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Abstract
In this paper, we investigate the long-term dynamics of fractional stochastic delay
reaction-diffusion equations on unbounded domains with a polynomial drift term of
arbitrary order driven by nonlinear noise. We first define a mean random dynamical
system in a Hilbert space for the solutions of the equation and prove the existence and
uniqueness of weak pullback mean random attractors. We then establish the existence
and regularity of invariant measures of the system under further conditions on the
nonlinear delay and diffusion terms. We also prove the tightness of the set of all
invariant measures of the equation when the time delay varies in a bounded interval.
We finally show that every limit of a sequence of invariant measures of the delay
equation must be an invariant measure of the limiting system as delay approaches
zero. The uniform tail-estimates and the Ascoli–Arzelà theorem are used to derive the
tightness of distribution laws of solutions in order to overcome the non-compactness
of Sobolev embeddings on unbounded domains.

Keywords Fractional equation · Stochastic equation · Time delay · Invariant
measure · Tightness · Weak mean attractor

Mathematics Subject Classification 37L40 · 37L55 · 60H15 · 35B40

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2 Mean random dynamical systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3 Weak pullback mean random attractors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

B Bixiang Wang
bwang@nmt.edu

Zhang Chen
zchen@sdu.edu.cn

1 School of Mathematics, Shandong University, Jinan 250100, China

2 Department of Mathematics, New Mexico Institute of Mining and Technology, Socorro, NM 87801,
USA

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s40072-024-00334-z&domain=pdf


Stochastics and Partial Differential Equations: Analysis and Computations

4 Existence of invariant measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.1 Uniform estimates of solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.2 Regularity of solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.3 Existence of invariant measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5 Regularity of invariant measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6 Tightness of the set of invariant measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
7 Limits of invariant measures with respect to delay parameter . . . . . . . . . . . . . . . . . . . . . .
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1 Introduction

This paper is concerned with the long-term dynamics of the fractional stochastic delay
reaction-diffusion equation with a polynomial drift term defined on Rn :

du(t) + (−�)αu(t)dt + λu(t)dt + F(t, x, u(t))dt

= G(t, u(t − ρ))dt + σ(t, u(t))dW (t), t > τ, (1.1)

with initial data

u(τ + s) = ϕ(s), s ∈ [−ρ, 0], (1.2)

where (−�)α withα ∈ (0, 1) is the fractional Laplace operator,λ is a positive constant,
ρ ∈ [0, 1] is a time delay parameter, F, G and σ are nonlinear functions, and W is
a two-sided cylindrical Wiener process in a Hilbert space U defined on a complete
filtered probability space (�,F , {Ft }t∈R,P).

We will investigate mean random attractors and invariant measures of (1.1)–(1.2)
under certain conditions on the nonlinear drift term F , delay term G and diffusion term
σ . Indeed, in the non-autonomous case, we will prove the existence and uniqueness
of weak mean random attractors for the dynamical system associated with (1.1)–(1.2)
in L2(�,F ; L2(Rn)) × L2

(
�,F ; L2((−ρ, 0), L2(Rn))

)
when F is a polynomial

nonlinearity of arbitrary order, G and σ are locally Lipschitz continuous. Notice that
the diffusion coefficient σ of white noise in (1.1) is nonlinear, and hence the pathwise
random attractors theory does not apply to (1.1)–(1.2). That is why we study the
weak mean random attractors instead of pathwise random attractors in this paper.
Nevertheless, we remark that the pathwise random attractors theory is very effective
for dealing with stochastic equations driven by linear white noise, see, e.g., [1–9] and
the references therein.

On the other hand, because the weak mean random attractors theory is built up
on reflexive Banach spaces [10–12] and C([−ρ, 0]; L2(Rn)) of continuous func-
tions from [−ρ, 0] to L2(Rn) is not reflexive, we need to choose the Hilbert
space L2(�,F ; L2(Rn)) × L2

(
�,F ; L2((−ρ, 0), L2(Rn))

)
rather than the space

L2
(
�,F ; C([−ρ, 0], L2(Rn))

)
as a phase space for studyingmean random attractors

of (1.1)–(1.2), though the space C([−ρ, 0]; L2(Rn)) is often chosen as a phase space
for pathwise random attractors.

The main goal of this paper is to investigate the existence and the limiting behavior
of invariant measures of the autonomous version of (1.1)–(1.2) in the product space
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L2(Rn) × L2((−ρ, 0), L2(Rn)) when the delay ρ varies over a bounded interval.
The concept of invariant measure is an important tool for understanding the asymp-
totic behavior of stochastic systems from the point of statistical dynamics view. For
instance, the existence of such invariantmeasures has been studied in [13–16] for finite-
dimensional stochastic delay systems in R

n , and in [17–19] for infinite-dimensional
stochastic delay lattice systems in l2.

When F ≡ 0, G and σ are globally Lipschitz continuous, the existence of invariant
measures of (1.1)–(1.2) in C([−ρ, 0], L2(Rn)) was recently investigated in [20]. In
the present paper, we will deal with the case where F has a polynomial growth rate
of arbitrary order. The polynomial nonlinearity of F introduces an essential difficulty
for establishing the tightness of distribution laws of a family of solutions in L2(Rn)×
L2((−ρ, 0), L2(Rn)). Indeed, in this case, we have to derive the uniform estimates of
solutions in Lr (�, Lr (Rn)) for sufficiently large r (see Lemma 4.6). We will employ
the Ito formula for the norm of solutions in the space Lr (Rn) as given in [21] to derive
such uniform estimates. Furthermore, we need to establish the regularity of solutions
in L2(�, Hα(Rn)) for initial data in L2(�, L2(Rn)) × L2(�, L2(−ρ, 0), L2(Rn))

(see Lemma 4.7) as well as the regularity in Lr0(�, Hα(Rn)) for initial data
in Lr0(�, Hα(Rn)) × Lr0(�, Lr0(−ρ, 0), Hα(Rn)) for some appropriate r0 > 1
depending on the nonlinear terms in (1.1) (see Lemma 4.9). All these uniform esti-
mates will be used to prove the Hölder continuity of solutions in time in the space
Lr0(�, L2(Rn)) (see Lemma 4.10), which will be further used to obtain the pathwise
equicontinuity of solutions in time based on the Kolmogorov theorem.

Note that the stochastic equation (1.1) is defined on the unbounded domainRn , and
hence the standard Sobolev embeddings are non-compact. This introduces another
major difficulty for proving the tightness of distribution laws of a set of solutions
in L2(Rn) × L2((−ρ, 0), L2(Rn)). We will overcome this difficulty by the idea of
uniform tail-estimates of solutions outside a sufficiently large ball in R

n . More pre-
cisely, we will first show the uniform smallness of solutions for large space variables
(see Lemma 4.4), and then apply the compactness of Sobolev embeddings in bounded
domains as well as the pathwise equicontinuity of solutions to establish the tightness
of distribution laws of solutions (see Lemma 4.12). The tightness of distributions
of solutions immediately yields the existence of invariant measures of (1.1)–(1.2) in
L2(Rn)×L2((−ρ, 0), L2(Rn))by theKrylov-Bogolyubovmethod (seeTheorem4.1).
For existence of invariant measures of stochastic PDEs without delay in unbounded
domains, we refer the reader to [22–30] for more details.

Based on the existence of invariant measures, we will further investigate the limits
of a family of invariant measures of (1.1)–(1.2) in L2(Rn) × L2((−ρ, 0), L2(Rn)) as
the delay ρ → ρ0 ∈ [0, 1). To that end, we need to establish the regularity of invariant
measures of (1.1)–(1.2) in Hα(Rn)×L∞((−ρ, 0), Hα(Rn)) (seeTheorem5.1),which
means that every invariant measure of (1.1)–(1.2) in L2(Rn) × L2((−ρ, 0), L2(Rn))

is supported by Hα(Rn)× L∞((−ρ, 0), Hα(Rn)). We then prove the tightness of the
collection of all invariant measures of (1.1)–(1.2) as ρ varies on the interval [0, 1] by
using the regularity of invariant measures as well as the uniform estimates of solutions
with respect to ρ ∈ [0, 1] (see Theorem 6.1). We finally prove that every limit of a
family of invariant measures of (1.1)–(1.2) as ρ → ρ0 ∈ [0, 1) must be an invariant
measure of the corresponding limiting system (see Theorem 7.2). For the limits of
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invariant measures of stochastic PDEs without delay as the noise intensity approaches
zero, the reader is referred to [31] and [32] for bounded and unbounded domains,
respectively.

This paper is organized as follows. In Sect. 2, we prove the existence and
uniqueness of solutions and define a mean random dynamical system. Section3
is devoted to the existence and uniqueness of weak mean random attractors in
L2(�,F ; L2(Rn))× L2

(
�,F ; L2((−ρ, 0), L2(Rn))

)
. In Sect. 4, we derive all nec-

essary uniform estimates of solutions and prove the existence of invariant measures
in L2(Rn) × L2((−ρ, 0), L2(Rn)). Sections5 and 6 are devoted to the regularity of
invariant measures and the tightness of the collection of all invariant measures of
(1.1)–(1.2) when ρ varies on [0, 1], respectively. In the last section, we show every
limit of a family of invariant measures of (1.1)–(1.2) as ρ → ρ0 ∈ [0, 1) must be an
invariant measure of the limiting system.

Throughout this paper,wewrite Hρ = L2(Rn)×L2((−ρ, 0), L2(Rn)) ifρ ∈ (0, 1],
and Hρ = L2(Rn) if ρ = 0. For convenience, we also denote L2(Rn) by H with inner
product (·, ·) and norm and ‖ · ‖. If u(t), t > τ −ρ, is an H -valued stochastic process,
then for every t � τ , define ut : (−ρ, 0) → L2(Rn) by ut (s) = u(t + s),∀s ∈
(−ρ, 0). Given aBanach space Z , we use L2(�,F ; Z) for the space of all stronglyF -
measurable square-integrable Z -valued random variables. The notation L2(�,Ft ; Z)

with t ∈ Rwill be understood similarly.We also useL2(U , H) for the space ofHilbert-
Schmidt operators from a separable Hilbert space U to H with norm ‖ · ‖L2(U ,H).

2 Mean random dynamical systems

In this section, we prove the existence and uniqueness of solutions of (1.1)–(1.2) and
define a mean random dynamical system based on the solution operators. For that
purpose, we first discuss the assumptions on the nonlinear functions in (1.1).
(F1). F : R × R

n × R → R is continuous and F(·, ·, 0) ∈ L2
loc(R, L2(Rn)) and

F(t, x, u)u � λ1|u|p − ψ1(t, x), (2.1)

|F(t, x, u)| � ψ2(t, x)|u|p−1 + ψ3(t, x), (2.2)
∂ F(t, x, u)

∂u
� −ψ4(t, x), (2.3)

where λ1 > 0 and p > 2 are constants, ψ1 ∈ L1
loc(R, L1(Rn)), ψ2 ∈ L∞

loc(R,

L∞(Rn)), ψ3 ∈ Lq
loc(R, Lq(Rn)) and ψ4 ∈ L∞

loc(R, L∞(Rn)) ∩ L
2q
2−q
loc (R, L

2q
2−q (Rn))

with 1
p + 1

q = 1.
(F2). F(t, x, u) is locally Lipschitz continuous in u uniformly with respect to t ∈ R

and x ∈ R
n ; that is, for any bounded interval I , there exists a constant C F

I > 0 such
that

|F(t, x, u1) − F(t, x, u2)| � C F
I |u1 − u2|, ∀ t ∈ R, x ∈ R

n, u1, u2 ∈ I . (2.4)
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(G1). G : R × H → H is continuous such that

‖G(t, u)‖ � ‖h(t)‖ + a‖u‖, ∀ t ∈ R, u ∈ H , (2.5)

where a > 0 is a constant and h ∈ L2
loc(R, H).

(G2). G(t, u) is locally Lipschitz continuous in u ∈ H uniformly with respect to
t ∈ R; that is, for any r > 0, there exists a constant CG

r > 0 such that

‖G(t, u1) − G(t, u2)‖ � CG
r ‖u1 − u2‖, ∀ t ∈ R, ‖u1‖ � r , ‖u2‖ � r . (2.6)

For the diffusion coefficients of noise, we assume that σ : R× H → L2(U , H) is
continuous and
(�1). σ(t, u) is locally Lipschitz continuous in u ∈ H uniformly with respect to
t ∈ R; that is, for every r > 0, there exists a constant Cσ

r > 0 such that

‖σ(t, u1) − σ(t, u2)‖L2(U ,H) � Cσ
r ‖u1 − u2‖, ∀ t ∈ R, ‖u1‖ � r , ‖u2‖ � r .

(2.7)

(�2). σ(t, u) grows linearly in u ∈ H uniformly for t ∈ R; that is, there exists a
constant L > 0 such that for all (t, u) ∈ R × H ,

‖σ(t, u)‖L2(U ,H) � L(1 + ‖u‖). (2.8)

Recall that for α ∈ (0, 1), the Hilbert space Hα(Rn) is defined by

Hα(Rn) =
{

u ∈ L2(Rn) :
∫

Rn

∫

Rn

|u(x) − u(y)|2
|x − y|n+2α dxdy < ∞

}
,

with inner product

(u, v)Hα(Rn) =
∫

Rn
u(x)v(x)dx

+
∫

Rn

∫

Rn

(u(x) − u(y))(v(x) − v(y))

|x − y|n+2α dxdy, ∀ u, v ∈ Hα(Rn),

and norm ‖u‖Hα(Rn) = (u, u)
1
2
Hα(Rn)

for u ∈ Hα(Rn). Note that for all u ∈ Hα(Rn),

‖u‖Hα(Rn) =
(

‖u‖2 + 2

C(n, α)
‖(−�)

α
2 u‖2

) 1
2

,

where C(n, α) = α4α�( n+2α
2 )

π
n
2 �(1−α)

and (−�)α is the fractional Laplace operator given by

(see, e.g., [33]):

(−�)αu(x) = −1

2
C(n, α)

∫

Rn

u(x + y) + u(x − y) − 2u(x)

|y|n+2α dy, x ∈ R
n .
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For convenience, we write V = Hα(Rn) with inner product (·, ·)V and norm ‖ · ‖V .
A solution of problem (1.1)–(1.2) will be understood in the following sense.

Definition 2.1 Suppose u0 ∈ L2(�,Fτ ; H) and ϕ ∈ L2
(
�,Fτ ; L2((−ρ, 0), H)

)
.

Then an H -valued stochastic process u(t), t ≥ τ − ρ, is called a weak solution of
problem (1.1)–(1.2) in the sense of PDEs if

(i) u ∈ L2
(
�,Fτ ; L2((τ − ρ, τ), H)

)
and uτ = ϕ.

(ii) u is pathwise continuous on [τ,∞), and Ft -adapted for all t � τ , u(τ ) = u0,
and u ∈ L2

(
�, C([τ, τ +T ], H)

)∩L2
(
�, L2(τ, τ +T ; V )

)∩L p
(
�, L p(τ, τ +

T ; L p(Rn))
)
for all T > 0.

(iii) For all t � τ and ξ ∈ V ∩ L p(Rn),

(u(t), ξ) +
∫ t

τ

(
(−�)

α
2 u(s), (−�)

α
2 ξ
)
ds + λ

∫ t

τ

(
u(s), ξ

)
ds

+
∫ t

τ

∫

Rn
F(s, x, u(s))ξdxds

= (
u0, ξ

)+
∫ t

0

(
G(s, u(s − ρ)), ξ

)
ds +

∫ t

0

(
ξ, σ (s, u(s))dW (s)

)
, P-almost surely.

Next, we show the existence and uniqueness of solutions of problem (1.1)–(1.2).

Theorem 2.2 Suppose (F1)-(F2), (G1)-(G2) and (�1)-(�2) hold. Then for any u0 ∈
L2(�,Fτ ; H) and ϕ ∈ L2

(
�,Fτ ; L2((−ρ, 0), H)

)
, problem (1.1)–(1.2) has a

unique solution u in the sense of Definition 2.1. Moreover, for any T > 0,

E

(
‖u‖2C([τ,τ+T ],H)

)
+ E

(
‖u‖2L2(τ,τ+T ;V )

)
+ E

(
‖u‖p

L p(τ,τ+T ;L p(Rn))

)

� M

[
E
(‖u0‖2)+

∫ 0

−ρ

E
(‖ϕ(s)‖2) ds + T +

∫ τ+T

τ

(‖ψ1(s)‖L1(Rn) + ‖h(s)‖2) ds

]
eMT ,

(2.9)

where M is a positive constant independent of u0, ϕ, ρ, τ and T .

Proof We first show the existence of solutions on [τ, τ +ρ]. By (G1) we have for any
ϕ ∈ L2

(
�,Fτ ; L2((−ρ, 0), H)

)
,

∫ τ+ρ

τ

E
(‖G(t, u(t − ρ))‖2) dt =

∫ τ+ρ

τ

E
(‖G(t, ϕ(t − ρ − τ))‖2) dt

� 2
∫ τ+ρ

τ

‖h(t)‖2dt + 2a2
∫ 0

−ρ

E
(‖ϕ(s)‖2) ds < ∞. (2.10)

In terms of (2.10), (1.1)–(1.2) on [τ, τ + ρ] is equivalent to the following system
without delay:

⎧
⎪⎨

⎪⎩

du(t) + (−�)αu(t)dt + λu(t)dt + F(t, ·, u(t))dt

= G(t, ϕ(t − ρ − τ))dt + σ(t, u(t))dW (t), t ∈ (τ, τ + ρ],
u(τ ) = u0.

(2.11)
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Then by Theorem 6.3 in [25], under conditions (F1)-(F2), (G1)-(G2) and (�1)-
(�2), problem (2.11) has a unique solution u defined on [τ, τ + ρ] such that u ∈
L2
(
�, C([τ, τ +ρ], H)

)∩ L2
(
�, L2(τ, τ +ρ; V )

)∩ L p
(
�, L p(τ, τ +ρ; L p(Rn))

)
.

Repeating this argument, one can extend the solution u to the interval [τ,∞) such
that u ∈ L2

(
�, C([τ, τ + T ], H)

) ∩ L2
(
�, L2(τ, τ + T ; V )

) ∩ L p
(
�, L p(τ, τ +

T ; L p(Rn))
)
for any T > 0.

Next, we derive the uniform estimates of solutions. Applying Ito’s formula to (1.1),
we obtain

‖u(t)‖2 + 2
∫ t

τ

‖(−�)
α
2 u(s)‖2ds + 2λ

∫ t

τ

‖u(s)‖2ds + 2
∫ t

τ

∫

Rn
F(s, x, u(s))u(s)dxds

= ‖u(τ )‖2 + 2
∫ t

τ

(
G(s, u(s − ρ)), u(s)

)
ds +

∫ t

τ

‖σ(s, u(s))‖2L2(U ,H)ds

+ 2
∫ t

τ

(
u(s), σ (s, u(s))dW (s)

)
. (2.12)

For the fourth term on the left-hand side of (2.12), by (2.1), we have

2
∫ t

τ

∫

Rn
F(s, x, u(s))u(s)dxds � 2λ1

∫ t

τ

‖u(s)‖p
L p(Rn)

ds − 2
∫ t

τ

‖ψ1(s)‖L1(Rn)ds.

(2.13)

For the second term on the right-hand side of (2.12), by (G1), we obtain

2
∫ t

τ

(
G(s, u(s − ρ)), u(s)

)
ds

�
(
1 + 2a2

) ∫ t

τ

‖u(s)‖2ds + 2
∫ t

τ

‖h(s)‖2ds + 2a2
∫ 0

−ρ

‖ϕ(s)‖2ds. (2.14)

Then by (2.12)–(2.14), we get

‖u(t)‖2 + 2
∫ t

τ

‖(−�)
α
2 u(s)‖2ds + 2λ1

∫ t

τ

‖u(s)‖p
L p(Rn)

ds

� ‖u(τ )‖2 + 2a2
∫ 0

−ρ

‖ϕ(s)‖2ds + 2
∫ t

τ

‖ψ1(s)‖L1(Rn)ds + (
1 + 2a2 − 2λ

) ∫ t

τ

‖u(s)‖2ds

+ 2
∫ t

τ

‖h(s)‖2ds +
∫ t

τ

‖σ(s, u(s))‖2L2(U ,H)ds + 2
∫ t

τ

(
u(s), σ (s, u(s))dW (s)

)
. (2.15)

By (2.15), we obtain

E

(

sup
τ�r�t

‖u(r)‖2
)

� ‖u(τ )‖2 + 2a2
E

(∫ 0

−ρ

‖ϕ(s)‖2ds

)
+ 2

∫ t

τ

‖ψ1(s)‖L1(Rn)ds
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+ 2
∫ t

τ

‖h(s)‖2ds + (
1 + 2a2)

∫ t

τ

E
(‖u(s)‖2) ds

+ E

(∫ t

τ

‖σ(s, u(s))‖2L2(U ,H)ds

)
+ 2E

(
sup

s∈[τ,t]

∣∣
∣∣

∫ s

τ

(
u(s), σ (s, u(s))dW (s)

)
∣∣
∣∣

)
.

(2.16)

For the last two terms on the right-hand side of (2.16), by (�2) and Burkholder-
Davis-Gundy’s inequality, we have

E

(∫ t

τ

‖σ(s, u(s))‖2L2(U ,H)ds

)
+ 2E

(
sup

s∈[τ,t]

∣∣
∣∣

∫ s

τ

(
u(s), σ (s, u(s))dW (s)

)
∣∣
∣∣

)

� 1

2
E

(

sup
τ�s�t

‖u(s)‖2
)

+ (1 + 2c2)E

(∫ t

τ

‖σ(s, u(s))‖2L2(U ,H)ds

)

� 1

2
E

(

sup
τ�s�t

‖u(s)‖2
)

+ 2(1 + 2c2)L2T + 2(1 + 2c2)L2
∫ t

τ

E

(
‖u(s)‖2

)
ds,

(2.17)

where c is the positive constant in Burkholder–Davis–Gundy’s inequality.
Then by (2.16)–(2.17), we obtain

E

(

sup
τ�r�t

‖u(r)‖2
)

� 2E
(
‖u0‖2

)
+ 4a2

E

(∫ 0

−ρ

‖ϕ(s)‖2ds

)

+ 4
∫ t

τ

‖ψ1(s)‖L1(Rn)ds

+ 4
∫ t

τ

‖h(s)‖2ds + 4(1 + 2c2)L2T

+ 2
[(

1 + 2a2
)

+ 2(1 + 2c2)L2
] ∫ t

τ

E

[

sup
τ�r�s

‖u(r)‖2
]

ds.

(2.18)

From (2.18) and Gronwall’s inequality, it follows that for all t ∈ [τ, τ + T ] with
T > 0,

E

(

sup
τ�r�t

‖u(r)‖2
)

�
{
2E
(
‖u0‖2

)
+ 4a2

E

(∫ 0

−ρ

‖ϕ(s)‖2ds

)

+ 4
∫ τ+T

τ

‖ψ1(s)‖L1(Rn)ds + 4
∫ τ+T

τ

‖h(s)‖2ds

+ 4(1 + 2c2)L2T

}
e
[
2
(
1+2a2

)+4(1+2c2)L2
]
(t−τ)

,

which together with (2.15) concludes the proof. ��
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Now, for all τ ∈ R and t ∈ R
+, let �(t, τ ) be a mapping from L2(�,Fτ ; H) ×

L2
(
�,Fτ ; L2((−ρ, 0), H)

)
to L2(�,Ft+τ ; H) × L2

(
�,Ft+τ ; L2((−ρ, 0), H)

)

given by

�(t, τ )(u0, ϕ) =
(

u(t + τ ; τ, u0, ϕ), ut+τ (·; τ, u0, ϕ)
)

,

for all (u0, ϕ) ∈ L2(�,Fτ ; H)× L2
(
�,Fτ ; L2((−ρ, 0), H)

)
, where u(t; τ, u0, ϕ)

is the solution of (1.1) with initial data u0 and ϕ, and ut+τ (θ; τ, u0, ϕ) = u(t + τ +
θ; τ, u0, ϕ) for θ ∈ (−ρ, 0). Then, we find that� is a mean random dynamical system
on

L2(�,F ; H) × L2
(
�,F ; L2((−ρ, 0), H)

)

over the filtration {Ft }t∈R.
In what follows, we investigate the existence and uniqueness of weak mean random

attractors of (1.1).

3 Weak pullbackmean random attractors

In this section, we study weak pullback mean random attractors of (1.1). For simplic-
ity, for every τ ∈ R, we set Hτ = L2(�,Fτ ; H) × L2

(
�,Fτ ; L2((−ρ, 0), H)

)
.

Then Hτ is a Hilbert space with inner product
(
(u0, ϕ), (v0, ψ)

)
Hτ

= E
(
u0, v0

) +
E

( ∫ 0
−ρ (ϕ(s), ψ(s)) ds

)
andnorm‖(u0, ϕ)‖Hτ

=
(
E(‖u0‖2)+∫ 0

−ρ
E
(‖ϕ(s)‖2) ds

) 1
2

for (u0, ϕ) and (v0, ψ) ∈ Hτ .
Assume a in (G1) and L in (�2) are sufficiently small in the following sense:

√
2a + L2 < λ. (3.1)

By (3.1), there exists a positive constant μ such that

μ − 2λ + √
2a(1 + eμρ) + 2L2 < 0. (3.2)

Let B = {B(τ ) ⊆ Hτ : τ ∈ R} be a family of nonempty bounded sets such that

lim
τ→−∞ eμτ‖B(τ )‖2Hτ

= 0, (3.3)

where ‖B(τ )‖Hτ
= sup(u0,ϕ)∈B(τ ) ‖(u0, ϕ)‖Hτ

. Denote by

D =
{

B = {B(τ ) ⊆ Hτ : τ ∈ R} : B satisfies (3.3)

}
.
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Wewill show (1.1) has a unique weakD-pullback mean random attractor for which
we further assume that for every τ ∈ R,

∫ τ

−∞
eμ(s−τ)

(
‖ψ1(s)‖L1(Rn) + ‖h(s)‖2

)
ds < ∞, (3.4)

where μ is the positive constant as in (3.2).

Lemma 3.1 Suppose (F1)-+(F2), (G1)–(G2), (�1)–(�2), (3.1) and (3.4) hold. Then
for any τ ∈ R and B = {B(t)}t∈R ∈ D, there exists T = T (τ, B) > ρ such that for
all t � T ,

E

(
‖u(τ ; τ − t, u0, ϕ)‖2

)
+
∫ τ

τ−ρ

E

(
‖u(s; τ − t, u0, ϕ)‖2

)
ds

�
(
1 + ρeμρ

)
[

1 + 2L2

μ
+
∫ τ

−∞
eμ(s−τ)

(

‖ψ1(s)‖L1(Rn) +
√
2

a
‖h(s)‖2

)

ds

]

,

(3.5)

where μ is the same constant as in (3.2) and (u0, ϕ) ∈ B(τ − t).

Proof For any t > 0 and r ∈ (τ − t, τ ], by (2.12) we get

eμr
E
(‖u(r)‖2)+ 2

∫ r

τ−t
eμs

E

(
‖(−�)

α
2 u(s)‖2

)
ds

= eμ(τ−t)
E
(‖u0‖2)+ (μ − 2λ)

∫ r

τ−t
eμs

E
(‖u(s)‖2) ds

− 2
∫ r

τ−t
eμs

E
( ∫

Rn
F(s, x, u(s))u(s)dx

)
ds + 2

∫ r

τ−t
eμs

E
(
G(s, u(s − ρ)), u(s)

)
ds

+
∫ r

τ−t
eμs

E
(‖σ(s, u(s))‖2L2(U ,H)

)
ds. (3.6)

We now estimate the right-hand side of (3.6). For the third term on the right-hand side
of (3.6), by (F1), we obtain

2
∫ r

τ−t
eμs

E

(∫

Rn
F(s, x, u(s))u(s)dx

)
ds

� 2λ1

∫ r

τ−t
eμs

E

(
‖u(s)‖p

L p(Rn)

)
ds − 2

∫ r

τ−t
eμs‖ψ1(s)‖L1(Rn)ds. (3.7)

For the fourth term on the right-hand side of (3.6), by (G1) we have

2
∫ r

τ−t
eμs

E (G(s, u(s − ρ)), u(s)) ds

�
√
2a(1 + eμρ)

∫ r

τ−t
eμs

E
(‖u(s)‖2) ds +

√
2

a

∫ r

τ−t
eμs‖h(s)‖2ds
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+ √
2aeμρeμ(τ−t)

∫ 0

−ρ

eμs
E
(‖ϕ(s)‖2) ds. (3.8)

For the fifth term on the right-hand side of (3.6), by (�2) we get

∫ r

τ−t
eμs

E

(
‖σ(s, u(s))‖2L2(U ,H)

)
ds � 2L2

∫ r

τ−t
eμsds + 2L2

∫ r

τ−t
eμs

E
(‖u(s)‖2) ds.

(3.9)

From (3.6)–(3.9), it follows that for all r ∈ (τ − t, τ ],

E

(
‖u(r; τ − t, u0, ϕ)‖2

)
+ 2

∫ r

τ−t
eμ(s−r)

E

(
‖(−�)

α
2 u(s)‖2

)
ds

+ 2λ1

∫ r

τ−t
eμ(s−r)

E

(
‖u(s)‖p

L p(Rn)

)
ds

� eμ(τ−t−r)
E

(
‖u0‖2

)
+ √

2aeμρeμ(τ−t−r)

∫ 0

−ρ

eμs
E

(
‖ϕ(s)‖2

)
ds

+ 2
∫ r

τ−t
eμ(s−r)‖ψ1(s)‖L1(Rn)ds +

√
2

a

∫ r

τ−t
eμ(s−r)‖h(s)‖2ds + 2L2

μ

+
[
μ − 2λ + √

2a(1 + eμρ) + 2L2
] ∫ r

τ−t
eμ(s−r)

E

(
‖u(s)‖2

)
ds. (3.10)

By (3.2) and (3.10) we find

E

(
‖u(τ ; τ − t, u0, ϕ)‖2

)
+ 2

∫ τ

τ−t
eμ(s−τ)

E

(
‖(−�)

α
2 u(s)‖2

)
ds

+ 2λ1

∫ τ

τ−t
eμ(s−τ)

E

(
‖u(s)‖p

L p(Rn)

)
ds

� e−μt
E

(
‖u0‖2

)
+ √

2aeμ(ρ−t)
∫ 0

−ρ

E

(
‖ϕ(s)‖2

)
ds + 2L2

μ

+ 2
∫ τ

τ−t
eμ(s−τ)‖ψ1(s)‖L1(Rn)ds +

√
2

a

∫ τ

τ−t
eμ(s−τ)‖h(s)‖2ds, (3.11)

and for t � ρ,

sup
τ−ρ�r�τ

E

(
‖u(r; τ − t, u0, ϕ)‖2

)

� eμ(ρ−t)
E

(
‖u0‖2

)
+ √

2aeμ(2ρ−t)
∫ 0

−ρ

E

(
‖ϕ(s)‖2

)
ds + 2L2

μ

+ 2eμρ

∫ τ

τ−t
eμ(s−τ)‖ψ1(s)‖L1(Rn)ds +

√
2

a
eμρ

∫ τ

τ−t
eμ(s−τ)‖h(s)‖2ds.

(3.12)
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From (3.11) and (3.12), we obtain that for t � ρ,

E

(
‖u(τ ; τ − t, u0, ϕ)‖2

)
+
∫ τ

τ−ρ

E

(
‖u(s; τ − t, u0, ϕ)‖2

)
ds

�
(
1 + ρeμρ

) [
e−μt

E

(
‖u0‖2

)
+ √

2aeμ(ρ−t)
∫ 0

−ρ

E

(
‖ϕ(s)‖2

)
ds

+ 2
∫ τ

τ−t
eμ(s−τ)‖ψ1(s)‖L1(Rn)ds +

√
2

a

∫ τ

τ−t
eμ(s−τ)‖h(s)‖2ds + 2L2

μ

]
.

(3.13)

For the first two terms on the right-hand side of (3.13), by (u0, ϕ) ∈ B(τ − t) we
obtain

e−μt
E

(
‖u0‖2

)
+ √

2aeμ(ρ−t)
∫ 0

−ρ

E

(
‖ϕ(s)‖2

)
ds

� (e−μτ + √
2aeμ(ρ−τ))eμ(τ−t)‖B(τ − t)‖2 → 0, as t → ∞,

and hence there exists T = T (τ, B) � ρ such that for all t � T ,

E
(‖u(τ ; τ − t, u0, ϕ)‖2)+

∫ τ

τ−ρ

E
(‖u(s; τ − t, u0, ϕ)‖2) ds

�
(
1 + ρeμρ

) [
1 + 2L2

μ
+ 2

∫ τ

−∞
eμ(s−τ)‖ψ1(s)‖L1(Rn)ds +

√
2

a

∫ τ

−∞
eμ(s−τ)‖h(s)‖2ds

]
,

as desired. ��
In order to prove the existence and uniqueness of weak pullback mean random

attractor, we need the following result (see Theorem 2.13 in [11]), which is given here
for convenience.

Theorem 3.1 ([11]) Suppose X is a reflexive Banach space and p ∈ (1,∞). Let D0
be an inclusion-closed collection of some families of nonempty bounded subsets of
L p(�,F ; X) and � be a mean random dynamical system on L p(�,F ; X) over
(�,F , {Ft }t∈R,P). If � has a weakly compact D0-pullback absorbing set K ∈ D0
on L p(�,F ; X) over (�,F , {Ft }t∈R,P), then � has a unique weak D0-pullback
mean random attractor A ∈ D0 on L p(�,F ; X) over (�,F , {Ft }t∈R,P), which is
given by, for each τ ∈ R,

A(τ ) = �w(K , τ ) =
⋂

r�0

⋃

t�r

�(t, τ − t)(K (τ − t))
w

where the closure is taken with respect to the weak topology of L p(�,Fτ ; X).

We are now in a position to present the main result of this section.
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Theorem 3.2 Suppose (F1)–(F2), (G1)–(G2), (�1)–(�2), (3.1) and (3.4) hold. Then
the mean random dynamical system � associated with (1.1) has a unique weak D-
pullback mean random attractor A = {A(τ ) : τ ∈ R} ∈ D in L2(�,F ; H) ×
L2
(
�,F ; L2((−ρ, 0), H)

)
, that is:

(i) A(τ ) is weakly compact in L2(�,Fτ ; H) × L2
(
�,Fτ ; L2((−ρ, 0), H)

)
for all

τ ∈ R.
(i i) A is a D-pullback weakly attracting set of �.
(i i i) A is the minimal element of D with properties (i) and (i i).

Proof For each τ ∈ R, define

K0(τ ) =
{
(u, ϕ) ∈ Hτ : ‖(u, ϕ)‖2Hτ

� R0(τ )

}
,

where

R0(τ ) = (
1 + ρeμρ

) [
1 + 2L2

μ
+
∫ τ

−∞
eμ(s−τ)(‖ψ1(s)‖L1(Rn) +

√
2

a
‖h(s)‖2)ds

]
.

Then K0(τ ) is a bounded closed convex subset of Hτ and hence is weakly compact
inHτ . By (3.4) we have

lim
τ→−∞ eμτ‖K0(τ )‖2Hτ

= lim
τ→−∞ eμτ R0(τ ) = 0,

which means that K = {K0(τ ) : τ ∈ R} ∈ D.

By Lemma 3.1, we see that for every τ ∈ R and B = {B(t)}t∈R ∈ D, there exists
T = T (τ, B) ≥ ρ such that for all t � T ,

�(t, τ − t)(B(τ − t)) ⊆ K0(τ ).

Consequently, K0 is a weakly compact D-pullback absorbing set of �. Then by
Theorem 3.1, � has a unique weak D-pullback mean random attractor A ∈ D in
L2(�,F ; H) × L2

(
�,F ; L2((−ρ, 0), H)

)
. ��

4 Existence of invariant measures

In this section, we investigate invariant measures of the autonomous version of (1.1)
when the nonlinear functions F , G and σ are time-independent. More precisely, con-
sider the following stochastic delay equation:

du(t) + (−�)αu(t)dt + λu(t)dt + F(x, u(t))dt

= G(x, u(t − ρ))dt +
∞∑

k=1

(
σ1,k(x) + κ(x)σ2,k(u(t))

)
dWk(t), t > 0, (4.1)
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where σ1,k ∈ L2(Rn), κ ∈ L2(Rn) ∩ L∞(Rn), and {Wk}∞k=1 is a sequence of real-
valuedmutually independentWiener processes on a complete filtered probability space
(�,F , {Ft }t∈R,P).

The autonomous version of assumption (F1) is given below:
(F′). F : Rn × R → R is continuous and F(·, 0) ∈ L2(Rn), and for all x ∈ R

n and
u ∈ R,

F(x, u)u � λ1|u|p − ψ1(x), (4.2)

|F(x, u)| � ψ2(x)|u|p−1 + ψ3(x), (4.3)
∂ F(x, u)

∂u
� −ψ4(x), (4.4)

where λ1 > 0 and p > 2 are constants, ψ1 ∈ L1(Rn), ψ2 ∈ L∞(Rn), ψ3 ∈
Lq(Rn) ∩ L2(Rn), and ψ4 ∈ L∞(Rn) ∩ L

2q
2−q (Rn) with 1

p + 1
q = 1.

In addition, F(x, u) is locally Lipschitz continuous in u ∈ R uniformlywith respect
to x ∈ R

n ; that is, for any bounded interval I , there exists a constant C F
I > 0 such

that

|F(x, u1) − F(x, u2)| � C F
I |u1 − u2|, ∀ x ∈ R

n, u1, u2 ∈ I . (4.5)

(G′). G : Rn × R → R is continuous such that

|G(x, u)| � |h(x)| + a|u|, ∀ x ∈ R
n, u ∈ R, (4.6)

where a > 0 is a constant and h ∈ L2(Rn).
In addition, G(x, u) is Lipschitz continuous in u ∈ R uniformly with respect to x ∈ R;
that is, there exists a constant CG > 0 such that

|G(x, u1) − G(x, u2)| � CG |u1 − u2|, ∀ x ∈ R
n, u1, u2 ∈ R. (4.7)

For the diffusion coefficients of noise, we now assume:
(�′).

∞∑

k=1

‖σ1,k‖2 < ∞. (4.8)

In addition, for each k ∈ N, we assume that σ2,k : R → R is globally Lipschitz
continuous; that is, for each k ∈ N, there exists a positive number αk such that for all
s1, s2 ∈ R,

|σ2,k(s1) − σ2,k(s2)| � αk |s1 − s2|. (4.9)

We further assume that for each k ∈ N, there exist positive numbers βk and γk such
that

|σ2,k(s)| � βk + γk |s|, ∀ s ∈ R, (4.10)
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where
∞∑

k=1
(α2

k + β2
k ) < +∞.

In order to prove the existence of invariant measures of (4.1), we need to assume
ψ4, a, αk and γk in (F′), (G′) and (�′) are sufficiently small in the sense that there
exists a constant θ � 1 such that

θ‖ψ4‖L∞(Rn) + a21−
1
2θ (2θ − 1)

2θ−1
2θ + 2θ(2θ − 1)‖κ‖2L∞(Rn)

∞∑

k=1

(α2
k + γ 2

k ) < θλ.

(4.11)

Note that (4.11) implies the following conditions:

√
2a + 2

∞∑

k=1

γ 2
k ‖κ‖2L∞(Rn) < λ (4.12)

and

a21−
1
2θ (2θ − 1)

2θ−1
2θ + 2θ(2θ − 1)‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k < θλ. (4.13)

These inequalities are useful for deriving uniform estimates of solutions which are
needed for proving the tightness of distribution laws of a family of solutions on the
space H × L2((−ρ, 0), H).

4.1 Uniform estimates of solutions

We now derive uniform estimates of solutions for proving existence of invariant mea-
sures. We start with the estimates in L2(�,Ft ; H).

Lemma 4.1 Suppose (F′), (G′), (�′)and (4.12) hold. Then for any u0 ∈ L2(�,F0; H)

and ϕ ∈ L2
(
�,F0; L2((−ρ, 0), H)

)
, the solution u of (4.1) satisfies that for all t � 0,

E
(‖u(t; 0, u0, ϕ)‖2)+

∫ t

0
eν(s−t)

E

(
‖u(s)‖2Hα(Rn)

)
ds +

∫ t

0
eν(s−t)

E
(‖u(s)‖p

L p

)
ds

� M1

{[
E
(‖u0‖2)+ E

( ∫ 0

−ρ

‖ϕ(s)‖2ds
)]

e−νt + 1

}
, (4.14)

and for t � 1 + ρ,

∫ t

t−1
E

(
‖(−�)

α
2 u(s)‖2

)
ds +

∫ t

t−1
E

(
‖u(s)‖p

L p(Rn)

)
ds

� M1

{[
E

(
‖u0‖2

)
+ E

( ∫ 0

−ρ

‖ϕ(s)‖2ds
)]

e−νt + 1

}
, (4.15)
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where ν and M1 are positive constant independent of ρ, u0 and ϕ.

Proof By (2.12), we have for all t � 0,

E
(‖u(t; 0, u0, ϕ)‖2)+ 2

∫ t

0
E

(
‖(−�)

α
2 u(s)‖2

)
ds + 2λ

∫ t

0
E
(‖u(s)‖2) ds

= E
(‖u0‖2)− 2

∫ t

0
E

(∫

Rn
F(x, u(s))u(s)dx

)
ds + 2

∫ t

0
E (G(·, u(s − ρ)), u(s)) ds

+
∞∑

k=1

∫ t

0
E
(‖σ1,k + κσ2,k(u(s))‖2) ds. (4.16)

By (4.16) we have for all t > 0,

d

dt
E

(
‖u(t)‖2

)
+ 2E

(
‖(−�)

α
2 u(t)‖2

)
+ 2λE

(
‖u(t)‖2

)

= −2E

(∫

Rn
F(x, u(t))u(t)dx

)
+ 2E (G(·, u(t − ρ)), u(t))

+
∞∑

k=1

E

(
‖σ1,k + κσ2,k(u(t))‖2

)
. (4.17)

We now estimate the terms on the right-hand side of (4.17). For the first term on
the right-hand side of (4.17), by (4.2) we have

2E

(∫

Rn
F(x, u(t))u(t)dx

)
� 2λ1E

(
‖u(t)‖p

L p(Rn)

)
− 2‖ψ1‖L1(Rn). (4.18)

For the second term on the right-hand side of (3.6), by (4.6) we have

2E (G(·, u(t − ρ)), u(t)) �2E (‖G(·, u(t − ρ))‖‖u(t)‖)

�
√
2aE

(
‖u(t)‖2

)
+

√
2

a
‖h‖2 + √

2aE
(
‖u(t − ρ)‖2

)
.

(4.19)

For the third term on the right-hand side of (4.17), by (4.10) we have

∞∑

k=1

E
(‖σ1,k + κσ2,k(u(t))‖2) � 2

∞∑

k=1

(‖σ1,k‖2 + 2β2
k ‖κ‖2)+ 4

∞∑

k=1

γ 2
k ‖κ‖2L∞(Rn)E

(‖u(t)‖2) .

(4.20)

It follows from (4.17)–(4.20) that for t ≥ 0,

d

dt
E

(
‖u(t; 0, u0, ϕ)‖2

)
+ 2E

(
‖(−�)

α
2 u(t)‖2

)
+ 2λ1E

(
‖u(t)‖p

L p(Rn)

)
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� −
(
2λ − √

2a − 4
∞∑

k=1

γ 2
k ‖κ‖2L∞(Rn)

)
E

(
‖u(t)‖2

)
+ √

2aE
(
‖u(t − ρ)‖2

)

+ 2‖ψ1‖L1(Rn) +
√
2

a
‖h‖2 + 2

∞∑

k=1

(‖σ1,k‖2 + 2β2
k ‖κ‖2). (4.21)

By (4.12) we infer that there exists a positive constant ν such that

2ν − 2λ + √
2a + 4

∞∑

k=1

γ 2
k ‖κ‖2L∞(Rn) + √

2aeν < 0. (4.22)

Then by (4.21), we obtain

d

dt
eνt

E
(‖u(t; 0, u0, ϕ)‖2)+ 2eνt

E

(
‖(−�)

α
2 u(t)‖2

)
+ 2λ1eνt

E

(
‖u(t)‖p

L p(Rn)

)

� −
(
2λ − ν − √

2a − 4
∞∑

k=1

γ 2
k ‖κ‖2L∞(Rn)

)
eνt

E
(‖u(t)‖2)+ √

2aeνt
E
(‖u(t − ρ)‖2)

+ eνt
(
2‖ψ1‖L1(Rn) +

√
2

a
‖h‖2 + 2

∞∑

k=1

(‖σ1,k‖2 + 2β2
k ‖κ‖2)

)
. (4.23)

By (4.23), we get that for t � 0,

E
(‖u(t; 0, u0, ϕ)‖2)+ 2

∫ t

0
eν(s−t)

E

(
‖(−�)

α
2 u(s)‖2

)
ds + 2λ1

∫ t

0
eν(s−t)

E

(
‖u(s)‖p

L p(Rn)

)
ds

+
(
2λ − ν − √

2a − 4
∞∑

k=1

γ 2
k ‖κ‖2L∞(Rn)

) ∫ t

0
eν(s−t)

E
(‖u(s)‖2) ds

� E
(‖u0‖2) e−νt + √

2aeν(ρ−t)
∫ 0

−ρ

E
(‖ϕ(s)‖2) ds + √

2aeνρ

∫ t

0
eν(s−t)

E
(‖u(s)‖2) ds

+ 1

ν

(
2‖ψ1‖L1(Rn) +

√
2

a
‖h‖2 + 2

∞∑

k=1

(‖σ1,k‖2 + 2β2
k ‖κ‖2)

)
. (4.24)

By (4.22) and (4.24), we have, for all t � 0,

E

(
‖u(t; 0, u0, ϕ)‖2

)
+ ν

∫ t

0
eν(s−t)

E

(
‖u(s)‖2

)
ds

+ 2
∫ t

0
eν(s−t)

E

(
‖(−�)

α
2 u(s)‖2

)
ds + 2λ1

∫ t

0
eν(s−t)

E

(
‖u(s)‖p

L p(Rn)

)
ds

� (1 + √
2aeνρ)e−νt

[
E

(
‖u0‖2

)
+
∫ 0

−ρ

E

(
‖ϕ(s)‖2

)
ds

]

+ 1

ν

(
2‖ψ1‖L1(Rn) +

√
2

a
‖h‖2 + 2

∞∑

k=1

(‖σ1,k‖2 + 2β2
k ‖κ‖2)

)
, (4.25)
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which yields (4.14).
Integrating (4.21) on [t − 1, t] for t � 1 + ρ, we have

2
∫ t

t−1
E

(
‖(−�)

α
2 u(s)‖2

)
ds + 2λ1

∫ t

t−1
E

(
‖u(s)‖p

L p(Rn)

)
ds

� E

(
‖u(t − 1)‖2

)
+ √

2a
∫ t

t−1
E

(
‖u(s − ρ)‖2

)
ds

+ 2‖ψ1‖L1(Rn) +
√
2

a
‖h‖2 + 2

∞∑

k=1

(‖σ1,k‖2 + 2β2
k ‖κ‖2). (4.26)

Then from (4.25) and (4.26), we get (4.15) immediately. ��
Remark 4.1 Let (u0, ϕ) ∈ L2(�,F0; H) × L2

(
�,F0; L2((−ρ, 0), H)

)
satisfy

E

(
‖u0‖2 +

∫ 0

−ρ

‖ϕ(s)‖2ds

)
� R

for some R > 0. Then by Lemma 4.1, we find that the solution u of (4.1) satisfies, for
t � 0,

E
(‖u(t; 0, u0, ϕ)‖2)+

∫ t

0
eν(s−t)

E

(
‖u(s)‖2Hα(Rn)

)
ds +

∫ t

0
eν(s−t)

E

(
‖u(s)‖p

L p(Rn)

)
ds � M1,

and for t � 1,

∫ t

t−1
E

(
‖(−�)

α
2 u(s)‖2

)
ds +

∫ t

t−1
E

(
‖u(s)‖p

L p(Rn)

)
ds � M1,

where M1 > 0 is a constant depending only on R but not on (u0, ϕ) or ρ ∈ [0, 1].
Furthermore, there exists T � 2 depending only on R (but not on (u0, ϕ) or ρ ∈ [0, 1])
such that for all t � T ,

E(‖u(t; 0, u0, ϕ)‖2) +
∫ t

0
eν(s−t)

E

(
‖u(s)‖2Hα(Rn)

)
ds +

∫ t

0
eν(s−t)

E

(
‖u(s)‖p

L p(Rn)

)
ds � M̃1

and

∫ t

t−1
E

(
‖(−�)

α
2 u(s)‖2

)
ds +

∫ t

t−1
E

(
‖u(s)‖p

L p(Rn)

)
ds � M̃1,

where M̃1 > 0 is a constant independent of R, (u0, ϕ) and ρ ∈ [0, 1].
Lemma 4.2 Suppose (F′), (G′), (�′)and (4.12) hold. Then for any u0 ∈ L2(�,F0; H)

and ϕ ∈ L2
(
�,F0; L2((−ρ, 0), H)

)
, the solution u of (4.1) satisfies that for all

t � 1 + ρ,
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E

(

sup
t−ρ�r�t

‖u(r; 0, u0, ϕ)‖2
)

� M2

{[
E
(‖u0‖2)+ E

( ∫ 0

−ρ

‖ϕ(s)‖2ds
)]

e−νt + 1

}
,

where ν and M2 are positive constant independent of u0, ϕ and ρ ∈ [0, 1].
Proof The proof is based on Lemma 4.1 and is similar to that of Lemma 3.2 in [20].
So the details are omitted here. ��

In order to prove the tightness of probability distributions of solutions to (4.1),
we need to derive the uniform estimates on the tails of solutions with initial data in
L2(�,F0; H) × L2

(
�,F0; L2((−ρ, 0), H)

)
.

Lemma 4.3 Suppose (F′), (G′), (�′) and (4.12) hold. Then for every ρ ∈ [0, 1] and
every compact subset E of L2(�,F0; H)×L2

(
�,F0; L2((−ρ, 0), H)

)
, the solution

u of (4.1) satisfies

lim sup
m→∞

sup
(u0,ϕ)∈E

sup
t�0

∫

|x |�m
E

(
|u(t; 0, u0, ϕ)|2

)
dx = 0.

Proof Let θ be a smooth function on R such that

θ(s) =
{
0, |s| � 1,

1, |s| � 2,

and 0 � θ(s) � 1 for all s ∈ R.
For given m ∈ N, denote by θm(x) = θ( x

m ). By (4.1) and Ito’s formula, we obtain

E
(‖θmu(t)‖2)+ 2λ

∫ t

0
E
(‖θmu(s)‖2) ds

= E
(‖θmu0‖2)− 2

∫ t

0
E

[(
(−�)

α
2 u(s), (−�)

α
2 θ2mu(s)

)]
ds

− 2
∫ t

0
E

(∫

Rn
θ2m(x)F(x, u(s))u(s)dx

)
ds + 2

∫ t

0
E [(θm G(·, u(s − ρ)), θmu(s))] ds

+
∞∑

k=1

∫ t

0
E
(‖θmσ1,k + θmκσ2,k(u(s))‖2) ds, (4.27)

and hence for t > 0,

d

dt
E

(
‖θmu(t)‖2

)
+ 2λE

(
‖θmu(t)‖2

)

= −2E
[(

(−�)
α
2 u(t), (−�)

α
2 θ2mu(t)

)]
− 2E

(∫

Rn
θ2m(x)F(x, u(t))u(t)dx

)

+ 2E (θm G(·, u(t − ρ)), θmu(t)) +
∞∑

k=1

E

(
‖θmσ1,k + θmκσ2,k(u(t))‖2

)
.

(4.28)
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For the first term on the right-hand side of (4.28), as (8.18) in [25] we find that there
exists a positive constant c1 independent of m and ρ such that

−2E((−�)
α
2 u(t), (−�)

α
2 θ2mu(t)) � c1m−α

E

(
‖u(t)‖2 + ‖(−�)

α
2 u(t)‖2

)
. (4.29)

For the second term on the right-hand side of (4.28), by (2.1) we get

−2E

(∫

Rn
θ2m(x)F(x, u(t))u(t)dx

)
� −2λ1E

(
‖θmu(t)‖p

L p(Rn)

)
+ 2

∫

|x |�m
ψ1(x)dx .

(4.30)

For the third term on the right-hand side of (4.28), by (4.6), we deduce

2E (θm G(·, u(t − ρ)), θmu(t))

�
√
2aE

(
‖θmu(t)‖2

)
+

√
2

a

∫

|x |�m
h2(x)dx + √

2aE
(∥∥θmu(t − ρ)

∥∥2
)

.

(4.31)

For the last term on the right-hand side of (4.28), by (4.10) we get

∞∑

k=1

E
(‖θmσ1,k + θmκσ2,k(u(t))‖2) � 2

∞∑

k=1

∫

|x |�m
|σ1,k(x)|2dx + 4

∞∑

k=1

β2
k

∫

|x |�m
|κ(x)|2dx

+ 4‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k E

(‖θmu(t)‖2) . (4.32)

From (4.28)–(4.32), it follows that for t > 0,

d

dt
E
(‖θmu(t)‖2)+ 2λ1E

(
‖θmu(t)‖p

L p(Rn)

)

� −(2λ − √
2a − 4‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k

)
E
(‖θmu(t)‖2)+ √

2aE
(‖θmu(t − ρ)‖2)

+ c1m−α
E

(
‖u(t)‖2 + ‖(−�)

α
2 u(t)‖2

)
+ 2

∫

|x |�m
ψ1(x)dx +

√
2

a

∫

|x |�m
h2(x)dx

+ 2
∫

|x |�m

∞∑

k=1

|σ1,k(x)|2dx + 4
∞∑

k=1

β2
k

∫

|x |�m
|κ(x)|2dx . (4.33)

Let ν > 0 be a constant satisfying (4.22). Then by (4.22) and (4.33) we obtain that
for all ρ ∈ [0, 1] and t � ρ,

E

(
‖θmu(t)‖2

)
� sup

0�s�ρ

E

(
‖θmu(s)‖2

)
e−ν(t−ρ)

+ c1m−α

∫ t

ρ

eν(s−t)
E

(
‖u(s)‖2 + ‖(−�)

α
2 u(s)‖2

)
ds
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+ 1

ν

[
2
∫

|x |�m
ψ1(x)dx +

√
2

a

∫

|x |�m
h2(x)dx

+ 2
∫

|x |�m

∞∑

k=1

|σ1,k(x)|2dx + 4
∞∑

k=1

β2
k

∫

|x |�m
|κ(x)|2dx

]
.

(4.34)

Next, we estimate the first term on the right-hand side of (4.34). By (4.12), (4.33)
and Theorem 2.2, we obtain that for all ρ ∈ [0, 1] and t ∈ [0, ρ],

E

(
‖θmu(t)‖2

)
� E

(
‖θmu0‖2

)
+ √

2a
∫ 0

−ρ

E

(
‖θmϕ(s)‖2

)
ds

+ c2m−α

(
E(‖u0‖2) +

∫ 0

−ρ

E

(
‖ϕ(s)‖2

)
ds + 1

)

+ ρ

[
2
∫

|x |�m
ψ1(x)dx +

√
2

a

∫

|x |�m
h2(x)dx

+ 2
∫

|x |�m

∞∑

k=1

|σ1,k(x)|2dx + 4
∞∑

k=1

β2
k

∫

|x |�m
|κ(x)|2dx

]
.

(4.35)

For the second and third terms on the right-hand side of (4.34), by Lemma 4.1, we
obtain

c1m−α

∫ t

0
eν(s−t)

E

(
‖u(s)‖2 + ‖(−�)

α
2 u(s)‖2

)
ds

� c3m−α

[
E

(
‖u0‖2

)
+ E

(∫ 0

−ρ

‖ϕ(s)‖2ds

)
+ 1

]
. (4.36)

Then from (4.34), (4.35) and (4.36), it follows that for all ρ ∈ [0, 1] and t � ρ,

E

(
‖θmu(t)‖2

)
� (1 + √

2a)

(
E

(
‖θmu0‖2

)
+
∫ 0

−ρ

E

(
‖θmϕ(s)‖2

)
ds

)
e−ν(t−ρ)

+ (c2 + c3)m
−α

(
E(‖u0‖2) +

∫ 0

−ρ

E

(
‖ϕ(s)‖2

)
ds + 1

)

+
(
1 + 1

ν

)[
2
∫

|x |�m
ψ1(x)dx +

√
2

a

∫

|x |�m
h2(x)dx

+ 2
∫

|x |�m

∞∑

k=1

|σ1,k(x)|2dx + 4
∞∑

k=1

β2
k

∫

|x |�m
|κ(x)|2dx

]
.

(4.37)

123



Stochastics and Partial Differential Equations: Analysis and Computations

For any ε > 0, since E is compact in L2(�,F0; H)×L2
(
�,F0; L2((−ρ, 0), H)

)
,

E has a finite open cover of balls with radius
√

ε

2 which is denoted by
{

B
(
(ui , ϕi ),√

ε

2

)}l
i=1. Since (ui , ϕi ) ∈ E ⊆ L2(�,F0; H) × L2

(
�,F0; L2((−ρ, 0), H)

)
for

i = 1, 2, . . . , l, it follows that there exists R1 = R1(ε, E) � 1 such that for all
m � R1, i = 1, 2, . . . , l,

∫

|x |�m

(
E

(
|ui (x)|2

)
+
∫ 0

−ρ

E

(
|ϕi (s, x)|2

)
ds

)
dx <

ε

4
.

Then for all (u0, ϕ) ∈ E and m � R1,

∫

|x |�m

(
E

(
|u0(x)|2

)
+
∫ 0

−ρ

E
(|ϕ(s, x)|2)ds

)
dx < ε. (4.38)

From (4.38) and the definition of θm , we obtain that for all (u0, ϕ) ∈ E and m � R1,

E

(
‖θmu0‖2

)
+
∫ 0

−ρ

E

(
‖θmϕ(s)‖2

)
ds < ε. (4.39)

By (4.37) and (4.39), we infer that there exists R2 = R2(ε, E) � R1 such that for
all m � R2, (u0, ϕ) ∈ E and t � ρ,

∑

|n|�2k

E(|un(t)|2) � E(‖θmu(t)‖2) �
(
2 + √

2a
)

ε. (4.40)

On the other hand, by (4.35) and (4.39), we find that there exists R3 = R3(ε, E) �
R2 such that for all m � R3, (u0, ϕ) ∈ E and t ∈ [0, ρ],

∑

|n|�2k

E(|un(t)|2) � E(‖θmu(t)‖2) � 2ε,

which along with (4.40) shows that

lim sup
m→∞

sup
(u0,ϕ)∈E

sup
t�0

∫

|x |�m
E

(
|u(t, x; 0, u0, ϕ)|2

)
dx = 0,

as desired. ��
Based on Lemma 4.3 we have the following uniform tail-estimates on the segments

of solutions.

Lemma 4.4 Suppose (F′), (G′), (�′) and (4.12) hold. Then for every ρ ∈ [0, 1] and
every compact subset E in L2(�,F0; H)×L2

(
�,F0; L2((−ρ, 0), H)

)
, the solution

u of (4.1) satisfies

lim sup
m→∞

sup
(u0,ϕ)∈E

sup
t�ρ

E

(
sup

t−ρ�r�t

∫

|x |�m
|u(r; 0, u0, ϕ)|2dx

)
= 0.
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Proof Let θ be the smooth function as defined in Lemma 4.3 and ν be the positive
number determined by (4.22). For t � ρ and t − ρ � r � t , by Ito’s formula, (4.2)
and (4.22), we obtain that for all t � ρ,

E

(
sup

t−ρ�r�t
‖θmu(r)‖2

)

� E
(‖θmu(t − ρ)‖2)+ E

(

sup
t−ρ�r�t

(
−2

∫ r

t−ρ

eν(s−r)
(
(−�)

α
2 u(s), (−�)

α
2 θ2mu(s)

)
ds

))

+ 2

ν

∫

|x |�m
ψ1(x)dx + 2E

(

sup
t−ρ�r�t

∫ r

t−ρ

eν(s−r) |(θm G(·, u(s − ρ)), θmu(s))| ds

)

+
∞∑

k=1

E

(

sup
t−ρ�r�t

∫ r

t−ρ

eν(s−r)‖θmσ1,k + θmκσ2,k(u(s))‖2ds

)

+ 2E

(

sup
t−ρ�r�t

∣∣
∣∣

∞∑

k=1

∫ r

t−ρ

eν(s−r)
(
θmσ1,k + θmκσ2,k(u(s)), θmu(s)

)
dWk(s)

∣∣
∣∣

)

. (4.41)

Now we estimate the terms on the right-hand of (4.41). For the second term on the
right-hand of (4.41), we obtain by the arguments of (8.18) in [25] and Remark 4.1 that
for all t � ρ,

E

(

sup
t−ρ�r�t

(
−2

∫ r

t−ρ

eν(s−r)
(
(−�)

α
2 u(s), (−�)

α
2 θ2mu(s)

)
ds

))

� c1m−αeνρ

∫ t

t−ρ

eν(s−t)
E

(
‖u(s)‖2Hα(Rn)

)
ds ≤ c2m−α, (4.42)

where c2 > 0 is a constant depending only on E but not on m, (u0, ϕ) or ρ ∈ [0, 1].
For the fourth term on the right-hand of (4.41), by (4.6), we get that for all t � ρ,

2E

(

sup
t−ρ�r�t

∫ r

t−ρ

eν(s−r) |(θm G(·, u(s − ρ)), θmu(s))| ds

)

� 2‖θmh‖2 + 2a2
∫ t−ρ

t−2ρ
E

(
‖θmu(s)‖2

)
ds + sup

s≥0
E

(
‖θmu(s)‖2

)

� 2‖θmh‖2 + 2a2
∫ 0

−ρ

E

(
‖θmϕ(s)‖2

)
ds + (1 + 2a2) sup

s�0
E

(
‖θmu(s)‖2

)
. (4.43)

For the fifth term on the right-hand of (4.41), by (4.10), we have

∞∑

k=1

E

(

sup
t−ρ�r�t

∫ r

t−ρ

eν(s−r)‖θmσ1,k + θmκσ2,k(u(s))‖2ds

)

� 2
∞∑

k=1

‖θmσ1,k‖2 + 4
∞∑

k=1

β2
k ‖θmκ‖2 + 4‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k sup

s�0
E

(
‖θmu(s)‖2

)
.

(4.44)
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For the sixth term on the right-hand of (4.41), by Burkholder-Davis-Gundy’s
inequality and (4.44), we have

2E

(

sup
t−ρ�r�t

∣∣∣
∣

∞∑

k=1

∫ r

t−ρ

eν(s−r)
(
θmσ1,k + θmκσ2,k(u(s)), θmu(s)

)
dWk(s)

∣∣∣
∣

)

� 1

2
E

(
sup

t−ρ�s�t
‖θmu(s)‖2

)

+ 4c2e2νρ
∞∑

k=1

‖θmσ1,k‖2 + 8c2e2νρ
∞∑

k=1

β2
k ‖θmκ‖2

+ 8c2e2νρ‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k sup

s�0
E

(
‖θmu(s)‖2

)
. (4.45)

Then from (4.41)–(4.45), it follows that for all t � ρ,

E

(
sup

t−ρ�r�t
‖θmu(r)‖2

)

� 2E
(‖θmu(t − ρ)‖2)+ 2c2m−α + 4

ν

∫

|x |�m
ψ1(x)dx + 4‖θmh‖2

+ 4a2
∫ 0

−ρ

E
(‖θmϕ(s)‖2) ds + 2(1 + 2a2) sup

s�0
E
(‖θmu(s)‖2)

+ 4(1 + 4c2e2νρ)

( ∞∑

k=1

‖θmσ1,k‖2 + 2
∞∑

k=1

β2
k ‖θmκ‖2 + 2‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k sup

s�0
E
(‖θmu(s)‖2)

)
.

(4.46)

By (4.39), (4.46) and Lemma 4.3, we find

lim sup
m→∞

sup
(u0,ϕ)∈E

sup
t�ρ

E

(
sup

t−ρ�r�t

∫

|x |�m
|u(r , 0, u0, ϕ)|2dx

)
= 0,

which concludes the proof. ��
Remark 4.2 From (4.34) and Remark 4.1, we see that for every R > 0 and ε > 0,
there exist T = T (R, ε) � 2 and K = K (ε) � 1 such that for all t � T , m � K and
ρ ∈ [0, 1], the solution u of (4.1) satisfies

∫

|x |�m
E

(
|u(t; 0, u0, ϕ)|2

)
dx < ε, (4.47)

for any (u0, ϕ) ∈ L2(�,F0; H) × L2
(
�,F0; L2((−ρ, 0), H)

)
such that

E

(
‖u0‖2

)
+
∫ 0

−ρ

E

(
‖ϕ(s)‖2

)
ds � R. (4.48)
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Based on (4.47), similar to Lemma 4.4, one can further show that there exist T1 =
T1(R, ε) � T and K1 = K1(ε) � K such that for all t � T1, m � K1 and ρ ∈ [0, 1],

E

(
sup

t−ρ�r�t

∫

|x |�m
|u(r; 0, u0, ϕ)|2dx

)
< ε,

for any (u0, ϕ) satisfying (4.48).

In what follows, we derive uniform estimates on the higher-order moments of
solutions to (4.1).

Lemma 4.5 Suppose (F′), (G′), (�′) and (4.13) hold. If (u0, ϕ) ∈ L2θ (�,F0; H) ×
L2θ (�,F0; L2θ ((−ρ, 0), H)), then there exists a positive constant μ such that the
solution u of (4.1) satisfies for any t � 0,

E
(‖u(t; 0, u0, ϕ)‖2θ )+ E

( ∫ t

0
eμ(s−t)‖u(s; 0, u0, ϕ)‖2θ−2‖(−�)

α
2 u(s; 0, u0, ϕ)‖2ds

)

+ E

( ∫ t

0
eμ(s−t)‖u(s; 0, u0, ϕ)‖2θ−2‖u(s; 0, u0, ϕ)‖p

L p ds
)

� M3

(
E
(‖u0‖2θ )+ E

( ∫ 0

−ρ

‖ϕ(s)‖2θ ds
))

e−μt + M3,

where M3 is a positive constant independent of u0, ϕ and ρ ∈ [0, 1].
Proof The proof is similar to Lemma 3.6 in [20]. For the reader’s convenience, we
here sketch the main idea.

If θ = 1, then this result is already covered by Lemma 4.1. Next, we assume θ > 1.
By (4.13), there exist positive constants μ and ε1 such that

μ + 2(θ − 1)ε
θ

θ−1
1 + ae

μ
2θ 22−

1
2θ (2θ − 1)

2θ−1
2θ

+ 2(θ − 1)(2θ − 1)ε
2θ

2θ−2
1

∞∑

k=1

‖σ1,k‖2

+ 4(θ − 1)(2θ − 1)ε
2θ

2θ−2
1 ‖κ‖2

∞∑

k=1

β2
k + 4θ(2θ − 1)‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k

< 2θλ. (4.49)

Given m ∈ N, let τm be a stopping time as defined by τm = inf{t � 0 : ‖u(t)‖ >

m}.As usual, inf ∅ = ∞. Note that the pathwise continuity of u implies limm→∞ τm =
∞.

Applying Ito’s formula to (4.1), we obtain for t � 0,

E

(
eμ(t∧τm )‖u(t ∧ τm)‖2θ

)
+ 2θE

(∫ t∧τm

0
eμs‖u(s)‖2θ−2‖(−�)

α
2 u(s)‖2ds

)
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= E

(
‖u0‖2θ

)
+ (μ − 2θλ)E

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)

− 2θE

(∫ t∧τm

0
eμs‖u(s)‖2θ−2

∫

Rn
F(x, u(s))u(s)dxds

)

+ 2θE

(∫ t∧τm

0
eμs‖u(s)‖2θ−2(u(s), G(·, u(s − ρ)))ds

)

+ θ

∞∑

k=1

E

(∫ t∧τm

0
eμs‖u(s)‖2θ−2‖σ1,k + κσ2,k(u(s))‖2ds

)

+ 2θ(θ − 1)
∞∑

k=1

E

(∫ t∧τm

0
eμs‖u(s)‖2θ−4|(u(s), σ1,k + κσ2,k(u(s)))|2ds

)
.

(4.50)

For the third term on the right-hand side of (4.50), by Young’s inequality and (4.2),
we get

− 2θE

(∫ t∧τm

0
eμs‖u(s)‖2θ−2

∫

Rn
F(x, u(s))u(s)dxds

)

� −2θλ1E

(∫ t∧τm

0
eμs‖u(s)‖2θ−2‖u(s)‖p

L p(Rn)
ds

)

+ 2(θ − 1)ε
θ

θ−1
1 E

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
+ 2

μεθ
1

‖ψ1‖θ
L1(Rn)

eμt . (4.51)

Similar to Lemma 3.6 in [20], by Young’s inequality and (4.6), we get

2θE

(∫ t∧τm

0
eμs‖u(s)‖2θ−2 (u(s), G(·, u(s − ρ))) ds

)

� ae
μρ
2θ 22−

1
2θ (2θ − 1)

2θ−1
2θ E

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
+ 1

μ

(
4θ − 2

a2θ eμρ

) 2θ−1
2θ ‖h‖2θ eμt

+ ae
μρ
2θ (4θ − 2)

2θ−1
2θ E

(∫ 0

−ρ

‖ϕ(s)‖2θ )ds

)
. (4.52)

For the fifth term on the right-hand side of (4.50), we have

θ

∞∑

k=1

E

(∫ t∧τm

0
eμs‖u(s)‖2θ−2‖σ1,k + κσ2,k(u(s))‖2ds

)

� 2(θ − 1)ε
2θ

2θ−2
1

∞∑

k=1

‖σ1,k‖2E
(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
+ 2

μεθ
1

∞∑

k=1

‖σ1,k‖2eμt

+ 4(θ − 1)ε
2θ

2θ−2
1 ‖κ‖2

∞∑

k=1

β2
kE

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
+ 4

μεθ
1

‖κ‖2
∞∑

k=1

β2
k eμt
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+ 4θ‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k E

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
. (4.53)

For the sixth term on the right-hand side of (4.50), by (4.53), we have

2θ(θ − 1)
∞∑

k=1

E

(∫ t∧τm

0
eμs‖u(s)‖2θ−4|(u(s), σ1,k + κσ2,k(u(s)))|2ds

)

� 4(θ − 1)2ε
2θ

2θ−2
1

∞∑

k=1

‖σ1,k‖2E
(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)

+ 8(θ − 1)2ε
2θ

2θ−2
1 ‖κ‖2

∞∑

k=1

β2
kE

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
+ 4(θ − 1)

μεθ
1

∞∑

k=1

‖σ1,k‖2eμt

+ 8θ(θ − 1)‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k E

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
+ 8(θ − 1)

μεθ
1

‖κ‖2
∞∑

k=1

β2
k eμt .

(4.54)

It follows from (4.50)–(4.54) that for t � 0,

E

(
eμ(t∧τm )‖u(t ∧ τm)‖2θ

)
+ 2θE

(∫ t∧τm

0
eμs‖u(s)‖2θ−2‖(−�)

α
2 u(s)‖2ds

)

+ 2θλ1E

(∫ t∧τm

0
eμs‖u(s)‖2θ−2‖u(s)‖p

L p(Rn )ds

)

� E
(‖u0‖2θ )+ (μ − 2θλ)E

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)

+ 2(θ − 1)ε
θ

θ−1
1 E

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
+ 2

μεθ
1

‖ψ1‖θ
L1eμt

+ ae
μρ
2θ 22−

1
2θ (2θ − 1)

2θ−1
2θ E

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
+ 1

μ

(
4θ − 2

a2θ eμρ

) 2θ−1
2θ ‖h‖2θ eμt

+ ae
μρ
2θ (4θ − 2)

2θ−1
2θ E

(∫ 0

−ρ

‖ϕ(s)‖2θ ds

)

+ 2(θ − 1)(2θ − 1)ε
2θ

2θ−2
1

∞∑

k=1

‖σ1,k‖2E
(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
+ 2(2θ − 1)

μεθ
1

∞∑

k=1

‖σ1,k‖2eμt

+ 4(θ − 1)(2θ − 1)ε
2θ

2θ−2
1 ‖κ‖2

∞∑

k=1

β2
k E

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
+ 4(2θ − 1)

μεθ
1

‖κ‖2
∞∑

k=1

β2
k eμt

+ 4θ(2θ − 1)‖κ‖2L∞(Rn )

∞∑

k=1

γ 2
k E

(∫ t∧τm

0
eμs‖u(s)‖2θ ds

)
. (4.55)

Then by (4.49) and (4.55) we get for t � 0,

E

(
eμ(t∧τm )‖u(t ∧ τm)‖2θ

)
+ 2θE

(∫ t∧τm

0
eμs‖u(s)‖2θ−2‖(−�)

α
2 u(s)‖2ds

)
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+ 2θλ1E

(∫ t∧τm

0
eμs‖u(s)‖2θ−2‖u(s)‖p

L p(Rn)
ds

)

� E
(‖u0‖2θ )+ ae

μρ
2θ (4θ − 2)

2θ−1
2θ E

(∫ 0

−ρ

‖ϕ(s)‖2θ ds

)
+ 1

μ

(
4θ − 2

a2θ eμρ

) 2θ−1
2θ ‖h‖2θ eμt

+ 2

μεθ
1

‖ψ1‖θ
L1(Rn)

eμt + 2(2θ − 1)

μεθ
1

∞∑

k=1

‖σ1,k‖2eμt + 4(2θ − 1)

μεθ
1

‖κ‖2
∞∑

k=1

β2
k eμt .

(4.56)

Letting m → ∞ in (4.56), by Fatou’s theorem we can obtain the desired estimate.
This completes the proof. ��

4.2 Regularity of solutions

In order to prove the existence of invariant measures of (4.1), we need to derive further
regularity of solutions. To that end, we assume:

|F(x, u) − F(y, u)| � |φ(x) − φ(y)|, ∀ x, y ∈ R
n, u ∈ R; (4.57)

σ1,k ∈ V ∩ L3p−4(Rn), ∀ k ∈ N and
∞∑

k=1

(‖σ1,k‖2V + ‖σ1,k‖2L3p−4(Rn)
) < ∞;

(4.58)

κ ∈ V and |∇κ(x)| � C, ∀ x ∈ R
n; (4.59)

h ∈ L2(Rn) ∩ L3p−4(Rn), ψ1 ∈ L1(Rn) ∩ L
3p−4
2 (Rn), ψ2 ∈ L∞(Rn) ∩ L2(Rn),

(4.60)

where C > 0 is a constant and φ ∈ V .
When proving the Hölder continuity of solutions in Lemma 4.10, the regularity

of solutions of (1.1) is needed, for which the coefficients σ1,k and κ should belong
to the space V instead of H . Since the nonlinear drift term F has a polynomial
growth of arbitrary order, the assumptions (4.58) and (4.60) are further required when
establishing the higher-order moment estimates of F in Lr (�, Lr (Rn)) with r > 0.

Next, we derive uniform estimates of solutions in L3p−4
(
�, L3p−4(Rn)

)
.

Lemma 4.6 Assume (F′), (G′), (�′), (4.12) and (4.58)–(4.60) hold. If

‖u0‖L2(�,F0;H) + ‖ϕ‖L2(�,F0;L2((−ρ,0),H)) � R,

with R > 0, then the solution u of (4.1) satisfies, for all t � 6 and ρ ∈ [0, 1],

E

(
‖u(t; 0, u0, ϕ)‖3p−4

L3p−4(Rn)

)
+ E

(∫ t

t−1
‖u(s; 0, u0, ϕ)‖4p−6

L4p−6(Rn)
ds

)
� C1,

(4.61)
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where C1 is positive constant depending on R and p, but not on (u0, ϕ) or ρ.

Proof The proof consists of several steps. We first derive the uniform estimates of
solutions in L p

(
�, L p(Rn)

)
. The calculations are formal, but can be justified by a

limiting procedure like the Galerkin method.
Step (i). We will show that for all t � 2,

E

(
‖u(t; 0, u0, ϕ)‖p

L p(Rn)

)
+ E

(∫ t

t−1
‖u(s; 0, u0, ϕ)‖2p−2

L2p−2(Rn)
ds

)
� L1,

(4.62)

where L1 is positive constant depending on R and p, but not on (u0, ϕ) or ρ.
By Ito’s formula [21], we get for t � r � 0,

E

(
‖u(t)‖p

L p(Rn)

)
+ pE

(∫ t

r

(
|u(s)|p−2u(s), (−�)αu(s)

)
ds

)

= E

(
‖u(r)‖p

L p(Rn)

)
− pλE

(∫ t

r
‖u(s)‖p

L p(Rn)ds

)

− pE

(∫ t

r
ds
∫

Rn
|u(s, x)|p−2u(s, x)F(x, u(s, x))dx

)

+ pE

(∫ t

r
ds
∫

Rn
|u(s, x)|p−2u(s, x)G(x, u(s − ρ, x))dx

)

+ p(p − 1)

2
E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|p−2|σ1,k(x) + κ(x)σ2,k(u(s, x))|2dx

)
.

(4.63)

For the second term on the left-hand side of (4.63), we have

pE

(∫ t

r

(|u(s, x)|p−2u(s), (−�)αu(s)
)

ds

)

= pE

(∫ t

r
ds
∫

Rn

∫

Rn

(u(s, x) − u(s, y))
(|u(s, x)|p−2u(s, x) − |u(s, y)|p−2u(s, y)

)

|x − y|n+2α dxdy

)

� cpE

(∫ t

r
ds
∫

Rn

∫

Rn

|u(s, x) − u(s, y)|p

|x − y|n+2α dxdy

)

� 0. (4.64)

For the third term on the right-hand side of (4.63), by assumption (F′) and Young’s
inequality we get

− pE

(∫ t

r
ds
∫

Rn
|u(s, x)|p−2u(s, x)F(x, u(s, x))dx

)

� −λ1 pE

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)
+ pE

(∫ t

r
ds
∫

Rn
|u(s, x)|p−2ψ1(x)dx

)
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� −λ1 pE

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)
+ (p − 2)E

(∫ t

r
‖u(s)‖p

L p(Rn)
ds

)

+ 2‖ψ1‖
p
2

L
p
2 (Rn)

(t − r). (4.65)

For the fourth term on the right-hand side of (4.63), by Young’s inequality and (4.6)
we get

pE

(∫ t

r
ds
∫

Rn
|u(s, x)|p−2u(s, x)G(x, u(s − ρ, x))dx

)

� 1

2
pλ1E

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)
+ p

2λ1
E

(∫ t

r
‖G(·, u(s − ρ))‖2ds

)

� 1

2
pλ1E

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)
+ p

λ1
‖h‖2(t − r) + a2 p

λ1
E

(∫ t

r
‖u(s − ρ)‖2ds

)
.

(4.66)

For the last term on the right-hand side of (4.63), by (4.10) we deduce that

p(p − 1)

2
E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|p−2|σ1,k(x) + κ(x)σ2,k(u(s, x))|2dx

)

� p(p − 1)E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|p−2σ 2

1,k(x)dx

)

+ p(p − 1)E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|p−2|κ(x)|2|σ2,k(u(s, x))|2dx

)

� (p − 1)(p − 2)
∞∑

k=1

‖σ1,k‖2L p(Rn)E

(∫ t

r
‖u(s)‖p

L p(Rn)
ds

)

+ 2(p − 1)
∞∑

k=1

‖σ1,k‖2L p(Rn)(t − r)

+ 2(p − 1)(p − 2)
∞∑

k=1

β2
k E

(∫ t

r
‖u(s)‖p

L p(Rn)
ds

)
+ 4(p − 1)‖κ‖p

L p(Rn)

∞∑

k=1

β2
k (t − r)

+ 2p(p − 1)‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k E

(∫ t

r
‖u(s)‖p

L p(Rn)
ds

)
. (4.67)

Then from (4.63)–(4.67), it follows that for all t � r � 0,

E

(
‖u(t)‖p

L p(Rn)

)
+ 1

2
λ1 pE

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)

� c1

(

1 +
∞∑

k=1

‖σ1,k‖2L p(Rn) +
∞∑

k=1

β2
k + ‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k

)

E

(∫ t

r
‖u(s)‖p

L p(Rn)
ds

)

+ E

(
‖u(r)‖p

L p(Rn)

)
+ a2 p

λ1
sup
s�0

E
(‖u(s)‖2) (t − r) + a2 p

λ1
E

(∫ 0

−ρ

‖ϕ(s)‖2ds

)
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+ 2(p − 1)
∞∑

k=1

‖σ1,k‖2L p(Rn)(t − r) + 2‖ψ1‖
p
2

L
p
2 (Rn)

(t − r) + p

λ1
‖h‖2(t − r)

+ 4(p − 1)‖κ‖p
L p(Rn)

∞∑

k=1

β2
k (t − r), (4.68)

where c1 = c1(p) > 0 is a constant. Then integrating (4.68) with respect to r on
[t − 1, t] for t � 1, we get

E

(
‖u(t)‖p

L p(Rn)

)

� c1

(

1 +
∞∑

k=1

‖σ1,k‖2L p(Rn) +
∞∑

k=1

β2
k + ‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k

)

E

(∫ t

t−1
‖u(s)‖p

L p(Rn)
ds

)

+ E

(∫ t

t−1
‖u(r)‖p

L p(Rn)
dr

)
+ a2 p

λ1
sup
s�0

E
(‖u(s)‖2)+ a2 p

λ1
E

(∫ 0

−ρ

‖ϕ(s)‖2ds

)

+ 2(p − 1)
∞∑

k=1

‖σ1,k‖2L p(Rn) + 2‖ψ1‖
p
2

L
p
2 (Rn)

+ p

λ1
‖h‖2 + 4(p − 1)‖κ‖p

L p(Rn)

∞∑

k=1

β2
k .

(4.69)

By (4.69) and Remark 4.1, we find that there exists a positive number c2 depending
only on R and p but not on (u0, ϕ) or ρ ∈ [0, 1] such that for all t � 1,

E

(
‖u(t)‖p

L p(Rn)

)
� c2. (4.70)

By (4.68) and (4.70), we obtain for t � 2,

E

(∫ t

t−1
‖u(s)‖2p−2

L2p−2(Rn)
ds

)
� c3, (4.71)

where c3 > 0 depends only on R and p but not on (u0, ϕ) or ρ ∈ [0, 1]. Then (4.62)
follows from (4.70)–(4.71) immediately.

Step (ii). We now show that for all t � 4,

E

(
‖u(t; 0, u0, ϕ)‖2p−2

L2p−2(Rn)

)
+ E

(∫ t

t−1
‖u(s; 0, u0, ϕ)‖3p−4

L3p−4(Rn)
ds

)
� L2,

(4.72)

where L2 is positive constant depending on R and p, but not on (u0, ϕ) or ρ.
It follows from Ito’s formula [21] that for t � r � 0,

E

(
‖u(t)‖2p−2

L2p−2(Rn)

)
+ (2p − 2)E

(∫ t

r

(|u(s, x)|2p−4u(s), (−�)αu(s)
)

ds

)

= E

(
‖u(r)‖2p−2

L2p−2(Rn)

)
− (2p − 2)λE

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)
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− (2p − 2)E

(∫ t

r
ds
∫

Rn
|u(s, x)|2p−4u(s, x)F(x, u(s, x))dx

)

+ (2p − 2)E

(∫ t

r
ds
∫

Rn
|u(s, x)|2p−4u(s, x)G(x, u(s − ρ, x))dx

)

+ (p − 1)(2p − 3)E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|2p−4|σ1,k(x) + κ(x)σ2,k(u(s, x))|2dx

)
.

(4.73)

For the second term on the left-hand side of (4.63),

(2p − 2)E

(∫ t

r

(
|u(s, x)|2p−4u(s), (−�)αu(s)

)
ds

)
� 0. (4.74)

For the third term on the right-hand side of (4.73), by assumption (F′) and Young’s
inequality we get

− (2p − 2)E

(∫ t

r
ds
∫

Rn
|u(s, x)|2p−4u(s, x)F(x, u(s, x))dx

)

� −(2p − 2)λ1E

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn)
ds

)
+ (2p − 2)E

(∫ t

r
ds
∫

Rn
|u(s, x)|2p−4ψ1(x)dx

)

� −(2p − 2)λ1E

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn)
ds

)
+ (2p − 4)E

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)

+ 2‖ψ1‖p−1
L p−1(Rn)

(t − r). (4.75)

For the fourth term on the right-hand side of (4.73), by Young’s inequality and (4.6)
we get

(2p − 2)E

(∫ t

r
ds
∫

Rn
|u(s, x)|2p−4u(s, x)G(x, u(s − ρ, x))dx

)

� (2p − 3)E

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)
+ E

(∫ t

r
‖G(·, u(s − ρ))‖2p−2

L2p−2(Rn)
ds

)

� (2p − 3)E

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)
+ 22p−3‖h‖2p−2

L2p−2(Rn)
(t − r)

+ 22p−3a2p−2
E

(∫ t

r
‖u(s − ρ)‖2p−2

L2p−2(Rn)
ds

)
. (4.76)

For the last term on the right-hand side of (4.73), by (4.10) we deduce that

(p − 1)(2p − 3)E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|2p−4|σ1,k(x) + κ(x)σ2,k(u(s, x))|2dx

)

� 2(p − 1)(2p − 3)E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|2p−4σ 2

1,k(x)dx

)
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+ 2(p − 1)(2p − 3)E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|2p−4|κ(x)|2|σ2,k(u(s, x))|2dx

)

� (2p − 3)(2p − 4)
∞∑

k=1

‖σ1,k‖2L2p−2(Rn)
E

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)

+ 2(2p − 3)
∞∑

k=1

‖σ1,k‖2L2p−2(Rn)
(t − r)

+ 4(2p − 3)(p − 2)
∞∑

k=1

β2
kE

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)

+ 4(2p − 3)‖κ‖2p−2
L2p−2(Rn)

∞∑

k=1

β2
k (t − r)

+ 4(2p − 3)(p − 1)‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k E

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)
. (4.77)

Then from (4.73)–(4.77), it follows that for all t � r � 0,

E

(
‖u(t)‖2p−2

L2p−2(Rn)

)
+ (2p − 2)λ1E

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn)
ds

)

� c4

(

1 +
∞∑

k=1

‖σ1,k‖2L2p−2(Rn)
+

∞∑

k=1

β2
k + ‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k

)

E

(∫ t

r
‖u(s)‖2p−2

L2p−2(Rn)
ds

)

+ E

(
‖u(r)‖2p−2

L2p−2(Rn)

)
+ 22p−3a2p−2

E

(∫ t

r
‖u(s − ρ)‖2p−2

L2p−2(Rn)
ds

)

+ 2(2p − 3)
∞∑

k=1

‖σ1,k‖2L2p−2(Rn)
(t − r) + 2‖ψ1‖p−1

L p−1(Rn)
(t − r) + 22p−3‖h‖2p−2

L2p−2(Rn)
(t − r)

+ 4(2p − 3)‖κ‖2p−2
L2p−2(Rn)

∞∑

k=1

β2
k (t − r), (4.78)

where c4 = c4(p) > 0 is a constant. Then integrating (4.78) with respect to r on
[t − 1, t] for t � 1, we get

E

(
‖u(t)‖2p−2

L2p−2(Rn)

)

� c4

(

1 +
∞∑

k=1

‖σ1,k‖2L2p−2(Rn)
+

∞∑

k=1

β2
k + ‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k

)

E

(∫ t

t−1
‖u(s)‖2p−2

L2p−2(Rn)
ds

)

+ E

(∫ t

t−1
‖u(r)‖2p−2

L2p−2(Rn)
dr

)
+ 22p−3a2p−2

E

(∫ t

t−1
‖u(s − ρ)‖2p−2

L2p−2(Rn)
ds

)

+ 2(2p − 3)
∞∑

k=1

‖σ1,k‖2L2p−2(Rn)
+ 2‖ψ1‖p−1

L p−1(Rn)
+ 22p−3‖h‖2p−2

L2p−2(Rn)
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+ 4(2p − 3)‖κ‖2p−2
L2p−2(Rn)

∞∑

k=1

β2
k . (4.79)

By (4.71) and (4.79) we find that there exists a positive number c5 depending only on
R and p but not on (u0, ϕ) or ρ ∈ [0, 1] such that for all t � 3,

E

(
‖u(t)‖2p−2

L2p−2(Rn)

)
� c5. (4.80)

By (4.78) and (4.80), we obtain for t � 4,

E

(∫ t

t−1
‖u(s)‖3p−4

L3p−4(Rn)
ds

)
� c6, (4.81)

where c6 > 0 depends only on R and p but not on (u0, ϕ) or ρ ∈ [0, 1]. By (4.80)–
(4.81) we obtain (4.72).

Step (iii). We now prove (4.61). Again, by Ito’s formula [21], for t � r � 0,

E

(
‖u(t)‖3p−4

L3p−4(Rn)

)
+ (3p − 4)E

(∫ t

r

(|u(s, x)|3p−6u(s), (−�)αu(s)
)

ds

)

= E

(
‖u(r)‖3p−4

L3p−4(Rn)

)
− (3p − 4)λE

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn)
ds

)

− (3p − 4)E

(∫ t

r
ds
∫

Rn
|u(s, x)|3p−6u(s, x)F(x, u(s, x))dx

)

+ (3p − 4)E

(∫ t

r
ds
∫

Rn
|u(s, x)|3p−6u(s, x)G(x, u(s − ρ, x))dx

)

+ 1

2
(3p − 4)(3p − 5)E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|3p−6|σ1,k(x) + κ(x)σ2,k(u(s, x))|2dx

)
.

(4.82)

For the second term on the left-hand side of (4.82),

(3p − 4)E

(∫ t

r

(
|u(s, x)|3p−6u(s), (−�)αu(s)

)
ds

)
� 0. (4.83)

For the third term on the right-hand side of (4.82), by assumption (F′) and Young’s
inequality we get

− (3p − 4)E

(∫ t

r
ds
∫

Rn
|u(s, x)|3p−6u(s, x)F(x, u(s, x))dx

)

� −(3p − 4)λ1E

(∫ t

r
‖u(s)‖4p−6

L4p−6(Rn)
ds

)
+ (3p − 4)E

(∫ t

r
ds
∫

Rn
|u(s, x)|3p−6ψ1(x)dx

)

� −(3p − 4)λ1E

(∫ t

r
‖u(s)‖4p−6

L4p−6(Rn)
ds

)
+ (3p − 6)E

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn)
ds

)

+ 2‖ψ1‖
3p−4
2

L
3p−4
2 (Rn)

(t − r). (4.84)

123



Stochastics and Partial Differential Equations: Analysis and Computations

For the fourth term on the right-hand side of (4.82), by Young’s inequality and (4.6)
we get

(3p − 4)E

(∫ t

r
ds
∫

Rn
|u(s, x)|3p−6u(s, x)G(x, u(s − ρ, x))dx

)

� (3p − 5)E

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn)
ds

)
+ E

(∫ t

r
‖G(·, u(s − ρ))‖3p−4

L3p−4(Rn)
ds

)

� (3p − 5)E

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn)
ds

)

+ 23p−5‖h‖3p−4
L3p−4(Rn)

(t − r) + 23p−5a3p−4
E

(∫ t

r
‖u(s − ρ)‖3p−4

L3p−4(Rn)
ds

)
.

(4.85)

For the last term on the right-hand side of (4.82), by (4.10) we deduce that

1

2
(3p − 4)(3p − 5)E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|3p−6|σ1,k(x) + κ(x)σ2,k(u(s, x))|2dx

)

� (3p − 4)(3p − 5)E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|3p−6σ 2

1,k(x)dx

)

+ (3p − 4)(3p − 5)E

( ∞∑

k=1

∫ t

r
ds
∫

Rn
|u(s, x)|3p−6|κ(x)|2|σ2,k(u(s, x))|2dx

)

� (3p − 5)(3p − 6)
∞∑

k=1

‖σ1,k‖2L3p−4(Rn)
E

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn)
ds

)

+ 2(3p − 5)
∞∑

k=1

‖σ1,k‖2L3p−4(Rn)
(t − r)

+ 2(3p − 5)(3p − 6)
∞∑

k=1

β2
kE

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn)
ds

)

+ 4(3p − 5)‖κ‖3p−4
L3p−4(Rn)

∞∑

k=1

β2
k (t − r)

+ 2(3p − 4)(3p − 5)‖κ‖2L∞(Rn)

∞∑

k=1

γ 2
k E

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn)
ds

)
. (4.86)

Then from (4.82)–(4.86), it follows that for all t � r � 0,

E

(
‖u(t)‖3p−4

L3p−4(Rn )

)
+ (3p − 4)λ1E

(∫ t

r
‖u(s)‖4p−6

L4p−6(Rn )
ds

)

� c7

(

1 +
∞∑

k=1

‖σ1,k‖2L3p−4(Rn )
+

∞∑

k=1

β2
k + ‖κ‖2L∞(Rn )

∞∑

k=1

γ 2
k

)

E

(∫ t

r
‖u(s)‖3p−4

L3p−4(Rn )
ds

)

+ E

(
‖u(r)‖3p−4

L3p−4(Rn )

)
+ 23p−5a3p−4

E

(∫ t

r
‖u(s − ρ)‖3p−4

L3p−4(Rn )
ds

)
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+ 2(3p − 5)
∞∑

k=1

‖σ1,k‖2L3p−4(Rn )
(t − r) + 2‖ψ1‖

3p−4
2

L
3p−4
2 (Rn )

(t − r) + 23p−5‖h‖3p−4
L3p−4(Rn )

(t − r)

+ 4(3p − 5)‖κ‖3p−4
L3p−4(Rn )

∞∑

k=1

β2
k (t − r), (4.87)

where c7 = c7(p) > 0 is a constant. Then integrating (4.87) with respect to r on
[t − 1, t] for t � 1, we get

E

(
‖u(t)‖3p−4

L3p−4(Rn )

)

� c7

(

1 +
∞∑

k=1

‖σ1,k‖2L3p−4(Rn )
+

∞∑

k=1

β2
k + ‖κ‖2L∞(Rn )

∞∑

k=1

γ 2
k

)

E

(∫ t

t−1
‖u(s)‖3p−4

L3p−4(Rn )
ds

)

+ E

(∫ t

t−1
‖u(r)‖3p−4

L3p−4(Rn )

)
dr + 23p−5a3p−4

E

(∫ t

t−1
‖u(s − ρ)‖3p−4

L3p−4(Rn )
ds

)

+ 2(3p − 5)
∞∑

k=1

‖σ1,k‖2L3p−4(Rn )
+ 2‖ψ1‖

3p−4
2

L
3p−4
2 (Rn )

+ 23p−5‖h‖3p−4
L3p−4(Rn )

+ 4(3p − 5)‖κ‖3p−4
L3p−4(Rn )

∞∑

k=1

β2
k . (4.88)

By (4.81) and (4.88), we find that there exists a positive number c8 depending only on
R and p but not on (u0, ϕ) or ρ ∈ [0, 1] such that for all t � 5,

E

(
‖u(t)‖3p−4

L3p−4

)
� c8. (4.89)

By (4.87) and (4.89), we obtain for t � 6,

E

(∫ t

t−1
‖u(s)‖4p−6

L4p−6(Rn)
ds

)
� c9, (4.90)

where c9 > 0 depends only on R and p but not on (u0, ϕ) or ρ ∈ [0, 1]. This concludes
the proof. ��
Remark 4.3 The uniform estimates given by Lemma 4.6 can be further extended under
additional assumptions. Suppose ψ1 ∈ Lr (Rn) for all r ∈ [1,∞) and

h ∈ Lr (Rn) and
∞∑

k=1

‖σ1,k‖2Lr (Rn) < ∞, ∀ r ∈ [2,∞).

Then by the argument of Lemma 4.6, one can show that for every integer k � 0, the
solution u of (4.1) satisfies, for all t � 2(k + 1) and ρ ∈ [0, 1],

E

(
‖u(t; 0, u0, ϕ)‖p+(p−2)k

L p+(p−2)k (Rn)

)
+ E

(∫ t

t−1
‖u(s; 0, u0, ϕ)‖p+(p−2)(k+1)

L p+(p−2)(k+1)(Rn)
ds

)
� Lk ,
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where Lk is positive constant depending on k, p and R but not on (u0, ϕ) or ρ when

‖u0‖L2(�,L2(Rn)) + ‖ϕ‖L2(�,L2((−ρ,0),L2(Rn))) � R.

In addition, by Remark 4.1 and the proof of Lemma 4.6, we know that there exists
T > 2(k +1) depending on R and k but not on u0, ϕ or ρ ∈ [0, 1] such that for t � T ,

E

(
‖u(t; 0, u0, ϕ)‖p+(p−2)k

L p+(p−2)k (Rn)

)
+ E

(∫ t

t−1
‖u(s; 0, u0, ϕ)‖p+(p−2)(k+1)

L p+(p−2)(k+1)(Rn)
ds

)
� L̃k,

where L̃k is positive constant depending on k and p but not on R or ρ ∈ [0, 1]
Lemma 4.7 Suppose (F′), (G′), (�′), (4.12) and (4.57)–(4.60) hold. Then for every
R > 0 and initial data (u0, ϕ) ∈ L2(�,F0; H) × L2

(
�,F0; L2((−ρ, 0), H)

)
with

E

(
‖u0‖2 +

∫ 0

−ρ

‖ϕ(s)‖2ds

)
� R,

the solution u of (4.1) satisfies, for all t � 3,

E

(
‖u(t; 0, u0, ϕ)‖2V

)
+ E

(∫ t

t−1
‖(−�)αu(s; 0, u0, ϕ)‖2ds

)
� C2, (4.91)

where C2 > 0 depends on R but not on u0, ϕ, or ρ ∈ [0, 1].
Proof We formally derive (4.91). By (4.1) and Ito’s formula, we obtain for t � r � 0,

E

(
‖(−�)

α
2 u(t)‖2

)
+ 2E

(∫ t

r
‖(−�)αu(s)‖2ds

)
+ 2λE

(∫ t

r
‖(−�)

α
2 u(s)‖2ds

)

= E

(
‖(−�)

α
2 u(r)‖2

)
− 2E

(∫ t

r

(
(−�)αu(s), F(·, u(s))

)
ds

)

+ 2E

(∫ t

r

(
(−�)αu(s), G(·, u(s − ρ))

)
ds

)

+ E

( ∞∑

k=1

∫ t

r
‖(−�)

α
2 (σ1,k + κσ2,k(u(s)))‖2ds

)

. (4.92)

For the second term on the right-hand side of (4.92), by (4.4) and (4.57), we get

− 2E

(∫ t

r

(
(−�)αu(s), F(·, u(s))

)
ds

)

= −2E

(∫ t

r

(
(−�)

α
2 u(s), (−�)

α
2 F(·, u(s))

)
ds

)

� C(n, α)E

(∫ t

r
ds
∫

Rn

∫

Rn

|u(s, x) − u(s, y)| |φ(x) − φ(y)|
|x − y|n+2α dxdy

)
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+ C(n, α)E

(∫ t

r
ds
∫

Rn

∫

Rn
ψ4(x)

(u(s, x) − u(s, y))2

|x − y|n+2α dxdy

)

� 2E

(∫ t

r
‖(−�)

α
2 u(s)‖ · ‖(−�)

α
2 φ‖ds

)
+ 2‖ψ4‖L∞(Rn )E

(∫ t

r
‖(−�)

α
2 u(s)‖2ds

)

�
(
1 + 2‖ψ4‖L∞(Rn )

) ∫ t

r
E

(
‖(−�)

α
2 u(s)‖2

)
ds + ‖(−�)

α
2 φ‖2(t − r). (4.93)

For the third term on the right-hand side of (4.92), by (4.6) and Remark 4.1, we
obtain for t � r � ρ

2E

(∫ t

r

(
(−�)αu(s), G(·, u(s − ρ))

)
ds

)

� 1

2
E

(∫ t

r
‖(−�)αu(s)‖2ds

)
+ 4

(

‖h‖2 + a2 sup
r−ρ�s�t

E

(
‖u(s)‖2

)
)

(t − r).

(4.94)

For the fourth term on the right-hand side of (4.92), by the inequality (4.13) in [20],
we have

E

( ∞∑

k=1

∫ t

r
‖(−�)

α
2 (σ1,k + κσ2,k(u(s)))‖2ds

)

� 2
∞∑

k=1

(

‖(−�)
α
2 σ1,k‖2 + 4β2

k ‖(−�)
α
2 κ‖2 + 2C(n, α)c1γ

2
k sup

r�s�t
E

(
‖u(s)‖2

))

(t − r)

+ 4
∞∑

k=1

α2
k ‖κ‖2L∞(Rn )

∫ t

r
E

(
‖(−�)

α
2 u(s)‖2

)
ds, (4.95)

where the constant c1 > 0 depends only on n, α and κ .
By (4.92)–(4.95), we have for t � r � ρ,

E

(
‖(−�)

α
2 u(t)‖2

)
+ E

(∫ t

r
‖(−�)αu(s)‖2ds

)

� E

(
‖(−�)

α
2 u(r)‖2

)
+ (

1 + 2‖ψ4‖L∞(Rn )

) ∫ t

r
E

(
‖(−�)

α
2 u(s)‖2

)
ds

+ ‖(−�)
α
2 φ‖2(t − r) + 4

(

‖h‖2 + a2 sup
r−ρ�s�t

E

(
‖u(s)‖2

))

(t − r)

+ 2
∞∑

k=1

(

‖(−�)
α
2 σ1,k‖2 + 4β2

k ‖(−�)
α
2 κ‖2 + 2C(n, α)c1γ

2
k sup

r�s�t
E

(
‖u(s)‖2

)
)

(t − r)

+ 4
∞∑

k=1

α2
k ‖κ‖2L∞(Rn )

∫ t

r
E

(
‖(−�)

α
2 u(s)‖2

)
ds. (4.96)

For t � 1 + ρ, integrating (4.96) on [t − 1, t] with respect to r , we have

E

(
‖(−�)

α
2 u(t)‖2

)
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�
∫ t

t−1
E

(
‖(−�)

α
2 u(r)‖2

)
dr + (

1 + 2‖ψ4‖L∞(Rn )

) ∫ t

t−1
E

(
‖(−�)

α
2 u(s)‖2

)
ds

+ ‖(−�)
α
2 φ‖2 + 4

(

‖h‖2 + a2 sup
t−1−ρ�s�t

E

(
‖u(s)‖2

))

+ 2
∞∑

k=1

(

‖(−�)
α
2 σ1,k‖2 + 4β2

k ‖(−�)
α
2 κ‖2 + 2C(n, α)c1γ

2
k sup

t−1�s�t
E

(
‖u(s)‖2

)
)

+ 4
∞∑

k=1

α2
k ‖κ‖2L∞(Rn )

∫ t

t−1
E

(
‖(−�)

α
2 u(s)‖2

)
ds. (4.97)

By Remark 4.1 and (4.97), we see that there exists c2 > 0 depending on R but not on
u0, ϕ or ρ ∈ [0, 1] such that

E

(
‖(−�)

α
2 u(t)‖2

)
� c2, ∀ t � 2. (4.98)

Then by (4.96) and (4.98), we have for t � 3,

E

(∫ t

t−1
‖(−�)αu(s)‖2ds

)
� c3, (4.99)

where c3 > 0 depends on R but not on u0, ϕ or ρ ∈ [0, 1]. Then (4.98)–(4.99) and
Lemma 4.1 conclude the proof. ��
Lemma 4.8 Suppose (F′), (G′), (�′), (4.12) and (4.57)–(4.60) hold. Then for any
R > 0 and the initial data (u0, ϕ) ∈ L2(�,F0; H) × L2

(
�,F0; L2((−ρ, 0), H)

)

with E

(
‖u0‖2 + ∫ 0

−ρ
‖ϕ(s)‖2ds

)
� R, the solution u of (4.1) satisfies, for all t � 4,

E

(

sup
t−1�r�t

‖u(r; 0, u0, ϕ)‖2V
)

� C3,

where C3 > 0 depends on R but not on u0, ϕ or ρ ∈ [0, 1].
Proof The proof is based on Lemma 4.7 and is similar to that of Lemma 4.2 in [20].
So the details are omitted here. ��
Remark 4.4 Suppose the assumptions of Lemma 4.7 hold and E

(
‖u0‖2 + ∫ 0

−ρ
‖ϕ

(s)‖2ds
)

� R for some R > 0. Then by Remark 4.1 and the proof of Lemma 4.7, we

find that there exists T � 4 depending only on R (but not on u0, ϕ or ρ ∈ [0, 1]) such
that for all t � T , the solution u of (4.1) satisfies E

(
supt−1�r�t ‖u(r)‖2V

)
� C̃3,

where C̃3 > 0 is a constant independent of R, u0, ϕ and ρ ∈ [0, 1].
Lemma 4.9 Suppose (F′), (G′), (�′), (4.11) and (4.57)–(4.60) hold. If R > 0 and

(u0, ϕ) ∈ L2θ (�,F0; V )) × L2θ (�,F0; L2θ (−ρ, 0]; V )) such that E

(
‖u0‖2θV +
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∫ 0
−ρ

‖ϕ(s)‖2θV ds
)

� R, then the solution u of (4.1) satisfies

sup
t�0

E

(
‖(−�)

α
2 u(t; 0, u0, ϕ)‖2θ

)
� C4,

where C4 is a positive constant depending on R but not on u0, ϕ or ρ ∈ [0, 1].
Proof The proof for θ = 1 is easier. So we assume θ > 1 in the sequel. Let μ and ε1
be positive constants to be specified later. By (4.1) and Ito’s formula, we get for t � 0,

eμt
E

[
‖(−�)

α
2 u(t)‖2θ

]
+ 2θE

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2‖(−�)αu(s)‖2ds

]

= E

[
‖(−�)

α
2 u0‖2θ

]
+ (μ − 2θλ)E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ ds

]

− 2θE

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2((−�)αu(s), F(·, u(s)))ds

]

+ 2θE

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2((−�)αu(s), G(·, u(s − ρ)))ds

]

+ θ

∞∑

k=1

E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2‖(−�)

α
2 (σ1,k + κσ2,k(u(s)))‖2ds

]

+ 2θ(θ − 1)
∞∑

k=1

E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−4|((−�)αu(s), σ1,k + κσ2,k(u(s)))|2ds

]
.

(4.100)

For the third term on the right-hand side of (4.100), similar to (4.93), we obtain

2θE

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2((−�)αu(s), F(·, u(s)))ds

]

� 2θ‖ψ4‖L∞(Rn )E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ ds

]

+ 2θE

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−1‖(−�)

α
2 ψ5‖ds

]

�
(
2θ‖ψ4‖L∞(Rn ) + (2θ − 1)ε

2θ
2θ−1
1

)
E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ ds

]
+ ε−2θ

1 μ−1eμt‖φ‖2θV .

(4.101)

For the fourth term on the right-hand side of (4.100), by (4.6) we obtain

2θE

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2((−�)αu(s), G(·, u(s − ρ)))ds

]

� θE

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2‖(−�)αu(s)‖2ds

]

+ θE

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2‖G(·, u(s − ρ))‖2ds

]

123



Stochastics and Partial Differential Equations: Analysis and Computations

� θE

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2‖(−�)αu(s)‖2ds

]

+ 4(θ − 1)ε
θ

θ−1
1 E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ ds

]

+ 2

μεθ
1

‖h‖2θ eμt + 2a2θ

μεθ
1

sup
s�0

E[‖u(s)‖2θ ]eμt + 2a2θ

εθ
1

eμρ
E

[∫ 0

−ρ

‖ϕ(s)‖2θ ds

]
.

(4.102)

For the fifth term on the right-hand side of (4.100), by (4.31) in [20], we have

θ

∞∑

k=1

E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2‖(−�)

α
2 (σ1,k + κσ2,k(u(s)))‖2ds

]

� 2
∞∑

k=1

‖(−�)
α
2 σ1,k‖2

(

(θ − 1)ε
θ

θ−1
1 E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ ds

]
+ 1

εθ
1

∫ t

0
eμsds

)

+ 4θ
∞∑

k=1

α2
k ‖κ‖2L∞E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ ds

]

+ 8
∞∑

k=1

β2
k ‖(−�)

α
2 κ‖2

(

(θ − 1)ε
θ

θ−1
1 E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ ds

]
+ 1

εθ
1

∫ t

0
eμsds

)

+ 4C(n, α)c1

∞∑

k=1

γ 2
k

(
(θ − 1)ε

θ
θ−1
1 E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ ds

]

+ 1

εθ
1

E

[∫ t

0
eμs‖u(s)‖2θ ds

])
. (4.103)

For the sixth term on the right-hand side of (4.100), we have

2θ(θ − 1)
∞∑

k=1

E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−4|((−�)αu(s), σ1,k + κσ2,k(u(s)))|2ds

]

� 2θ(θ − 1)
∞∑

k=1

E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θ−2‖(−�)

α
2 (σ1,k + κσ2,k(u(s)))‖2ds

]
.

(4.104)

Then by (4.100)–(4.104), we get for all t � 0,

eμt
E

[
‖(−�)

α
2 u(t)‖2θ

]

� E

[
‖(−�)

α
2 u0‖2θ

]

+
(

μ − 2θλ + 2θ‖ψ4‖L∞(Rn) + (2θ − 1)ε
2θ

2θ−1
1 + 2(2θ + 1)(θ − 1)ε

θ
θ−1
1

+ 4θ(2θ − 1)
∞∑

k=1

α2
k ‖κ‖2L∞ + 8(θ − 1)(2θ − 1)ε

θ
θ−1
1

∞∑

k=1

β2
k ‖(−�)

α
2 κ‖2
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+ 2(θ − 1)(2θ − 1)ε
θ

θ−1
1

∞∑

k=1

‖(−�)
α
2 σ1,k‖2

+ 4(θ − 1)(2θ − 1)ε
θ

θ−1
1 C(n, α)c1

∞∑

k=1

γ 2
k

)
E

[∫ t

0
eμs‖(−�)

α
2 u(s)‖2θds

]

+ ε−2θ
1 μ−1eμt‖φ‖2θV + 2

μεθ
1

‖h‖2θeμt + 2a2θ

μεθ
1

sup
s�0

E[‖u(s)‖2θ ]eμt

+ 2a2θ

εθ
1

eμρ
E

[∫ 0

−ρ

‖ϕ(s)‖2θ ]ds

]
+ 2(2θ − 1)

μεθ
1

∞∑

k=1

‖(−�)
α
2 σ1,k‖2eμt

+ 8(2θ − 1)
1

μεθ
1

∞∑

k=1

β2
k ‖(−�)

α
2 κ‖2eμt

+ 4(2θ − 1)
1

εθ
1

C(n, α)c1

∞∑

k=1

γ 2
k E

[∫ t

0
eμs‖u(s)‖2θ ds

]
. (4.105)

By (4.11), there exist positive constants μ and ε1 such that

μ − 2θλ + 2θ‖ψ4‖L∞(Rn) + (2θ − 1)ε
2θ

2θ−1
1 + 2(2θ + 1)(θ − 1)ε

θ
θ−1
1

+ 4θ(2θ − 1)
∞∑

k=1

α2
k ‖κ‖2L∞ + 8(θ − 1)(2θ − 1)ε

θ
θ−1
1

∞∑

k=1

β2
k ‖(−�)

α
2 κ‖2

+ 2(θ − 1)(2θ − 1)ε
θ

θ−1
1

∞∑

k=1

‖(−�)
α
2 σ1,k‖2

+ 4(θ − 1)(2θ − 1)ε
θ

θ−1
1 C(n, α)c1

∞∑

k=1

γ 2
k < 0. (4.106)

By (4.105) and (4.106) we get for all t � 0,

E

[
‖(−�)

α
2 u(t)‖2θ

]

� E

[
‖(−�)

α
2 u0‖2θ

]
e−μt + ε−2θ

1 μ−1‖φ‖2θV

+ 2

μεθ
1

‖h‖2θ + 2a2θ

μεθ
1

sup
s�0

E[‖u(s)‖2θ ] + 2a2θ

εθ
1

eμρ
E

[∫ 0

−ρ

‖ϕ(s)‖2θ ds

]
e−μt

+ 2(2θ − 1)

μεθ
1

∞∑

k=1

‖(−�)
α
2 σ1,k‖2θ + 8(2θ − 1)

1

μεθ
1

∞∑

k=1

β2
k ‖(−�)

α
2 κ‖2

+ 4(2θ − 1)
1

μεθ
1

C(n, α)c1

∞∑

k=1

γ 2
k sup

s�0
E

[
‖u(s)‖2θ

]
, (4.107)

which together with Lemma 4.5 concludes the proof. ��
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The next lemma is concerned with the pathwise Hölder continuity of solutions.

Lemma 4.10 Suppose (F′), (G′), (�′) and (4.57)–(4.60) hold. Let (4.11) be fulfilled
with θ = 3p−4

2p−2 . If R > 0and (u0, ϕ) ∈ L2θ (�,F0; V )×L2θ
(
�,F0; L2θ ((−ρ, 0), V )

)

such that

E

(
‖u0‖2θV +

∫ 0

−ρ

‖ϕ(s)‖2θV ds

)
� R,

then the solution u of (4.1) satisfies

E
[‖u(t; 0, u0, ϕ) − u(r; 0, u0, ϕ)‖2θ ] � C5

(
|t − r |θ + |t − r |2θ

)

for all ρ ∈ [0, 1] and t � r � 6, where C5 > 0 is a constant depending on R but not
on u0, ϕ or ρ.

Proof Let A = (−�)α + λI , where α ∈ (0, 1) and λ is the positive constant in (1.1).
Then, by (4.1) we find that for t > r � 6,

u(t) =e−A(t−r)u(r) +
∫ t

r
e−A(t−s)F(·, u(s))ds +

∫ t

r
e−A(t−s)G(·, u(s − ρ))ds

+
∞∑

k=1

∫ t

r
e−A(t−s) (σ1,k + κσ2,k(u(s))

)
dWk(s),

which implies that

E

[
‖u(t) − u(r)‖2θ

]

� 42θ−1
E

[
‖(e−A(t−r) − I )u(r)‖2θ

]
+ 42θ−1

E

[
‖
∫ t

r
e−A(t−s)F(·, u(s))ds‖2θ

]

+ 42θ−1
E

[
‖
∫ t

r
e−A(t−s)G(·, u(s − ρ))ds‖2θ

]

+ 42θ−1
E

[

‖
∞∑

k=1

∫ t

r
e−A(t−s) (σ1,k + κσ2,k(u(s))

)
dWk(s)‖2θ

]

. (4.108)

For the first term on the right-hand side of (4.108), by Theorem 1.4.3 in [35] and
Lemmas 4.5 and 4.9, there exists a positive number c1 depending on θ such that for
all t > r � 0,

42θ−1
E

[
‖(e−A(t−r) − I )u(r)‖2θ

]
� c1(t − r)θE[‖u(r)‖2θV ] � c2(t − r)θ . (4.109)
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For the second term on the right-hand side of (4.108), by the contraction property of
e−At , (4.3) and Lemma 4.6, we obtain for all t > r � 6,

42θ−1
E

[
‖
∫ t

r
e−A(t−s)F(·, u(s))ds‖2θ

]

� 42θ−1
E

[∫ t

r
‖F(·, u(s))‖2θ ds

]
(t − r)2θ−1

� 82θ−1
E

[(∫ t

r
‖ψ2|u(s)|p−1‖2θ ds + ‖ψ3‖2θ (t − r)

)]
(t − r)2θ−1

� 82θ−1‖ψ2‖
3p−4
p−1

L
6p−8
p−2

E

[∫ t

r
‖u(s)‖3p−4

L3p−4ds

]
(t − r)2θ−1 + 82θ−1‖ψ3‖2θ (t − r)2θ

� 82θ−1
(

c3‖ψ2‖
3p−4
p−1

L
6p−8
p−2

+ ‖ψ3‖2θ
)

(t − r)2θ . (4.110)

For the third term on the right-hand side of (4.108), by (4.6) and Lemma 4.5, we obtain
for all t > r � 1,

42θ−1
E

[
‖
∫ t

r
e−A(t−s)G(·, u(s − ρ))ds‖2θ

]

� 82θ−1

(

‖h‖2θ + a2θ sup
s�0

E

[
‖u(s)‖2θ

])

(t − r)2θ

� 82θ−1
(
‖h‖2θ + a2θ c4

)
(t − r)2θ . (4.111)

For the fourth term on the right-hand side of (4.108), by the BDG inequality, (4.10)
and Lemma 4.5, we obtain for all t > r � 0,

42θ−1
E

[

‖
∞∑

k=1

∫ t

r
e−A(t−s) (σ1,k + κσ2,k(u(s))

)
dWk(s)‖2θ

]

� 42θ−1c5E

⎡

⎣
(∫ t

r

∞∑

k=1

‖σ1,k + κσ2,k(u(s))‖2ds

)θ
⎤

⎦

� 82θ−1c5

⎧
⎨

⎩

( ∞∑

k=1

(
‖σ1,k‖2 + 2‖κ‖2β2

k

))θ

+ c6

(

2
∞∑

k=1

‖κ‖2L∞γ 2
k

)θ
⎫
⎬

⎭
(t − r)θ .

(4.112)

Then from (4.108)–(4.112), it follows that there exists c7 > 0 depending on R but
not on u0, ϕ, ρ, t or r , such that for all t > r � 6,

E[‖u(t; 0, u0, ϕ) − u(r; 0, u0, ϕ)‖2θ ] � c7(|t − r |θ + |t − r |2θ ).

This completes the proof. ��
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Remark 4.5 Suppose R > 0 and (u0, ϕ) ∈ L2θ (�,F0; V )×L2θ
(
�,F0; L2θ ((−ρ, 0),

V )
)
such that

E

(
‖u0‖2θV +

∫ 0

−ρ

‖ϕ(s)‖2θV ds

)
� R.

Then by (4.107) and Lemma 4.5 we see that there exists T > 0 depending only on R
not on ρ ∈ [0, 1] such that for all t � T

E[‖(−�)
α
2 u(s)‖2θ ] � C̃4, (4.113)

where C̃4 is a positive constant independent of R, (u0, ϕ) and ρ ∈ [0, 1].
Moreover, by Lemma 4.5, Remark 4.3 and (4.113), we find from the proof of

Lemma 4.10 that there exists T � 6 depending only on R but not on ρ ∈ [0, 1] such
that for all t, r � T ,

E[‖u(t) − u(r)‖2θ ] � C̃5(|t − r |θ + |t − r |2θ ),

where C̃5 is a positive constant independent of R, (u0, ϕ) and ρ ∈ [0, 1], and θ is the
same as that in Lemma 4.10.

4.3 Existence of invariant measures

We now prove the existence of invariant measures of (4.1) on H × L2((−ρ, 0); H)

for which we need to show the tightness of distributions of solutions.
By Theorem 2.2, we see that for any initial time t0 � 0 and any (u0, ϕ) ∈

L2(�,Ft0; H) × L2(�,Ft0; L2((−ρ, 0), H)), problem (4.1) has a unique solution
u(t; t0, u0, ϕ) defined for t ∈ [t0 −ρ,∞). The segment of u(t; t0, u0, ϕ) on (t −ρ, t)
is written as

ut (t0, u0, ϕ)(s) = u(t + s; t0, u0, ϕ) for all s ∈ (−ρ, 0).

If ψ : H × L2((−ρ, 0); H) → R is a bounded Borel function, then for 0 � r � t
and (u0, ϕ) ∈ H × L2((−ρ, 0), H), we set

(pr ,tψ)(u0, ϕ) = E

(
ψ
(

u(t; r , u0, ϕ), ut (r , u0, ϕ)
))

.

In particular, for � ∈ B
(
H × L2((−ρ, 0), H)

)
, 0 � r � t and (u0, ϕ) ∈ H ×

L2((−ρ, 0), H), we set

p(r , u0, ϕ; t, �) = (pr ,t1�)(u0, ϕ) = P

{
ω ∈ � |

(
u(t; r , u0, ϕ), ut (r , u0, ϕ)

)
∈ �

}
,

where 1� is the characteristic function of �. We often write p0,t as pt .
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LetP be the space of all probability measures on H × L2((−ρ, 0), H). Recall that
a probability measure ν ∈ P is called an invariant measure of (4.1) if for all t � 0,

∫

H×L2((−ρ,0),H)

(ptψ)(u0, ϕ) dν(u0, ϕ) =
∫

H×L2((−ρ,0),H)

ψ(u0, ϕ) dν(u0, ϕ)

for every bounded Borel function ψ : H × L2((−ρ, 0), H) → R.
The following properties of {pr ,t }0�r�t can be proved by standard arguments as

in [34].

Lemma 4.11 If (F′), (G′) and (�′) hold, then:
(i) The family {pr ,t }0�r�t is Feller, and is homogeneous in time.
(ii)For any (u0, ϕ) ∈ H×L2((−ρ, 0), H), the process {(u(t; 0, u0, ϕ), ut (0, u0, ϕ))}t�0

is an H×L2((−ρ, 0), H)-valued Markov process with transition operators {pr ,t }0�r�t .
In particular, if ψ : H × L2((−ρ, 0), H) → R is a bounded Borel function, then for
any 0 � s � r ≤ t , P-a.s.,

(ps,tψ)(u0, ϕ) = (ps,r (pr ,tψ))(u0, ϕ), ∀ (u0, ϕ) ∈ H × L2((−ρ, 0), H),

and the Chapman-Kolmogorov equation is valid:

p(s, u0, ϕ; t, �) =
∫

H×L2((−ρ,0),H)

p(s, u0, ϕ; r , dy)p(r , y; t, �)

for any � ∈ B(H × L2((−ρ, 0), H)).

We will employ Krylov-Bogolyubov’s method to show the existence of invariant
measures of (4.1). To that end, for every k ∈ N, we set

μk = 1

k

∫ k+7

7
p(0, 0, 0; t, ·)dt, (4.114)

where p(0, 0, 0; t, ·) is the distribution law of (u(t; 0, 0, 0), ut (0, 0, 0)) corresponding
to the solution u(t; 0, 0, 0) of (4.1) with initial condition (0, 0) at initial time 0. We
first prove {μk}k∈N is tight on H × L2((−ρ, 0), H).

Lemma 4.12 Suppose (F′), (G′), (�′) and (4.57)–(4.60) hold. Let (4.11) be fulfilled
with θ = 3p−4

2p−2 . Then {μk}k∈N is tight on H × L2((−ρ, 0), H).

Proof The proof is based on the uniform estimates given by Lemma 4.4, Lemma 4.8
and Lemma 4.10, and is similar to [20] regarding the tightness of distributions of solu-
tions on C([−ρ, 0]; H). We here sketch the main idea of the proof. For convenience,
during the proof, we write the solution u(t; 0, 0, 0) as u(t).

By Lemma 4.8, for any given ε > 0, there exists R1 = R1(ε) > 0 such that for all
t � 4 and ρ ∈ [0, 1],

P

({
sup

s∈[−ρ,0]
‖ut (s)‖V � R1

})
� 1

3
ε. (4.115)
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By Lemma 4.10, for all t � 7 and r , s ∈ [−ρ, 0],

E

(
‖ut (r) − ut (s)‖

3p−4
p−1

)
� c1(1 + ρ

3p−4
2p−2 )|r − s| 3p−4

2p−2 � 2c1|r − s| 3p−4
2p−2 , (4.116)

where c1 > 0 is independent of ρ. By (4.116) and the technique of diadic division,
we infer that for every ε > 0, there exists R2 = R2(ε) > 0 such that for all t � 7 and
ρ ∈ [0, 1],

P

({
sup

−ρ�s<r�0

‖ut (r) − ut (s)‖
|r − s| p−2

4(3p−4)

� R2

})
> 1 − 1

3
ε. (4.117)

From Lemma 4.4, it follows that for every ε > 0 and m ∈ N, there exists nm =
n(ε, m) � 1 such that E

(
sup

t−ρ�s�t

∫
|x |�nm

|u(s, x)|2dx
)

� ε
22m+2 for all t � 1 and

ρ ∈ [0, 1], and hence for all t � 1,

P

({
sup

t−ρ�s�t

∫

|x |�nm

|u(s, x)|2dx � 1

2m
, ∀m ∈ N

})
> 1 − 1

3
ε. (4.118)

For every ε > 0, denote by

Z1,ε =
{
ξ : [−ρ, 0] → V | sup

s∈[−ρ,0]
‖ξ(s)‖V � R1(ε)

}
, (4.119)

Z2,ε =
{
ξ ∈ C([−ρ, 0]; H) | sup

−ρ�s<r�0

‖ξ(r) − ξ(s)‖
|r − s| p−2

4(3p−4)

� R2(ε)

}
, (4.120)

Z3,ε =
{
ξ ∈ C([−ρ, 0]; H) | sup

−ρ�s�0

∫

|x |�nm

|ξ(s, x)|2dx � 1

2m
, ∀m ∈ N

}
,

(4.121)

and

Zε = Z1,ε ∩ Z2,ε ∩ Z3,ε . (4.122)

By (4.115), (4.117) and (4.118)–(4.122)weefind that for all t � 7 and everyρ ∈ [0, 1],

P
({ut ∈ Zε}

)
> 1 − ε. (4.123)

Moreover, by (4.119)–(4.122) and the Ascoli-Arzelà theorem, one may verify that
the set {ξ(0) | ξ ∈ Zε} is compact in H and Zε is compact in C([−ρ, 0]; H). Since
the embedding C([−ρ, 0]; H) ↪→ L2((−ρ, 0), H) is continuous, we find that Zε is
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also compact in L2((−ρ, 0), H). Consequently, the set Z̃ε = {(ξ(0), ξ) | ξ ∈ Zε} is
compact in H × L2((−ρ, 0), H).

Furthermore, by (4.123), we have that for all t � 7 and ρ ∈ [0, 1],

P
({(u(t), ut ) ∈ Z̃ε}

) = P
({ut ∈ Zε}

)
> 1 − ε,

which along with (4.114) implies that for every ρ ∈ [0, 1],

μk
(
Z̃ε

)
> 1 − ε, ∀ k ∈ N,

Thus {μk}k∈N is tight on H × L2((−ρ, 0), H), which completes the proof. ��
Theorem 4.1 Suppose (F′), (G′), (�′) and (4.57)–(4.60) hold. Let (4.11) be fulfilled
with θ = 3p−4

2p−2 . Then for any ρ ∈ [0, 1], the stochastic equation (4.1) has an invariant

measure on H × L2((−ρ, 0), H).

Proof By Lemma 4.12 we see that {μk}k∈N is tight on H × L2((−ρ, 0), H), and
hence there exists a probability measure μ on H × L2((−ρ, 0), H) such that, up to
a subsequence, μk → μ. Then by Lemma 4.11, one can prove μ is invariant, which
completes the proof. ��

Given ρ ∈ [0, 1], let Sρ be the collection of all invariant measures of (4.1) with
delay parameter ρ. Then from Theorem 4.1 we see that Sρ is nonempty. In the next
section, we will prove the set

⋃

ρ∈[0,1]
Sρ is tight.

5 Regularity of invariant measures

In this section, we establish the regularity of invariant measures of (4.1), which will
be useful for proving the tightness of the set of all invariant measures of (4.1) when ρ

varies on the interval [0, 1] in the next section.
Theorem 5.1 Suppose (F′), (G′), (�′), (4.12) and (4.57)–(4.60) hold. Then for every
ρ ∈ [0, 1] and μρ ∈ Sρ , we have μρ

(
V × L∞((−ρ, 0), V )

) = 1.

Proof By Remark 4.4, we find that for every (u0, ϕ) ∈ H × L2((−ρ, 0), H), there
exists T = T (u0, ϕ) � 4 (independent of ρ) such that for all t � T and ρ ∈ [0, 1],

E

(
‖u(t; 0, u0, ϕ)‖2V

)
+ E

(
sup

r∈[−ρ,0]
‖ut (0, u0, ϕ)(r)‖2V

)
� c1, (5.1)

where c1 > 0 is independent of u0, ϕ and ρ.
Given R > 0, denote by

B̃R =
{
(u0, ϕ) ∈ V × L∞((−ρ, 0), V ) | ‖(u0, ϕ)‖V ×L∞((−ρ,0),V ) � R

}
.
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Then B̃R is a closed subset of H × L2((−ρ, 0), H).
By (5.1) we get for all t � T and ρ ∈ [0, 1],

P

({∥∥∥
(

u(t; 0, u0, ϕ), ut (0, u0, ϕ)
)∥∥∥

V ×L∞((−ρ,0),V )
> R

})
� c1

R2 ,

which implies that for all t � T and ρ ∈ [0, 1],

P

({(
u(t; 0, u0, ϕ), ut (0, u0, ϕ)

)
∈ B̃R

})
� 1 − c1

R2 . (5.2)

If μρ ∈ Sρ , then from the invariance of μρ , it follows that for any s � 0,

∫

H×L2((−ρ,0),H)

P

({(
u(t; 0, u0, ϕ), ut (0, u0, ϕ)

)
∈ B̃R

})
dμρ = μρ

(
B̃R
)
. (5.3)

By (5.2), (5.3) and Fatou’s theorem we get, for all ρ ∈ [0, 1],

μρ
(
B̃R
)

� 1 − c1
R2 . (5.4)

Letting R → +∞ in (5.4), since lim
R→∞ μρ

(
B̃R
) = μρ

(
V × L∞((−ρ, 0), V )

)
we

obtain for all ρ ∈ [0, 1],

μρ
(
V × L∞((−ρ, 0), V )

)
� 1,

which concludes the proof. ��

6 Tightness of the set of invariant measures

In this section, we prove the set of all invariant measures of (4.1) is tight when ρ

varies on [0, 1]. To that end, for every ρ ∈ (0, 1], define a restriction operator Tρ :
H × L2((−1, 0), H) → H × L2((−ρ, 0), H) by

Tρ(u0, ϕ) = (u0, ϕ|(−ρ,0)), ∀ (u0, ϕ) ∈ H × L2((−1, 0), H),

where ϕ|(−ρ,0) is the restriction of ϕ to the interval (−ρ, 0).
We now prove the tightness of the set of all invariant measures of (4.1) for all

ρ ∈ [0, 1].
Theorem 6.1 Suppose (F′), (G′), (�′) and (4.57)–(4.60) hold. Let (4.11) be fulfilled
with θ = 3p−4

2p−2 . Then the set
⋃

ρ∈[0,1]
Sρ is tight in the sense that for every ε > 0, there

exists a compact subset K in H × L2((−1, 0), H) such that μρ
(
Tρ(K)

)
> 1 − ε for

all μρ ∈ Sρ and ρ ∈ [0, 1].
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Proof Givenρ ∈ [0, 1] and (u0, ϕ) ∈ V ×L∞((−ρ, 0), V ) ⊆ V ×L
3p−4
p−1 ((−ρ, 0), V ),

by Remark 4.2, we find that for every ε > 0 and m ∈ N, there exist Tm =
T (ε, m, u0, ϕ) � 2 and km = k(ε, m) � 1 such that for all ρ ∈ [0, 1], t � Tm

and k � km ,

E

(
sup

t−1�r�t

∫

|x |�k
|uρ(r; 0, u0, ϕ)|2dx

)
<

ε

22m+2 . (6.1)

On the other hand, by Remark 4.4, we see that there exists T̃1 = T̃1(u0, ϕ) � 1 such
that for all t � T̃1,

E

(
sup

s∈[−1,0]
‖uρ

t (0, u0, ϕ)(s)‖2V
)

� c1,

where c1 > 0 is a constant independent of (u0, ϕ) and ρ, which implies that for every
ε > 0, there exists R1 = R1(ε) > 0 (independent of (u0, ϕ) and ρ) such that for all
t � T̃1,

P

({
sup

s∈[−1,0]
‖uρ

t (0, u0, ϕ)(s)‖V > R1

})
<

1

3
ε. (6.2)

By Remark 4.5, there exist T̃2 = T̃2(u0, ϕ) � 1 and R2 = R2(ε) > 0 (independent
of (u0, ϕ) and ρ) such that for all t � T̃2,

P

({
sup

−1�s<r�0

‖uρ
(
t + r; 0, u0, ϕ

)− uρ
(
t + s; 0, u0, ϕ

) ‖
|r − s| p−2

4(3p−4)

� R2

})
> 1 − 1

3
ε.

(6.3)

For every ε > 0, denote by

K1,ε =
{
ξ : [−1, 0] → V | sup

s∈[−1,0]
‖ξ(s)‖V � R1(ε)

}
, (6.4)

K2,ε =
{
ξ ∈ C([−1, 0]; H) | sup

−1�s<r�0

‖ξ(r) − ξ(s)‖
|r − s| p−2

4(3p−4)

� R2(ε)
}
, (6.5)

K3,ε =
{
ξ ∈ C([−1, 0]; H) | sup

−1�s�0

∫

|x |�km

|ξ(s, x)|2dx � 1

2m
, ∀ m ∈ N

}
,

(6.6)

It follows from (6.4)–(6.6) and the proof of Lemma 4.12 that the set

Kε = {
(ξ(0), ξ) | ξ ∈ K1,ε ∩ K2,ε ∩ K3,ε

}
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is compact in H × L2((−1, 0), H).
In what follows, we will prove for any ρ ∈ [0, 1] and μρ ∈ Sρ ,

μρ
(
Tρ(Kε)

)
> 1 − ε. (6.7)

For any m ∈ N, define

K3,ε,m =:
{
ξ ∈ C([−1, 0]; H) | sup

−1�s�0

∫

|x |�km

|ξ(s, x)|2dx � 1

2m

}
,

and

Aε
i =

{
(ξ(0), ξ) | ξ ∈ K1,ε ∩ K2,ε ∩

( i⋂

m=1

K3,ε,m

)}
, ∀ i ∈ N.

Then Kε =
∞⋂

i=1
Aε

i , Aε
i is a closed subset of H × L2((−1, 0), H) and Aε

i ⊇ Aε
i+1.

Similarly, one can verify that TρAε
i is a closed subset of H × L2((−ρ, 0), H) and

Tρ(Aε
i ) ⊇ Tρ(Aε

i+1) for i ∈ N.
We claim:

∞⋂

i=1

Tρ(Aε
i ) = Tρ(Kε), ∀ ρ ∈ [0, 1]. (6.8)

It is evident that
∞⋂

i=1
Tρ(Aε

i ) ⊇ Tρ(Kε). So it is enough to prove

∞⋂

i=1

Tρ(Aε
i ) ⊆ Tρ(Kε). (6.9)

Let z0 ∈ C([−ρ, 0], H) such that (z0(0), z0) ∈
∞⋂

i=1
Tρ(Aε

i ). Then for every i ∈ N,

we have (z0(0), z0) ∈ Tρ(Aε
i ), which implies that there exists z̃i ∈ C([−1, 0]; H)

such that

(̃zi (0), z̃i ) ∈ Aε
i and z0(s) = z̃i (s), ∀ s ∈ [−ρ, 0]. (6.10)

Consequently, we have z̃i ∈ K1,ε ∩K2,ε ∩ (
i⋂

m=1
K3,ε,m), which together with (6.10)

implies

sup
s∈[−ρ,0]

‖z0(s)‖V � R1(ε), sup
−ρ�s<r�0

‖z0(r) − z0(s)‖
|r − s| p−2

4(3p−4)

� R2(ε), (6.11)
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and

sup
−ρ�r�0

∫

|x |�km

|z0(s, x)|2dx � 1

2m
, ∀ m ∈ N. (6.12)

Define a continuous function z : [−1, 0] → H by

z(s) = z0(s) if s ∈ [−ρ, 0]; z(s) = z0(−ρ) if s ∈ [−1,−ρ). (6.13)

Then (z0(0), z0) = Tρ(z(0), z). Moreover, it follows from (6.11)–(6.13) that z ∈
K1,ε ∩ K2,ε ∩ K3,ε, and hence (z0(0), z0) ∈ Tρ(Kε), which gives (6.9).

By (6.8) we infer that for every ρ ∈ [0, 1] and μρ ∈ Sρ ,

lim
i→∞ μρ

(
Tρ(Aε

i )
) = μρ

(
Tρ(Kε)

)
,

which implies that there exists N0 = N0(ε, ρ, μρ) � 1 such that for any i � N0,

0 � μρ
(
Tρ(Aε

i )
)− μρ

(
Tρ(Kε)

)
<

1

12
ε. (6.14)

Next, we will prove μρ
(
Tρ(Aε

N0
)
)

> 1 − 11
12ε.

Since μρ is an invariant measure of (4.1) with ρ ∈ [0, 1], we get
∫

H×L2((−ρ,0),H)

P

({(
uρ(t; 0, u0, ψ), uρ

t (0, u0, ψ)
)

∈ Tρ(Aε
N0

)
})

dμρ = μρ
(
Tρ(Aε

N0
)
)
.

(6.15)

Then by (6.15) and Theorem 5.1, we have

μρ
(
Tρ(Aε

N0
)
) =

∫

V ×L∞((−ρ,0),V )

P

({(
uρ(t; 0, u0, ψ), uρ

t (0, u0, ψ)
)

∈ Tρ(Aε
N0

)
})

dμρ.

(6.16)

By (6.16) and Fatou’s theorem, we get

μρ
(
Tρ(Aε

N0
)
) = lim inf

t→∞

∫

V ×L∞((−ρ,0),V )

P

({(
uρ(t; 0, u0, ψ), uρ

t (0, u0, ψ)
)

∈ Tρ(Aε
N0

)
})

dμρ

� 1 −
∫

V ×L∞((−ρ,0),V )

lim sup
t→∞

P

({(
uρ(t; 0, u0, ψ), uρ

t (0, u0, ψ)
)

/∈ Tρ(Aε
N0

)
})

dμρ.

(6.17)

Next, we estimate the term on the right-hand side of (6.17). For any (u0, ψ) ∈ V ×
L∞((−ρ, 0), V ), note that uρ

t (0, u0, ψ) is the segment of the solution uρ(t; 0, u0, ψ)

of (4.1) on the interval [t − ρ, t]; that is,

uρ
t (0, u0, ψ)(s) = uρ(t + s; 0, u0, ψ), ∀ s ∈ [−ρ, 0].
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We now consider the segment of uρ(t; 0, u0, ψ) on the interval [t − 1, t] with t � 1,
which is denoted by v

ρ
t (0, u0, ψ); that is,

v
ρ
t (0, u0, ψ)(s) = uρ(t + s; 0, u0, ψ), ∀ s ∈ [−1, 0].

Then for all t � 1, we have v
ρ
t (0, u0, ψ) ∈ C([−1, 0]; H) and

(
uρ(t; 0, u0, ψ), uρ

t (0, u0, ψ)
) = Tρ

(
v

ρ
t (0, u0, ψ)(0), vρ

t (0, u0, ψ)
)
. (6.18)

By (6.18) we see that if
(
uρ(t; 0, u0, ψ), uρ

t (0, u0, ψ)
)

/∈ Tρ(Aε
N0

)with t ≥ 1, then

we must have
(
v

ρ
t (0, u0, ψ)(0), vρ

t (0, u0, ψ)
)

/∈ Aε
N0

, which shows that for t � 1,

P

({(
uρ(t; 0, u0, ψ), uρ

t (0, u0, ψ)
)

/∈ Tρ(Aε
N0

)
})

� P

({
v

ρ
t (0, u0, ψ) /∈ K1,ε

})
+ P

({
v

ρ
t (0, u0, ψ) /∈ K2,ε

})

+
N0∑

m=1

P

({
v

ρ
t (0, u0, ψ) /∈ K3,ε,m

})

= P

({
sup

s∈[−1,0]
‖uρ

t (0, u0, ψ)(s)‖V > R1(ε)
})

+ P

({
sup

−1�s<r�0

‖uρ(t + r; 0, u0, ψ) − uρ(t + s; 0, u0, ψ)‖
|r − s| p−2

4(3p−4)

> R2(ε)
})

+
N0∑

m=1

P

(
{

sup
t−1�r�t

∫

|x |�km

|uρ(r , x; 0, u0, ψ)|2dx >
1

2m

}
)

. (6.19)

By (6.2), we obtain

lim sup
t→∞

P

({
sup

s∈[−1,0]
‖uρ

t (0, u0, ψ)(s)‖V > R1(ε)
})

� ε

3
. (6.20)

By (6.3), we have

lim sup
t→∞

P

({
sup

−1�s<r�0

‖uρ(t + r; 0, u0, ψ) − uρ(t + s; 0, u0, ψ)‖
|r − s| p−2

4(3p−4)

> R2(ε)
})

� ε

3
.

(6.21)

By (6.1), we have

lim sup
t→∞

N0∑

m=1

P

({
sup

t−1�r�t

∫

|x |�km

|uρ(r , x; 0, u0, ψ)|2dx >
1

2m

})
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�
N0∑

m=1

2m lim sup
t→∞

E

(

sup
t−1�r�t

∫

|x |�km

|uρ(r , x; 0, u0, ψ)|2dx

)

�
N0∑

m=1

ε

2m+2 <
1

4
ε. (6.22)

It follows from (6.19)–(6.22) that

lim sup
t→∞

P

({(
uρ(t; 0, u0, ψ), uρ

t (·; 0, u0, ψ)
)

/∈ Tρ(Aε
N0

)
})

<
11

12
ε,

which along with (6.17) yields

μρ
(
Tρ(Aε

N0
)
)

> 1 − 11

12
ε. (6.23)

Then (6.7) follows from (6.14) and (6.23) immediately, which completes the proof. ��

7 Limits of invariant measures with respect to delay parameter

In this section, we investigate the limiting behavior of invariant measures of (4.1) as
ρ → ρ0. We will show any limit of a sequence of invariant measures of (4.1) must be
an invariant measure of the limiting system. We start with an abstract result regarding
the limits of invariant measures.

Let Z be a separableHilbert spacewith norm‖·‖Z . Assume that for everyρ ∈ (0, 1],
z ∈ Z and ϕ ∈ L2((−ρ, 0), Z), {Xρ(t; 0, (z, ϕ)) : t � 0} is a stochastic process in
Z × L2((−ρ, 0), Z) with initial data (z, ϕ) at t = 0. We also assume that for every
z ∈ Z , {X0(t; 0, z) : t � 0} is a stochastic process in Z with initial conditionz when
t = 0. Suppose the probability transition operators of Xρ are Feller.

For each ρ ∈ (0, 1] and ρ1 ∈ [0, ρ), for any (z, ϕ) ∈ Z × L2((−ρ, 0), Z), let

Tρ→ρ1(z, ϕ) =
{

(z, ϕ|(−ρ1,0)), as ρ1 > 0;
z, as ρ1 = 0,

where ϕ|(−ρ1,0) is the restriction of ϕ to the interval (−ρ1, 0). Let Zρ = Z ×
L2((−ρ, 0), Z) if ρ ∈ (0, 1], and Zρ = Z if ρ = 0.

Similar to [18, 31], we assume that Xρn converges to Xρ as ρn → ρ+ in the
following sense: for every compact subset E in Z × L2((−1, 0), Z), t � 0 and ζ > 0,

lim
ρn→ρ+ sup

(z,ϕ)∈E
P
({‖Tρn→ρ

(
Xρn (t; 0, T1→ρn (z, ϕ))

)− Xρ(t; 0, T1→ρ(z, ϕ))‖Zρ � ζ
}) = 0.

(7.1)

Then we have the following result as Lemma 7.1 in [18] whose proof is omitted.
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Theorem 7.1 Let 0 � ρ < ρn � 1 and (7.1) hold. Suppose μρn is an invariant
measure of Xρn in Z × L2((−ρn, 0), Z), and for any ε > 0, there exists a compact
subset K ⊆ Z × L2((−1, 0), Z) such that μρn

(
T1→ρn (K )

)
> 1− ε, ∀ n = 1, 2, . . . .

Then:
(i) The sequence {μρn ◦ T −1

ρn→ρ}+∞
n=1 is tight in Zρ .

(ii) If ρn → ρ and μ is a probability measure on Zρ such that μρn ◦T −1
ρn→ρ converges

weakly to μ as n → ∞, then μ must be an invariant measure of Xρ .

Next, we will apply Theorem 7.1 to the stochastic system (4.1) with Z = H =
L2(Rn). Recall that Hρ = H × L2((−ρ, 0), H) if ρ ∈ (0, 1], and Hρ = H if ρ = 0.
We now write the solution of (4.1) with ρ ∈ (0, 1] as uρ , and reserve u for the the
solution of (4.1) with ρ = 0.

Lemma 7.1 Suppose (F′), (G′) and (�′) hold. Then for every ρ1 ∈ [0, 1) and every
compact subset E in H × L2((−1, 0), H), T � 1 and η > 0,

lim
ρ→ρ+

1

sup
(u0,ϕ)∈E

P

({

sup
0�t�T

‖Tρ→ρ1(u
ρ(t), uρ

t ) − (uρ1(t), uρ1
t )‖Hρ1

� η

})

= 0,

where uρ(t) = uρ(t; 0, T1→ρ(u0, ϕ)), and uρ
t (s) = uρ(t + s; 0, T1→ρ(u0, ϕ)) for

s ∈ (−ρ, 0).

Proof By Theorem 2.2, we find that for every T � 1 and every compact subset E in
H1, there exists a positive number c1 = c1(E, T ) independent of ρ ∈ [0, 1] such that
for all (u0, ϕ) ∈ E and ρ ∈ [0, 1],

E

(
sup

t∈[0,T ]
‖uρ(t; 0, T1→ρ(u0, ϕ))‖2

)
� c1. (7.2)

Applying Ito’s formula to (4.1), we obtain for t ∈ [0, T ]

E

(

sup
0�r�t

‖uρ(r) − uρ1 (r)‖2
)

� E

(
sup

0�r�t

∫ r

0
ds
∫

Rn
−2
(
F(x, uρ(s)) − F(x, uρ1 (s))

) · (uρ(s) − uρ1 (s)
)
dx

)

+ 2E

(
sup

0�r�t

∫ r

0
ds
∫

Rn

(
G(x, uρ(s − ρ)) − G(x, uρ1 (s − ρ1))

) · (uρ(s) − uρ1 (s)
)
dx

)

+ E

( ∞∑

k=1

∫ t

0
‖κσ2,k(u

ρ(s)) − κσ2,k(u
ρ1 (s))‖2ds

)

+ 2E

(
sup

0�r�t

∣∣
∣∣

∞∑

k=1

∫ r

0

(
κσ2,k(u

ρ(s)) − κσ2,k(u
ρ1 (s)), uρ(s) − uρ1 (s)

)
dWk(s)

∣∣
∣∣

)
. (7.3)
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We now estimate all terms on the right-hand side of (7.3). For the first term on the
right-hand side of (7.3), it follows from (4.4) that

E

(
sup

0�r�t

∫ r

0
ds
∫

Rn
−2
(
F(x, uρ(s)) − F(x, uρ1(s))

) · (uρ(s) − uρ1(s)
)
dx

)

� 2‖ψ4‖L∞(Rn)E

(∫ t

0
‖uρ(s) − uρ1(s)‖2ds

)
. (7.4)

For the second term on the right-hand side of (7.3), we have

2E

(
sup

0�r�t

∫ r

0
ds
∫

Rn

(
G(x, uρ(s − ρ)) − G(x, uρ1(s − ρ1))

) · (uρ(s) − uρ1(s)
)
dx

)

� E

(∫ t−ρ

−ρ

‖G(·, uρ(s)) − G(·, uρ1(s − ρ1 + ρ))‖2ds

)

+ E

(∫ t

0
‖uρ(s) − uρ1(s)‖2ds

)

= E

(∫ ρ1−ρ

−ρ

‖G(·, uρ(s)) − G(·, uρ1(s − ρ1 + ρ))‖2ds

)

+ E

(∫ 0

ρ1−ρ

‖G(·, uρ(s)) − G(·, uρ1(s − ρ1 + ρ))‖2ds

)

+ E

(∫ t−ρ

0
‖G(·, uρ(s)) − G(·, uρ1(s − ρ1 + ρ))‖2ds

)

+ E

(∫ t

0
‖uρ(s) − uρ1(s)‖2ds

)
. (7.5)

For the first term on the right-hand side of (7.5), by (4.7) we have

E

(∫ ρ1−ρ

−ρ

‖G(·, uρ(s)) − G(·, uρ1(s − ρ1 + ρ))‖2ds

)

� (CG)2
∫ 0

−ρ1

‖ϕ(s + ρ1 − ρ) − ϕ(s)‖2ds. (7.6)

Since C([−1, 0]; H) is dense in L2((−1, 0), H), we find that for each ϕ ∈
L2((−1, 0), H), there exists δϕ ∈ (0, 1−ρ1) such that

∫ 0
−ρ1

‖ϕ(s−h)−ϕ(s)‖2ds < ε

for any h ∈ (0, δϕ). Since E is compact in H × L2((−1, 0), H), we infer that there
exists δ = δ(E) ∈ (0, 1 − ρ1) such that for all h ∈ (0, δ) and for all (u0, ϕ) ∈ E ,

∫ 0

−ρ1

‖ϕ(s − h) − ϕ(s)‖2ds < ε. (7.7)
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By (7.6) and (7.7), we obtain that for 0 < ρ − ρ1 < δ,

E

(∫ ρ1−ρ

−ρ

‖G(·, uρ(s)) − G(·, uρ1(s − ρ1 + ρ))‖2ds

)
� (CG)2ε. (7.8)

For the second term on the right-hand side of (7.5), it follows from (4.6) and (7.2)
that for 0 < ρ − ρ1 < δ,

E

(∫ 0

ρ1−ρ

‖G(·, uρ(s)) − G(·, uρ1(s − ρ1 + ρ))‖2ds

)

� 4‖h‖2(ρ − ρ1) + 2a2
∫ 0

ρ1−ρ

‖ϕ(s)‖2ds + 2a2
∫ ρ−ρ1

0
E

(
sup

s∈[0,T ]
‖uρ1(s)‖2ds

)

� 2(2‖h‖2 + a2c1)(ρ − ρ1) + 2a2
∫ 0

ρ1−ρ

‖ϕ(s)‖2ds. (7.9)

For the third term on the right-hand side of (7.5), by (4.7) we have

E

(∫ t−ρ

0
‖G(·, uρ(s)) − G(·, uρ1(s − ρ1 + ρ))‖2ds

)

� E

(∫ t−ρ

0
1(ρ,+∞)(t)‖G(·, uρ(s)) − G(·, uρ1(s − ρ1 + ρ))‖2ds

)

� 2(CG)2E

(∫ t−ρ

0
1(ρ,+∞)(t)‖uρ(s) − uρ1(s)‖2ds

)

+ 2(CG)2E

(∫ t−ρ

0
1(ρ,+∞)(t)‖uρ1(s) − uρ1(s − ρ1 + ρ)‖2ds

)
. (7.10)

Next, we consider the second term on the right-hand side of (7.10). Since E
is compact in H × L2((−1, 0), H), we see that for every ε > 0, E has a finite
open cover of balls with radius ε in H × L2((−1, 0), H), which is denoted by{

B
(
(ui , ϕi ), ε

)}m
i=1. Then for each (u0, ϕ) ∈ E , there exists i0 ∈ {1, 2, . . . , m} such

that (u0, ϕ) ∈ B
(
(ui0 , ϕi0), ε

)
; that is,

‖u0 − ui0‖2 +
∫ 0

−1
‖ϕ(s) − ϕi0(s)‖2ds < ε2. (7.11)

Note that

2(CG)2E

(∫ t−ρ

0
1(ρ,+∞)(t)‖uρ1 (s) − uρ1 (s − ρ1 + ρ)‖2ds

)

� 6(CG)2E

(∫ t−ρ

0
1(ρ,+∞)(t)‖uρ1 (s; 0, T1→ρ1 (u

0, ϕ)) − uρ1 (s; 0, T1→ρ1 (ui0 , ϕi0 ))‖2ds

)

+ 6(CG)2E

(∫ t−ρ

0
1(ρ,+∞)(t)‖uρ1 (s; 0, T1→ρ1 (ui0 , ϕi0 )
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− uρ1 (s − ρ1 + ρ; 0, T1→ρ1 (ui0 , ϕi0 ))‖2ds

)

+ 6(CG)2E

(∫ t−ρ

0
1(ρ,+∞)(t)‖uρ1 (s − ρ1 + ρ; 0, T1→ρ1 (ui0 , ϕi0 ))

− uρ1 (s − ρ1 + ρ; 0, T1→ρ1 (u
0, ϕ))‖2ds

)

.= I1 + I2 + I3. (7.12)

Since for all i = 1, 2, . . . , m,uρ1(s; 0, T1→ρ1(ui , ϕi )) ∈ C([0, T ], L2(�,F0; H)),
which implies that uρ1(s; 0, T1→ρ1(ui , ϕi )) : [0, T ] → L2(�,F0; H) is uni-
formly continuous, and thus there exists δi = δi (ε, T , ui , ϕi ) > 0 such that for
all t1, t2 ∈ [0, T ] with |t1 − t2| < δi ,

E

(
‖uρ1(t1; 0, T1→ρ1(ui , ϕi )) − uρ1(t2; 0, T1→ρ1(ui , ϕi ))‖2

)
<

ε

6T ((CG
R )2 + 1)

.

Let δ̃ = min{δi | i = 1, 2, . . . , m}. Then for all 0 < ρ − ρ1 < δ̃,

E

(
‖uρ1 (s; 0, T1→ρ1 (ui , ϕi )) − uρ1 (s − ρ1 + ρ; 0, T1→ρ1 (ui , ϕi ))‖2

)
<

ε

6T ((CG
R )2 + 1)

(7.13)

for all s ∈ [0, T − ρ], i = 1, 2, . . . , m. Then by (7.13) we obtain

I2 < ε, for all t ∈ [0, T ] and 0 < ρ − ρ1 < δ̃. (7.14)

On the other hand, by Ito’s formula and together with (4.4), (4.7), and (4.9), we
obtain

E

(
‖uρ1 (t; 0, T1→ρ1 (u

0, ϕ)) − uρ1 (t; 0, T1→ρ1 (ui0 , ϕi0 ))‖2
)

� ‖u0 − ui0‖2 +
∫ 0

−ρ1

‖ϕ(s) − ϕi0 (s)‖2ds + (‖ψ4‖L∞ + (CG)2 + 1 + ‖κ‖2L∞
∞∑

k=1

α2
k

)

× E

(∫ t

0
‖uρ1 (s; 0, T1→ρ1 (u

0, ϕ)) − uρ1 (s; 0, T1→ρ1 (ui0 , ϕi0 ))‖2ds

)
. (7.15)

Applying Gronwall’s inequality to (7.15), by (7.11) we have

E

(
‖uρ1(t; 0, T1→ρ1(u

0, ϕ)) − uρ1(t; 0, T1→ρ1(ui0 , ϕi0))‖2
)

�
(
‖u0 − ui0‖2 +

∫ 0

−ρ1

‖ϕ(s) − ϕi0(s)‖2ds
)

e
(
‖ψ4‖L∞+(CG )2+1+‖κ‖2L∞

∑∞
k=1 α2

k

)
t

< e
(
‖ψ4‖L∞+CG+1+‖κ‖2L∞

∑∞
k=1 α2

k

)
t
ε2, ∀ t ∈ [0, T ]. (7.16)
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By (7.16), we have for t ∈ [0, T ]

I1 � 6(CG)2E

(∫ T

0
‖uρ1(s; 0, T1→ρ1(u

0, ϕ)) − uρ1(s; 0, T1→ρ1(ui0 , ϕi0))‖2ds

)

� 6T (CG)2e
(
‖ψ4‖L∞+(CG )2+1+‖κ‖2L∞

∑∞
k=1 α2

k

)
T
ε2. (7.17)

In addition, by (7.16) we have

I3 � 6(CG)2E

(∫ t−ρ1

ρ−ρ1

1(ρ,+∞)(t)‖uρ1 (s; 0, T1→ρ1 (ui0 , ϕi0 )) − uρ1 (s; 0, T1→ρ1 (u
0, ϕ))‖2ds

)

� 6T (CG)2e
(
‖ψ4‖L∞ +(CG )2+1+‖κ‖2L∞

∑∞
k=1 α2

k

)
T
ε2. (7.18)

So by (7.12), (7.14), (7.17) and (7.18), we obtain for 0 < ρ − ρ1 < δ̄,

2(CG)2E

(∫ t−ρ

0
1(ρ,+∞)(t)‖uρ1(s) − uρ1(s − ρ1 + ρ)‖2ds

)

� ε + 12T (CG)2e
(
‖ψ4‖L∞+(CG )2+1+‖κ‖2L∞

∑∞
k=1 α2

k

)
T
ε2, (7.19)

which along with (7.10) yields that for 0 < ρ − ρ1 < δ̄,

E

(∫ t−ρ

0
‖G(·, uρ(s)) − G(·, uρ1(s − ρ1 + ρ))‖2ds

)

� 2(CG)2E

(∫ t−ρ

0
1(ρ,+∞)(t)‖uρ(s) − uρ1(s)‖2ds

)

+ ε + 12T (CG)2e
(
‖ψ4‖L∞+(CG )2+1+‖κ‖2L∞

∑∞
k=1 α2

k

)
T
ε2. (7.20)

Let δ̂ = min{δ, δ̄}. Then for 0 < ρ − ρ1 < δ̂, it follows from (7.5), (7.8), (7.9) and
(7.20) that

2E

(
sup

0�r�t

∫ r

0
ds
∫

Rn

(
G(x, uρ(s − ρ)) − G(x, uρ1(s − ρ1))

) · (uρ(s) − uρ1(s)
)
dx

)

� (CG)2ε + 2(2‖h‖2 + a2c1)(ρ − ρ1) + 2a2
∫ 0

ρ1−ρ

‖ϕ(s)‖2ds

+ ε + 12T (CG)2e
(
‖ψ4‖L∞+(CG )2+1+‖κ‖2L∞

∑∞
k=1 α2

k

)
T
ε2

+ [2(CG)2 + 1]E
(∫ t

0
‖uρ(s) − uρ1(s)‖2ds

)
. (7.21)
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For the third term on the right-hand side of (7.3), by (4.9), we have

E

( ∞∑

k=1

∫ t

0
‖κσ2,k(u

ρ(s)) − κσ2,k(u
ρ1 (s))‖2ds

)
� ‖κ‖2L∞

∞∑

k=1

α2
kE

(∫ t

0
‖uρ(s) − uρ1 (s)‖2ds

)
.

(7.22)

For the fourth term on the right-hand side of (7.3), by (�1′) and the Burkholder-
Davis-Gundy inequality we have

2E

(
sup

0�r�t

∣
∣∣
∣

∞∑

k=1

∫ r

0

(
κσ2,k(u

ρ(s)) − κσ2,k(u
ρ1 (s)), uρ(s) − uρ1 (s)

)
dWk(s)

∣
∣∣
∣

)

� 1

2
E

(

sup
0�r�t

‖uρ(r) − uρ1 (r)‖2
)

+ 2c2‖κ‖2L∞
∞∑

k=1

α2
kE

(∫ t

0
‖uρ(s) − uρ1 (s)‖2ds

)
.

(7.23)

Then by (7.3), (7.4), (7.21)–(7.23), we obtain, for ε ∈ (0, 1) and 0 < ρ − ρ1 < δ̂,

E

(

sup
0�r�t

‖uρ(r) − uρ1(r)‖2
)

� c2ε + c3(ρ − ρ1) + c4

∫ 0

ρ1−ρ

‖ϕ(s)‖2ds + c5E

(∫ t

0
‖uρ(s) − uρ1(s)‖2ds

)
,

(7.24)

where c2, c3, c4 and c5 are positive numbers depending only on E and T but not on
u0, ϕ, ε or ρ. By (7.24) and Gronwall’s inequality, we obtain that for all t ∈ [0, T ],
(u0, ϕ) ∈ E and 0 < ρ − ρ1 < δ̂,

E

(

sup
0�r�t

‖uρ(r) − uρ1(r)‖2
)

�
(

c2ε + c3(ρ − ρ1) + c4

∫ 0

ρ1−ρ

‖ϕ(s)‖2ds

)
ec5T .

(7.25)

Furthermore, by (7.25) we obtain for all t ∈ [0, T ], (u0, ϕ) ∈ E and 0 < ρ −ρ1 < δ̂,

E

(

sup
0�r�t

∫ 0

−ρ1

‖uρ
r (s) − uρ1

r (s)‖2ds

)

�
∫ 0

−ρ1

E

(

sup
0�r�t

‖uρ(r + s) − uρ1 (r + s)‖2
)

ds

�ρ1E

(

sup
0�r�t

‖uρ(r) − uρ1 (r)‖2
)

�ρ1

(
c2ε + c3(ρ − ρ1) + c4

∫ 0

ρ1−ρ

‖ϕ(s)‖2ds

)
ec5T .

(7.26)
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Since E is compact in H × L2((−1, 0), H), there exists δ0 = δ0(ε, E) > 0 such that
for all h ∈ (0, δ0),

∫ 0

−h
‖ϕ(s)‖2ds < ε, ∀ (u0, ϕ) ∈ E . (7.27)

Let δ̂0 = min{δ0, δ̂}. By (7.25), (7.26) and (7.27) we get for all (u0, ϕ) ∈ E and
0 < ρ − ρ1 < δ̂0,

E

(

sup
0�r�T

(
‖uρ(r) − uρ1(r)‖2 +

∫ 0

−ρ1

‖uρ
r (s) − uρ1

r (s)‖2ds

))

�(1 + ρ1) (c2ε + c3(ρ − ρ1) + c4ε) ec5T . (7.28)

It follows from (7.28) that for all 0 < ρ − ρ1 < δ̂0,

sup
(u0,ϕ)∈E

P

({
sup

0�t�T
‖Tρ→ρ1

(
uρ(t), uρ

t
)− (

uρ1(t), uρ1
t
)‖Hρ1

� η
})

� (1 + ρ1)η
−2 (c2ε + c3(ρ − ρ1) + c4ε) ec5T . (7.29)

By (7.29), we obtain

lim
ρ→ρ1

sup
(u0,ϕ)∈E

P

({
sup

0�t�T
‖Tρ→ρ1

(
uρ(t), uρ

t
)− (

uρ1(t), uρ1
t
)‖Hρ1

� η
}) = 0,

as desired. ��
We are now ready to present the main result of this section.

Theorem 7.2 Suppose (F′), (G′), (�′) and (4.58)–(4.60) hold. Let (4.11) be fulfilled
with θ = 3p−4

2p−2 . Take ρ0 ∈ [0, 1) and ρn ∈ (ρ0, 1]. If ρn → ρ0 and μρn ∈ Sρn , then
there exist a subsequence {ρnk }∞k=1 and an invariant measure μρ0 ∈ Sρ0 such that
μρnk ◦ T −1

ρnk →ρ0
→ μρ0 weakly.

Proof Note that {μρn }∞n=1 is tight byTheorem6.1. Therefore, there exist a subsequence
{ρnk }∞k=1 and probability measure μ∗ such that μρnk ◦ T −1

ρnk →ρ0
→ μ∗ weakly. Since

ρnk → ρ0, by Lemma 7.1 and Theorem 7.1 we infer that μ∗ must be an invariant
probability measure of (4.1) with ρ = ρ0, which concludes the proof. ��
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