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Abstract

Pathwise uniqueness is established for a class of one-dimensional stochastic Volterra
equations driven by Brownian motion with singular kernels and Holder continuous dif-
fusion coefficients. Consequently, the existence of unique strong solutions is obtained
for this class of stochastic Volterra equations.
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1 Introduction

In this paper we study one-dimensional stochastic Volterra equations (SVEs) of the
form

t t

X, =x0(t)+/ (t—s)fau(s,Xs)ds—i—/ (t—s5)"% (s, Xg)dB;, t€][0,T],
0 0

(1.1)

where a € [0, %), xo: [0, T] — R is a continuous function, i, o : [0, T] x R - R
are measurable functions and (B;);¢[o,T] is a standard Brownian motion. Although the
stochastic integral in (1.1) is defined as a classical stochastic Itd integral, a potential
solution of this SVE is, in general, neither a semimartingale nor a Markov pro-
cess. Assuming that w is Lipschitz continuous and o is £-Holder continuous for
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& e (ﬁ, 1], we show that pathwise uniqueness for the SVE (1.1) holds and,
consequently, that there exists a unique strong solution.

Stochastic Volterra equations have been investigated in probability theory starting
with the seminal works of Berger and Mizel [9, 10] and serve as mathematical mod-
els allowing, in particular, to represent dynamical systems with memory effects such
as population growth, spread of epidemics and turbulent flows. Recently, stochas-
tic Volterra equations of the form (1.1) with non-Lipschitz continuous coefficients
have demonstrated to fit remarkably well historical and implied volatilities of finan-
cial markets, see e.g. [8], motivating the use of so-called rough volatility models in
mathematical finance, see e.g. [4, 15]. Moreover, SVEs with non-Lipschitz continu-
ous coefficients like (1.1) arise as scaling limits of branching processes in population
genetics, see [1, 27].

The existence of strong solutions and pathwise uniqueness for stochastic Volterra
equations with sufficiently regular kernels and Lipschitz continuous coefficients are
well-known due to classical results such as [9, 10, 30], which have been generalized in
various directions, e.g., allowing for anticipating and path-dependent coefficients, see
[6, 17,28, 29]. As long as the kernels of a one-dimensional SVE are sufficiently regu-
lar, i.e. excluding the singular kernel ( — s)~* in (1.1), the existence of unique strong
solutions can be still obtained when the diffusion coefficients are only 1/2-Holder
continuous, see [4, 32]. The latter results are crucially based on the observation that
solutions to SVEs with sufficiently regular kernels are semimartingales, allowing to
rather directly implement approaches in the spirit of Yamada—Watanabe [36]. Assum-
ing a Lipschitz condition on the coefficients, the existence of unique strong solutions
to SVEs with singular kernels were proven in [11, 12] and a slight extension beyond
Lipschitz continuous coefficients can be found in [35].

Similarly to the case of ordinary stochastic differential equations (SDEs), the reg-
ularity assumptions on the coefficients and on the kernels of a stochastic Volterra
equation can be significantly relaxed by considering the concept of weak solutions
instead of strong solutions. While weak solutions to a certain class of one-dimensional
SVEs were first treated by Mytnik and Salisbury in [27], a comprehensive study of
weak solutions to stochastic Volterra equations of convolutional type was recently
developed by Abi Jaber, Cuchiero, Larsson and Pulido [2], see also [1, 5]. By intro-
ducing a local martingale problem associated to SVEs of convolutional type, Abi Jaber
et al. [2] derived the existence of weak solutions to SVEs of convolutional type with
sufficiently integrable kernels and continuous coefficients. Assuming additionally that
the coefficients of the SVE lead to affine Volterra processes, weak uniqueness was
obtained in [1, 3, 13, 27]. The concept of weak solutions to SVEs with general kernels
was investigated in [31].

A major challenge to prove pathwise uniqueness for the SVE (1.1) with its singular
kernel (+ — s)™* is the missing natural semimartingale representation of its potential
solution. Assuming the drift coefficient 1« does not depend on the solution (X;)¢[0,7]
and the diffusion coefficient o is £-Holder continuous for & € (ﬁ_a), 1], Mytnik
and Salisbury [27] established pathwise uniqueness for the SVE (1.1) by equivalently
reformulating the SVE into a stochastic partial differential equation, which then allows
to accomplish a proof of pathwise uniqueness in the spirit of Yamada—Watanabe relying
on the methodology developed in [25, 26]. In the present paper, we generalize the
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results and method of Mytnik and Salisbury [27] to derive pathwise uniqueness for
the stochastic Volterra Eq. (1.1) with general time-inhomogeneous coefficients. As
classical transforms allowing to remove the drift of an SDE are not applicable to
the SVE (1.1), the general time-inhomogeneous coefficients p creates severe novel
challenges. For the sake of readability, all proofs are presented in a self-contained
manner although some intermediate steps can already be found in the work [27] of
Mytnik and Salisbury.

The existence of a unique strong solution to the stochastic Volterra Eq. (1.1) fol-
lows by a general version of Yamada—Watanabe theorem (see [20, 36]) stating that
the combination of pathwise uniqueness and the existence of weak solutions to the
SVE (1.1) (as obtained in [31]) guarantees the existence of a strong solution. Let us
remark that strong existence and pathwise uniqueness play a crucial role in the context
of large deviation and as key ingredients to fully justify some numerical schemes, see
e.g. [14, 23].

Organization of the paper: Sect. 2 presents the main results on the pathwise unique-
ness and strong existence of solutions to stochastic Volterra equations. Section3
contains the main steps in the proof of pathwise uniqueness, while the remaining
Sects. 4-7 provide the necessary auxiliary results to implement these main steps.
Acknowledgments: D. Scheffels gratefully acknowledges financial support by the
Research Training Group “Statistical Modeling of Complex Systems” (RTG 1953)
funded by the German Science Foundation (DFG).

2 Main results

Let (2, F, (Fi)iefo,1], P) be a filtered probability space, which satisfies the usual
conditions, (B;)c[0,7] be a standard Brownian motion and 7' € (0, co). We consider
the one-dimensional stochastic Volterra equation (SVE)

t t
X; = xo(t) +/ (t—s)“uls, Xy)ds +/ (t—s)"%(s,X,)dB;, tel0,T],
0 0
@.1)

where o € [O, %), x0: [0,T] — R is a deterministic continuous function and
n,o0:[0,T] x R — R are deterministic, measurable functions. Furthermore,
fot (t — s) %u(s, Xy)ds is defined as a Riemann—Stieltjes integral and f(; (t —
s)"%o (s, Xy) dB; as an Ito integral.

The regularity of the coefficients 1 and o and of the initial condition x is determined
in the following assumption.

Assumption 2.1 Let a € [0, %), let xo be deterministic and 8-Holder continuous for

every B € (0, % —a) and let w,0: [0, T] x R — R be measurable functions such
that

(i) n and o are of linear growth, i.e. there is a constant C,, , > 0 such that
(@, X)) + o (1, x)| < Cp o (1 + |x]),
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forallr € [0, T]and x € R.
(ii) w is Lipschitz continuous and o is Holder continuous in the space variable uni-
formly in time of order & for some & € [%, 1] such that

1

5> 50w

where in the case of @« = 0 even equality is allowed. Hence, there are constants
Cu, Cs > 0 such that

(e, x) = u(t, )| < Culx —y| and |o (1, x) —o(t, y)| < Colx — yf*

hold forallz € [0, T]and x, y € R.
(iii) For every K > 0, there is some constant Cx > 0 such that, for every ¢ € [0, T']
andevery x,y € [-K, K],

u(t, x) — p(t,y) <c
ot,x)—o(t, |~ ©

where we use the convention 0/0 := 1.

Assumption 2.1 is a standing assumption throughout the entire paper. Although not
always explicitly stated all results are proven supposing Assumption 2.1.

Remark 2.2 Assumption 2.1 (iii) is, for example, satisfied by any Lipschitz continuous
functions u and o of the form o (¢, x) = sgn()c)|x|s for & € [1/2, 1]. Note that, in
interesting cases like the rough Heston model in mathematical finance, solutions to
(2.1) are non-negative (see [3, Theorem A.2]), so that the sgn in the definition of o
does not influence the dynamics of the associated SVE. Then, for |x|, |y| < K, using
the inequality | sgn(x)|x[5 — sgn(y)|y|5| > K~ x — y|, we get

u(t, x) — p(t, y) <C lx — yl - lx — ¥l
— =tu E_ El = "M 1|, _
o(t,x)—ol(t,y) | sgn(x)[x[§ —sgn(y)|y[¢| K=lx -y

=CuK < oo.

Nevertheless, while Assumption 2.1 (iii) is crucial for applying a Girsanov trans-
formation in the proof of Theorem 6.4 below, it is not a necessary condition. Indeed,
if o does only depends on ¢, the Assumption 2.1 (iii) cannot be satisfied for general
Lipschitz continuous functions w, but there exists a unique strong solution by classical
results, see e.g. [35].

Based on Assumption 2.1, we obtain a unique strong solution of the stochastic
Volterra Eq. (2.1). Therefore, let us briefly recall the concepts of strong solu-
tions and pathwise uniqueness. Let for p > 1, L?(Q2 x [0, T]) be the space of
all real-valued, p-integrable functions on € x [0, T']. An (F;);e[0,7)-progressively
measurable stochastic process (X;)/e0,7] in L? (2 x [0, T']), on the given probabil-
ity space (2, F, (Fi)efo.1], P), is called (strong) LP-solution to the SVE (2.1) if
fot(l(t — )" %u(s, Xo)| + |t —s) %o (s, Xs)|?)ds < oo forall + € [0, T] and the
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integral Eq. (2.1) holds a.s. We call a strong L'-solution often just solution to the
SVE (2.1). We say pathwise uniqueness in L? (2 x [0, T]) holds for the SVE (2.1) if
P(X; = f(,, vVt € [0, T]) = 1 for two L?-solutions (X;);e[0,7] and (f(,)te[o,r] to the
SVE (2.1) defined on the same probability space (2, F, (F;);¢0,7], P). Moreover, we
say there exists a unique strong LP-solution (X;);c[0,1 to the SVE (2.1) if (X/)s¢[0,7]
is a strong L?-solution to the SVE (2.1) and pathwise uniqueness in L? holds for the
SVE (2.1). We say (X;):e[0,7 is B-Holder continuous for g € (0, 1] if there exists a
modification of (X;);¢[0,7] with sample paths that are almost all 8-Holder continuous.

Note that the kernels K, (s, t) = Ko (s, 1) = (t —s)"* witha € (0, 1/2) fulfill the
assumptions of Lemma 3.1 and Lemma 3.4 in [31] for every

1
86(0,——2)
o

1
T 24

with

14

This means that, to use the results of [31, Lemma 3.1 and Lemma 3.4], we need to
consider LP-solutions with

14 —3.

2 2
=t 2.2)
1 —20 —cx &

1 2
p>max{—,1+—}=max{
y £

The maximum in (2.2) is attained for £* = 1112;- Hence, inserting &* into (2.2), we

consider in the following L?-solutions and L?-pathwise uniqueness for some

6a
1 -2«

p>3+ 2.3)

The following theorem states that pathwise uniqueness for the stochastic Volterra
Eq. (2.1) holds, which is the main result of the present work.

Theorem 2.3 Suppose Assumption 2.1 and let p be given by (2.3). Then, L -pathwise
uniqueness holds for the stochastic Volterra Eq. (2.1).

The proof of Theorem 2.3 will be summarized in Sect. 3 and the subsequent Sects. 4-
7 provide the necessary auxiliary results. Relying on the pathwise uniqueness and the
classical Yamada—Watanabe theorem, we get the existence of a unique strong solution.

Corollary 2.4 Suppose Assumption 2.1 and let p be given by (2.3). Then, there exists
a unique strong LP-solution to the stochastic Volterra Eq. (2.1).

Proof The LP-pathwise uniqueness is provided by Theorem 2.3. The existence of a
strong L?”-solution follows by the existence of a weak L”-solution to the stochastic
Volterra Eq. (2.1), which is provided by [32, Theorem 3.3], which is applicable since
the kernel (r —s) ™%, a € [0, %), fulfills the required assumptions of [32, Theorem 3.3],
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cf. [32, Remark 3.5]. Thanks to Yamada—Watanabe’s theorem (see [36, Corollary 1],
or [20, Theorem 1.5] for a generalized version), the existence of a weak L”-solution
and pathwise L?-uniqueness imply the existence of a unique strong L”-solution. O

Furthermore, we obtain the following regularity properties of solutions to the
SVE (2.1).

Lemma 2.5 Suppose Assumption 2.1, and let (X;);c[0,7] be a strong LP-solution to
the stochastic Volterra Eq. (2.1) with p given by (2.3). Then, sup, o 71 E[| X;|7] < 00
for any g > 1 and the sample paths of (X;):e[o0,1) are B-Holder continuous for any
B e 3 —a.

Proof The statements follow by [31, Lemma 3.1 and Lemma 3.4] since the kernel
(t — s)7“ fulfills the regularity assumption of [31, Lemma 3.1 and Lemma 3.4] as
shown in [32, Remark 3.5]. O

For k € N U {00}, we write C¥(R), Ck(R+) and CK([0, T] x R) for the spaces
of continuous functions mapping from R, R4 resp. [0, T] x R to R, that are k-times
continuously differentiable. We use an index 0 to indicate compact support, e.g. C;° (R)
denotes the space of smooth functions with compact support on R. The space of square
integrable functions f: R — R is denoted by L?(R) and equipped with the usual
scalar product (-, -). Moreover, a ball in R around x with radius R > 0 is defined by
B(x,R) :={y € R: |y — x| < R} and we use the notation A, < B, for a generic

parameter 17, meaning that A, < CB,, for some constant C > 0 independent of 7.

3 Proof of pathwise uniqueness

We prove Theorem 2.3 by generalizing the well-known techniques of Yamada—
Watanabe (cf. [36, Theorem 1]) and the work of Mytnik and Salisbury [27]. One of the
main challenges is the missing semimartingale property of a solution (X );c[o,7] to the
SVE (2.1). Therefore, we transform (2.1) into a random field in Step 1, for which we
can derive a semimartingale decomposition in (3.2). Then, we implement an approach
in the spirit of Yamada—Watanabe in Step 2-5 and conclude the pathwise uniqueness
by using a Gronwall inequality for weak singularities in Step 6.

Proof of Theorem 2.3 Suppose there are two strong LP7-solutions (X t] )iefo,77 and
(X ,z)ze[o,T] to the stochastic Volterra Eq. (2.1).
Step 1: To induce a semimartingale structure, we introduce the random fields

t t
X, x) = xo(t)+/ pte_s(x),u(s,Xé)ds—i—/ P! (x)o(s, X1)dB, (3.1)
0 0
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fort € [0, T],x € Randi = 1, 2, where the densities pf: R— Rand6 :=1/2 -«
are defined in (4.3). By Proposition 4.12, we get that X' € C([0, T'] x R) and

t
/X’(t,x)d%(x)dx:/ <x0CI>0(x)+/ @s(x)ixo(s)ds> dx
R R 0 as

t
+/ /X"(s,x)(qu>s(x)+iq>s(x)> dx ds
0 JR ds

t

t
+/ M(S,Xi(s,()))q>‘v(0)ds+/ o (s, X' (s, 0)®(0) dBy,
0 0
(3.2)

for t € [0, T] and every @ € Cg([O, T1 x R), where the differential operator Ay
is defined in (4.2) and %xo(s) is meant in the sense of distributions. Notice, due
to (3.2), the stochastic process ¢ +> fR Xit, x)®;(x)dx is a semimartingale and
Xi(t,0) = X! fort € [0, T].

Step 2: We define suitable sequences (®7') C Cé(R), for x € R, and (¢,) C
C°°(R) of test functions, see (6.1) and (5.3) for the precise definitions, such that

" — §, asm — oo, foreveryx € R, and ¢, — |-| asn — oo.

Applying Proposition 5.1 (which is based on It6’s formula and (3.2)) and setting
X(@):=X(@,):=X"(t,) — X?(¢t,-) fort € [0, T], we get

~ t ~ ~
Sn (X (1), &) = /0 B (X (), D)X (s), Ag®T) ds
t ~
+[0 B (X (s), DN (0) (1e(s, X' (5, 0)) — (s, X2(s5. 0))) dis
13
+/0 Bn (X (s), D) 0) (0 (s, X' (5.0) — 0 (s, X2 (5. 0))) dBy

1 ! ~
+5f0 Y ((X (5), DN (0)2 (0 (5, X (5, 00) — (s, X2(s, 00))? ds,

where (-, -) denotes the scalar product on L*(R).

Step 3: To implement an approach in the spirit of Yamada—Watanabe, we need to
introduce another suitable test function W € C([0, T'] xR) (satisfying Assumption 5.2
below). Denoting by W := %\l’ the time derivative of W, Proposition 5.3 leads to

(Ba((X (1), ™)), W)
=/ (@, (X (5), D™)(X(s), AgD™), Wy) ds

t

0
t ~

+/0 (@ (X (5), @)D" (0), W) (1e(s, X' (5,0)) — (s, X*(s,0))) ds

t
+f (b, (X (5), @)D" (0), Ws) (o (s, X' (5,0)) — 0 (s, X*(5,0))) dBy
0
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1 ! ~
+5/0 (W (1(X (5), D)D" (0)%, Ws) (0 (s, X' (5,0)) — o (s, X2(5,0))) ds
t ~ .
+/0 (Bn (X (s), @™)), W) ds.

Step 4: Using the stopping time T: g defined in (6.47), taking expectations and
sending n, m — oo, Proposition 6.11 states that

E[({X (A Te )l Wintex )]

AT k 5
§E|:/ / |X(s,x)|A9\l’X(x)dxdsi|
0 R

t/\Té‘K 5 tINTg g B .
—|—/ \IJS(O)IE[|X(S,O)|]ds+E[/ /|X(s,x)|\lls(x)dxdsj|.
0 0 R

Step 5: Since Tg ¢ — T as K — oo a.s. by Corollary 6.8, applying Fatou’s lemma
yields

t
/En)?(t,x)uwt(x)dxsf fEn)?(s,x)umews(x)+\ifs(x>|dxds
R 0 R
t
+ / W, (O)E[ X (s, 0)[] ds. (33)
0

Finally, we choose appropriate test functions (Wn a)n men (satisfying Assump-
tion 5.2) to approximate the Dirac distribution around 0 with Wy » (7, -). Thus,
choosing W;(x) = Wy p(t, x) in (3.3) and sending N, M — oo yields, by Proposi-
tion 7.3, that

t
E[|X(z, 0)|] §/ (t —s) “E[|X(s,0)|1ds, ¢ €][0,T].
0

Step 6: Due to a € (0, %), Gronwall’s inequality for weak singularities (see e.g.
[18, Lemma A.2]) reveals

E[|X(t,0)]]=0, ¢e][0,T],

and therefore X! = X? = 0 a.s. By the continuity of X! and X? (see Lemma 2.5), we
conclude the claimed pathwise uniqueness. O

4 Step 1: Transformation into an SPDE
Recall, in general, a solution (X;)¢[0,7] of the SVE (2.1) will not be a semimartingale
due to the ¢-dependence of the kernel. In this section we will transform the SVE (2.1)

into a stochastic partial differential Eq. (SPDE) in distributional form, see (3.2), which
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allows us to recover a semimartingale structure and, thus, to implement an approach
in the spirit of Yamada—Watanabe.
To that end, we consider the evolution equation

3
a—l:(t,x) — Agu(t,x), t€[0,T], x € Ry,

4.1)
u(0, x) = 8o(x),
where the differential operator Ay is defined by
2 a g 0
Ng = ———Ix|"— 4.2
o= Grera 4.2)

for some constant 6 > 0. Note that we will later also consider the evolution Eq. (4.1)
ont € [0, T], x € R. It can be seen that the following densities solve (4.1) if restricted
tox € Ry:

1 \x\2+9

pl(x) :=cot e %, 1t€[0,T], x Ry, (4.3)
which we extend to R by setting
pl () = p](x), 1€[0,T], xeR.

Since fooo pf (x) dx is independent of ¢ € (0, T], one can verify that if we choose
the constant

1 1 -1
=02+0)2 %[ —— s 4.4
co = 2+0)27 <2+0> 4.4)

where I denotes the Gamma function, then p?: R4+ — R, defines a probability
density on R . The reason, why we consider (4.1), is that by the choice of 6 > 0 such
that

we get that for x = 0 the solution p?_ +(0) represents the kernel in the SVE (2.1) up
to a constant. Therefore, we obtain the following lemma.

Lemma 4.1 Every strong LP-solution (X;):c[0,71 of the SVE (2.1) defines an a.s. con-
tinuous strong solution (X(t, x))se[0,7],xeR Of

t
X(t,x) = xo(t) + / Pl (X)u(s, X(s,0))ds
0

t
—I—/ p,e_s(x)a(s, X(s,0)dBs, t€[0,T],x eR, (4.6)
0
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with® > 0 chosen suchthat (4.5) holds, i.e., on the probability space (2, F, (Fi)ie[0,T]s
IP), there is a random field (X (t, x))c[0,T],xeR such that X € C([0, T] x R) a.s.,
(X(t, x))iero0,1] is (Fr)-progressively measurable for x € R,

t
fo (1p2_ (s, X (s, 00| + | pf_ (x)o (s, X (s,0))[*) ds < oo
and (4.6) holds a.s. Conversely, every strong solution of (4.6) defines a strong solution
of the stochastic Volterra Eq. (2.1).

Proof First, we assume that there is a solution to the SVE (2.1). This implies a solution
Y to the SVE

t t
Y, = xo(t) + /0 Pl (O u(s, Y)ds + /0 pl_ (0o (s, Yy) dBy.

We define, fort € [0, T], x € R,

t 13
X(t, x) = xo(t) + / Pl (X)pls, Yy) ds + f Pl (x)o (s, Yy) dBy.
0 0

Then, by obtaining X (¢, 0) = Y;, X solves

t t
X(t,x):xo(t)—i—/ p?_s(x)u(s,X(s,O))ds—i—/ Pl () (s, X(s,0))dBy.
0 0

By the adaptedness of the It6 integral and the Riemann—Stieltjes integral, (X (¢, x))¢[0.7]
is (F;)-progressively measurable for every x € R. By the continuity of pt@ (x), X(t, x)
is continuous in x-direction. By the continuity of the initial condition xo and the
integrals, it is also continuous in 7-direction.

Conversely, if X = (X(, x))se[0,7],xcr solves (4.6), Y; := X (¢, 0) is a solution of
2.1). O

Due to the transformation of the SVE (2.1) into the SPDE (4.6), we shall study
continuous solutions X € C([0, T'] x R) of the SPDE (4.6) instead of solutions to the
SVE (2.1) directly. The next goal is to derive a regularity result for solutions of the
SPDE (4.6). For this purpose, we first investigate the densities pf. We introduce some
auxiliary lemmas, which are helpful for a better understanding of the densities pf ,and
skip the dependence on 6 by writing

1
x| @
pi(x) :=ct ™% 2 forafixeda € (0, 1/2).
Lemma4.2 Foranyx,y e R, t € [0, T]and B € [0, 1], one has

o=, 1
pi() = P St (7 max(|x|, [y} a7
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x|/
Proof First, let us fix ¢ € [0, T'] and consider the function x e*‘ ‘z: . By applying

the mean value theorem and assuming w.l.o.g. |y| < |x|, we obtain, for some z €
LIyl x[],

1
e 2 —e za 1 /e
— — e 2 s
lx| — [yl 2ta
which reveals that
x| @ M |x |
x| o ylo —_ 1
e —e | < S !, 4.7)
2t

A

o 1x =y i
r“( . max(|x], [y)@ PP,

[m}
Corollary4.3 Forany x,y € [—1,1],t € [0, T] and B € (0, 1 — &), one has
t
[ 1pi = peas S 1= o1
0
Proof By Lemma 4.2, we see that
t t B
—af X =l 1_
/ |ps(x) — ps (V)] ds < / s ( - max (Jx|, [y ~DF ds
0 0
t
<lx —yIB/ 5T Pds < lx = ylf.
0
O

Lemma 4.4 Forany0 <t <t' < T and x € R, one has

t
/ (Pr—s () = pr—s (@) ds S 1" —1]' 72
0
Proof We assume w.l.0.g. that /' — ¢ < t and use the linearity of the integral together
with |[e™*| < 1 for non-negative x to get
t

t
/0 |pr—s(x) = pr—s ()P ds < / It — )™ — (t —s)"*|*ds
t

—lt'—1]

t—|t' —t|
+ /0 |pr—s(x) = pr—s(x)|* ds
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t

< / (t — ) 2% ds
t—|t'—t]

1

t—|t'—t| , e
+/ [(t —5)"% — (' —5) %% 2= ds
0

t—|t'—t|
+/ (t/ _S)—Z()t
0

1 1
|x| @ x| @

e_Z(tfs) —e 2(t' —s) dS

=11+ L+ Is.
For I, we directly compute
(2t
Il = [&] S |t/ _”1720‘.
1 -2« t—|t'—t|

For I, we use |a — b|2 < a? — b% fora > b to bound
t—|t'—t| t—|t'—t|
L < / (t —s)2*ds — / (' — )" ds
0 0
—(t— )2 1—|t'—1| () — )2 1—|t'—1|
:[ 1 — 2« ]0 _[ 1 - 2a L
5 |l‘/ _ t|172a.

1
lx| &

For I3, we use the mean value theorem for the function 7 > e 20=9), similarly as we
did in (4.7), to get the inequality

1 1 1 1
x| @ x| @ x| x| @

e 2 —e 20 | < (t —t)——— ¢ 20—,
=< )Z(I 2
Using this and the inequality e ™ < x~ ! forall x > 0, such as ’t/_;s’ < 1and tt/%; <
2(t—s) __ /
S =2duetos <1 —[t' — 1|, we get
) 1—|t' 1| s |x|$ @
L<({ -1 (t—s)"“ e ) |ds
0 2(t — )
t—|t'—t| YD —s
5/ (1 — 2 LD —5) 5 ) ds
0 (t—s)
t—|t'—t|
5/ (l‘—S)_2adS§|t/—l‘|l_2a,
0
which yields the statement. O
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Lemma4.5 Foranyx,y € [—1,1],t € [0, T] and B € (0, % — ), one has

! 1_1y2 _
/(p,,s(x)_p,,s(y»zds5max(|x|,|y|)<a 2Bl i
0

Proof W.l.0.g. we may assume ¢ > |x — y| and split the integral into

t t—|x—y|
/O (Pres () = pres ()2 ds < /0 (Pres () — pros ()2 ds

t

+ / @ s
t—|x—y

=11+ L.

For I, we apply Lemma 4.2 with § = 1 to get

1 t—|x—y| o
I < max(|x], [y “2/ lx — yI2(r — )72 ds
0

—(t _ s)l—ZOt—Z ]I—IX—}’I
1—2a-2 |,

1_ I, PO I, PV
< max(|x], [yD@ D2 — p 2 (e 4 x — y 72

1_
= max(|x], [y} @ D |x — y|2[

1_ _
< max(|x], [y @ D2 |x — y|! 2

witht > [x — y/.
For I, Lemma 4.2 again, but with 8 € (0, 1/2 — «) such that 2o + 28 < 1, yields

t
1_ I, YV
I < max(x], [y &2 |x — y28 / (t —5)" 22 dg

t—|x—y|
1 —(t _ s)l—20t—2ﬁ t
< max(|x|, |y) @D |x — y|2ﬁ[—
1 =20 —28 ],y

1_ Yy —
< max(Jx], [y @ D x — y2Plx — y|! 22

1_ _
< max(Jx], [y @ D2 |x — y|t 2

m}

With these auxiliary results at hand, we are ready to prove the following regularity
result for solutions of the SPDE (4.6).

Proposition 4.6 Suppose Assumption 2.1 and let X € C([0,T] x R) be a strong
solution of the SPDE (4.6).

(i) Forany p € (0, 00), one has

sup sup E[|X(z, x)|P] < oo.
t€[0,T] xeR
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(ii) We define the random field (Z(t, x))sc[0,T],xcR by
Z(t,x) = X(t,x) — xo(1)

! t
=/ P,e,s(x)u(s,X(s,O))der/ Pl ()a (s, Xy(s,0)) dB;.
0 0
ForanyO0 <t <t <T,|x|,|yl <1land p € [2, 00), we get
E[1Z(t,x) = Z(' p)IP] S 1 = 137 4y — y|3=e0r,

Proof (i) Let us assume that p > 2. For p € (0, 2), the statement then follows by
the orderedness of the L”-spaces. From Lemma 4.1 we know that ¥; := X(¢,0)
is a solution of the SVE (2.1) and from Lemma 2.5 we know that its moment are
finite. Thus, applying Holder’s and the Burkholder—Davis—Gundy inequality, the linear
growth condition on ¢ and o from Assumption 2.1, and Lemma 2.5, we get

]

t
E[IX(t, )|P1 S 1+ EH fo P nls, Yy) ds

P t
] + EH f Pl (x)o (s, Ys) dBy
0

P p

t 2 ! 2
st ([ oty e) + ([ oy )’

246 4
t 5 5 o X7 2
S+ (/ cp(t —s)™ e "2y ds)
0

'
§1+</ (t—s)fzads) < 00.
0

NS

(i1) With
. ")
Z(t, x) :/ p,_s(X)M(s,X(s,O))dSvL/ Pi—s(x)o (s, Xy(s,0)) dBs
0 0
and by splitting the integrals, we get

1Z(t', x) = Z(t, y)|

t
= /0 (Pl (x) = pl_ (X)) (s, X (s, 0)) ds

t t
+ /0 (P!_y () = pl_ () (s, X (s, 0))ds + / Pl (s, X(s,0))ds
t

t
+f0 (Po_,(x) = pl_y(x))o (s, X(s,0)) dBy

t/

t
+ /0 (p?_s(x) — p?_; () (s, X(s,0)) dBy + / Pl ()0 (s, X(s,0)) dBy
t

=: Dy + Dy + D3+ S1 + 5 + S3.

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

We use Lemma 4.4, Lemma 4.5, Holder’s and the Burkholder—Davis—Gundy inequal-
ity, Fubini’s theorem as well as (i) to get the following estimates:

2 1_
EID1I") < (/O (i) = P () ds) < — g,
P

t bl 1
Enslms( f (p?,_s(w—p?_s(x))zds) St — P2,
0

P

2

t
EllD2f"] < (fo (pf_s () = p?s(y))zdS> < lx— yPG),

E[|$]7] < |x — y[PE),

’ )4

t % t 2
E[|D;/7] < </ pf’/_s(X)zdS> < </ (t’—s)‘2°‘dS> <P,
t t

1
E[|83]7] S 1¢ — 1|72
Hence, we obtain the desired statement. O

4.1 Transformation to an SPDE in distributional form

The next aim is to transform the SPDE (4.6) into an SPDE in distributional form. To
that end, we consider the evolution Eq. (4.1) on the whole [0, T'] x R, i.e.

0
a_b:(”x) = Agu(t,x), te[0,T], xR, “s)

u(0, x) = §p(x).
We are interested in the fundamental solution p?: [0, T] x R x R — R of (4.8),
in the sense that for any g: R — R, (fR pf x, yeg) dy)ze[o TlxeR is a solution of
(4.8) with initial condition g instead of 8. o

The semigroup (S;)se[0,7] generated by Ay is then defined by S;: CSO(R) —
Ci°(R) via

Sip(x) = Apf(x,y)¢(y) dy, ¢ € Cg(R). (4.9)

First, we go back to the system (4.1) where only x € R is allowed and denote its
fundamental solutions by

P[0, TIxRxR—>R (4.10)

and skip the #-dependence for the sake of a better readability.
To find explicit formulas for the p!!, we need the following preparations:
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e A squared Bessel process Z; > 0 of dimension n € R is given by the stochastic
differential equation

dZ; =2\/Z;dB; +ndt, tel0,T]

e The generator of a squared Bessel process of dimension n is given by
82
(Lf)(x)—n—f(x)+2x 2f(JC) x € Ry, (4.11)

for f € C°(R4), see [34, page 443].
e The semigroup (S;):c[0,7], defined in (4.9), fulfills

a
E(Stf) = Ao(S:f) (4.12)

forall f € Cgo (R4), since pe is the fundamental solution of (4.8). Analogue, the
semigroup (Stl‘l)[e[o,T] which we define as (4.9) but with p!! instead of p, fulfills

0 . .
E(St”f) = As(SIT )

forall f € C°(Ry).
e Denote by (&;);c[0,7] the Markov process generated by the semigroup (S I ) 1€[0.T]°
that is, it has the transition densities (pt )icio,7]- We define the semigroup

(T))¢ef0,11 bY
(T:9)(x) = (Si(g o F)(x) = Ex[g(f(E)]

for the fixed function f (x) := x**? and for g € Cr(Ry).

Our ultimate aim is to find bounds on the densities p9. Therefore, we will use that
we can find explicit formulas for the densities p!'!, and then bound

Pl y) < pl e, y) + plx, —y) —p[ (Ixl, 1yD, ¥x,y € R. (4.13)

We derive the following Bessel property for the process ($,2+0) 1€[0,T]-

Lemma 4.7 The process (§t2+0)[€[0,7‘] is a squared Bessel process of dimension ﬁ <
1.

Proof We show that the generator of f (&) is the same as the one of the squared
Bessel process in (4.11) with dimension ﬁ. Therefore, we use the semigroup 7; and
denote by G its generator. For appropriate functions g we get, by the definition of the
generator and by (4.12),

a d ~ ~
(Gg)(x) = E(ng)lt—m(X) = 5(3}(8 o fNli—0(x) = AgSo(g o f)(x)
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= Ag(go NHx).

Note that the set {t € [0, T']: & = 0} has Lebesque measure zero. Therefore, we can
explicitly calculate, for x > 0,

__ 2 9 40 2+6
(Gg)(x) = (2+9)23 < ox —(g(x )))

2
ma
2
T 2+0) ax

(g/(x2+9) + xg//(x2+9)(2 + 9)X1+9)

( —0 /( 2+9)(2+9)x1+9)

9 g (x*y)

T2+ 9)
2

T 2+6) ax

= (Lg)(u),

g
( 2+9)+2 240 ( 2+9)

where L is the generator of a squared Bessel process of dimension 5+ 2 g andu := = x>0,

O

Next, we derive explicit formulas for the transition densities of (§;);<[o,7]. Note that
the transition densities for the squared Bessel process of dimension n are for ¢t > 0
and y > 0 given by (see e.g. [34, Corollary XI.1.4])

1 I e [ JXY
g (x, y) = 2t(3> e_;fl,,(%) forx >0 and (4.14)

v2
gm0, y) =27 D 4 )Ty (4.15)
where v := % — 1 denotes the index of the Bessel process and 1, is the modified Bessel
function that is given by
oo

. (x/2)2k+v

forv> —1land x > 0.

Lemma 4.8 The transition densities of the Markov process (&:):c(0,1] are, fort > 0,
given by

Pl y) = ——ixy

[
Q+0), ase P02 (xy|'t2
e

) forx,y >0, (4.17)

and for x =0, y > 0 with p (O y) =p, 9(y) defined in (4.3). Consequently, (4.17)
are explicit formulas for the fundamental solutions p" defined in (4.10).
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Proof Denote for ﬁxed 6 > 0 by g, the density function of the Bessel process |&|>+7
with dimension 575 0, that is given by (4.14) with v = m 1.
Now, by noting that, for all x, ¢, s > 0 and Borel sets A C B(R,),

B[ La s )15 2 | 16270 = x| = [ 1algrss P)leras 2| 16 = 577 |

holds, we get with the notation B := {b € Ry : b*t? € A} the relation

. 1
quz(x,y)ydy=/ pl‘(x“@,y)yz*edy
B

1 M o o 1
:m Ap[ <x2+6’12 >112+0 dz
! I S S
= m Apt <x2+6’ y2+9)y2+9 ydy’ (4.18)

1
where we substituted z := y?*? and thus dy = ﬁzm_l dz. Since (4.18) must hold
for all Borel sets A, we can compare both sides of the equation to see with the notation

1 1

X:=x20 and J:= y2+

i =1 _1=_c40
that,w1thv—m 1=—( ),

NP ~ N _ 1
& 9 =2+0)q (xm, y“e)y‘ 7+

n 2+6)v A 0
_Q@Ho|3|Tr wkiet (Ixy|”2>|A|1+e
2t R ! Y

B 1

.t nilaf
R bl I o T 5|1+
ETARE: ! t Y

S
_2+0) P A| 59 |£|2+9;|§-|2+9 / 19)1+2
2t ' t '

By a very similar calculation, (4.15) can be used to derive (4.3) in the case of x = 0:

/ ¢, y)ydy = / g0, 21292 (1 + 6/2)2' 12 dz
B A

Z2+9
=(1+9/2)2%r(\;+1)*‘/f”*”z*@/ze*i‘ 2 0214002 4
A

@topdir( R / ok~ 14672 g
= + !
2+0 A € ¢ ‘

=/p,|.|(0,z)zl+9/2dz
A
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with p (O z) = plg (z) as in (4.3) and choosing ¢y as in (4.4). m]

Corollary 4.9 The fundamental solutions p®: [0, T] x R x R — R of (4.8) fulfill for
allt € [0, T],

(2]
2+6) age C P2 eyt
Py, y) = =5yl L) forxy £0,
and
) | 2+
p/(x,0) <cot e "2 forx #0.
Proof This is a straight consequence of (4.13) and Lemma 4.8. O

Having the bound from Corollary 4.9, we introduce a partial integration formula
for the operator Ay using the fundamental solutions pf of (4.1).

Lemma4.10 For Ag = —2— -2 |x|~?2

G102 9% the partial integration formula

ax’
/sz(x, V) Agg(x)dx = /R (Agpi(x, »))p(x)dx, 1€[0.T].y€R,

holds for any ¢ € C(z) ®R).

Proof Denoting ¢ ;(x) := |x|~? %q&(x), then ¢, ; has also compact support and we
get, by the classical partial integration formula,

d 0
/pz(x,y)a—IXI_9—¢(x)dx=/pz(x y) cbzz(x)dx
R X ax

d d _p 0
= —/ a—pt(x,y)qbz,,(x) dx = —/ a—Pz(X,y) x| 8—¢(x)dx.
R 0X R \0X X

Then, again by partial integration, we get, as claimed,
a 50 0 d _
fpz(x,y)—|x| 9—¢<x>dx=f 5oy )™ ) @) dr.
R ax ax R 0X ax

With these auxiliary results at hand, we are in a position to do the transformation
into an SPDE in distributional form. We consider test functions & € Cg([O, T] x R),
to which we can apply the operator Ay such that

O

. g0
Ag®@(x) = —|x|77 —Ps(x)
ox ox
is well-defined for all ¢ € [0, T] and x € R\{0}.
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Lemma 4.11 Every strong solution (X (t, x)):c[0,7],xeR 0f (4.6) is a strong solution to
the following SPDE in distributional form

/ X(t, x)P,(x)dx
R

t
=/ (xocbo(x)—i—/ @S(x)ixo(s) ds) dx
R 0 as

t
—i—/ /X(s,x)(Ag@s(x)—i—iCDS(x)) dxds
0 R as

t t
+/ M(S,X(S,O))q>s(0)ds+/ o(s, X(s,0)®s(0)dBy, 1€[0,T],
0 0
(4.19)

for every test function ® € Cg([O, T] x R).

Proof Let X be a solution to (4.6) and @ be as in the statement. We first observe that

t
/(X(s,-),AgCDs)ds
0
t t s
:/ /xo(s)A9<I>S(x)dxds+/ // pg_u(x)a(u,X(u,O))dBuA9<1>S(x)dxds
0 JR 0 JRJO

t s
+ A »A‘R-/(.) p?—u(x)llv(u, X (u,0)) du Ag Py (x)dx ds
=h+hL+1. (4.20)
Use the fact that p (x, -) is a probability density to write xo(s) = I pY(x, y)xo(s) dy

and use Fubini’s theorem, the partial integration formula from Lemma 4.10 and the
fact that pf is a fundamental solution, to get

t
11:/ //Pf(x’y)xo(s)dyA9q’s(x)d’Cds
0 JRJR

t
=/ xo(s)//pf(x,y)Agd%(x)dxdyds
0 RJR

t
=/// xo(S)(Aepg)(x,y))@s(x)dsdydx
RJR JO
t
:/// <EP?(X,y))xO(S)CDS(x)dsdydx.
rRJrJo \0s"°

We denote the summands on the right-hand side of (4.6) as X; (¢, x) fori = 2, 3, that
is, X (¢, x) = xo + X2(t, x) + X3(¢, x). Due to the s-dependence in xo(s) and &g, we
apply the product rule to get

t 8 0
11=/// a—((xo(s)ps(x,y)CDS(x))dsdydx
RJRJO OS
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t 0 8
—f// Pl ) 5 (0 () ds dy d

= (x0(1), @;) — (x0(0), Po)

/ /xo(s)—<I> (x)dxds—/ /CD (x)—xo(s)dxds. 4.21)

Similarly, using the stochastic Fubini theorem, we get

t s
b= / f f pl_,(x)o (u, X (u,0)) dBy, Ag®(x) dx ds

///( Pl u(x))CD(x)dsdxa(u X(u,0))dB,
=/ // —(pﬁ_u(x)cm(x))dsdxa(u,X(u,O))dBu
o JRJu 05
t t
[ L[ (e ) asarow xw o,
0 JRJu as

1
= (Xa(t, -),<I>r)—/ fpg(x,0)¢u(X)dXU(u,X(u,O))dBu

/// Pl ()0 (u, X (u,0))dB, ( ;4 (x))dxds

= (Xa(t, ), D) — / ®,(0)o (u, X (u, 0)) dB,,
0

¢
—/ /Xﬂs,x)(icbs(x)) dx ds (4.22)
0 JR ds

and
I :/r/ / 0, O, X (u, 0)) du Ag @y (x) dx ds
/ // p0_ ()@, (x)) ds dx 2, X (u, 0)) du
- /0 /R / ps_u(x>(%d>s<x)> ds dx (e, X (u, 0)) du

t
= (X3(1, ), 1) —/O Py (0)a(u, X (u,0)) du

t
—/ /X3(s,x)<i<bs(x)> dx ds. (4.23)
0 JR ds

Plugging (4.21), (4.22) and (4.23) into (4.20) and rearranging the terms yields
! 0
(X(@,-), &) = / (XO(O)CDO(X) + f Dy (x) —xo(s) dS> dx
R 0 as
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t
+/ /X(s,x)(AgCI)s(x)+id%(x))dxds
0 JR as

t t
+/ M(S,X(S,O))<1>s(0)d5+/ o (s, X(s,0))Ps(0) dBs,
0 0

fort € [0, T'], which shows that (4.19) holds. m]
We summarize the findings of Step 1 in the following proposition.

Proposition 4.12 Every strong LP-solution (X;):cj0,1] to the SVE (2.1) with p

given by (2.3) generates a strong solution (X;);c0,17],xeRr, as defined in (3.1),

to the distributional SPDE (4.19) with X € C([0,T] x R) a.s. Furthermore,

SUPrefo,7).xek EIIX (1, 2)|1] < oo forall g € (0,00) and, for Z(t, %) := X (1, x) =
xo(t) and q € [2, 00),

E[Z(t, x) — Z(t', x)9] S |/ — 1|27 4 |x — /|21,
forallt,t' €[0,T]and x,x" € [—1, 1].
Proof The implication of the solution to (4.19) by the one to (2.1) is given by

Lemma 4.1 and Lemma 4.11, the continuity by Lemma 4.1 and the remaining prop-
erties by Proposition 4.6. O

5 Step 2 and 3: Implementing Yamada-Watanabe's approach
The next steps are to use the classical approximation of the absolute value function
introduced by Yamada—Watanabe [36], allowing us to apply 1t6’s formula. Recall that,

by Assumption 2.1 (ii), o is £-Holder continuous for some & € [%, 1]. Hence, there
exists a strictly increasing function p: [0, c0) — [0, co) such that p(0) = 0,

lo(t,x) — o (t, )| < Colx — y* < p(Ix —y|) forz€[0,T]and x,y € R

and

|
/—zdxzoo forall e > 0.
0o px)

Based on p, we define a sequence (¢,),cn of functions mapping from R to R that
approximates the absolute value in the following way: Let (a,,),en be a strictly decreas-
ing sequence with @y = 1 such that @, — 0 asn — oo and

an—1 1
——dx =n. 5.1
/a,, p(x)?
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Furthermore, we define a sequence of mollifiers: let (¥,),eny € C3°(R) be smooth
functions with compact support such that supp(¥,,) C (an, an—1),

0<ynx) <

2 Aap—1
7S —, XE€ R, and / Yp(x)dx = 1. 5.2)
np(x) nx a

x| y
On(x) Z=/ (/ Y (2) dz) dy, xeR. (5.3)
0 0

By (5.2) and the compact support of ¥, it follows that ¢,,(-) — | - | uniformly as
n — oo. Since every ¥, and, thus, every ¢, is zero in a neighborhood around zero,
the functions ¢,, are smooth with

We set

x|

dplloc <1, ¢, (x) = sgn(x) A Ya(y)dy and ¢, (x) = ¥u(lx]), forx eR.

Let X! and X? be two strong solutions to the SPDE (4.19) for a given Brownian
motion (B;);c[0,7] such that X', X% € ([0, T] x R) a.s. We define X := X! — X2
and consider, for some ®7' € Cg (R) for fixed x € Rand m € Ry (we will later define
m depending on n and @7 is independent of #):

(X, ) =/R)2(r,y)<1>§?(y>dy,

where (-, -) denotes the scalar product on L*(R).

Proposition 5.1 For a fixed x € Randm € R4, let @7 € CS(R) be such that Ag P
is well-defined. Then, for t € [0, T], one has

~ l ~ ~
¢n<<xt,q>§">>=/0 B, (X, DT))(Ky. Ag®™) ds
t
+/0 o (Xg, @)™ (0) (uls, X' (s,0)) — (s, X2 (s, 0))) ds
l ~
+/O o) ((Xg, DTN (0) (0 (5, X1 (5,0)) — 0 (s, X2(s5,0))) dBs

t
+%/0 Yn(|(Xs, @MD" (0)2 (0 (5, X' (5, 0)) — o (s, X2(s, 0)))% ds.
(5.4)

Proof By (4.19), ((f(t, ®7"))tefo, 7] is a semimartingale. Therefore, we are able to
apply It6’s formula to ¢,,, which yields the result. O

Note that (5.4) defines a function in x. We want to integrate this against another
non-negative test function with the following properties.
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Assumption 5.2 Let W € C2([0, T] x R) be twice continuously differentiable such
that

(i) ¥,(0) > Oforallz € [0, 7],
@) I't) :={x eR: IAs <ts.t. |[Ys(x)| >0} C B, J(t)) forsome0 < J(t) < oo,
(iii)

/ x| 7 <—8\IIS(X))2 dx
R ax

We will later choose an explicit function W and show that it fulfills Assumption 5.2.

Then, we get the following equality, where the extra term I5"" arises due to the 7-
dependence of W.

sup
s<t

<oo, tel0,T].

Proposition 5.3 For U fulfilling Assumption 5.2, we have

(n (X, @™)), Wy)

t ~ ~
=/0 (B (X5, PN (Xs, Ag @), Wy) ds

t
+/O (@, ((Xg, D™)D™(0), Ws) (1 (s, X' (5, 0)) — (s, X(s,0))) ds

t
+/ (@, ((Xs, D)D" (0), Ws) (o (s, X' (5,0)) — o (s, X*(s,0))) dBs
0

t
+ %fo (W (X, @Y DD (0%, Wy) (0 (5, X (5, 0)) — o (s, X2(s, 0)) ds

! ~ .
+/O (Pn (X5, D)), Ws) ds

=IO+ L0+ LY+ L0+ 1571, (5.5)

fort €0, T, where W(x) := 2 W (x).

Proof We discretize W;(x) in its time variable, then let the grid size go to zero
and show that the resulting term converges to (5.5). Therefore, let ; = 27k,

i=0,1,..., Lt2kj +1=: K¥, where |- ] denotes rounding down to the next integer,
such that Lok =1 < thk, and denote

1
Wk (x) == 2"/ Wo(x)ds, te€ltig,1),x R (5.6)
fi—1

Then, we can build the telescope sum

Kt
(fn (X0 @), W) =D {du(Xyy, @), WE) — (pn (X, D7), W) )
i=1
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— (B (Rego @7 )+ (D (Ke @7 W) (5T)

By the continuity of X, ¥ and ¢,, the sum of the last two terms approaches zero as
Igk =1 and thus as k — oo.

For the terms in the summation, we use the continuity of X and the notation
fti—):= lim f(s), to get the equality
[

Ss<ti,§—

(fn ((Xipo @), W) = (hn(Xyy—, @), Wi ) + (hu (X, D)), W) — W ).
By plugging this into (5.7), we get

Kf
(Bn(Xe, @™). W) = D (u((Xym, @), W) — (G (Xy,. @) W)
i=1
K}
+ D (o ((Xy, @), W — W) =2 AF 4 CF
i=1
For Af, we get, by applying It&’s formula, that

K,

Af =) (K @) W) — (Du (Ko, @), W)
i=1

> IO + 10+ B0 + 10 ask > o,

by the continuity of W.
Thus, it remains to show that C¥ converges to 15""(1). To that end, we use the
construction (5.6) and Fubini’s theorem to conclude that

K

t
ka = Z<¢n(()~(t,, 7)), Zk/ (W — W, _5) ds>
i=1 ti—1
K’k ti N
= Z<¢n(<)~(ua M), Zk/ / \i'r dr ds>
i=l ti—y Js—27k
K’k t; s
ZZkZ/ / k(¢n(()~(lia ®m>)’ \ijr>drds
i=1 Yti-1 s—27
K’k t; N
=2k Z/ / ) k(dm((f(z,-, O™, U,) — (¢ (X, ™)), W, dr ds
j=1 Yli-1 527

ki li s .
+2y [ / (R 0 ) aras.
i=1 -1 8=
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The first summand can be bounded by

! ~ . ~ .
/O sup |<¢n(<Xua ™)), Uy) — (n ((Xy, D)), \IJr)|dr,

us<t,lu—r|<27k

which converges to zero a.s. as k — oo by the continuity and boundedness of X.
Furthermore, we get, by

s
2k/ k<¢n(<Xra ™), W, ) dr — (¢, ((X, D)), W) ask — oo
s—2~
and the dominated convergence theorem, that
[ ~ -
Ctk - / <¢n(<Xs, <D'm>)’ ‘-I"s> ds ask — oo,
0

which proves the proposition. O

We will bound the expectation of the terms 1’” " to Ig” " asm,n — oo in Sect. 6.

6 Step 4: Passing to the limit

Before we can pass to the limit in (5.5), we need to choose a sequence (®7""),cn
of smooth functions ®Y"" € C§°(R) for some x € R and for m € R, which
approximates the Dirac distribution 8, explicitly. We will choose some m = m™
dependent on the index n of the Yamada—Watanabe approximation and, for notational
simplicity, will skip the m-dependence and shortly write (®%),eN.

6.1 Explicit choice of the test function

We want to approximate with ®% a Dirac distribution centered around x € R. There-
fore, we choose it to coincide with the sum of two Gaussian kernels with mean x and y,
respectively, and standard deviation m~1, when x and y are close. The reason for this
construction is that we want to keep the mass of ® in B(0, ﬁ) constant as n — oQ.
For this purpose, we define

~m 1 _ 02
(I)x (y) i = ——e¢ om—2

2mrm—2

and, to construct the compact support, let 7" be smooth functions for n € N and
fixed x € R with

- 1,ify € B(x, 1)
m,n — m
v ) {O,ifyeR\B(x,%+bn)
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and 0 < ¥""(y) < 1 for y elsewhere such that ¥7"" is smooth. Here, let (by)ncn be
a sequence such that b, > 0 and

1 1 [
Mn<3(x’_+bn) \B(x’ _>> T2
m m 2

where 1, (A) = f 4 &)j{’l (y) dy denotes the measure in terms of the above normal
. . . n(n+1) .
distribution and @, := ¢~ 2 comes from the Yamada—Watanabe sequence. It is

always possible to find such a b, > 0 since the mass of d~>xm in B(x, %) is &~ 0.6827,
which is independent of n, and “7” < 0.3 foralln € N.
Then, we define

P10 = e (T + BT ), (6.1)

with ¢ := 1/(2m.), where m, & 0.6827 denotes the mass of a normal distribution
N, o2) inside the interval [ — o, u + o]. With that choice of ¢, ®’ approximates
the Dirac distribution &, around x as n — oo. Note that &’ (y) is identical in terms
of x and y. Furthermore, ®” owes the following properties that we will need later. To
that end, let us introduce the following stopping time for K > 0:

sup  (1X' (¢, x)| + X2, x)]) > K} (6.2)
1

Tk := inf {
te[0,T] -]

where we use the convention inf #J := oco. Note that, by the continuity of X land X2,
Tx — oo as.as K — oo.

Proposition 6.1 For fixed x € R, @, as defined in (6.1), fulfills:

(1) Do ®L(y) = Ao,y ®L(y) forall x,y € R, where Ag y denotes Ag acting on x;
(i) [ ®1(0)*dx <m™ foralln € N;
(iii) [p ®%(0)dx <2 foralln € N;
(iv) forall (s,x) € [0,T] x R,
(X, ®%) — X(s,x) and (X, PN (X;, @) — [X(s,x)], asn — oo;

(v) givens € [0, Tx], there exists a constant Cx > 0 that is independent from n, such
that, if

‘/ﬂéhw)éﬁ(y)dy < ap_i

holds, then there is some X € B(x, %) such that | X (s, £)| < Cgan_1.

Proof (i) This statement is clear since @ is identical in x and y.
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(ii)) We denote ¢ := ﬁ to get

w2 \2 _
/ CDSI:(O)Z dx < f (cme 2m2> dx < cm/ cme 2 dx =cm.
R R R

(ili) [p ®7(0)dx <2 [p P (0)dx = 2.
(iv) From the construction of ®% we get that

/ X(s, »PL(y)dy — / X (s, y)8(y)dy = X(s,x) asn — oo.
R R

Furthermore, we know that ¢, (x)x — |x| as n — oo uniformly in x € R and
thus the second statement follows.
(v) Let us write

( l)ff(s,y)df}(y)dy-
oo

/ff(s,y)@z(y)dy:f | X(s,y>d>$(y)dy+/
R B(x, 1) R\B
(6.3)

m,n

By the construction of fo we know that @7 vanishes outside the ball B (x, ”il—l—b,, ),

and, by the choice of b,, we know that the mass of ®% in B(x, % + by) \ B(x, n%) is
an—1/2. Since we have that s < Tk, we can bound

/ (s, 1)@ () dy| < 2K / 7 (y)dy < Kan_1.
R\B(x, 1) R\B(x, 1)
Thus, by assumption and (6.3), we have that

< (K + Day-1,

[ xemetoe
B(x. 1)

m

and, since ®” is the sum of two Gaussian densities with standard deviation %, we know
that its mass inside the ball is &~ 2 - 0.6827 and can conclude, using the continuity
of X, that

<K+1>an_lzf Pi(y)dy inf [X(s,y) =13 inf [X(s, ),
B(x. ) yeB(x, 1) yeB(x, 1)

‘m

and thus, the statement holds with Cx = (K + 1)/1.3. O

6.2 Bounding the Yamada-Watanabe terms

We start with the summands /;", 1,"", I3"" and I5"" in (5.5) and will analyze ;"""

later. To that end, we need the following elementary estimate.
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Lemmaé6.2 If f € Cg (R) is non-negative and not identically zero, then

sup  {(F 2T < 20" @)oo

xeR: f(x)>0
Proof Choose some x € R with f(x) > 0 and assume w.l.0.g. that f/(x) > 0. Let
x :=sup{x’ < x: f'(x') =0},

which exists due to the compact support of f. By the extended mean value theorem
(see [7, Theorem 4.6]), applied to f and (f’ )2, there exists an xp € (x1, x) such that

N2
@ = F D f () = (F&) = FG&) (f )

(x2).

By the choice of x|, we know that f'(x) > 0, and thus with f/(x;) =0,
F1@? = (f@) = Fe2f" (x2).

Since f is strictly increasing on (x1, x) and non-negative, we conclude

Fo?

=2 1 2 1 0o-
Fo S Fo—fan @ =2

We want to take expectations on both sides of (5.5) and then send m, n — oo.
Lemma 6.3 For any stopping time T and fixed t € [0, T] we have:
@ tim B AT < E[ T [ 1 (s, )1 AW, (x) dx ds];

m,n—00
t/\T

(i) limy, oo B[ (¢ AT)] S W, (0) E[|X (s, 0)[]ds;
(i) E[55""(t A T)] =0 forall m, n eN;

(iv) mgglmE[lg"’”(r A =E[ [, Nt Jg 1 X (s, )Wy (x) dx ds].

Proof (i) We need to rewrite 1;""

and the product rule to get

. We use the property of @’ from Proposition 6.1 (i)

o = [ [ [ % o) [ X6, 38,0920)dy a0y drds
= / t f B (X, D)) Ao (Xy, @) W5 (x) dx ds
= 2 / /¢> (Xs,d>"))<—|x| -6 (Xs,tb”))\lls(x)dxds
+2a2 / /qb( Xy, ®")|x|” 9(8—22(Xs,d>ﬁ)>\lfs(x)dxds.
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Now, we use integration by parts for both summands and the compact support of Wy
for every s € [0, T] to get

t 2
1""(1) = —2a° f f w«fa,<1>;>>|x|—9<i<is<bﬁ>) W, (x) dx ds
0 JR dx

t
_2()[2/ [¢;(<Xv, q)ﬁ))|x|_eai()~(3qﬂ)i‘l’s(x)dxds. (6.4)
0 R X ax

By a very similar partial integration we see that

t
/ /"52((5‘&¢ﬁ>)<is,¢§mews(x)dxds
0 JR
t
= —20[2/ /1//11(023’ (Dz))i(}zs,@;)(f(h(I)ﬁ)lxrei\ps(x)dxds
0 R 3x ax
t
_2()[2/ /¢;;(<)?5, ®$>)i(}?s,@;)|x|—ei\ys(x)dxds (6.5)
0 JR 0x 9x

By identifying that the second term in (6.4) coincides with the second term in (6.5),
we can plug in the latter one into the first one to get

t 2
1""(1) = —2a° / f wn«)?s,<1>z>)|x|—9(i<5fscb§:>> W, (x) dx ds
0 JR 0x
t
+2a2/ /wn«Xs,d>ﬁ>)i<)?s,cb§><is,<1>3:>|x|—‘)3%(x)dxds
0o Jr ox ox
t
+/ /cb;((ffs,d>§>)<>?s,d>;>A9ws(x)dxds
0 JR

t
:/O (Ilr'fi"(s)—}—llwfé"(s)—i—Ileé"(s)) ds. (6.6)

In order to deal with the various parts of /""", we start with treating 7{";" and I{"}".
Since we want to show that these parts are less than or equal to 0, we define for fixed
s €0, r]:

{ ( a : )2 : a : 8 }
A i=1xeR: | —(Xj, d);) W, (x) < (Xj, q)ﬁ>_(XSa (D@_\ps(x)
0x dx 0x

N{x eR : Ys(x) > 0}
=AT UAT UADS
with

- 9 -
AT = A N —(X,, D7) > 0p, A :=AN—(X,,d") <0} and
ox 0x
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0 ~
A% = AN {50@, ) = 0}.

By Assumption 5.2 (i) and (iii), we can find an ¢ > 0 such that

B(0,e) c I'(t) and inf WYe(x) > 0. 6.7)

s<t,xeB(0,e)

On A™* we have, by the definition of A®, that
0 & . 5 a0
0< a—x(Xs, L) | (x) < (X, d)x)allls(x),
and, therefore, we can bound the A™*-part of I] 5 foranyr € [0, T]by

t N 0 -~ - 0
/ f Un (g, @) = (X, DY) (X, @) —— Wy (x) dx ds
0 JATs ox ax

5 (W (x))?
W, (x)

(W (x))?
—0 ny N 0x
f /AH =i enzan X1 (X, " )\p—(x)dxds

2an Lo (Vs )?
1 X dx ds.
/ / (W, (x)>0} x| 0. () xds

t
S/ 1ﬁn(<Xv,q3"))|X| (X, @) dx ds

Next, we split the integral by using & from (6.7) to be able to apply Assumption 5.2
and Lemma 6.2 and get

t ~ 0 -~ - 0
/0 A+vxlfn(<Xs,d>ﬁ))—(Xs,<D§)(Xs,<I>ﬁ>|XI’95\I’s(x)dxds

2 t 2
- “"/ (/ N OdeHnDz%noof |x|9dx)ds
n Jo B(0,¢) Wy (x) T(HO\B(O,¢)

2an
=: C(\¥,1).

Note that ¢ > 0 is fixed and thus the e-dependence of C (W, t) does not matter.
On the set A™5,

0> (iu?s, <1>z>>ws(x> > (X, @2)1%(@, (6.8)
0x ox

holds and, since both terms in (6.8) are negative, we can use the same calculation as
above to get

! v n 0 = ny\ /vy n 798
A AH%((Xs,CDX))a(Xs,CIJx)(Xs,CDXHXI ix
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Finally, on the set AOs,

' % n d n\ ;v n -0 0
Y (( X, cbx))_<XS7 ‘bx)(Xs, (I)x)|x| —WY(x)dxds =0
0 Jats ax dx
and thus
B (AT + 1 A T)] < 462C0, )22 - 0 asn — oo,
’ ’ n

The remaining term in (6.6), we have to deal with, is

t
Ny =/ /fﬁﬁ,((Xs, PUN(Xs, DY) Ag Wy (x) dx ds.
’ o JrR

Therefore, we apply Proposition 6.1 (iv) to get the pointwise convergence

op (X5, @) (X,, @) — X(s,x) asm,n —> oo,
To complete our proof, we only need to show uniform integrability of |¢,’l(()~(s,
7)) (Xs, @) in terms of m,n € N on ([0, T] x B(0, J(¢)) x ), since ¥ van-
ishes outside B(0, J(1)). First, by the inequality |¢;,| < 1, we can bound

9 (X5, DIN(Xs, DTY| < (| X, D).

Inserting the function ®" from (6.1), taking the mean and using Proposition 4.6 (i),
we can bound

E[|(|X;], ®1)[] < E[/R 1X (s, )27 () dy] < 2 sup E[|X(s, y)I] A " (y)dy < oo,

yeR
(6.9)
thus the claimed integrability holds and we get
tNT 5
lim  E[1}"y"(t AT)] s]E[/ f |X(s,x)|A9\IlS(x)dxds]
m,n— 00 ’ 0 R

and, altogether, we have shown the statement.
(ii) Again the inequality |¢;,| < 1 and the Lipschitz continuity of u yield

AT
IE[I;"’"(t A< / (/ @’;(O)llls(x)dx>E[|)~((s,0)|]ds.
0 R

Sending m, n — oo gives the statement as ®’1 (0) — o (x).
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(iii) We set g.n (s) := (), ((X;, ")) D" (0), Wy). Then, by |¢, | < 1, one has

|8m.n(s)| = '/beﬁ,((fs,Qﬁ))@Z(O)‘Ifs(X)dx =< II‘PIIoo/RZ@Wx)dx =2[|¥lle

by the construction of ®" in (6.1). Thus, I;” "t AT) is a continuous local martingale
with quadratic variation

tNT
(I3"")inT < 4||w||§o/0 (0 (s, X'(5,00) = (s, X*(s,0))) ds

tANT
5/ (X' (s, 00 + [X2(s, 0)] +2)*ds
0

by the growth condition on o and, consequently, by Proposition 4.6,
E[Uén’n)m’f] < o0,

such that ;""" (t A T) is a square integrable martingale with mean 0.
(iv) We want to calculate the limit as n, m — oo of the term

tNT
B[t AT = EUO (B (X5, D)), Wy) ds]

Therefore, the same argumentation as in (i) with the uniform integrability in (6.9) and
the boundedness of || as a continuous function with compact support yield

INT B .
lim E[15""(t AT)] :IE|:/ / IX(s,x)l‘-IJs(x)dxds:|.
m,n— 00 0 R

6.3 Key argument: Bounding the quadratic variation term

What is left to bound in line (5.5), is the expectation of the quadratic variation term
1;"". The main ingredient to be able to do this, will be the following Theorem 6.4.

Let us first introduce some definitions that we need to formulate the Theorem 6.4.
Recall the definition of Tk in (6.2). Moreover, we define a semimetric on [0, 7] x R
by

d((t,x), ", x") =t —t'|*+|x —=x'|, 1,1/ €[0,T],x,x" R,
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and, for K > 0, N € Nand ¢ € (0, 1), the set

1< Tg, x| <27 N,

=i <27V |x - % < 27N,

for some (7, £) € [0, Tx] x [—1/2,1/2]
satisfying |X (7, £)| <2~N¢

Zg.Ngi=10,0 €[0,T]x [~1/2,1/2]:
(6.10)

The following theorem improves the regularity of X (7, x) when |x| is small. For
two measures Q; and Q; on some measurable space (fl, F ), we call Q; absolutely
continuous with respect to @z, denoted by Q; « Qy, if A7 D A3, where 4} € F
denotes the zero sets of Q; in (£, F ).

Theorem 6.4 Suppose Assumption 2.1 and let X := X' — X2, where X' is a solution
of the SPDE (4.6) with X' € C([0, T] x R) a.s. fori = 1,2. Let ¢ € (0, 1) satisfy:

AN; = N; (K, ) € Na.s. such that, for any N > Ny and any (t,x) € Zg N :

t/_t<27N,t/<T - 5 B
| |yl__x|<2—NE K} = |X(t,x) = X,y <27V (6.11)

Let% —a < < (CE+ % — o) A L. Then, there is an No1 (K, w,§) € N a.s. such
that, for any N > qu and any (t, x) € ZK’N’;-I.'

' —t <2 N ¢ <T - - iyl
| |y|__x|<2—NE K} = |X(t,x)— X,y <27V, (6.12)

Moreover, there is some measure QXX on (Q, F) such that QXX < P on (Q,.F)
and P < QXK on (Q, FK), where FK .= {AN{Tx > T}: A € F} C .F is the
o-algebra restricted to {Tx > T}, and there are constants R > 1 and §,C,cr > 0
depending on ¢ and t' (not on K) and N(K) € N such that

QYK (Ny = N) < C(@X*K(N; > %) + Ke—"ﬂ“) (6.13)

for N > N(K).
Proof of Theorem 6.4 From the assumptions of Theorem 6.4 and Assumption 2.1, we

are given the variablesa € [0, %),g“ e (0,1),& € (ﬁ, 1]and ¢ < ({S—i—%—a)/\l.
Moreover, fix arbitrary (¢, x), (', y) € [0, Tx] x [—%, %] such that w.l.o.g. r < ¢’ and

given some N > N,

=t <e:=2"N, |x| <27 and |x—y| <27N (6.14)
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We define small numbers &, 8’, 81,82 > 0 in the following way. We choose § €

(0,  — @) such that
1
g1 < (({%-ﬁ-z—a)/\l) —ad < 1.

Fixing 8’ € (0, §), we choose 81 € (0, §’) sufficiently small that

§1<<<§§+%—a>/\1>—a8+a81<1. (6.15)

Furthermore, we define 6, > O sufficiently small such that

8 — 8y > 81, (6.16)

p= ((Cf-ﬁ-%—a)Al)—a(%—a)-l—msl (6.17)

and we set

and

1 1
p=p+al -8 —68)= ((;’E—i—z—a)/\l) —a(z—a>~l—a(8'—82).

(6.18)
By (6.16), we see that p > p.
Moreover, we introduce
DV (s) = | pres (1) = pr—y NP1 X (s, 01 and D™ (s5)
= py_s(x)?|X (s, 0)[%. (6.19)

Our goal is to bound the following expression, where we will explicitly determine
the measure QQ as in the statement of the theorem and the random variable N| := N;(w)
(in (6.37)), later:

@(D?(r,x) — Xty = x =y 0P (1.x) € Zk ne N > Nl)
+ @('ff(rc X) = X x)| = | — 11" @Dl (1.x) € Zk ne N > Nl)
< Q(Iff(t,x) — Xty = x — y| 790 (1,x) € Zk.n.e. N = Ny,

1
/ Dx,y,t,t(s) ds < |.X _ y|1720(728 82[))
0
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+ @(ﬁf(r’,x) Xt x| = | — "G e (1,x) € Zk ngo N = NI,
t , t , . ,
/ D*! (s)ds—i—/ D*Y (s)ds < (t’—t)za(z_“_8)82p>
t 0
t !
+ @( / D™ (s)yds > |x — y|'T2* 2 e (t,x) € Zk n¢, N = Nl)
0
t/ ’ t 7 1 7
+Q</ D" (s)ds +/ DY (s)ds > (1 — )2 aTeT e,
t 0

(t9-x) S ZK,N,Z9N 2 Nl)

=01+ 02+ 03+ Q4. (6.20)

We will proceed in three steps to prove the theorem:

Step (i): explicitly choosing a measure QXX as in the statement of the theorem, such
that Q1 and Qs in (6.20) fulfill 0} + Qs < ce~<1"~17*" forsome ¢, ¢’ > 0,
Step (ii): showing that O3 = Q4 = 0 holds w.r.t. P (and hence also w.r.t. (@X K since
Q%K « P), if we choose the random variable N; := ¢N; for some large
enough deterministic constant ¢ > 0,
Step (iii): completing the proof, using Step (i) and Step (ii).

Step (i): Consider first the term Q. Note that on the measurable space (2, % Ky,
where the restricted o-algebra .ZX on {Tx > T} is defined in the statement of the
theorem, Assumption 2.1 (iii) yields the existence of some constant Cgx > 0 such that

uis, X'(s,0) — u(s, X*(s, 0))
o(s, X1(s,0)) —o(s, X2(s,0))

<Cg < o0,

forall s € [0, T] P-a.s. on (2, .F# K ) and, thus, we can apply Girsanov’s theorem (see
[19, Theorem 3.5.1]) with the adapted process (L;)¢[0,7] defined by

t 1 _ 2
L, ::_/ u(s, X' (s,0)) — u(s, X(s,0)) dB,.
0

o(s, X1(s,0)) —o(s, X2(s,0))

whose stochastic exponential process &'(L;) is a martingale due to Novikov’s con-
dition (see [19, Proposition 3.5.12]). We define QX-X via the Radon—Nikodym
derivative & (L7) of the measure Q%-X with respect to P, under which the process
(lN?tX’K)tE[o,T] is a Brownian motion, where E,X’K = B, — (B,L); = B; + A; with

o X (5.0) (5. X2 (5.0)
Ar= [y (s XT(5.0)) o (s. X200y 95 on [0, Tk ].

To avoid measurability problems we re-define Q%X as a measure on (Q, .%) by
setting

QYK (A) = An{Tk > T))
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for A € .%. Girsanov’s theorem implies that Q%X <« P on (Q,.%) and P « Q%K
on (2, .ZX). With this notation, we see that

X(t,x) = X(t,y)
t
= [ P01 6,0) = 05, X765, 00) B+ 40
t
—/O Pl (05, X1 5,0) = (5, X2(5,00)) d(Bs + A))

t
=/0 (pffs(x)—pfﬁs(y))<a(s,X1(s,O))—G(S,XZ(S,O)))dBSX’K.

For fixedt € [0, T]and x, y € [—%, %], the process

f
;"yzf (P () = p{_s (@ (s, X' (5,00) — o (s, X*(s,0))dBK, 7 e0,1],
0

is a local QX-X -martingale with quadratic variation

r
($¥Y); = /0 (Pl x) = pl_ (") (o (s, X' (5,0)) — a (s, X2(s,0)))* ds
f ~
<2 /0 (P (0) — pl PIK (5. 0% ds

13
=C? / D*"(s) ds.
0
Thus, working under Q%X in (6.20), we can bound the term Q; as follows:

t
) 1., Yy —
Qi s@X~K(|S,”| 2 |x =y %P,f D¥¥H(s)ds < |x — y[' 251&”)
0
X, K Yy 1 _a—s , 2 1—2a—28" 2
< QNK(1S77] = |x — y|279 0P, (§%Y), < C2lx — y|! 7272 e2P)
by the definition of D*:Y!"7,

Next, we apply the Dambis—Dubins—Schwarz theorem, which states that the local
QXK -martingale S;’y can be embedded into a QXX -Brownian motion Wdiero.n

such that §7" = W(sx.y), holds forall 7 € [0, 1]. Thus, with z := C2|x— y|!72¢=20'g2p
we obtain

~ 1, )
0 < Q%X (|W<sx,y>,| > |x — y[27% 0P ($TY), < z>

< QX’K< sup |Ws| > |x — ylé_“_‘ssp),

0<s<z
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since from the first event follows always the second one. Thus, with the notation
W*(t) := sup |W;|, the scaling property of Brownian motion and the reflection

0<s<t
principle, we get
01 = QYK (W (C2Jx — y|!2472'e20) = |x — y 270 e)
= QXK (W (1) Cylx — y| 272V el > |x — y| 279 3¢P)
= 20K (W) = ¢ M e —y177)

with 8” := 8§ — 8’ > 0 and, applying the concentration inequality QX-X(N > a) <

a2
e~ 2 for standard normal distributed N, we get

= ce= A (6.21)

for some constants ¢, ¢’ > 0. With a very similar argumentation, we can use the
probability measure Q%X and proceed as above to derive the bound

v —2as”
— | —t
Q) < ce I

where ¢ and ¢’ are the same constants as in (6.21).

Step (ii): We want to show that the terms Q3 and Q4 in (6.20) vanish P-a.s., if
we choose N large enough. Therefore, we consider (7, x) € Zg n,c and (', y) asin
(6.14) and begin by showing the following bound on |X (s, 0)| fors <1

3ef ifs e[t—e,t],

A+ K)2Ne(r — 5)F if s € [0, 1 — £]. (6.22)

1X(s,0)] < {

To see (6.22), we choose for (t,x) € Zg y  some (f, X) as in the definition of
Zk N, in (6.10) such that

lt—f<e=2"N, |x—x|<e&” and |X(7 %) <27V =¢¢.

Then, for s € [r — &, t'], we see that |t — s| < & by (6.14). Thus, by (6.11), we obtain
that

1X(s,0)| < |X(T, %)+ |X (7, %) — X(2,x)| + X (1, x) — X (s, 0)]
<3.27N0 368,

Fors € [t — 2~Ne p — €], we can choose some N > N¢ such that 2-INHD <4 g <

2_1\7 duetotr —e >s,ie.t —s > 2N Thus, we get
1X(s,0)| < |X(7, %)+ X7, %) — X(t, )| + |X(t, x) — X(5,0)|
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<27 NE L0 NE L oo NE <o (p — g)f 4280~ (VDG
< 4(t —s)°.

Last, fors € [0, 7 —2"N¢]withs < Tk, i.e. Xis boundedby K > 0,andr—s > 2-Ne,
we can bound

1X(s,0)] <K <K(t—s)"5(t—s)°
< K2Nef (1 — 5)¢,

which shows the bound (6.22).
For Q3, using (6.22) and the definition of D*-""" in (6.19), we can bound the term
inside Q3 by

t t
/0 D5y ds =3 [ () = pis )P ds
1—e&

t—e
+ (4 + K)*2%¢Ne /0 (Pr—s(x) = pr—s(M)*(t — )% ds

=: Di(t) + Dy(2). (6.23)
Now, by Lemma 4.5 with g = % —a — 8" and max(|x|, |y|) < 2&%, we can bound

1
Di(t) < e |x — y' 72 max(|x|, |y]) @D
< 82{$+25’|x . 1720(725’8(170()2/3

Yl
zggw@wHWﬁou_ﬂFMQX
< 2P |x — y|172 (6.24)

by the definition of p in (6.18). For D;(t), we use Lemma 4.2 with 8 = 1 to bound

t—e
Dz(t) 5 22{:{1\/; / |x _ y|2(t _ S)Z{%'—ZC{—282(1—0[) ds
0

—2a—1+42 t—
L4228 (1 | (= 92T
—2a — 1+ 2&¢ 0

g 22§§N; Ix — y|l—2a—25’8a(1+2a+25/)82(1—0()8((—201—1+2£;’§‘)A0)—2a52

2ECN, 1—20—28"
= 2%8Ne |y — 172028y

— 225{1\/{ |x _ y|l_2a_26/82ﬁ. (625)

Hence, by inserting (6.24) and (6.25) into (6.23), we obtain
' .
/ Db () ds < 2285Ne |y — y| 1720728020 (6.26)
0
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For Q4, we can use (6.22) to bound the first summand in the definition of Q4 by

! !

t t
/ D% (s)ds = / pr—s (0?1 X (s, 0)[* ds

t t

t/
< / (1" — 5)72%e%%8 g5
'
< 82;‘&"[/ _ t|1—2a

S 82&‘{82(%—05—&(%—(1)—&-015’)|t/ _ t|2a(%—o¢—6’)

A 1 /
< 2P —pPelzamd) (6.27)

where we used that |t — /| < g and p < % —o— a(% —a) + ad’. We split the second
summand similar as before:

i 1 i—e
/ D (s)ds = / D0 (s) ds +/ DY (s)ds =: D3(t) + Da(2).
0 t—e 0

(6.28)
By Lemma 4.4, we estimate
! 2\ v 2
Ds3(1) 2/ |Pr—s(X) — pr—s(OI*1X (s, 0)[* ds
t—¢
< 32§§|t’ . t|1—2<x
< 2P|y — g (6.29)

where the last estimate follows as in (6.27).
For D4(t), using the inequality (a + b)? < 2(a* + b?), we obtain

1—e&
Da(t) = /0 Pres (6) — prrs (P X (s, 0% ds

t—e o1/ |2
< 2(4 4 K)%2%¢N / ‘((t —) T (=) e | (1 — )% ds
0

262 = wle e\ 2 )
+2(4+ K)*2 éfN{/ (« —s)_“<e_ i — e 7 ) (t — )% ds
0
=: D41 + Dgp. (6.30)
For D41, we use the inequality
lel/ot
((t=5) %= —5) e = <@—s5) % —1). (6.31)
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To see this, note that

/e r—s\* _m! t—t
e 1= < T e t-s + —
t N t—s

which holds since

t—s\* t'—t t—s t'—t

- + >——+

t—s t—s t'—s t—s
t—s t'—s

= —1>1 6.32
t—s t—s - ( )
as x — % + x > 2 on [0, 1]. Thus, using (6.31), we get
t—e¢
Dy < 228N / (t — )22 — )2t — 5)%¢ ds
0

< Q2ENe (pf _ )2 p(F2a=14ED)A0) =208
< Q2ENe (4 _ t)2a(%70478/)82720((%70178/)8((72017]+§§)/\0)72a82

— Q2N (y/ _ t)a(l720(728’)82((7Dt+%+§§)/\1)70182701(%70178’)

= 2N (¢ — pyr(1-2a=200 525 (6.33)
For D4 3, we use the inequality [e™¢ — e‘b| < |a — b| and then the bound é — z’l—s <
ﬁ which holds as in (6.32), to get

Dy, S 2% -/tg(t/ — 5 Rt 2(: —5)%¢ ds
’ 0 t—s t—

< 2%8ENe |2/ /t_ (t'— )72 — )7 — )% — 5)*C ds

< Q2N |x|2/a88372a+2§§(t/ .

< Q2N | 2 =3-2a+26C (4 _ Z)Za(%70178’)82720:(%70175’)

— D2ECN, |x|2/ot82(%7a+§{7a(%7(x)+a6’)(t/ . t)ot(172a728’)

— Q2N |2 g2 _ pyo(1=20-28)) (6.34)

Hence, (6.27) and plugging (6.29), (6.30), (6.33) and (6.34) into (6.28), we obtain

v t
/ D*! (s)ds—i—/ DYEE (s)ds 22N — g 22020 (6.35)
t 0
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Combining (6.26) and (6.35), we can denote C > 0 to be the maximum of the two
generic constants occuring in the estimates, to conclude, that if we can secure that

C22%ENe g2h _ 21 (6.36)

then the conditions inside of Q3 and Q4 are never fulfilled and, thus, we get that
03=04=0.Bye= 2N (6.36) is equivalent to

C < 22N(13—17)—2N¢5§’

and, since p — p > 0, fulfilled for all

25Ny +1logr(C)

N > —
2(p—p)

Therefore, we can find a deterministic constant ck ¢ 5.5,,s',s, such that, for all
N > Ni(w) := ck ,5,8,,8,8,Nc (), (6.37)

03 = Q4 = 0 holds. ~
Step (iii): We discretize X (¢, y) fort € [0, Tk] and y € [—%, %] as follows:

M, v k = max {‘X(jZ’”, (z + 1)279) — X(j2~", 227"

+ |G+ D2 227 - X2, 227

Izl <29 L G4+ D2 < Tk, j€Zy,z€2,

(2727 € Zw )
Moreover, we define the event
1
Ay ={w e Q: forsomen > N, My n x > pnaly—a=8)y=Np N > Ni}.

Then, we get, by using (6.20), Step (i) and Step (ii), that for all N > N as in (6.37):

QX,K< U AN’) Z Z QX (Mn N'.K >2. 2—na( —a_g)z_Np)

N'>N =N n=N’

Z Z 2(a+1)n —c/nde

=N n=N’
since the total number of partition elements in each M, y g is at most?2 - pun—1. g

2" < K2@+Dn (if Ty = T)). Furthermore, we used that [ — 7| < 27" and |x — £| <
27" which follows by the construction of M, n k.

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

We use the convexity 2¥FY > 2% 4+ 2V for x, y > 0 to estimate

& o (n+N")8"
1 __In(n+ o
Qx,K< U AN/) <Y Y N e
N'>N

N’=N n=0

ad s /! 1l
Z p@+DN’ Z pa+Dn = @ a4 2N

=
N'=N n=0
o0 191! o0 1
_ Z o+ N' ,—c2Noe 22(a+1)ne—c’2"5 «
N'=N n=0

o0 o0
_ 19N8"a /' _ 19N'8"« _ronda
:2(a+1)Ne 2 2 :2(o¢+1)Ne c'2 2 :2(a+1)ne c'2
N'=0 n=0
N«
< e(a+l)N67C/2
~Y

N§"a
—c2
<e ,

~

for some constant ¢c; > 0, where we used convergence and thus finiteness of the two
series in the fourth line by applying the ratio test

. o (n+1)8”a72n8”a
lim 2a+le 2 )| —
n— o0

0.

Therefore, we get for
No(w) :=min{N e N: w € A5, VN’ > N},

where the superscript ¢ denotes the complement of a set, that

QX’K(Nz - N) — QX,K( U AN/) S/ e—CzZNa//(x’ (638)

N'>N

and thus N> < oo Q¥ K-as.
We fix some m € N with m > 3/« and choose N (w) > (Na(w) +m) A (N1 + m),
which is finite a.s., such that holds:

Vi > N: My g <2 "G a93-Np o (6.39)

and Q3 = Q4 =0.
Furthermore, we choose (7, x) € Zg n,c and (¢', y) such that

d(t',y), (t,x)) i= |t/ —t|* + |y — x| <27V,
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and we choose points near (¢, x) as follows: for n > N, we denote by #, € 27"Z
and x, € 27%"Z for the unique points such that
t, <t<t, +27",

Xp <x<x,4+2%forx>0 or x,—2 % <x<ux,forx <O.
n n n n

We define #, y, analogously. Let (7, £) be the points from the definition of Zg y ¢
with |)~((f, )| < 27N¢. Then, for n > N, we observe that

d((th, yn), (0, %)) <d((ty,, yn), (', ) +d(({, y), (¢, x)) +d((t, x), (7, X))
<|th =t |y —yu| + 27N 4 2. 27N
<6.2Na _p3-Na _ zfa(Nfo%)
< 27aWN=m) (6.40)

which implies (1), y») € Zk N—m,c. We use that to finally formulate our bound. We
also use the continuity of X and our construction of the #,, x, to get that

lim X(t,, x,) = X(£,x) as.
n—oo

and the same for ¢, y,. Thus, by the triangle inequality:

e9]

> ((ff(rm, Xng1) = X(tn, ¥0)) + (Xt yn) — X (141, ynm))
n=N

1X(t,x) = X', y)| =

+ X(ty, xN) — X(thy. yn)

o
< D XUt g ) — X, x)| 41X (1, ) = Xy 1 Y]
n=N

+ X (tn, xn) — Xty yn)L-

Since we choose ,, x, and 1, y, to be of the form of the discrete points in M, v k
and, since we have (6.40), we can continue to estimate

[e¢)
1X(t,%) = X, )| < Y 2Mugi nom i + Xy, x8) — X1y, yw)l-
n=N

Because of |t — 1| < 2N and our construction of N, tz/v’ they must be equal or
adjacent in 27N Z, and analogue for xy, yy. Thus, we get
o0
1X(t.x) = X' ) = Y 2MuiiN-mk + My N-m.k

n=N
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IA

00
2 Z Mn,N—m,K
=N

00
Z 27na(%7a78) 27(N7m)p
n=N

N

(0.¢]

— o~ (N=m)p Z 2—(n+N)a(%—a—5)
n=0

< gmpy—N(@(3—a=8)+p)

< Z_NCI,

where the last line follows with a(% — o — 8) + p > {1, which holds by (6.15) and
(6.17), and for all

N > N3 (6.41)

for some N3 that is large enough such that 2"*” is dominated and thus depends deter-
ministically on p. Therefore, we have proven Theorem 6.4 with

Ng (@) := max{Na(w) +m, Ne(0) +m, ck ¢,5,5.5,8Ne (@) +m, N3}

by N, chosen in that way due to (6.39), Step (ii), (6.37) and (6.41). If we denote
R’ :=1V ¢k ;5555 and consider some N > 2m v N3, (6.38) implies

N —
QYK Ny = N) < QYK Ny = N —m) + 2@X”<<N; > R,’")

(me)éﬁot

< CKe +2Q% K (N, > N/R)

for R = 2R’ and C > 0 not depending on K, which shows the probability bound in
(6.13) by re-defining § := 8"« > 0 and thus completes the proof. a

In the following we sometimes only write a.s. when we mean P-a.s. Since Q% X «
PP, this implies Q%X -a.s.

1
Corollary 6.5 With the hypotheses of Theorem 6.4 and%—(x << iTa/\l, thereis an
a.s. finite positive random variable C;  (w) such that, for any € € (0, 1], t € [0, Tk ]
and |x| < &%, if |X(t, %)| < &° for some |% — x| < &%, then
1X(t, y)] < Cp ke, (6.42)

whenever |x — y| < &%.
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Moreover, there are constants §, Cy, ¢, R > 0, depending on ¢ (but not on K),
and ro(K) > 0 such that

Q ’ (C{ K >_ r) _< C Q K NO( 1 > —1() + K e 62(K+61)
’ 1 2(2 o[) R"‘ gZ F’ ]

forallr > ro(K) > 6 + (K + 1), where QXK is the probability measure from
Theorem 6.4.

Proof We will derive the statement by an appropriate induction. We start by choosing

to be able to use the regularity result from Proposition 4.6. Indeed, by 4.6 (ii) we get
the inequality (6.11) with ¢y by Kolmogorov’s continuity theorem.
Now, we define

1 1
Cnt1 = [({n%"l‘z—o{)/\l](l—n_'_d)

for some d € R. We chose that d given ¢y big enough such that ¢; > % — . Moreover,

1_
it is clearly ¢,4+1 > ¢,. Thus, we get inductively that ¢, 1 %T? A 1 and, for every

1_
fixed ¢ € (% — «a, %T? A 1) as in the statement, we can find no € N such that

Cng = ¢ > Cpy—1. By applying Theorem 6.4 no-times, we get (6.11) for ¢,,—1 and,
hence, (6.12) for &,,.

We derive the estimation (6.42) for all 0 < & < 1. Therefore, we consider first
e < 2 Newg , where we got N;no from the application of Theorem 6.4 to £,,—1. Further,

we choose N € Nsuchthat2= V=1 < ¢ <27V and, thus, N > N{no. Also, we choose
t < Tk and |x| < &% < 2-Ne guch that, by assumption of Theorem 6.4, for some
¥ — x| <% <27Ne,

X (1, )| < &b <27V <27 N,

Hence, (¢, x) € ZK ,N,gy,1- Forany y such that |y — x| < &%, we get, by (6.12),

X, y) < 1X(t, B)| 41X (1, %) — X(t, )] + X (1, %) — X(2, y)|
< 27N{ _’_27N{n0 +2*N(n0 < 3. 27N§ < 68§

Now, we consider ¢ € (2_N‘"0 , 1]. Then, for (¢, x) and (¢, y) as in the assumption, we
get

IX(t, v < IX (@, 0)| + X, y) — X(t, x)|
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< K+27V < (K + 1)2Vm 8t

by £2"%0 > 1 and, therefore, we have shown (6.42) with C; x = (K + 1)2"#0¢ +6.
It remains to show the estimate (6.43). Therefore, we use (6.13) to conclude that

Neyo € r—=6 1 r—=6
@X'K<Cc,1< > r) = QX’K<2 0 > r &Sl +l> = @X’K(Ncno = EIng <7K +1>>
1 -6 S Jog, (L=5
< C<QX’K(N§,,071 = RC log, (%H)) + KeXp< —2¢ log2 (KH))).
Applying (6.13) ng-times, we end up with

Q¥ Ku(Crx =)

1 F—6 no o R=I18 1og, (ﬂ)
nonX,K i —2 ¢ K+1
< C"Q <N02((%a) Z_g'R"O logz( 1))+ E C'Ke

A
aQ
3
(=)
S
S
N
(]
S
>
N
=
IR
—
|
£
%
| —
—_
o
0]
)
N
~
|
(@)
N———"
N———"
_|_
=
|
S
—_
>
st
N—
w
=
5
N———"

2(2 R K+1
1 r—6 r—6 s
= Ci[ %K (N, > 1 +K —e2(455) ,
(@ (g = s (252)) e
where C1, S, R > 0 depend on ¢ but not on K. |

We will handle the event on the right-hand side of (6.43) under the measure [P again.

Proposition 6.6 In the setup and notation of Corollary 6.5, one has

1 r—=6 Fr—6\"°¢
. ~ <
P(NzQ—OO = §1°g2<1(+1)) ~ <K+1> ’

for some ¢ > 0.

Proof We show that, for every M € R,

= M) 2

—a)

P(Ngqy

for some ¢ > 0, which then yields the statement.
Indeed, from Proposition 4.6 (ii), we have that

ENX () = X 2)[P] S 1= |37 |y — x| G707,
forall p > 2,¢,¢' € [0, T] and |x|, |x"| < 1. By choosing (1, x) € Zg n¢, (', x')
from the definition of Zx y . and p > 2 such that ozp(% —a) = 1 + B for some

B > 0, it holds that

E[|)~((t, x) — )N((t’, x)|P] < 2—N(1+p) + 2—N(+8) < 2—N1+8)
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We discretize [0, T] x [—1, 1] on the dyadic rational numbers. For simplicity, we
assume T = 1. First, for some n € N, we keep some space variable x € (k27" k €
2" ...,0,1,...,2"} fixed and apply Markov’s inequality to get

PQX@ZﬂPm-X«k—lnfﬁxn;izf")§20W2%“+m==2ﬂm+ﬁfm
forany k € 1,...,2". Next, we define the following events:

Ay = A1) = {ke{_zglff( " |X(k2*n7x) _ X((k _ 1)27",x)| > 27{}171 },

o oo
B, = U Am, N :=limsupA, = m B,.
m=n n—oo n=1
Then, for every n € N,
2n
PUA) = Y P(IRG2™ 0 = Rk — 127", 0 = 27
k=—2"+1

< onA20=n(I+B=Ep)+p _ 22+py—n(f—¢{p).

(6.44)

We choose, for ¢ = %(% —a),

{ 148 1 }
p > max (-

el —a) 5 ¢«

2
Notethat%—{—azz%—%(%—a)—oﬂ: T— % >0asa < %.Then,wehave
that

o 2 1
0<p 5 t-a —l=ap 5~ —1-¢p=B—-<¢p (6.45)

and from (6.44) it follows by the geometric series that

o0 < ot 2—n(B—¢p)
P(BH)SZP(AW!)NZ m—)() asn — oo,
m=n
where 27~8 < 1 because of (6.45).
Analogously, we fix some time variable # and get an analogue version of inequality
(6.44). Now, we fix an event w € 2 and some
N > N%(%_a)(w)v
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where No 1 (w) is such that
2(2 a)

=N
=Nel_g)

and this should also hold for the union of the analogue sets for fixed ¢, denote those

by A,(f).
Lett,t',x,x' € Dy with |t — /| <27V and |x — x| <27%N. Then, we have

IX(t,x,0) — X(¢', X', )| < |X(t,x,0) — X(¢/, x, 0)| + [X (', x, 0) — X (', ¥/, @)
< 2.2 ¢N-1 _o—¢N,

Then, we get from (6.44) that

o0 o0 @ o0 —m(B—tp) 2—M(.B_§P) _Me
P(N; > M) < ZP(Am)-i-ZP(Am)SZZ ZWS
m=M m=M m=M

with ¢ := 8 — ¢ p, by the geometric series with 8 — ¢ p > 0. N
By the density of the dyadic rational numbers in the reals and the continuity of X,

the regularity extends to the whole [0, T'] x [—1, 1] and, thus, the statement holds. O
We want to fix ¢ € (0, 1), that fulfills the requirements of the previous corollary.
Lemma 6.7 With fixed o € (0, 3) and & € (3, 1) satisfying

1 1
18> — > —|
21 —a) 2

we can choose ¢ € (0, 1) such that

I—a
<< Al). (6.46)
28 — 1 1-&
Especially, we get
e 1
== >
VR T

1_
Proof First, we consider %Tg < 1. In this case, we have that

G- -a(l-§)
(1-6Q&-1)

l-« @
1—¢& 26—1

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

_5———2a.§+a—a+a§ ’g‘(l—a)——
a 1-8€2¢-1 TU-HEE-D

’

by the assumption on &.

1_
On the other hand, if %T? > 1,thena < & — l, i.e. 2;_1 < % and we can fix ¢
such that (6.46) holds. O

Let us finally introduce the following stopping time, that plays a central role for the
following Lemma 6.9, and is the reason, why we needed Corollary 6.5 and Proposi-
tion 6.6:

t < Tk and there exist ¢ € (0, 1], X, x, y € R with
Tr k= ing x| <& |X(t, 0| <&l |x — X <& |x—y|<e¥ ATk AT,
=*| such that |[X (¢, y)| > co(K)&t
(6.47)
where ¢o(K) := ro(K) Vv K2 > 0 with ro(k) from Corollary 6.5.
Corollary 6.8 The stopping time T; g fulfills T, x — T as K — oo a.s.

Proof We fix arbitrary K, K > 0 such that K < K. We can bound for any 7 € [0, T),

P(Tpx <t) <P({T;x <

<N (Tg = T)) +P(Tg <T)
= KK 4 Pk, (6.48)

We show that limg_, o le K = 0. For this purpose, we consider the probability
measure Q%X from Corollary 6.5. By the definition of T; k and Corollary 6.5, we

obtain that
QXK ({1 x <ty i1z 2 1Y)
< QX’IE(TK <t)+ QX’IE(C{,K > co(K))
X K X 1 K2 —6 = 702(K~276)6
<Q (K<f)+C1[Q (Na< _Q)Zﬁlogz(E+l))+K€ K+l
(6.49)

By Proposition 6.6 we know that the respective of the second probability on the right-
hand side of (6.49) with P instead of QXK tends to zero as K — 00. Since QXK « P

holds on (2, .%), limg_,» P(Ax) = 0 implies limg 00 QX K(AK) = 0 for any
sequence (Ak)ken of events in Q (see e.g. [33, Theorem 6.11]) and, since Tx — 00
as K — oo a.s., by the continuity of the solutions X I'and X2, we conclude that the

whole right-hand side of (6.49) tends to zero as K — oc. Hence, since P « QX’IZ
on (2,.ZX) and the event inside PlK Kis trivially in .% X, this implies also tending

to zero for the respective P-probability and we obtain lim PIK’K =0.
K—oo
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Therefore, using the continuity of X !and X? again, we can for every ¢ > 0 find
some K > 0 such that (6.48) yields

KIEnOOP(T;K <t)<P(Tz <T) <e¢
and we obtain Klim P(T;,x <t) =0, which yields the statement. m]
— 00

Recall that we have a fixed constant 1 > ﬁ, determined by Lemma 6.7. We use
this to fix the sequence (m™), <y by defining

1

(n) .,
m" =a, " > 1,

where a,, is the Yamada—Watanabe sequence, defined in (5.1). With this, we get the
following crucial lemma, that regularizes X based on regularity of the approximation
(X, @)

Lemma 6.9 Forallx € B(0, 1) ands € [0, Ty k1, if (X, ®")| < ay—1, then

sup  |X(s,y)| < Ckan_i,
YEB(x, k)

for some Cx > 0 only dependent on K.

Proof By the assumption |(Xj, %) |~§ an—1, we can apply Proposition 6.1 (v) to get
that there exists X € B(x, %) with | X (s, X)| < Cgap—1.
For fixed n > 1, we define ¢,, > 0 such that

1 1
o __ 1
&n = mm CK

holds and, thus, by the choice n = g,

1
1 n c’ n
CKan,] = C](<—> = (—K) =8§l.
m m

We use this and the definition of 7; x in (6.47) to get the desired result with Cx =
Cgco(K). O

Finally, we can handle the term 7,"" from (5.5).

Lemma 6.10 With Iin’nfrom (5.5) and T g defined in (6.47), one has

lim E[|1;""(t A T; g)|]1 = 0.
n—>0oo
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Proof We use the Holder continuity of o as well as the bounded support of ¥, the
inequality v, (x) < = ]l{a,, <x<a,_1}> the boundedness of ¥, Lemma 6.9 and Proposi-
tion 6.1 (ii) to get

tAT{Y]( - -
1" (AT g1 S ‘/0 wan(qu, 1))@ (0)> Wy (x) dx| X (s, )| ds

o [T 1 ’ 2 o (0)2Ws (x) dx | (s, 0) % d
~ 0 R {ﬂnSHXss‘Df\'-)lfan—l}ﬁn x() s(x)dx|X (s, 0)] s

v ATy k =~
< I ||oo[ /¢ﬁ(0)2dx(CKan—l)2$ ds

l‘/\T; K
/ /dD"(O) dx ds

1
%, %y
m® < 1=l It =0 _ lanil' (6.50)
~ nap nay In—1 n o ap
. . _ntl)
We know that “” L = ¢", ap = 1 and, thus, get inductively that a, = e~ 2

Therefore, (6. 50) tends to zero as n — oo if
nn+1)—Q—nHn—Dn <0

for n large, which holds if and only if 1 — (26 — ") < 0,i.e, & > 5 + zin, which
holds by Lemma 6.7. O

We summarize the essential findings for the proof of Theorem 2.3 in the next
proposition.

Proposition 6.11 With \V that fulfills Assumption 5.2 and T; g defined in (6.47) for
K > 0, one has, fort € [0, T], that

- ZAT[,K - .
AEHXU ATr ks DNVAT, () dx 5/{; /REHX(E,X)HMG‘%(X) + Vs (x)|dx ds
ZAT;',K _
+/ Y (0O)E[| X (s, 0)|]ds. (6.51)
0

Proof By Proposition 5.3, Lemma 6.3, Lemma 6.10 and sending n — oo after apply-
ing Fatou’s lemma to exchange limiting and the integral, we get

/ E[X( A Ty g ) [1Wenry , () dx

n—oo

/R lim inf Elgy (Xon7, ¢ @ DIWyn (1) dx

n— oo

< lim inf /R Eln ((Xinty 2 DNIWinaze , (x) dx
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[ATY[( _ .
gE[/ ¢ /|X(s,x)|(A9\I/S(x)+‘-Ils(x))dxds:|
0 R
[/\T[_K .
-HE[/ \IJS(O)lX(s,O)ldsi|. (6.52)
0

Applying Fubini’s theorem then yields (6.51). O

7 Step 5: Removing the auxiliary localizations

We want to construct appropriate test functions ¥ € Cgo([O, t], R) for some fixed
t € [0, T']. They will be of the form

Yy m (s, x) = (Si—spm (x))gn (x) (7.1)

for N, M € N, where (S,)uefo0,7] denotes the semigroup generated by Ay and we
specify the sequences of functions ¢y, gn € C3°(R) in the following.

With the sequence (¢py)men We want to approximate the Dirac distribution
around 0. To that end, we define

2.2
¢M(X) ‘= Me M*x ]1{‘)('5%} +SM(X)9 M > 2»

where the function sy (x) extends smoothly to zero outside the ball B(1, ﬁ) such
that lim s o ¢ar (x) = So(x) pointwise.

Moreover, let (gn)ven be a sequence of functions in Cgo (R) such that gy : R —
[0, 1],

B(O,N)C{xeR: gy(x)=1}, BO,N+1D cC{xeR: gnx) =0}
and

sup [ 11618l (¥ lloo + | 808w (V) | = € < 00. (72)
NeN

We simplify the term on the right-hand side of (6.52) in the next corollary.

Corollary 7.1 With Wy a constructed in (7.1), one has that

AgWn m (s, x) + Wy (s, x)

d 0
= d4afx| " (= Simstm () (-av (@) + Smsdu () Bogn ). (73)

Proof Recall, that, by the definition of the semigroup (S;);c[0,77 in (4.9) and using the
fundamental solution of (4.1), we get

a
ApSip(x) = 55@()6), 1€[0,T],
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for all ¢ € C3°(R). Therefore, the second term on the left-hand side of (7.3) equals

. a
Wy (5. 2) = N () 5 (Si—smr ()
= —eN (A4 (Si—sdu ()
d
= —2agn ()2 (1610 2 (Si-su ()
d 92
= 20w 117) (5 Smsom ) — 22y @Il (3 Simsom ). )
(7.4)

For the first term on the left-hand side of (7.3), we calculate

AgWn M (s, x)
=2a2%<|x|_9%‘PN,M(S,X))
= 2a?}x| - " o (smsoutsn ) + 222 (L) (- pugn )
2
= 4|~ 9(—& 00 0) (8w () + 26151 () (5 8- s ()

2

- 0
+ 265l (Si-sm (0)) (55 8v ()
0 a
20 (o 1xl ™) (5= S (@) ) an ()
a
262 () (S om @) (5-gn (). 7.5)
Hence, adding up (7.4) and (7.5), we obtain

AgWn m (s, x) + Wy p(s, x)
2

= 4l (-5 spm ) (8x 0) + 20261 (510w ) (578w )
+2a2(3—|x|— )(Si-som ) (2-an ()
= 4l (S5m0 (588 ) + S s () Bngy ).

O

With these observations, we want to show that the semigroup (S;);c[0,7] can be
exponentially bounded in the following way.

Lemma?7.2 Forany ¢ € C°(R), t € [0, T] and for any % > 0, there is a constant
Ci.¢,r > 0 such that

d _
Sip(x) + a—x(5z¢(x)) Linsisixs>n) < Cogce My 1= =)
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forany N > 1 and x € R.

Proof Fort = 0, the statement is trivial due to So¢ (x) + %(Soqﬁ(x)) =¢p(x)+¢'(x),
which is bounded with compact support. Thus, we fix + > 0 and consider the first
summand without the derivative. We use the inequality

b\" a4v4 b\t
Iv(b)<<-> e”a<—f> I(a), O<a<b,v>—1, (7.6
a b+v+§

0 0
from [16, Theorem 2.1 (ii)], with @ = 22 and b = 22L"2 guch that b > a due
to |[x| > N > 1. By the bound on plg (x,y) from Corollary 4.9, due to the compact
support of ¢, which we denote by Sy, and using (7.6), we get

2 0 (1 9) |X|2+9 |V‘2+0 l+
S )</ e A (&)w ) dy

1+9 1+4 142
2406 aA+6) _ x40 4y 2H0 0y ol "2 2 2
§C¢/ (2 )\XYI e 2 P27 1, (2 dy

0
240)  (+) _124042H0 I+3 gy _ 120
< C¢( 2+0) yl 7 e 2 IV(%) dy)‘x‘(\)+l)(l+2)e 27

[
1+%
w eo(xl T2 =D

[
- c¢</ pia, y)dy)\xﬁ”“)(“%)e* VIR S P
R
< Crgue MM, (7.7)
. : gy =1t +5 . .
since the function x > |x|TDU+2), +C¢(‘x| 2 =D+ attains a maximum
on R for all ¢4 > 0.
1+§
For the second summand, we substitute z = B2 guch that - = y|xy| 5L ,
t ax 82

apply the product rule and 38—sz () = %IV (2) + L+1(2) (see [24, page 67]) to get, for
[x] > 1,

2
(2+9) o) P2 eyt
—(sﬂp(x))_ i ol e (e )e0)dy

2t
2+6) 9 ) 1+ 0 \x\2+9+\w2+9
= 2 (1ay1 52 2y|xy|2 1,@@) )p(y) dy
2t R 02
2+6) d 46) 1+4 0 _ x204y2H0
= (*(\ Y 7y|xyl e % 1,(z)
R \ 0z
1+2 o _ P04y g
+|xy| ylxy|2e % E(I”(Z)) ¢ (y)dy
(2+.9) <1+9 O=1 _ |2 H0 420
——ylxy| 2 e 2t
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246 140 204y 20 |xy|
= "y e 2z o dy

2t
(2+9) < (1+9) 1+94 ¢, POy 240

Zylxyl x

0
t |xy\‘+f eyl T2
<u T 1u< : )+1u+1< t ))>¢<y>dy

lxyl

a+6) _ 2041y 240
scf,qs/S byl 2 e
o

[
g B aa e xy|' T2
N 5 )u('y't )dy

0 [
a+8) _ P04y bey| 12 B
+/ <|xy\ 2 e 21 Ly —— |+ L1 dy
Sp ! !
6
50 POy 2t eyl t2 |x yl1+2
< Ct ¢/ |x|1+9|xy| 2t <]V(7) + [U+] (7))) dy,

(7.8)

where Sy := {y € R: ¢(y) # 0}. The integrands in (7.8) vanish for y = 0 by the
definition of I, in (4.16) with v = ﬁ -1 < #. If we thus show that, for any
v > —1, there is a constant C,, > 0 such that

1,(2) + Iy41(2) < Cyp (2" 4+ 2712)ef (7.9

holds for all z > 0, then the statement will follow, since, similar as in (7.7), all the x-
\X\2+9

polynomials in (7.8) and the Bessel function terms are dominated by the terme™ 2
and the y terms can be bounded using the compact support of ¢.
To get (7.9), we use the equality (see [21, (5.7.9), page 110])

L(2) =2+ DIy (2) + 1h42(2), (7.10)

and, since v + 1,v +2 > —%, we can then apply the following inequality from [22,
(6.25), page 63], for x > 0:

e +er /x)’ e~ x\”
L(x) < ——=) <——=) . (7.11)
2w+ 1)\ 2 Frwv+1)\2
(7.10) and (7.11) yield, as I'(x) > 0 for x > 0, that

3
I,(z) + Iv+] (z) = 2(‘) + E)Iv+l(1) + Iu+2(Z)

3 et 2\ el 2\
<2< * )F(v+2)< ) +r<v+3)<5>

< Cy(2" T +2"12)ef,
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which proves (7.9). O

Proposition 7.3 It holds that
~ t ~
lE[IX(t,O)I]S/ (t —s)"“E[|X(s,0)[1ds, t€]0,T].
0

Proof First, to apply Proposition 6.11, we need to show that Wy s defined in (7.1) ful-
fills Assumption 5.2. Wy y € C2([0, T] x R) and the conditions Wy m(s,0) > Oand
I'(t) € B(0, J(t)) for some J(¢) > O follow by construction. Moreover, Lemma 7.2
directly yields that the last property holds:

9 2
/ |x|9(—wN,M(s, x)) dx
R ox

which is clearly finite as & < 1. Hence, Assumption 5.2 holds.

Thus, Proposition 6.11 holds and plugging (7.1) into (6.51), sending K — oo such
that 7z ¢ — T by Corollary 6.8 and using Corollary 7.1, (7.2) and Lemma 7.2, we
get

sup
s<t

EC/ |x|79e72)‘|x|dx,
R

/R E[X(t, )1y (g (x) dx

t ~
5/ /E[\X(S,X)I]
0 Jr

t
+/0 Wy (s, OE[IX (s, 0)]1ds

il il
4 x| (= Si—s b (0) (5283 () + Si—s by (1) Bagn ()| d ds

i _ 9

§/0 'AQE[‘X(svx)”(gst—s‘pM(x))+St—s¢M(x)|]1{N+l>|x|>N}dXdS
t ~

+/0 Wy (s, OE[IX (5, 0)[]ds

t t
5/0 /RE[p?(s,x)|]e**|X‘1{N+l>‘x‘>N,dxds+/0 Wy (s, OE[|X (s, 0)[]ds. (7.12)

We want to send N, M — oo. By Proposition 4.6 (i) we get that

' _ N+1
/ / E[|X (s, x)|]e_Mx|]l{N+1>|x\>N}dx ds < t/ e ™dx > 0 as N — oo.
0 JR N

Moreover, we get

t t -
/0 Wy (s, OE[|X (s, 0)[]ds = fo (Si—spm(0))gn (X)E[ X (s, 0[] ds
t ~
= fo ( /R p?_s(y,0>¢M<y>dy)E[|X<s,0)|]ds

M—o00

i
- /P?—X(O)E[@(S,O)I]ds as M — oo,
0
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which gives

t _ t _
/0\IIN,M(S,O)IE[lX(s,O)l]ds:c(;/O (t —s)"*E[|X (s, 0)[]ds.

Hence, sending N, M — oo in (7.12) yields

t
E[%(, 0)] sf (1 — ) “E[|X(s. 0)[1ds.
0
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