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Abstract

In this paper, we have proposed a new generalized robust estimators of population mean under different ranked set sampling.
Robust estimators are recently defined by Zaman and Bulut (Commun Stat Theory Methods 48(8):2039-2048, 2019a) and
Ali et al. (Commun Stat Theory Methods, 2019. https://doi.org/10.1080/03610926.2019.1645857) under simple random
sampling. We have generalized robust-type estimators where Zaman and Bulut (2019a) and Ali et al. (2019) estimators are
members of our generalized estimator. We have also extended our results to ranked set and median ranked set sampling
designs. The simulation study showed that our proposed robust-type estimator performs better.
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Introduction

When the data set does not follow a normal distribution or
contains outliers, estimations of parameters are affected
badly. To overcome this difficulty and get reliable conclu-
sions about the contaminated data, robust estimators are
defined in statistical analysis. This relies on finding proper
estimates of the data location and scale ([9, 10, 13]).

Using information of auxiliary variable in the estimates
also increases the efficiency. We can list some important
studies as follows: Hanif and Shahzad [11] considered the
issue of estimating the population variance utilizing trace
of kernel matrix in absence of non-response under simple
random sampling (SRS) scheme. Shahzad et al. [25] defined
a new class of ratio-type estimators for the population mean.
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Shahzad et al. [26] proposed a new class of exponential-type
estimators, based on the known median of study variable.

The authors also studied robust ratio-type estimators
when the data contained outliers. Zaman and Bulut [30]
have studied the robust estimators in simple random sam-
pling and they also extended their studies to stratified simple
random sampling [31]. Recently, Ali et al. [1] generalized
Zaman and Bulut [30]’s estimators and they have studied
sensitive data case. Subzar et al. [28] adapted the various
robust regression techniques to the ratio estimators. Shahzad
et al. [27] defined class of regression-type estimators utiliz-
ing robust regression tools.

Ranked set sampling (RSS) is an effective design intro-
duced by [20]. The efficiency of RSS depends on the sampling
allocation whether balanced or unbalanced. The balanced RSS
features an equal allocation of the ranked order statistics. It has
been shown theoretically and empirically the variance of the
balanced RSS estimator is less than that of the estimator SRS
estimator regardless of ranking errors ([3]). In literature, many
authors showed that this design performs better compared
to the SRS and proposed new RSS designs such as median
ranked set (MRSS) by Muttlak [22], double ranked set by Al-
Saleh and Al-Kadiri [7], pair ranked set by Muttlak [21], L
ranked set by Al-Nasser [2], neoteric ranked set sampling by
Zamanzade and Al-Omari [32] and so on.
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We can also list some important papers to improve esti-
mation under ranked set sampling designs as: Al-Omari [6]
studied ratio estimators under MRSS. Koyuncu [17] studied
regression-type estimators under different ranked set sam-
pling. Koyuncu [18] has proposed regression-type estimators
and more general class of estimators under MRSS. Koyuncu
[16] has studied difference-cum-ratio and exponential type
estimators under MRSS.

The aim of this study is to propose more general estima-
tors of the population mean using robust statistics under RSS
and MRSS.

The article is constructed as follows: In "Robust estima-
tors in SRS" section, we have reviewed the recent robust lit-
erature in SRS. In "Proposed class of robust-regression-type-
estimators under SRS, RSS and MRSS" section, the new
generalized robust estimators under SRS, RSS and MRSS
are presented. The mean square error (MSE) is derived up to
the first-order of approximation. The theoretical efficiency
comparison is given in "Efficiency comparison" section. In
"Simulation study" section, a simulation study is conducted
using a real data set and summarized our findings in "Con-
clusion” section.

Robust estimators in SRS

When the information about auxiliary variable is known
and the using this in the estimator can results more effi-
cient estimates. Also the normality assumption of data is not
hold, we need to use robust statistics. Moving this direction
Zaman and Bulut [30] suggested following robust estimators
as follows:
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where b; is slope or regression coefficient, calculated from
the robust regression methods such as least absolute devia-
tions (LAD), least median of squares method (LMS), least
trimmed squares method (LTS), Huber-M, Hample-M,
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Tukey-M, Huber-MM. When the data contain outliers, these
observations cause problems because they may strongly
influence the result. Classical methods can be affected by
outliers. The aim of using robust statistics in estimators is
to describe well the data majority and get reliable estimates.
We can summarized these well known robust methods are
as follows:

LAD is a method which minimizes the sum of absolute
error and is described as

n

min2|ei|.

i=1

LMS method rather than minimize the sum of the least-
squares function, this model minimizes the median of the
squared residuals

min median(el.z)

LTS proceeds with OLS after eliminating the most extreme
positive or negative residuals. LTS orders the squared resid-
uals from smallest to largest: (E?);, (E*)y). ... » (E?),,), and
then, it calculates b that minimizes the sum of only the
smaller half of the residuals

D (ED
i=1

where m = [n/2] + 1; the square bracket indicates rounding
down to the nearest integer.

Huber-M is based on minimizing another function of outli-
ers instead of error squares. Objective function of M-estimator
is given as

n
min Y’ ple;)
i=1

and is asymmetric function of outliers. Huber’s function p
is designed as
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The influence function is determined by taking the derivative
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where sgn(.) is sign function and represented as
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Hample-M Estimation function is defined as

y2
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wherea = 1.7, b = 3.4 and ¢ = 8.5.
Tukey M estimation function is given by
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where k = Sork = 6.

Huber MM estimation method is described as follows:

e A starting estimation with high breakdown point (0.5
if possible) is chosen.

e Outliers are calculated as ¢;(T)) =y, — Tpx;, 1<i<nm

where 7|, is starting estimation. Under b/a = 0.5 con-

straints, b is calculated as below

S (e®)
b—;Z”<s—>

n

where s, is M scale estimation and it is calculated as
s,, = s(e(T})). For more information robust estimators kindly
see [12, 24, 29])

Ali et al. [1] generalized Zaman and Bulut [30] estima-
tors as

I+ bh(X =%

FX+G) f
Yz (Fx+ G) (FX+G) for

i=12,..,7 (2.6)

where i shows robust regression methods LAD, LMS, LTS,
Huber-M, Hample-M, Tukey-M, Huber-MM, respectively.
F # 0 and G are any constants, either (0,1) or known
characteristics of the population such as, C,, the coeffi-
cients of variation, f,(x), the coefficients of kurtosis from
the population having N identifiable units. We can gener-
ate many new estimators using suitable variables for b;, F
and G.
The MSE of y_ is given as
MSE(,) = ( 1;f> |2+ RS2 + 2B ReS7 + IS
n ’ 2.7
= 2RS,, — 28BS, |

where B; robust regression coefficient of population,

— N 3, N 3,
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FG= o0 = 87 = —————are
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the unbiased variances of Y and X, respectively,

0= Dy = X)
Sy, =
ol N-1
X, Y are population means X, y are the sample means of
auxiliary and study variables, respectively.

Then, Ali et al. [1] have proposed classical regression-type
estimators using robust b in the equation instead of least-square
estimator. They found that their regression-type estimators are
more efficient than Zaman and Bulut [30]. Ali et al. [1] estima-
tor and MSE of estimator are given as

is the covariance between (X, Y).

Yo=Y +b(X-% for i=12..7 (2.8)

MSE(,) = <1%f> [sf, ~2BS,, + B?Sf] 2.9)

Proposed class
of robust-regression-type-estimators
under SRS, RSS and MRSS

Ranked-based sampling designs have found many applications
in other fields including environmental monitoring [19], clini-
cal trials and genetic quantitative trait loci mappings [8] and
medicine ([33, 34]). In this section, RSS and MRSS designs
are described and we have introduced a new generalized robust
estimators under these designs.

RSS design

The RSS design introduced by Mclntyre [20] can be described
as follows:

1. Select a simple random sample of size m” units from the
target finite population and divide them into m samples
each of size m.

2. Rank the units within each sample in increasing mag-

nitude by using personal judgment, eye inspection or

based on a concomitant variable.

Select the ith ranked unit from the ith sample.

4. Repeat steps 1 through 3, k times if needed to obtain a
RSS of size n = mk.

et

Let

0.6 1j° Y, 1j),
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be m independent bivariate random samples with pdf f(x, y),
each of size m in the jth cycle, j = 1,2, ..., k). Let
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( i(1:m)j» 1[1 ml/) (Xl(2 m)j° 1[2 mlj)
(Xl(m tm)j? Yl[m m]])

be the order statistics of Xllj, Xpjs -+ » Ximyy and the judgment
order of Ylj, js s ,mj (i=1,2,...,m), where round
parentheses () and square brackets [] indicate that the rank-
ing of X is perfect and ranking of Y has errors. Assume

measured units using RSS are
(Xl(lim)j’ Yl[l:m]j)’ (X2(2:m)j’ Y2[2:m]j)7 (X m(m:m)j> Ym[m m]/)

Then, the RSS estimators of population mean for the study
and auxiliary variables can be written as

k m
- 1
Yrssp =77 Z Z Yiimy» (3.1
=1 =1
Xrss) =7 Z Z ii:m) (3.2)

MRSS design
The MRSS design can be described as in the following steps:

1. Select m random samples each of size m bivariate units
from the population of interest.

2. The units within each sample are ranked by visual
inspection or any other cost free method with respect to
a variable of interest.

3. Ifmis odd, select the ((m + 1)/2) th-smallest ranked unit
X together with the associated Y from each set, i.e., the
median of each set. If m is even, from the first m/2 sets
select the (rm/2)th ranked unit X together with the associ-
ated Y and from the other sets select the ((m + 2)/2) the
ranked unit X together with the associated Y.

4. The whole process can be repeated k times if needed to
obtain a sample of size n = mk units.

For odd and even sample sizes, the units measured using
MRSS are denoted by MRSSO and MRSSE, respectively.

For odd sample size,
(Xl(mﬂ Yl[mﬂ ) (Xz(mﬂ J),Yz[m+l FURE

(X (m+l ) Ym[MH]])

the sample mean estimators using MRSSO are given,
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the sample means of X and Y using MRSSE are given

Z Zx - Z X222

i m+7

X(MRSSE) = (3.5)

and

k
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(3.6)

Proposed class of robust-regression-type-estimators
in SRS

In this section, we can generalized Zaman et al. [30] and Ali
et al. [1] estimators under SRS as
FX+G

Inesrs) = 7+ bi(X — x)]( )”

e 3.7

To obtain the MSE of the generalized estimators, let us

define the following expectations under SRS:
e=G-D/7, e =G-%)/X.

We can re-write the yysgs) using e terms according to first
order of approximation as follows:

- T2
Onesrs) — )
= 17263 + Biz)_fze% + I_/zazR?e?

— 2B XYeye, — 2V*aReqe; + 2aBXYRe}

(3.8)

The expectations of e terms are
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Substituting these expectations in Eq. 3.8, we can get MSE
as given by

)

MSE ¥y (sgs)) =—[S2 +BS? + a’R;, ,S? 39)
—2B.S,, — 2aR;:S,, + 2aBR;S’]

Putting =0 in the MSE(yysgs)), We can get Ali et al. [1]
MSE(y,) estimator. While for appropriate constants, we can
also get MSEs of Zaman and Bulut [30] estimators.

Proposed class of robust-regression-type-estimators
in RSS and MRSS

In RSS and MRSS to improve the efficiency of estima-
tors, some authors used information of auxiliary variable
in estimators. Koyuncu [18] has proposed regression-type
estimators under MRSS. Al-Omari and Bouza [4] studied
the ratio estimators of population mean with missing val-
ues using RSS. Al-Omari et al. [5] suggested ratio-type
estimators of the mean using extreme RSS. Jemain et al.
[15] suggested a modified ratio estimator for the popula-
tion mean using double MRSS.

In this section, we generalized also our proposed esti-
mators in the previous section to new classes based on
RSS and MRSS designs as follows

FX+G \°
> (3.10)

vy = [V + bip X = )] <—ch(]~) G

where (j) represents the sampling design such as SRS, RSS
and MRSS.

To obtain the bias and the MSE of suggested class of
estimators in Eq. (3.10) under RSS, let us define follow-
ing notations

To obtain the MSE of the generalized estimators, let us
define the following expectations under SRS:

oy =0 = N/Y. e =Gy -X/X
2 2v2 2 2292 2
MSEGy) = E| P2, + BXe + Py Pel

(3.11)
- 2B-YX€0(1-)€1(]-) - 2aY2y/e0(i)el(j)

+ 2B, au/YXel(])]

where y = . One can easily obtain the specific MSE

X+G
from Eq. 3.11 putting expectation terms belong to design.
For example if (j) represents the RSS design we can write

following notations:

eorss) = Trss) — N/,
e1rss) = KXrss) = X)/X

5 _ var(¥gss)
E(eygss)) = 72
S2 m
1S 1 )
=%[zw2%m—¥> ]
) _ var(Xggs)
E(€]gss) = %2

[— - = Z(HX(,) ) ]

cov(Xgss, Yrss)
Xy

1 S
XY
MSE@yrss)) & { l_ - — Z(/‘v[z] Y) ]
+Bz [_ - Z(Mx(z) X) :|

S2 1
2p2 X z \2
+aRG[__7il(#X(i)_X)1

E(egrss)€irss)) =

Z(#V[l] Y)(Ml(l) X):|

S l -« _ _
Xy
-2B; [; - Z(/‘ym - Dy - X)]
Sy
_205RFG [ Z(H}[’] Y)(llx(,) X)]

52 1 _
+2B,aRpg l;x ) Z(llx(i) - X)Z] ]
i=1
(.12)

If (j) represents the MRSS design and the sample size n is
odd we can write following notations:

Ymrss, =Y
CoMRSS,) = T and
Xvrss, =X
€1(MRSS,) = T
E( )= 1o
eO(MRSS) IEZRNEIY
I @
E(el(MRss,,)) =% Sx(%),
1
E(Conurss, €10mrss,) = —== Szt
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Then, we can get the MSE as follows:

MSE@N(MRSSO))

1| 22 2102 2
=Ll LIRS 4a?R S
- l ) By R ey 3.13)

2
_2Biny(%) - 2aRFGSxy(%) + 2B,'C’RFGSX(%)}

If (j) represents the MRSS design and the sample size 7 is
even we can write following notations:

1
2 =— (s g
E(eomrss,) = 2 <Sy[§J - Sﬂ#])

2 __1 (e 2
E(el(MRSSB)) =% <Sx(§) + Sx(ﬁ)> and

2

1
E(Coourss, ¢1omrss,) = 5 == (Sm%) + Syx(ﬂj))-

After defining these terms, the procedure is very easy. When
we put these e terms in Eq. 3.11 we get the MSE is given by

MSEGymrss,)
a2, (Sig) + Si(%>
_2Bi<Syx(g> + Syx(%>

—20Rpc (Syx<ﬂ> + Syx(%)

(3.14)

2

2 2
+2B,aRp <SX(§) + Sx(”;—2)>]

Efficiency comparison

In this section, the efficiency comparison between the MSE
equations is obtained as below:

(1) Comparison of Ali et al. [1] y, estimator which is
general form of Zaman and Bulut [30] with proposed esti-
mators under SRS

@ Springer

MSE@ysrs) < MSE(y,) if
a’R}.S? + 20BiRyS? — 2aR S, < R7.S”
+2BR;S? — 2R;6S,,
(0 = DR; ;8% + 2(a — D(BRy6S: + RpgS,,) < 0

“.1)

From Eq. (4.1), one can easily see that when the a = 0 we
get same MSE.

(2) Comparison of Ali et al. [1] y, estimator with pro-
posed estimators under SRS

MSE(¥y(srs)) < MSE(y,) if
alaR;.S? = 2R;6S,, + 2BR;:S2] < 0 4.2)
When the conditions Eqs. (4.1-4.2) are satisfied the pro-
posed estimator is more efficient than existing estimators.

Simulation study

In this section, we used a real data set which is used by
Jemain et al. [14] to illustrate the efficiency of proposed
estimators over existing ones. These data consist of height
and the diameter at breast height of 399 trees. We have used
Height (H) in feet as study variable and Diameter (D) as
auxiliary variable. The summary statistics of data is given
in Table 1. The scatter plot of the data set is given in Fig. 1.
From the scatter plot, we can say that the data set contains
outliers. In the simulation study, we have selected 10000
samples with different sample sizes (n = 3,4, 5,7, 8) under
SRS, RSS and MRSS designs using R Software version
3.1.1 [23] We have calculated the MSE of Zaman and Bulut
[30], Ali et al. [1] and the proposed estimators under SRS
which is given by Table 2 based on linear, Huber-M, LMS,
LTS, LAD, S and MM robust estimators. In this table, we

Table 1 Summary of tree data

N =399 Y =52.33835 X =21.08897

p = 0.8762623
o, = 908.7525
C, = 0.8609138

o2 = 3262.817
g =625
py(x) = 0.5612123

af, = 329.6326
q; =34
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Table 2 MSE of estimators under SRS
Type of estimators n Robust betas by
Linear Huber LMS LTS LAD S MM
Zaman and Bulut [30] 3 3316.163 2717.506 1692.179 1992.434 2554.539 1839.175 1794.209
_ Ttbuonan X3 e 4 1822.856 1497.67 942.3292 1104.674 1409.246 1021.772 997.4632
' 5 1210.12 997.247 634.5172 740.4148 939.4121 686.3196 670.4645
7 707.1964 585.1299 377.6735 438.1449 551.999 407.2423 398.1896
8 556.9105 463.5243 304.698 351.0141 438.1709 327.3478 320.4139
Zaman and Bulut [30] 3 2518.164 2052.397 1261.701 1492.024 1926.034 1374.302 1339.824
5. = 5'+bm;i,,c)<>?—i> X +C) 4 1454.437 1189.396 740.8671 871.272 1117.576 804.5877 785.0696
' 5 1000.186 820.9085 518.2033 606.091 772.3704 561.1328 547.9798
7 607.2781 500.6415 321.0498 373.1111 471.7985 346.4689 338.6785
8 485.7631 403.0742 263.7009 304.1234 380.7016 283.44 277.3909
Proposed 3 946.4828 754.1013 445.8923 532.4438 703.0277 487.7866 474.868
- _ Hhoww &= g 4 628.2487 504.5441 307.2425 362.4848 471.7566 333.9598 325.7164
Yn(sRS), = T(x"' q1)
5 479.707 387.8118 241.6403 282.4927 363.4794 261.3881 255.2928
7 325.2891 264.5348 168.1446 195.0376 248.463 181.1382 177.1263
8 276.4936 226.9415 148.1996 170.1922 213.8256 158.8287 155.5476
Proposed 3 289.2675 241.0532 189.9096%* 199.4164 229.8427 193.8569 192.4968
- _ Tty XD 5 4 217.3862 182.9273 146.8066%** 153.3996 174.9415 149.5193 148.5783
INGRS), = T i, X+ 03)
5 179.7786 152.4561 124.266%* 129.2835 146.1516 126.304 125.5902
7 130.2347 110.5632 90.36465%* 93.93151 106.03 91.8074 91.30054
8 119.6148 102.5568 84.82652%3%%* 88.02005 98.61282 86.13167  85.67665
Alietal. [1] 3 256.5864 262.9883 321.3053 295.9877 267.615 307.8455 311.7328
2, =y +b(X-% 4 183.3275 188.2805 231.4627 212.779 191.7421 221.5353 224.4035
5 148.5035 153.3822 189.8203 174.263 156.4206 181.5723 183.9589
7 101.9058 105.5672 132.1744 120.8439 107.8024 126.1699 127.9079
8 95.01786 98.08421 121.0242 111.2284 99.99623  115.8307 117.3335

**Shows most efficient estimators according to sample size

***Shows most efficient estimators according to all cases

can also see the efficiency of different robust betas in the
same type estimator. The same procedure is also extended
for the RSS and MRSS estimators as given Tables 3 and 4.
We can summarized the simulation study as follows:

e From Table 2, we can say that ysgs), proposed estimator
which used third quantile of auxiliary variable and LMS
robust beta is the best for all sample sizes.

e From Table 3, it can be seen that yy s, proposed esti-
mator which used third quantile of auxiliary variable and

LMS robust beta is the best for all sample sizes under
RSS design.

From Table 4, under MRSS design yyrss), is the best
using third quantile and LMS robust beta when the sam-
ple size n = 3,4,5. When the sample size is increasing,
proposed yyrss), With S robust beta is perform better.
PRE of estimators over different sampling designs is
given in Tables 5 and 6. From these tables, we can see
that ranked set sampling designs have better performance
over SRS for all simulation cases.
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Table 3 MSE of estimators under RSS

Type of estimator n  Robust betas
Linear Huber LMS LTS LAD S MM
Proposed estimators under RSS 3 1201.504 1001.184  660.5236 759.8591  946.801 709.1006  694.2293
Fakss), = ?<Rss>+brub<;::r:z5)(i—fmss,>)—( 4 558.0791  475.4833 336.1066 376.5585  453.1262  355.8637 349.81
o 5 351.5762  305.2557 227.2356 249.8543  292.7264  238.2795  234.8949
7 200.7543  179.3209 143.0137 153.5759 173.5108 148.1756  146.5947
8 163.9655  148.3553 121.7979 129.5439  144.1168  125.5861  124.4264
3 1005.839 836.6798 551.8172 6343906  790.9273  592.1334  579.7772
s, = S’<Rss>+;’r:<:,i.2sii—’?mss>> (X + Cyrss) 4 497.8215  424.4606 301.8816 337.2438  404.6772  319.1249  313.8354
e 5 3237731  281.498  210.9677 231.2954 270.1041 220.8774  217.8369
7 190.4861  170.3872 136.6323 146.4006 164.9566  141.3995  139.938
8 157.2872  142.4989 117.5384 1247838  138.4956  121.0772  119.9929
3 514.8465  428.6654 292.6133 330.4445  405.9088 310.8745  305.2324
- _ Swessthonenrss X—Fwss) 4 318.4984  274.5989 205.8316 224.8522  263.0396 214.9991 212.1636
YNRSS), = ERT— X + qyrss))
5 231.7789  203.9525 160.3374 172.406 196.6239  166.1549  164.3557
7 152.1012  137.4716 114.2346 120.7227  133.5999  117.3701  116.4021
8 131.2887  120.0253 101.9496 107.0314  117.0332  104.4102  103.6516
3 2428171  218.6456 195.5329%%* 199.1191  213.1793  196.8773  196.3773
5 _ Jwsy thronanrsy E—Fwrss) 4 1922831  177.3924 162.7855%* 165.1668 174.0026  163.7063  163.3717
INRSS = T 3 e X + q3gss))
5 154.4981  143.9715 133.3354%* 135.1636  141.5563  134.0642  133.8054
7 1122813  105.8765  98.74063**  100.1632  104.3665 99.35083  99.14556
8 101.9688 96.46909 89.83767***  91.29443  95.14176  90.48815  90.27563
3 239.0086  244.0064 278.7986 264.0452  246.9646  270.9858  273.2483
Yn®ss); = Yrss) T bronizyrss)X — Xwrss)) 4 190.3964  192.2727 211.3533 203.0046  193.7498  206.9092  208.1916
5 149.3587  150.4655 163.2738 157.6241 151.4315 160.2625 161.1306
7 1059015  105.9851 111.982 109.2073  106.3644  110.4919 110.9193
8 95.7731 95.13028 98.42656 96.69609  95.22311  97.48048  97.74852

**Shows most efficient estimators according to sample size

*#%*Shows most efficient estimators according to all cases

e When we compare the efficiency according to sample  Conclusion
size, we can say that for all sample sizes the proposed

estimator is more efficient than existing estimators. Espe-  When the data contain outliers or not hold normality
cially for small sample sizes, efficiency over existing esti-  assumption to get more reliable results on estimates, we
mators is quite high than large sample sizes. need to consider robust statistics. In this study, moving
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Table 4 MSE of estimators under MRSS
Type of estimator n  Robust betas
Linear Huber LMS LTS LAD S MM

Proposed estimators under MRSS 3 1889.569 1552.346 976.5284 1144.846 1460.654 1058.892 1033.689
- _ Jomss) Horonenorss X —Tarmss) 5 4 670.2312 548.5602 342.8301 402.6134 515.6008 372.0385 363.0909
INORSS), = X(MRss) X

5 788.6304 645.8916 405.3352 475.0983 607.2737 439.4011 428.9615

7 513.9472 416.4074 254.2308 300.873  390.1524 276.9556 269.9805

8 344.692 274714 159.6635 192.5192 255.9571 175.6407 170.73

3 1547.773 1264.804 785.9423 925.165 1188.126  853.9715 833.1336
- _ Jourss) Horonenirss) X—Tovkss) 4 578.2221 470.5606 290.2786 342.3567 441.5034 315.682 307.8913
YNnMRss), = ECy— X + Cyvrss))

5 679.2632 553.2658 343.1026 403.6661 519.31 372.626 363.5675

7 449.5154 361.7994 217.654 258.8061 338.2921 237.6639 231.5134

8 302.5978 239.1196 136.0931 165.2725 222.1864 150.2504 145.8921

3 6852468 547.0278 326.4918 388.2553 510.3881 356.3652 347.1484
- _ Jomss) Horonenomss X —Tarmss) 4 296.9665 235.2678 138.4248 165.2477 219.0099 151.3579 147.3589
INOMRSS), = Totmss H10vss) X+ q1vrss)

5 34577691 274.8707 164.5515 194.924  256.2474 179.1711 174.6451

7 236.1753 184.152 105.3714 126.6455 170.6188 115.5544 112.3894

8 157.8372 119.1884 61.99551 77.17739 109.2157  69.22565 66.97027

3 202.0913 167.0964 130.6803**  137.2514 159.0026 133.3683 132.4318
- _ Fourss) Horonnrss) K—Tovrss) 4 9044566 73.34087 57.46462** 59.77861 69.50191 58.29567 57.97628
Ynrss), = Tatrss) Fa30MRSS) X + d3mrss))

5  106.6025 88.66478 73.81949** 7540392 84.74875 74.23809 74.03294

7 67.12364 55.03597 48.90096 48.1625 52.63271 48.21179** 48.35186

8 38.16683 29.86154 28.33111 26.57027 28.3738  27.18355%** 27.47294

3 140.113  145.7237 184.2986 167.9619 149.0152 175.6492 178.1544
Ynvrss)s = Yomrss) T bmb(zb)(MRSS)(X — Xmrss)) 4 57.0171 61.28342 84.75624 75.06935 63.42936 79.65024 81.13363

5 7193104 77.79206 105.7019 94.41887 80.476 99.77613 101.502

7 47.11555 54.83533 84.32635 72.85911 57.92768 78.34642 80.09664

8 28.6256  36.59961 64.60855 53.90899 39.64437 59.04758 60.67895

**Shows most efficient estimators according to sample size

***Shows most efficient estimators according to all cases

this direction we have considered robust techniques for
estimation of population mean. First, we have examined
newly proposed robust estimators in SRS and tried to
define more general class of estimators in SRS which
newly proposed estimators are member of our class.

Then, we have extended our theoretical findings to differ-
ent sampling designs such as RSS and MRSS. A general
form of estimators of population mean and MSE formula
are obtained. Theoretical MSEs of the robust family are
also given for each designs. To see the performance of
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Table 5 Percent relative efficiency (PRE) of proposed estimators under RSS over SRS

SRS y,, Zaman and Bulut estimator [30]

RSS Jy(rss), proposed estimator

Linear Huber LMS LTS LAD S MM Linear ~ Huber = LMS LTS LAD S MM
100 122.03 19597 166.44 129.81 180.31 184.83 276.00 331.22 502.05* 43642 350.25 467.66 477.68
100 121.71 19344 165.01 12935 17840 182.75 326.63 383.37 542.34* 484.08 40228 512.23 521.10
100 121.35 190.72 163.44  128.82 176.32 18049 34420 396.43 532.54* 48433 41340 507.86 515.18
100 120.86  187.25 161.41 12812 173.65 177.60 35227 39437 494.50* 460.49 407.58 47727 48242
100 120.15 182.77 158.66 127.10 170.13  173.81 339.65 37539 457.24* 42990 38643 44345 447.58
SRS ¥, Zaman and Bulut estimator [30] RSS Jyrss), proposed estimator

Linear Huber = LMS LTS LAD S MM Linear  Huber LMS LTS LAD S MM
100 122.69 199.58 168.78 130.74 183.23 187.95 25035 300.97 456.34* 396.94 31838 42527 434.33
100 122.28 19632 16693 130.14 180.77 18526 292.16 342.66 481.79* 431.27 35941 45576 463.44
100 121.84 193.01 165.02 129.50 178.24 182.52 308.92 35531 474.09* 43243 37030 452.82 459.14
100 121.30  189.15 16276  128.72 175.28 179.31 318.80 356.41 444.46* 41481 368.14 429.48 433.96
100 120.51 18421 159.73 127.60 171.38 175.12 308.84 340.89 413.28* 389.28 350.74 401.20 404.83
SRS ¥y srs), Proposed estimator RSS Jyrss), proposed estimator

Linear Huber = LMS LTS LAD S MM Linear Huber LMS LTS LAD S MM
100 125.51 21227 17776  134.63 194.04 19931 183.84 220.80 323.46* 28643 233.18 304.46 310.09
100 124.52 20448 17332 133.17 188.12 192.88 197.25 22879 305.22* 27941 238.84 29221 296.12
100 123.70  198.52 169.81 13198 183.52 187.90 206.97 23521 299.19* 27824 24397 288.71 291.87
100 12297 19346 166.78 13092 179.58 183.65 213.86 236.62 284.76* 269.45 24348 277.15 27945
100 121.83  186.57 16246 12931 174.08 177.75 210.60 230.36  271.21* 258.33  236.25 264.81 266.75
SRS Yy (srs), Proposed estimator RSS Jywss), proposed estimator

Linear Hi]ber LMS LTS LAD S MM Linear =~ Huber LMS LTS LAD S MM
100 120.00 15232 145.06 12585 149.22 150.27 119.13 13230 147.94* 14527 135.69 14693 147.30
100 118.84 148.08 141.71 12426 14539 14631 113.06 12255 133.54* 131.62 12493 13279 133.06
100 117.92 14467 139.06 123.01 14234 143.15 11636 124.87 134.83* 133.01 127.00 134.10 134.36
100 117.79  144.12 138.65 12283 141.86 142.64 11599 123.01 131.90* 130.02 12479 131.09 131.36
100 116.63  141.01 13589 121.30 138.87 139.61 11731 12399 133.15%* 131.02 12572 132.19 132.50

*Shows the most efficient estimator

our estimators, we have conducted a simulation study
using a real data set. We have compared the existing
estimators with our proposed estimators and concluded
that our proposed estimators perform better than recently

@ Springer

proposed Zaman and Bulut [30] and Ali et al. [1] esti-
mators. As a future work, these robust estimators can
be introduced under new RSS designs and new robust

methods also can be proposed.
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Table 6 PRE of proposed estimators under MRSS over SRS
SRS y,, Zaman and Bulut estimator [30] MRSS Jnmrss), proposed estimator
Linear Huber LMS LTS LAD S MM Linear ~ Huber LMS LTS LAD S MM
100 122.03 19597 16644 129.81 180.31 184.83 175.50 213.62 339.59* 289.66 227.03 313.17 320.81
100 121.71  193.44 16501 12935 178.40 182.75 27197 33230 531.71* 452776 353.54 489.96 502.04
100 121.35  190.72 16344 128.82 17632 18049 15345 18736 298.55*% 25471 199.27 275.40 282.10
100 120.86  187.25 161.41 128.12 173.65 177.60 137.60 169.83  278.17* 235.05 181.26 255.35 261.94
100 120.15 18277 158.66 127.10 170.13  173.81 161.57 202.72 348.80* 289.28 217.58 317.07 326.19
SRS y,, Zaman and Bulut estimator [30] MRSS Vymrss), Proposed estimator
Linear Huber LMS LTS LAD S MM Linear ~ Huber LMS LTS LAD S MM
100 122.69 199.58 168.78 130.74 183.23 187.95 162.70 199.10 320.40* 272.19 211.94 294.88 302.25
100 122.28 19632 16693 130.14 180.77 18526 251.54 309.09 501.05% 42483 329.43 460.73 472.39
100 121.84 193.01 165.02 129.50 17824 182.52 147.25 180.78 291.51* 24778 192.60 268.42 275.10
100 121.30  189.15 162.76  128.72 17528 179.31 135.10 167.85 279.01* 234.65 179.51 255.52 262.31
100 120.51  184.21 159.73 127.60 17138 175.12 160.53 203.15 356.93* 29392 218.63 323.30 332.96
SRS Jy(srs), proposed estimator MRSS Jymrss), Proposed estimator
Linear Huber LMS LTS LAD S MM Linear ~ Huber = LMS LTS LAD S MM
100 125.51 21227 177.76  134.63 194.04 199.31 138.12 173.02 289.89* 24378 18544  265.59 272.65
100 124.52  204.48 17332 133.17 188.12 192.88 211.56 267.04 453.86* 380.19 286.86 415.07 426.34
100 123.70 19852 169.81 13198 183.52 187.90 138.74 17452 291.52* 246.10 187.20 267.74 274.68
100 12297 19346 166.78 13092 179.58 183.65 137.73 176.64 308.71* 256.85 190.65 281.50 289.43
100 121.83 186,57 16246 12931 174.08 177.75 175.18 23198 44599* 35826 253.16 399.41 412.86
SRS Jysrs), Proposed estimator MRSS Vymrss), Proposed estimator
Linear Hilbcr LMS LTS LAD S MM Linear ~ Huber LMS LTS LAD S MM
100 120.00 152.32  145.06 12585 149.22 150.27 143.14 173.11 221.36* 210.76 18193 216.89 218.43
100 118.84 148.08 141.71 12426 14539 14631 24035 29641 378.30* 363.65 312.78 372.90 374.96
100 117.92  144.67 139.06 123.01 142.34 143.15 168.64 202.76 243.54* 23842 212.13 242.16 242.84
100 117.79  144.12 138.65 122.83 141.86 142.64 194.02 236.64 266.32 270.41 247.44 270.13*  269.35
100 116.63 141.01 135.89 121.30 138.87 139.61 313.40 400.56 422.20 450.18  421.57 440.03*  435.39
*Shows the most efficient estimator
Fig. 1 Scatter plot of the tree e
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