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Abstract

Here, we shed light on the fractional linear and nonlinear Klein—Gorden partial differential equations via Fractional Shifted
Legendre Tau Method. With this objective, the operational matrices of fractional-order shifted Legendre functions (FSLFs)
are derived and combined with the Tau method to convert the fractional-order differential equations to a system of solvable
algebraic equations. The validity and the efficiency of the operational matrices are tested. Our findings yield an affirmative
consequence, indicating applicability of the proposed method for nonlinear equations appearing in science and engineering.

Keywords Klein—Gorden partial differential equations - Fractional-order Legendre functions - Operational matrices -

Caputo fractional derivatives

Introduction

The fractional differential equations and the fractional cal-
culus have been widely used in the modeling and simulation
of the problems in science and engineering such as electro-
chemistry, elastoplastic, thermoelastic and viscoelasticity.
[1-4]. The fractional derivatives are of significant interest
in the development of methods [5—11] to solve the fractional
partial differential equations (FPDEs) such as Klein—Gor-
don equation [12] appearing in many scientific applications,
particularly, solid-state physics and nonlinear optics [13].
Besides, shallow water wave equations [14] can be modeled
via this equation. In the recent years, some analytical and
numerical methods have been proposed to find the approxi-
mation of Klein—-Gordon FPDEs [12, 15, 16]. In [1], a spec-
tral collocation method is proposed that applies Legendre
polynomials to approximate the solutions. Spectral methods
are classified as Pseudospectral, Collocation, Galerkin and
Tau methods. The Tau method [17-20] has been extensively
used in a wide range of problems arising in the mathematical
modelings to find the solution of the differential equations.
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In this method, appropriate basis functions that are typically
the eigenfunctions of a singular Sturm-Liouville problem
are used for the projection of the residual functions. The
auxiliary conditions operate as constraints on the expan-
sion coefficients. Legendre functions are categorized in the
class of orthogonal functions. Various studies have proven
the efficiency of these polynomials in fractional differential
equations. Rida and Yousef, [21] proposed the fractional
extension of the classical Legendre polynomials that replace
the integer-order derivative in Rodrigues formula [22] by
fractional-order derivatives. The known complexity of these
functions has limited their applicability in FDEs. Kazem
[23] has proposed the orthogonal fractional-order Legendre
functions based on the shifted Legendre polynomials to over-
come the inherent complexity. The operational matrices of
the fractional derivatives have been generated for some types
of orthogonal polynomials including Chebyshev polynomi-
als and Legendre polynomials, [24, 25]. In the literature,
there have been reported also some analytical techniques to
extract the exact solution of fractional differential equation,
Lie symmetry analysis being among them [26-29].

In the current work, an in-depth study of the linear and
nonlinear Klein—-Gordon FPDEs with variable coefficients is
accomplished. Fractional-order Legendre functions are used
to find the numerical solutions of the FPDE:s. It is worthy to
note that this method does not make use of the discretiza-
tion in time and space. In particular, the nonlinearity of the
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FPDEs can be controlled by fractional-order Legendre func-
tions, a feature that makes our study unique.

The organization of the paper is as follows: First, we pre-
sent some preliminaries from fractional calculus. In Sect. 3,
we construct generalized fractional-order Legendre func-
tions with an introduction to their properties. In the next
section, the operational matrices of fractional derivative
are obtained and we represent the numerical algorithms to
solve the FPDEs with variable coefficients. Later, the pro-
vided algorithm is applied to the linear and the nonlinear
Klein—Gordon FPDE:s. Finally, the results are summarized
and discussed in the last section.

Preliminaries

Some definitions of the fractional calculus are given in the
following.

Definition 1 A real function f{(z), t > 0, is said to be in the
space C wHE R if there exists a real number p > u, such that
S(@) = £, (1), where f,(t) € C(0, o0). Further, it is said to be
in the space C7, if and only if fPecC,.neN

Definition 2 The Caputo fractional derivative operator, D,
of the order of a, is defined by:

(D°fH(x)
L rx M _
o /0 e dé, (a>0,m—1<a<m),
af(x) —
o a=m,

ey
wherem € N; f : R — R and x — f(x) indicate a continu-
ous (but not necessarily differentiable) function. Recall that
for « € N, the Caputo fractional differential operator coin-
cides with the usual differential operator of integer order.

Here, we refer some basic properties of the Caputo frac-
tional derivative.

For f € C”, u>2-1L,a>20,v>-1,Ny={0,1,2,...},
and constant C one has:

D*C =0,
VENO

Dy 0, for
X = v+l v—a
F(v+1—a)x , for veN,

andgquadv < [a]
and v > [a]

@

D“<; cif;(x)> = ZS c;D’f,(x), where {¢;}T., are real constants.
(3

The ceiling function denotes the smallest integer greater than
or equal to a.
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Definition 3 (Generalized Taylor’s formula). Suppose that

Def(x) € C(0,1]fori =0,1,...,m— 1, then
m—1 ia X
— X ia + ma
fo) = ;0 ra 2 T O Foa s 2@ )

where 0 < £ < x, Vx € (0, 1], and one has

m—1 .
_ tza ia " xma
| f(x) Z(‘; T D2 O IS M5 Q)

where M, >| D"™*f(&) |, note that the classical Taylor’s for-
mula corresponds to the case of a = 1.

Fractional Legendre functions
The shifted Legendre polynomials
The Legendre polynomials, P,(z), that is defined on the inter-

val of (—1, 1) with a weight function of w(z) = 1are given via
the following recurrence formula

2i+1 i .
P, = P.(z) - —P; , =1,2,...
l+1(Z) l+1 Z z(Z) l+1 l—l(Z) l (6)
Po(Z) = 0, Pl(Z) =Z.

! =2
where [ PP, (2)dz = o Oy
necker function. The transformation z = 2¢ — 1 transforms
the existing interval to [0, 1] and the shifted Legendre poly-
nomials, P,(2t — 1), given by L, (¢) are orthogonal with the

weight function of w(f) = 1as

in which, é,, is Kro-

1
/ Ln(t)Lm(t)dt = ;5 (7)
o 2

n+1""

furthermore, they are derived as

Qi+ D2t —1)

Ly ()= L)
i +1 | ®)
—i-l_—lLi_l(t), 1= 1,2,...
Lyy=1, Li@®)=2-1, )

with the analytical form of

L) =) 3nit,
i=0

(=1 + i)
A D) = =)

and L,(0) = (-1)", L,(1) = 1.
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Fractional-order Legendre functions

Indeed, the transformation r = x* (« > 0) is used on shifted
Legendre polynomials to define the fractional-order Leg-
endre functions. Herein, FL{(x), indicates L,(x"), in which,
i=1,2,.... Note that the defined fractional-order Legendre
functions are a particular solution of the normalized eigen-
functions of the singular Sturm-Liouville equation [22].

((x = x*™FL*(x)) + a?i(i + 1x*"' FL*(x) =
x€(0,1).

According to Eq. (8), one has

Qi+ 1DH(2x*-1)

FLY (x) = FL*(x)
i+1 i
+1 (10)
i=1,2,...
o 1 @), i=1,2,
FLi(x) =1, FL{(x)=2x"—1, (11)

and the analytical form of FL{(x) with the degree of ia is

FLY(x) = Z by X,

s=0

i=0,1,2, ..., (12)

= % FL*(0) = (-1)',and FL*(1) = 1. The
fractional-order Legendre functions satisfy the following
orthogonality property with the weight function w(x) = x*!

on the interval (0, 1]

where b ;

1

m5nm (13)

1

/ FLI(X)FL] (x)w(x)dx =
0

An arbitrary function f(x) that is square integrable in the

interval of (0, 1] may be expressed in terms of the fractional-

order Legendre functions as

f6) =) aFL ), (14)
i=0
where the coefficients g, are given by
1
a; =a2i+ 1)/ FLY(x)fw(x)dx, i=1,2,..., (15)
0

In practice, only the first m—terms of the fractional-order
Legendre function are considered. Therefore, one has

m—1

Jx) = f,(0) = Z a;FLY(x) = AT®,(x), (16)
i=0

where

A =lay,ay, ... a, — 117, 17)

@, (x) = [FL(x), FL! (x), ..., FL® _ (0)]". (18)

Theorem 1 Suppose D*f(x) € C(0, 1]fori =0,1,...,m— 1,
2m+ Da > 1and

P" = span{FLj(x), FL{(x), ... ,FL} (x)}.

If f,,(x) = AT®(x) is the best approximation to f(x) from P,
then the error bound is presented as follows:

M, [ 1
1) = £ 11, < fem+ D\ @ntDa’

x € (0,1].

where M, >| D"*f(x) |,

Proof Consider the generalized Taylor formula

m—1

la + xma mao
fG) = 2 G )D FO)+ foma s 2 (19)
where 0 < & < x, x € [0, 1]; using the Definition 3
m—1 .
_ tlll ia " xmll
| f(%) 20 T P O IS M- (20)

= AT®(x) is defined as the best approximation to

D*f(0*) € P, then

since f,,(x) =

fx) from P, and ",

1= 0 l"(wt+1)
m—1 .
_ 2 _ L i +
1700 =) IS 70 = 2 ey PO

MZ 1
S a / x2maxa—ldx’
T'(ma + 1) J,
M2 1
2 ¢ a @mt+Da-1,
1) =0 125 ety [ oty
M2he
" T(ma + 1D2Qm + Da’

2y

now, take the square roots to prove the theorem. Indeed, the
convergence of the fractional-order Legendre functions to
f(x) is described in the above theorem.

Definition 4 A function of two independent variable f(x, 7)
which is integrable in square [0, 1] X [0, 1] can be expanded
as

fOe0) = Y Y HFLIFLI (@),

i=0 j=0

(22)

where
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1
f=Qi+1DQ2j+ 1)a/3/
0

1
/ fe De(x, ))FL (x)FLJ’? (t)dxdt, 23
0

i,j=0,1,...,

Theorem 2 Ifthe series ) Z —oJiFL! (x)FL" (t) converges
uniformly to f(x, t) on [0, 1] X [0, 1], then one has

Ji

1,1
=Qi+ )2+ l)aﬁ/ / fx, Holx, t)FLf’(x)FLjﬂ(t)dxdt.
o Jo
(24)
Proof In Eq. (22), multiply both sides by w(x, t)FL;”(x)FLjﬁ ()

(where n and m are fixed) and integrate with respect to x and
ton]0, 1] X [0, 1]to have

1 1
/ / f(x, Do(x, OFLE (x)FL? (1)dxdt
0 0

X 1 rl
= Z Zfi,- / / w(x, )FL*(x)FL’ (¢)
o Jo ! J

i=0 j=0
X FL*(x)FL? (t)dxdt

0 o0

1
= f; / W(O)FL? (x)FL* (x)dx
0

=0 j=0

1
/ w(t)FLﬂ (OFL? (t)dt
0

= fom / @(X)[FL*(x)*dx / w(t)[FL? (01dt
0 0
1 1
"2n+ Da 2m+ 1)’

=
that gives rise to Eq. (23).

Theorem 3 If the series 3.2, .2 f;FL} (x)FLf (t) converges
uniformly to continuous function f(x, t) on[0, 11 X [0, 1], then
it is a 2D expansion of fractional-order Legendre function

of fix, 1).

I'(sa+ 1)
SiC(sa —y 4+ 1)

sa—y

D'FLY(x) = z b

sa € Ny and sa <y,

Proof (by contradiction) Suppose

fan =3 ¥ HFLIFL@),
i=0 j=0

fon) ~ Y Y g FLI@FL (1),
i=0 j=0

then there is at least one coefficient such that f,,, # g,,.-
However,

1
Som  =QCn+1D2m+ l)aﬂ/
0

/ f(x, Do(x, HFLE (x)FL? (Ddxdt = g,,,,.
0

In practice, we seek the solution as the following, when the
infinite series in Eq. (22) could be truncated to

—1 n—1

3

fn~ SiFLEQFL] (1) = ®L(x)F® (1) 25)
i=0 j=0

where

®,(x) = [FLY(x), FL{(x), ..., FL:_ ()],

®,(0) = [FL) (). FL' o), ... ,FL’_ (nT", (26)

m—1,n—1
F= {fij}i,j=0 :

Where the coefficients f;; are obtained by the Tau method.
(30]

The fractional-order Legendre functions'’s
operational matrices of derivative
and product

In the following, some properties of the fractional-order Leg-
endre functions are discussed.

Lemma 1 The fractional-order Legendre functions’s Caputo
fractional derivatives of order y > 0 are obtained as

sa € Ny and sa > [y] or sa € Ny and sa >y

@ Springer
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Proof Using Egs. (2) and (12), one has =01 m—1 09)
D'FL!(x) = Z b, D' x* where
s=0
by = 0, sa €Ny and sa <y,
e b;,i =by;, sa € Ny and sa > [y] or sa €N, and sa >y
now by virtue of Eq. (3), the lemma is proved. Proof Using (27) and (13), one has
D' = (D' ®,(x), ®L(x))D!, 30)

Lemma2 Lety > 0,a & N, and a > y /2 then there exists

1
/ D'FL!(x)F. L]’.’ )w(x)dx
0

_ZZ F(S(I-l'l)
_._ als+r+1)—yTsa—y+1)

Proof By means of the previous Lemma and (12)

1
/ D'FL!(x)F. L‘.” )w(x)dx
0

i J b b T(sa+1)

s, T
_ZZ I'sa—y+1)

s=0 r=0

a(s+r+l)—y— 1 dx
s

this integral exists for @ > y /2, in which @ ¢ N. To prove the
lemma, the above equation is integrated.

Remark 1 There exists the same results for a € N without
assuming a > y /2.

Fractional differentiation matrices

The Caputo form of the fractional derivative of the order
y > 0 of vector ®_,(x) may be approximated as

D'®,(x) ~ DV (x), 27)

where D) represents the operational matrix of fractional
derivatives of fractional-order Legendre functions of order
y > 0 of the vector @ (x). One can obtain the elements of
this matrix using the following theorem.

Theorem 4 Suppose ® ,(x) denotes the vectors represented in
Eq. (26), and DY is the m X m operational matrix of Caputo
fractional derivatives of ordery > 0 and a > y /2, in which
a & N, then the elements of D) are given by

D<y> Z z]: bybrj ['(sa + 1)
as+r+1)—yI'(sa—y+1)

s=0 r=0

Qi+ Da,
(28)

in which

1
<D'®,(x), ®L(x) >= { / DJ’FL;’(x)FL;,’(x)a)(x)dx}:."];:),
0 ; :
(31

D! = dlag{(Zl + l)a} (32)

=0~

are substituted in Eq. (30) and by means of lemma 2 the
theorem is proved. And in a similar way, one can obtain the
Caputo fractional derivative of order y > 0 with respect to
variable t.

Remark 2 a € N renders the same operational matrix of
derivatives.

Product matrix of the fractional-order Legendre
functions

The product of two vectors that represent the fractional-
order Legendre function is given by

@, ()P, (x) A ~ AD_(x), (33)

in which A is a m x m product matrix of vector A and the
elements are obtained using the above equation and Eq. (13)

m—1

Alj:a(z_]-l-l)zakgljk, l,]:O,l,,m—l, (34)
k=0
where
1
8k = / FL(0)FL{ (x)FL{ (x)o(x)dXx, (35
0

in order to get the elements of ij> We have

FLY(0)FL! (x)
Lodiydid; 2+ 2j — 41+ 1 36
Z i1 20+ 2j — 4l + FLY . (36)
= diyyy 20+2j-20+1 =

@ Springer
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where j <iand d, = (21)!/2/(1!)*. Multiply by FL{(x)w(x)
and then integrate from O to 1 by virtue of the orthogonality
property in Eq. (13) to have

d;_did;_, i o1 .
¢ = R TR TTR k=i+j-21=0,1,...,],
/ 0, k=i+j—201=0,1,....J
37
which the introduced product matrix is similar to the product
matrix of the shifted Legendre polynomials.

Remark 3 The product of the two fractional-order Legendre
functions with the m term represented as f(x) ~ AT® _(x) and
g(x) ~ BT® (x) is obtained as

Fgkx) ~ ATd, (x)®,(x)"B ~ ATB® (x). (38)
The following lemma is based on the above definition.

Lemma 3 The nonlinear operator N(f(x)) = f(x)X, where
f(x) ~ AT® (x) is approximated as

N(fx)) ~ ATA"' @, (x). (39)

Proof [23] From the above lemma f(x)? :ATAd)a(x) in
which for f(x)" one has

O =)' = ATAD, (x)f (x)f (0)"
= ATA® (x)®, ()T Af (x)"
~ ATA2D, (0)f (x)" 3 > oo = ATA™ D, (x)

Application of the fractional-order Legendre
functions on linear and nonlinear Klein-
Gordon equation

Consider the following FPDEs

Dfu(x, 1) + Dﬁu(x, 1) + Nu(x, )] + Llu(x, )] = g(x, 1), (40)

0<x<l1, t>0, a,pe,2], 41)

where L and N are linear and nonlinear operators, respec-
tively. D* and D” are the Caputo fractional derivatives of the
order a and f, respectively; g is a known analytic function.

For the cases in which f is integer order and a represents
fractional order, the unknown function u(x, ) is approxi-
mated as

ux,t) =~ UTA(x, 1) = UT(®(x) @ D, (1)), (42)

where A(x, ¢) is nm X 1 matrix; ®(x) and @ (¢) are two n X 1
and m X 1 matrices, respectively. UT is 1 X nm unknown

@ Springer

matrix. Also, we use this property of Kronecker product
and the following lemmas in our study.

AB ®AB,=(A, ®A,)(B, ®B,). (43)

Lemma 4 The derivative operator of the vector is given by

aixA(x, 1) = DA, 1), (44)
where
D =D"®]I,. 45)

DV is the derivative of ®(x) and 1, is the identity matrix of
order m.

0 /

A = ') ® P, ) 6
Proof

@'(x) = DV®(x) in which D'V is the derivative matrix
of vector ®(x). By using Eq. (43), the proof of lemma is
complete.

Remark 4 The Caputo fractional derivatives operator of
order a > 0 of the vector A(x, f) is expressed as

DIA(x, 1) = DYA(x, 1), 47

D? = I, ® D\ in which D" is the Caputo fractional deriva-
tive matrix of vector @ (¢).

lllustrative examples

Example 1 Consider fractional linear Klein—Gordon equation

Du(x, 1) — D2u(x, 1) — u(x, 1)

(48)
=0, O0<x<1,t>0, a e(1,2]

where the initial condition is u(0,7) = 1 + sin(x) and the
exact solution to the problem is

u(x,t) = 1 +sin(x) + Y7, F(i;+1)'

Based on our method, the problem is reduced to

UT[D;’A(x, ) — DiA(x, 1) — A, 0] =0, (49)
which yields
U'ID* —D?-1]=0, (50)

and the initial condition UTA(x, 0) = FT®(x) is satisfied.
Using the Tau method and Kronecker property, one has
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Table 1 The absolute error
between the exact and

X | Uex = Ugpprox |

approximation solution of 0 2.05¢ -6
Zt T Lll?ilrrllc%\r/larioisz(;;lial 10 0.1 3.09¢ -6
points 0.2 2.76e — 6
0.3 2.55¢ -6
0.4 2.69¢ -6
0.5 2.92¢—-6
0.6 3.00e — 6
0.7 2.88¢ -6
0.8 2.69¢ — 6
0.9 2.59¢ -6
1.0 2.69¢ — 6

Table 2 Approximated solutions for different values of « in the exam-
ple 1

t X Ugpprox(xp)
a=15 a=138 a=2
0.5 0.25 1.535066 1.424962 1.375030
0.5 1.767088 1.656984 1.607052
0.75 1.969301 1.859197 1.809265
1.0 2.129133 2.019029 1.969097
0.75 0.25 1.811810 1.630222 1.542087
0.5 2.043832 1.862244 1.774109
0.75 2.246045 2.064457 1.976322
1.0 2.405877 2.224289 2.136154
1.0 0.25 2.186891 1.922907 1.790484
0.5 2.418913 2.154929 2.022506
0.75 2.621126 2.327142 2.224719
1.0 2.780958 2.516974 2.384552

U {D(x) @ ,(0), D" (x))
= UT(®), 0" (1)) @ D,(0)=U'B® ®,(0) = F'B,

multiply the above equation by B! to have
U, @ @,0)] =F". 51

From Eqgs. (50) and (51), we find the unknown coefficient
vector U of the linear systems of matrix equation and then
the approximate solution to u(x,t) is calculated. Here, ®(x)
and @, (¢) are approximated using fractional-order Legendre
polynomials with n = 6 and m = 10. Table 1 shows the abso-
lute error when @ = 1 at t = 1 and different spatial points.
Moreover, in Table 2, we present our approximate solutions
for different values of @ at various point. Our results reveal
good agreement with the exact solution.

Example 2 Consider the nonlinear fractional Klein—Gordon
equation

thu(x, 1) = Diu(x, 1) + w(x, 1) = q(x, 1), (52)

0<x<l1l, >0, ae(l,2], (53)

subject to the initial conditions

u(x,0) =0, u,(x,0) =0, (54)

where g(x, 1) = 2x% — T'(a + 1)1? 4+ x3*15. The exact solution
is u(x, t) = x>
Employ the described method and use Lemma 3

A, ) = QTA, 1), (55)

where N = UTU? represents the nonlinear operator and
g(x, 1) = QT A(x, 1). The initial conditions satisfy the follow-
ing equations

U, ® ®,(0)] = F, f@) = FT o), (56)

UTlL, @ D@, 0] =M",  mx)=MTdx),  (57)

these conditions provide 2n — 1 equations of the linear
subsection of the main matrix equation to be solved. We
show this subsection as U = C; in which & and C; are
(2n — 1) X nm and (2n — 1) X 1 matrices, respectively. More-
over, Eq. (55) yields nm — 2n + 1 equations that represent
the nonlinear algebraic system of the main matrix equation
as NU = Cy; where N and Cy, are (nm — 2n + 1) X nm and
(nm — 2n + 1) X 1 matrices, respectively.

To show the efficiency of our scheme, we define the norm
of residual error as follows

0.000257

0.000207

0.000157

0.000107

0.00005

Fig. 1 Absolute error function of example 2 for @ = 1.8 at 1 = 0.25
usingn =3andm =3
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Table 3 ||Res(x, 1)||? of the

. a | |Res(x, )lI*
example 2 for various values of

aonQ = [0,1]x[0, 1]using 1.1 2.64e — 8
n=3andm=3 1.25 8.0le—7
1.5 6.0le—6
1.75 2.18¢ -6

Res(x,) = [UT(D? = D%) + UT U*A(x, ) — Q" A(x, 1),
(58)

1 1
|Res(x, 1)||> = / / Res*(x, t)dxdt. (59)
0 0

In Table 3, we show ||Res(x, £)||? for different values of @ on
Q =10, 1] x [0, 1] interval using m and n equal to 3. From
this Table, we see the fractional Legendre functions with
only a few terms provides good agreement with the exact
solution. Figure (1) represents the absolute error function for
a = 1.8 att = 0.25 using m and n equal to 3. Our numerical
results reveal good approximation of u(x, ), supporting the
fractional Legendre functions.

Conclusion

In this paper, fractional Legendre functions based on Leg-
endre polynomials are defined. The corresponding opera-
tional matrix of fractional derivative is derived that is used
to find the approximate solution of the linear and nonlinear
fractional Klein—Gordon PDEs. Here, we show good accu-
racy is achieved with just a few terms of fractional-order
Legendre function. The presented results illustrate the effi-
ciency of the suggested method.
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