number of parametric analyses of girth
welded components with a broad range of radius to thickness
ratio (r/t), wall thickness (t), heat input, and joint preparations,
two key controlling parameters have been identified, which
play a dominant role in determining through-thickness resid-
ual stress distributions. These two parameters are as follows:

(1) Component radius to thickness ratio (r/t), which mea-
sures radial bending stiffness that dominates both mem-
brane and bending parts of through-thickness residual
stress distributions in axial and hoop directions

(2) Characteristic heat input parameter (Q̂ ) which can be
directly related to weld shrinkage force in hoop direction
and serve as a key driving force for generating bending
part of the axial residual stress

With the two parameters, a shell theory based two-part
assembly model is introduced as a means of estimating resid-
ual stress distributions away fromweld region.With this shell-
theory based analytical model, a full-field residual stress pro-
file estimation can now be achieved for girth welds in pressure
vessels and piping components, not only within weld region,
but also at any locations away from weld.

The proposed estimation scheme offers both consistency
and well-defined mechanics basis in residual stress profile
generation and should be well suited for supporting fracture
mechanics based fitness for service assessment for girth welds
in pressure vessel and piping components.
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