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Abstract  Pile foundations generally experience various 
combinations of lateral and vertical load components i.e., 
axial and lateral loads. The present finite-difference study 
examines the static response of the pile group subjected to 
the combined vertical and lateral loads in the cohesionless 
soil. The soil is considered as a Mohr–Coulomb constitu-
tive material, the pile material as linearly elastic material 
and the pile cap as a shell element in this study. A 2 × 2 
pile group embedded in the cohesionless soil is considered 
in the study. The behaviour of the pile group relates to the 
properties of soil medium, especially the fiction angle and 
the elastic modulus. It is well known that the soil, being 
the natural material, comprises uncertainties in its param-
eters. The parameter uncertainty i.e., the variation of the soil 
property is incorporated with the use of lognormal prob-
ability distribution pertaining to the parameter’s coefficient 
of variation. The elastic modulus of the soil is considered 
for the inclusion of parameter uncertainty in the present 
three-dimensional study. The aim of the study is to inves-
tigate the lateral deflection, bending moment of pile group 
under the simultaneous action of axial and lateral loads. 
The incurring soil reaction due to the lateral resistance of 
piles when the lateral load is applied is also determined, 
envisaging the importance to study the p-y curves at various 
depths. The statistical variation in the form of probability 
density function and cumulative density function of the pile 
bending moments and lateral deflections are evaluated. The 

numerical responses indicate that the parameter uncertainty 
of the soil properties and their coefficient of variation play 
a substantial role in the depiction of magnitudes of bending 
moment and lateral deflection.

Keywords  Pile foundations · Finite-difference · 
Parameter uncertainty · Elastic modulus · Coefficient of 
variation · p-y curves

Abbreviations
COV	� Coefficient of variation
f l
i
	� Damping force

Fl
i
 	� Out-of-balance force of the node

vi 	� Grid point velocity of the node
M	� Mass of the node
�ij 	� Stress tensor
bi 	� Body force
� 	� Mass density
Δeij 	� Strain increment
H∗

ij
 	� Incremental parameter in constitutive formulation

k	� Loading history parameter
kn	� Normal stiffness
ks	� Shear stiffness
L	� Length of pile
D	� Diameter of pile
Q	� Lateral load on the pile group
V	� Axial or vertical allowable load on the pile group

Introduction

Pile foundations are more often lain for the high-rise or mas-
sive civil structures, when the existing soil medium is weak 
and vulnerable to large degree of settlements. Pile founda-
tions are generally classified as single and groups; wherein 
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the constructions utilize pile groups in common. Pile foun-
dations usually support the lateral and vertical loads, and in 
few situations, piles are lain to support the combination of 
both. Even so, the behaviour of the pile groups under such 
load conditions is assessed individually, and the combined 
axial and lateral load behaviour is seldom investigated. This 
approach may lead to an improper design, seeing that most 
of the structures are subjected to coexisting axial and lat-
eral loadings. In such case of load combination, it is also 
essential to study the possible interaction effects that occur 
inwardly.

To date, many researchers investigated the pile groups’ 
behaviour when subjected to axial and lateral loads experi-
mentally [1, 2]; analytically and numerically utilizing the 
finite-element or the finite-difference methods [3–9]. Anag-
nostopoulos and Georgiadis [10], based on the experimental 
model tests and the two-dimensional finite element analy-
ses observed significant changes in the local plastic volume 
in the surrounding soil continuum when subjected to the 
combined axial and lateral loads. And so, they have recom-
mended using a three-dimensional finite element or finite 
difference methodology for investigating the pile group 
problem.

Achmus and Thieken [11] studied the pile group behav-
iour in cohesionless soil when subjected to combined action 
of axial and lateral loadings. Authors stated that the com-
bined load incurs the interaction effects by the virtue of the 
concurrent generation of passive earth pressure due to pres-
ence of lateral loads and the pile skin friction due to the 
application of axial loads. Karthigeyan et al. [12] reported 
that the lateral load capacity was increased due to the action 
of axial loads in cohesionless soil. Hussien et al. [13, 14] 
studied the interaction behaviour of pile groups subjected 
to axial loads, using the finite element method and found 
the minimal rise in lateral capacity of piles embedded in 
sand. Hazzar et al. [15] numerically evaluated the influence 
of vertical loads on the lateral performance based on 3D 
finite-difference analyses. Though there are research stud-
ies focusing the pile group behaviour when the axial load or 
lateral load is applied, but the numerical works that devote 
to the simultaneous axial or lateral load and the incurring 
soil reaction are seldom available.

Soil is a naturally formed geological material and it con-
stitutes uncertainty due to its transportation and deposition 
and so, it accounts more uncertainty in comparison with the 
other engineering fields. Uncertainty lies with the major-
ity of the soil parameters utilized in geotechnical studies. 
Ergo, it is inevitable to consider the uncertainty as one of the 
essential aspects of geotechnical analyses—the magnitude 
of uncertainty is proportional to its criticality and hence the 
need for its assessment on the influencing results. The major 
categorization of uncertainties in geotechnical engineering 
is aleatory and epistemic uncertainties. Aleatory uncertainty 

relates to the inherent randomness of a property whereas, the 
epistemic uncertainty arises because of insufficient informa-
tion pertaining to a property. Epistemic uncertainty relates 
to the measurement uncertainty due to instrumental and 
methodological imperfections, statistical uncertainty aris-
ing because of limited information and observations and the 
model uncertainty arising because of idealizations consid-
ered in the formulation of a geotechnical problem [16].

The uncertainty in the soil properties, viz., parameter 
uncertainty and the model uncertainty can be best assessed 
as random variables characterized by probability distribution 
function, their corresponding mean and standard deviation 
[16]. The normal and lognormal probability distributive 
functions are typically applied in the geotechnical analyses. 
The lognormal distribution is customarily utilized to repre-
sent the parameters that are non-negative in nature [17–19]. 
In most of the geotechnical studies, parameter uncertainty 
is characterized with the mean and coefficient of variation 
(COV). The ratio between the mean and standard deviation 
is termed as COV. With the notable number of soil param-
eters or the properties inclusive in the pile group study [20], 
it is important to contemplate the influence of parameter 
uncertainty.

With regard to the pile group behaviour, most of the avail-
able literature and the past research are pertinent to conven-
tional deterministic studies. Very few literatures are relat-
ing to the uncertainty analyses or the parameter uncertainty 
in specific are seldom available. Lacasse and Goulois [20] 
reviewed the necessity of considering the uncertainty of soil 
properties with the emphasis on shallow and pile founda-
tions. Haldar and Babu [21] studied the effect of spatially 
varying soil on the lateral response of a pile in cohesive soil 
using the finite-difference method in FLAC. Naghibi et al. 
[22] investigated the finite-element-based differential set-
tlement behaviour of a two-pile foundation via Monte Carlo 
simulation with the probabilistic consideration. Hamrouni 
et al. [23] proposed a finite-difference based axisymmet-
ric model of an earthen platform improved by vertical piles 
using FLAC considering the soil properties as random vari-
ables following the normal distribution.

Leung and Lo [24] performed the reliability analyses of 
pile foundations in the spatially varying soil and observed 
the significant interaction between superstructure stiffness 
and soil uncertainty. Halder and Chakraborty [25] studied 
the influence of inherent spatial variation of soil parameters 
in the behaviour of strip footing lying on a geocell-reinforced 
slope. The probabilistic factor of safety is determined using 
the combination of random field methodology with FLAC.

Hamrouni et al. [26] determined the bearing capacity of 
a shallow foundation under pseudo-static conditions in the 
reliability-based finite-difference framework using FLAC. 
The authors have considered the horizontal seismic coef-
ficient, soil’s cohesion and internal angle of friction as the 
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random variables in the study. Minnucci et al. [27] carried 
out the probabilistic investigation on the pile groups consid-
ering the soil parameters—soil density as in normal distribu-
tion, shear wave velocity, and Young’s modulus as in lognor-
mal distribution as random variables in the seismic analyses 
of pile groups. Song et al. [28] presented the methodology 
to determine the design parameters of energy piles by con-
sidering the parameter uncertainty of soil in the stochastic 
domain. Kotra and Chatterjee [29] investigated the effect of 
spatial correlation in the cone penetration resistance data in 
determining the analytical pile group capacity. Kotra and 
Chatterjee [30] studied the effect of uncertain friction angle 
of soil on the lateral response of pile group using finite-dif-
ference methodology in FLAC3D [31] and reviewed the sto-
chastic responses of lateral deflection profiles accordingly.

Based on the above-mentioned research studies, it is 
evident that the soil parameters such as cohesion, friction 
angle, horizontal seismic coefficient, shear wave velocity, 
Young’s modulus, and superstructure stiffness were taken 
as random variables to address the uncertainty studies relat-
ing to the pile group. And the research relating to the pile 
groups subjected to the combined axial and lateral loading 
in the domain of parameter uncertainty are scarce. Hence the 
present study is devised in a way to address the uncertainty 
associated with the soil Young’s modulus for a pile group 
problem embedded in sandy medium. In the present study, 
the elastic Young’s modulus following the lognormal prob-
ability distribution is contemplated. In this 2 × 2 pile group 
problem, the resulting soil reaction profiles i.e., p-y curves 
for the lateral load applications are examined along the vari-
ous depths of front pile and rear pile are studied. The incur-
ring variability in the behaviour of the soil-pile foundation 
system is exemplified using the stochastic representations.

Framework and Methodology of Analyses

Finite‑Difference Modelling

The analysis methodology involved by means of the three-
dimensional finite-difference method i.e., FLAC3D. The 
finite-difference approach utilizes the first-order based space 
and time derivatives. They are approximated by the finite 
differences with the assumption of linear variations of per-
taining variables over its finite spaces and time intervals. 
The FLAC3D considers node as the prime object for the 
computation of force and the mass. The equations of motion 
are transformed into the discrete space of Newton’s law at all 
the nodes. The generated system of equations is mathemati-
cally solved through the explicit method of finite-difference 
approach in the time-domain. The following equation of 
Newton’s law and its finite-difference form through the 
recurrence relation at the elemental nodes can be written as

where f l
i
 is the damping force and it is generally expressed 

as the out-of-balance force Fl
i
 , vi is the grid point velocity 

and M is mass of the node.
In the same manner, the updated node displacements 

(with ul
i
= 0 ) and node location can be obtained using the 

central finite-difference approximation shown as follows:

With the traction vector [t] and a unit normal [n] on any 
face, �ij as the stress tensor, bi as the body force and � as the 
mass density, the stress at a particular point can be character-
ized by using the Cauchy’s formulation as

The strain increment, Δeij based on the nodal velocities 
can be obtained as

With � îj  as the stress rate tensor, the constitutive formula-
tions were then utilized in the corresponding incremental 
form H∗

ij
 and solved using mathematical iterations to obtain 

the new stresses and the final solution

where k is the loading history parameter.

Numerical Simulation of a 2 × 2 Pile Group

In the current study, the surrounding soil medium is mod-
elled using the eight-node brick zones, the piles and the pile 
cap were modelled using the ‘structure-pile’ beam elements 
and ‘shell’ element, respectively. The size of each soil brick 
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zone is assessed by performing a few initial analyses such 
that the change in the geostatic stresses is insignificant after 
its increase. The side lateral boundaries of the model are 
fixed in their respective lateral directions and bottom bound-
ary is restrained for the displacements. In the first stage, the 
geostatic stresses for the surrounding soil medium are gen-
erated by the virtue of its properties under the gravitational 
loading and then it is set to an equilibrium state. In the next 
stage, the pile group installation is modelled by using struc-
ture-pile element and the corresponding normal and shear 
stiffnesses are attached at the soil-pile interface nodes. The 
model is set into equilibrium after installing the pile group 
with the corresponding properties. After performing these 
initial steps, the pile group is then combinedly loaded in ver-
tical and lateral directions onto the pile cap simultaneously.

Modelling of Soil‑Pile Interface

In FLAC3D, the constitutive relation for the soil-pile inter-
face is considered as a linear Coulomb shear-strength model 
and is represented as [31],

In the above equation, Fs
max and Fn are the shear force 

and the normal force acting at the soil-pile interface, respec-
tively; ci and ϕi are the alongside cohesion and friction 
angle, respectively, pi is the generated pore pressure and A 
is the area pertaining to the node at the interface. In the cur-
rent study, the soil is cohesionless and so, ci is zero and only 
the friction angle defines the shear strength. For the interface 
node, the normal force is determined by Eq. (2) and the shear 
force is determined by Eq. (3)

In above Eqs. (2) and (3), Fsi, kn and ks are the shear 
force, normal stiffness and shearing stiffness, respectively; 
∆usi is the displacement vector with respect to shear, un is 
normal displacement of the node at the interface, σn and σsi 
are the vectors of normal stress and shear stress initialized 
by the interface stresses at the nodes. In modelling the soil-
pile interface, the coupling springs are attached in the verti-
cal and lateral directions at each and every pile node. The 
magnitude of interfacial friction angle is taken as 2/3 times 
the surrounding soil’s friction ϕ. Chatterjee et al. [32, 33] 
utilized the following formulations for determining kn and ks 
as follows [34]

(10)Fmax

s
= ciA + tani

(

Fn − piA
)

(11)Ft+Δt
n

= knunA + �nA

(12)Ft+Δt
si

= Ft
si
+ ksΔu

t+0.5Δt
si

A + �siA

where G, ν and r0 are the shear modulus, Poisson’s ratio and 
pile’s radius, respectively.

Validation of the Numerical Model

A 2 × 2 pile group model is modelled in FLAC3D based on 
Abbas Al-Shamary et al. [35]. The cohesionless soil medium 
following the Mohr–Coulomb’s model is used in the valida-
tion study. The soil properties such as the friction angle, ϕ is 
taken as 30°, unit weight as 20.0 kN/m3, elastic modulus as 
13.0 GPa and the circular pile section with length as 15 m, 
diameter of 1.0 m and the pile cap of 0.5 m height is consid-
ered in this validation study. The thickness of the pile cap 
is 0.5 m. The distance between the pile cap and the ground 
surface is kept to 0.5 m. The central spacing between the 
piles is taken as two times the diameter of the pile i.e., 2 m. 
The schematic view of the pile group is shown in Fig. 1a. 
The initial steps of pile group installation are executed as per 
the methodology explained in the earlier sections. For vali-
dation purposes, the same lateral load of 450 kN is applied 
uniformly on the pile group and the response is compared 
as shown in Fig. 1b. It is observed that the numerical model 
adopted in the present validation study exhibits a favourable 
agreement with regard to the deflection profile.

Present Study

In the current study, the 2 × 2 pile group is embedded in a 
homogeneous sandy soil of medium density. The numeri-
cal model comprising the pile group installation is exe-
cuted in FLAC3D as explained in the preceding sections. 
The cohesionless soil medium is modelled with the elas-
tic Mohr–Coulomb plastic constitutive formulation in this 
study. The soil properties such as, the elastic modulus E, 
bulk modulus K, shear modulus G, and the friction angle ϕ, 
given in Table 1 are utilized in the study. In order to con-
verge the numerical model, the cohesion intercept c, of the 
soil is kept to the least value of 1 kPa. The properties and 
details of the pile cap and pile elements include, diameter, 
length, Shear modulus G, bulk modulus K, and density ρ are 
shown in Table 2. The piles are modelled utilizing structure-
pile elements and the pile cap utilizing the shell elements 
available in FLAC3D as explained earlier. The size of each 
eight-node brick element is adjusted to a fairly small, such 
that the geostatic stresses in the elements are approximately 

(13)kn =
4Gr0

1 − ν

(14)ks =
32(1 − ν)Gr0

7 − 8(1 − ν)
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same even after decreasing this size. Besides the model con-
vergence associated with the various stages of the numerical 
model, the mesh size is adjusted in a way to influence the 
results minimally. Based on the initial trials, the suitable 
size of brick element is found to be 0.25 and the same size 
is assigned to all the elements in lateral x, y and the vertical 

z directions of the numerical model. Considering D as the 
diameter and L as the length of the pile, the total height of 
the homogeneous soil is set to L + 5D and the side lateral 
boundaries are extended to 10D in both the x and y direc-
tions of the numerical model as shown in Fig. 2. The lateral 
boundaries of the model are fixed in their respective lateral 
directions and bottom boundary is restrained for the dis-
placements. With regard to the pile cap, it is considered as 
a flexible element which is modelled by creating the brick 
elements first, and then the elements are associated with that 
of shell element. The flexible pile cap thus allows the differ-
ential movement between the piles in the group. The varied 
lateral deflection and bending moment profiles in both the 
front and rear piles are discussed in the succeeding sections.

Application of Combined Axial and Lateral Load Onto 
the 2 × 2 Pile Group

After the initial steps of 2 × 2 pile group installation and 
attaining its equilibrium as said in the earlier sections, 
the vertical load over the pile cap and the lateral load at 
the side of the pile cap is applied as the uniformly dis-
tributed load onto the considered pile group model. The 
ultimate load-carrying capacity based on IS 2911 [36] of 
the pile group Vult was determined to be 13,000 kN. The 
axial loading (V) i.e., V = Vall, which is the allowable load 

(a) schematic view of a 2×2 pile group

(b) lateral deflection profile
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Fig. 1   Validation study a schematic view of a 2 × 2 pile group b lat-
eral deflection profile (after Abbas Al-Shamary [35])

Table 1   Soil properties used in the study (modified after Hazzar 
et al. [9] and Bowles [39])

S. No Soil property Value

1 Density, ρs (kg/m3) 2000
2 Angle of internal friction, ϕ (°) 60
3 Shear modulus, Gs (kN/m2) 19.2 × 103

4 Elastic modulus, Es (kN/m2) 49.92 × 103

5 Poisson’s ratio, νs 0.3
6 Relative density, Dr (%) 45
7 COV of Es (%) 10, 20, 30

Table 2   Dimensions of pile group model and its properties

S. No Parameter Value

1 Pile length, L 15.0 m
2 Cross section, D 1.0 m
3 No. of piles 4
4 Pile cap 4.0 m × 4.0 m
5 Thickness of cap 1.0 m
6 Density, ρp 2500 kg/m3

7 Elastic modulus 25 GPa
8 Poisson’s ratio, νp 0.20
9 Spacing between piles 2D (centre to centre)
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calculated by dividing the Vult with the factor of safety of 
3.0 is applied for the current numerical model. The lateral 
load (Q) in four distinct combinations, i.e. Q = 0.25 V, 
0.5 V, 0.75 V and 1.0 V are then applied at the side of the 
pile cap. Regarding the application of load, the axial load 
is applied first, and then the lateral load is applied; both 
the loads are applied as the uniformly distributed load on 
the pile cap. The resulting p-y curves generated through 
the lateral soil reaction at the different depths of pile were 
then recorded using FISH programming in FLAC3D.

Inclusion of Parameter Uncertainty—Elastic Modulus 
of Soil

In the present study, the Young’s or the elastic modulus 
E, of the soil is considered as the uncertain parameter to 
examine the bending moments, deflection profiles and the 
p-y behaviour of the pile group. The present stochastic 
parameter E is associated with the lognormal distribution 
in the current work [17, 18]. In the literature, the elastic 
modulus is taken as a random variable with the COV of 
30% by Paice et al. [37] and 20–70% is taken by Phoon 
and Kulhawy [17, 18, 38]. The study present is performed 
with the COVs of 10%, 20% and 30% which lies within 
the range as mentioned in Paice et al. [37] and Phoon and 
Kulhawy [17, 18]. The Monte Carlo method works on the 
principle of repetitive random sampling that considers the 
uncertainty pertaining to the input parameters with their 
specific probability distribution in the model [16]. The 
Monte Carlo method then determines the probability dis-
tribution of the results obtained for all the runs or reali-
zations of COVs. The cumulative mean of soil’s elastic 
modulus was calculated for 2000 random samples gener-
ated for the Monte Carlo method initially. The cumulative 

elastic modulus becomes stable and approximately equal 
to the considered mean value after 920 samples for COV 
of 10%, 975 samples for COV of 20% and 810 samples 
for COV of 30% as depicted in the convergence study 
(Fig. 3). Thus, a thousand lognormal random samples of 
E were generated in MATLAB for each COV of 10%, 20% 

Fig. 2   A 2 × 2 pile group model 
used in the study a soil block b 
pile group with cap
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and 30% and each value is assigned for every simulation 
of the load combination using FISH (inbuilt in FLAC3D). 
The resulting probability density function (pdf) and 
cumulative density function (cdf) were then illustrated 
for bending moments and lateral deflection profiles for 
each load combination. The influence of COV of E on the 
p-y responses at different depths of pile is also presented 
in the later sections. The methodology followed in the 
determining the stochastic behaviour of the pile group 
responses is depicted with the flowchart in Fig. 4.

Results and Discussion

The influence of the combined axial load and the lateral 
load on the pile group is analysed in the current study. The 
findings of this study are shown as deterministic and statis-
tical profiles for the bending moments, lateral deflections 
and the incurring p-y curves at different depths of the piles. 
Figures 5 and 6 display the deterministic variation of the 
bending moments and lateral deflection profiles for the vari-
ous Q/V load combinations, respectively.

Deterministic Bending Moment and Lateral Deflection 
Profiles

From Fig. 5, it can be observed that the magnitudes of 
bending moments are higher in the case of front pile 
when compared to the rear pile. For the load combina-
tion of Q/V = 0.25, the maximum bending moment for the 
front and rear piles are found as 28.2 kNm and 18.4 kNm, 
respectively. For the load combination of Q/V = 0.5, the 
maximum bending moment for the front and rear piles are 
found as 40.1 kNm and 29.3 kNm. For the load combina-
tion of Q/V = 0.75, the maximum bending moment for the 
front and rear piles can be found as 53.2 kNm and 42.8 
kNm, respectively. For the load combination of Q/V = 1.0, 
the maximum bending moment for the front and rear pile 
can be found as 65.1 kNm and 59.4 kNm, respectively. It 
can be observed that, with the increase in the lateral load 
the maximum bending moment also increases for all the 
Q/V load combinations accordingly.

From Fig. 6, it can be seen that, the lateral deflection is 
maximum at the top of the pile for all the load combinations 
in both the front and rear piles. The maximum lateral deflec-
tion is more in the front pile when compared to the rear pile 

Fig. 4   Flowchart representing 
the methodology followed in 
the study

Start

Generate the sample data (n=1000) for the selected 

random variable i.e., elastic modulus of soil following 

the lognormal distribution using MATLAB
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Tabulate the soil and pile properties required for the 

Run the FLAC3D analyses with the random variable 

allocation through the incorporated FISH code

Record the lateral deflections, bending moments and p-y behaviours for 

all the Q/V load combinations accordingly

Generate the pdf and cdf and determine the stochastic behaviour for all 

the Monte Carlo runs of different Q/V load combinations

End

Create the readable text 

file and assign the values 

using the FISH code 
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in all the Q/V load combinations. This occurrence is attribut-
able to the shadow effect in the pile group.

Stochastic Responses

In the present study, as said earlier, the ten-thousand runs 
of each load combination are performed to study the sto-
chastic behaviour i.e., the probability density function (pdf) 
and the cumulative density function (cdf) of the bending 
moment and lateral deflection profiles for all the Q/V load 

combinations. The pdf and cdf responses are determined for 
every COV of elastic modulus of soil (10%, 20% and 30%). 
The Monte Carlo method produces the bending moment pro-
files for the COV of 10% as the stochastic representations as 
given in Fig. 7 for the front pile and Fig. 8 for the rear pile; 
the lateral deflection profiles are given in Fig. 9 for the front 
pile and Fig. 10 for the rear pile.

The Monte Carlo simulations considering the uncertainty 
in elastic modulus, produce the lateral deflection profiles for 

Fig. 5   Bending moment 
profiles of piles a front pile b 
rear pile
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the COV of 10% are shown in Fig. 9 for the front pile and 
Fig. 10 for the rear pile.

The stochastic responses i.e., the pdf and cdf illustrations 
for the maximum bending moments and maximum lateral 
deflections of the front and rear piles for all the Q/V combi-
nations are presented in Figs. 11, 12, 13, 14, 15, 16, 17, 18.

The relative cdfs generated for the different Q/V com-
binations illustrate the importance of pile group bending 
moments and lateral deflections with the consideration of 
parameter uncertainty in the elastic modulus of soil. For the 
front pile, the 50% probability of occurrence of maximum 

bending moment decreases for about 9.1% when the COV 
increases from 10% to 30%, whereas for the Q/V of 0.5, 
the decrease is 8.69%, for the Q/V of 0.75, the decrease 
is 10.7% and for Q/V = 1.0, the decrease is 10.9%. In the 
case of rear pile, for the Q/V combination of 0.25, the 50% 
probability of occurrence of maximum bending moment 
decreases for about 14.3% when the COV increases from 
10% to 30%, whereas for the Q/V of 0.5, the decrease is 
8.8%, for the Q/V of 0.75, the decrease is 15.5% and subse-
quently for Q/V = 1.0, the decrease is 8.33%. Apart from the 
probability of occurrence of 50%, the percentage increase 

Fig. 7   Bending moment profiles for all the realizations—front pile
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in the magnitude of the difference in the maximum bend-
ing moments can be observed from the cdf illustrations pre-
sented in Figs. 12, 14.

The influence of COV of elastic modulus on the stochas-
tic response of all the maximum bending moments for all the 
Q/V combinations is listed in Table 3 for the COV of 10%, 
Table 4 for the COV of 20% and Table 5 for the COV of 
30% along with the standard deviation (SD). It is observed 
that, the maximum COV of the responses is in the increas-
ing trend proportionately with the input COV. Among all 

the responses, the maximum COV of the responses is found 
to be as 34% for the Q/V of 0.5 with the input COV of 30%.

For the front pile, the 50% probability of occurrence 
of maximum lateral deflection decreases for about 10% 
when the COV increases from 10% to 30%, whereas for the 
Q/V of 0.5, the decrease is 4.2%, for the Q/V of 0.75, the 
decrease is 6.3% and for Q/V = 1.0, the decrease of 3.2% 
are observed. In the case of rear pile, for the Q/V combina-
tion of 0.25, the 50% probability of occurrence of maxi-
mum lateral deflection decreases for about 11.3% when the 
COV increases from 10% to 30%, whereas for the Q/V of 

Fig. 8   Bending moment profiles for all the realizations—rear pile



Indian Geotech J	

1 3

0.5, the decrease is 6.8%, for the Q/V of 0.75, the decrease 
is 7.9% and further for Q/V = 1.0, the decrease of 4.1% are 
observed. For both the front and rear piles, the variation 
in the maximum lateral deflection can be observed when 
the probability of occurrence is increased to the higher 
magnitudes and it can be understood by the concerned cdf 
illustrations as given in Figs. 16, 18.

The influence of COV of elastic modulus on the sto-
chastic response of all the maximum lateral deflections for 
all the Q/V combinations is listed in Table 6 for the COV 

of 10%, Table 7 for the COV of 20% and Table 8 for the 
COV of 30%. It is observed that, for the maximum lateral 
deflections, the COV of the responses is in the increasing 
trend proportionately with the input COV. Among all the 
responses, the maximum COV of the responses is found 
to be as 31% for the Q/V of 1.0 for the front pile with the 
input COV of 30%.

Fig. 9   Lateral deflection profiles for all the realizations—front pile
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p‑y Curves

As a result of applying the lateral load to the pile group, 
the resistance generates in the soil medium surrounding 
the pile and the magnitude is recorded through the FISH 
(inbuilt in FLAC3D) using the forces generated at the con-
cerned pile depth. The deterministic variation of the soil 
reaction along the depths of the pile is shown in Fig. 19 

for the front pile and Fig. 20 for the rear pile. Each coor-
dinate on the curve represents the response of each Q/V 
load combination and all these responses are recorded at 
3 m, 6 m, 9 m and 12 m depths of the front and rear piles. 
At a particular depth of the pile, it is evident that the soil 
reaction increases with the rising Q/V ratio in both the 
front and rear piles. It can also be observed that, for the 
same load combination, the magnitudes of the soil reaction 

Fig. 10   Lateral deflection profiles for all the realizations—rear pile
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Fig. 11   Probability density 
function of bending moments—
front pile
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Fig. 12   Cumulative density 
function of bending moments—
front pile
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Fig. 13   Probability density 
function of bending moments—
rear pile
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Fig. 14   Cumulative den-
sity functions of bending 
moments—rear pile
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Fig. 15   Probability density 
function of lateral deflections—
front pile
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Fig. 16   Cumulative density 
functions of lateral deflec-
tions—front pile
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Fig. 17   Probability density 
function of lateral deflections—
rear pile
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Fig. 18   Cumulative density 
functions of lateral deflec-
tions—rear pile
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Table 3   Stochastic responses 
of the maximum bending 
moments of pile group with the 
input COV of 10%

COV = 10% Q/V Front pile Rear pile

Mean SD COV Mean SD COV

0.25 35.4 3.89 0.11 26.3 4.20 0.16
0.5 50.2 6.52 0.13 37.8 6.80 0.18
0.75 63.1 11.35 0.18 53.7 9.12 0.17
1 88.7 21.28 0.24 71.6 11.45 0.16

Table 4   Stochastic responses 
of the maximum bending 
moments of pile group with the 
input COV of 20%

COV = 20% Q/V Front pile Rear pile

Mean SD COV Mean SD COV

0.25 33.8 5.40 0.16 23.7 4.50 0.19
0.5 48.7 13.14 0.27 34.1 8.86 0.26
0.75 58.2 13.38 0.23 45.6 10.94 0.24
1 77.6 14.74 0.19 67.3 14.13 0.21

Table 5   Stochastic responses 
of the maximum bending 
moments of pile group with the 
input COV of 30%

COV = 30% Q/V Front pile Rear pile

Mean SD COV Mean SD COV

0.25 31.6 8.53 0.27 20.4 6.32 0.31
0.5 44.3 15.06 0.34 30.6 8.56 0.28
0.75 54.8 18.08 0.33 43.7 12.23 0.28
1 69.4 20.12 0.29 63.6 19.08 0.30

Table 6   Stochastic responses 
of the maximum lateral 
deflections of pile group with 
the input COV of 10%

COV = 10% Q/V Front pile Rear pile

Mean SD COV Mean SD COV

0.25 7.5 0.70 0.09 6.4 0.85 0.13
0.5 8.4 0.93 0.11 7.9 1.18 0.15
0.75 9.1 1.39 0.15 8.9 1.26 0.14
1 10.5 2.14 0.20 10.1 1.34 0.13

Table 7   Stochastic responses 
of the maximum lateral 
deflections of pile group with 
the input COV of 20%

COV = 20% Q/V Front pile Rear pile

Mean SD COV Mean SD COV

0.25 7.1 0.97 0.14 6.2 0.98 0.16
0.5 7.9 1.81 0.23 7.6 1.64 0.22
0.75 8.8 1.72 0.20 8.6 1.71 0.20
1 10.3 2.16 0.21 9.8 2.35 0.24

Table 8   Stochastic responses 
of the maximum lateral 
deflections of pile group with 
the input COV of 30%

COV = 30% Q/V Front pile Rear pile

Mean SD COV Mean SD COV

0.25 6.7 1.54 0.23 6.0 1.54 0.26
0.5 7.4 2.14 0.29 7.5 1.74 0.23
0.75 8.6 2.41 0.28 8.4 1.95 0.23
1 10.0 3.10 0.31 9.6 2.78 0.29
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are higher in the front pile than the rear pile. The stochas-
tic responses for the various depths of the pile are shown 
in Fig. 20. With regard to the stochastic responses of p-y 
curves, it is observed that the magnitudes of the soil reac-
tion responses are higher in the case of front piles when 
compared to the rear piles as also seen in the conventional 
deterministic cases.

Conclusions

In the present study, the combined action of axial and lat-
eral load on the pile group, with the purpose of including 
the uncertainty of elastic modulus of soil, is exemplified 
using the numerical modelling in FLAC3D. The random 
samples of elastic modulus of soil are adopted to address 
the parameter uncertainty in the system. A 2 × 2 pile group 
embedded in the homogenous cohesionless soil deposit is 
validated with the existing study and the model is analysed 
for the combined axial and lateral loading acting on the 
pile group. The parameter uncertainty in the study is ana-
lysed with the inclusion of statistic lognormal distribution 
of soil’s elastic modulus, derived for three different COVs 
i.e., 10%, 20% and 30% and different Q/V load combina-
tions totally mounting to 12000 Monte Carlo runs and cor-
responding stochastic behaviours are illustrated.

The following observations can be made with regard to 
the lateral deflection and the bending moment behaviour 
of all the cases combinedly as:

•	 The stochastic responses show the significant effect of 
input COV on all the responses of maximum bending 
moments and maximum lateral deflections.

•	 The cdf illustrations plotted for all the Q/V combinations 
reveal the probability of occurrence of the concerned 
responses with respect to the input COV. The magni-
tudes of the variations are also presented for the maxi-
mum bending moments and maximum lateral deflections.

•	 The more scattered responses and thereby the higher 
magnitudes of standard deviations are observed in the 
case COV of 30% due to its variation range and it reflects 
the behaviour of the soil-pile system accordingly.

•	 In terms of the maximum bending moments, the highest 
COV across all the responses is found to be as 34% for 
the Q/V of 0.5, with the input COV of 30%.

•	 With respect to the maximum lateral deflections, the 
maximum COV for all the responses is determined to be 
31% for the Q/V of 1.0, given an input COV of 30%.

The following findings can be drawn with regard to the 
soil-reaction incurred due to the application of lateral load 
of all the cases as:

•	 The probability distributions of the soil reaction i.e., p-y 
curves at different locations of the pile along its depth 
are varying and the probability density fit function fit is 
complex to illustrate them.
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•	 As per the variation in COV, the determined soil-reac-
tions are proportionally scattered and it is sensible to the 
pile location in its group behaviour.

Overall, the present parameter uncertainty analysis 
encompasses the necessity of its utilization in determining 
the soil-pile behaviour when applied with the static axial and 
lateral loads. The parameter uncertainty in the considered 
soil property i.e., the elastic modulus of the soil is impor-
tant in analysing the pile group behaviour, while the uncer-
tainty pertaining to the other soil and pile properties such as 
density and Poisson’s ratio, Young’s modulus of pile is less 
considered in practical cases and so in the present study. The 
uncertainty pertaining to the soil shear strength parameter 
i.e., the cohesion c, and the friction angle ϕ based on the soil 
type can be studied further. The conclusions provided in the 
above stochastic study may reflect the general validity. Thus, 
the detailed analysis with the inclusion of all the parameter 
and model uncertainties altogether is necessary for the safer 
design of the pile foundations.

Future Scope of the Study

This study focuses on the uncertainty pertaining to the 
soil’s elastic modulus, whereas few other parameters 
such as the cohesion and the friction angle also carry the 
uncertainty. The inclusion of other parameter uncertain-
ties imposes higher numerical cost. The limitation can 

be addressed using the concept of random field—spatial 
variability of the parameters along with the scale of fluc-
tuations in the horizontal and vertical directions for all 
the parameters accordingly for more realistic investiga-
tion. The other major limitation in the present study is in 
regard to the stochastic analysis in the p-y curves. Since 
the soil reaction profiles are generated at a particular depth 
of the pile, the resulting distribution and the statistical 
characterization of the responses become complex for the 
depiction and it can also be considered for the future stud-
ies utilizing the random field implementation.
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