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Abstract

We consider stochastic PDEs on the d-dimensional torus with fractional Laplacian of
parameter p € (0, 2], quadratic nonlinearity and driven by space-time white noise.
These equations are known to be locally subcritical, and thus amenable to the theory
of regularity structures, if and only if p > d/3. Using a series of recent results by
the second named author, A. Chandra, I. Chevyrev, M. Hairer and L. Zambotti, we
obtain precise asymptotics on the renormalisation counterterms as the mollification
parameter ¢ becomes small and p approaches its critical value. In particular, we show
that the counterterms behave like a negative power of ¢ if ¢ is superexponentially
small in (p — d/3), and are otherwise of order log(e_l). This work also serves as
an illustration of the general theory of BPHZ renormalisation in a relatively simple
situation.
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1 Introduction

The last years have witnessed tremendous progress in the theory of singular stochastic
partial differential equations (SPDEs). The theory of regularity structures, introduced
by Martin Hairer in [19], provides a functional analysis framework in which many
so-called locally subcritical singular SPDEs can be shown to admit (local in time)
solutions. The theory has been successfully applied to a number of different SPDEs,
including the KPZ equation [18, 27, 30] and its generalisations to polynomial nonlin-
earities [25] and non-polynomial nonlinearities [29], the dynamic d>‘31 model [19, 28],
the continuum parabolic Anderson model [22], the Navier—Stokes equation [34], the
motion of a random string on a curved surface [5, 20], the FitzZHugh—Nagumo SPDE
[2], the dynamical Sine-Gordon model [9, 26], the heat equation driven by space-time
fractional noise [14], reaction—diffusion equations with a fractional Laplacian [3], and
the multiplicative stochastic heat equation [23, 24].

A limitation of the theory introduced in [19] is that, while it provides function spaces
allowing to prove fixed-point theorems in a very general setting, the applications to
SPDE:s also require a renormalisation procedure, which had to be carried out in an ad
hoc manner in each case. This situation has been remedied in a series of papers by
the second named author, Ajay Chandra, Ilya Chevyrev, Martin Hairer and Lorenzo
Zambotti [4, 6, 8]. These works provide a kind of black box, allowing to automatically
renormalise any locally subcritical SPDE. Owing to its great generality, however, this
theory is rather abstract, making it somewhat difficult of access.

A first goal of the present work is to illustrate the general theory in one of the simplest
possible, yet interesting examples. This example is the ®3 model with fractional
Laplacian A”/? on the d-dimensional torus, driven by space-time white noise &, whose
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equation before renormalisation reads
du — APPu =u’ + & (1.1

A family of SPDEs with fractional Laplacian, including the above example, was con-
sidered in [3]. Results in that work imply in particular that the above equation is locally
subcritical if and only if p > p; = %. As the parameter p of the fractional Lapla-
cian decreases towards its critical value p, the size of the model space describing a
regularity structure for (1.1) diverges exponentially fast in 1/(p — pc). As we shall
see, this has an effect on the renormalisation procedure for the equation, since the
counterterms entering this procedure involve sums over elements of the model space
having negative degree (see [6, Thm. 2.21] and (3.3) below). This should be a general
phenomenon for models approaching the subcriticality threshold.

The fact that the nonlinearity in (1.1) is quadratic entails a number of significant
simplifications when applying the general theory of [4, 6, 8], owing to the fact that
the model space can be described precisely in terms of binary trees. This considerably
simplifies a number of combinatorial arguments. Throughout the analysis, we provide
numerous examples, which should help to illustrate the general abstract theory.

A second goal of this work is to analyse in detail the limit p \{ pc, i.e. when
approaching the threshold where local subcriticality is lost. The hope is that this will
improve the understanding of the role of subcriticality in renormalisation of singular
SPDE:s and the theory of regularity structures. The renormalisation procedure requires
to modify the SPDE (1.1) by mollifying space-time noise £ on scale ¢, and adding
e-dependent counterterms to the equation. Our main result, Theorem 2.1, analyses the
asymptotic behaviour of these counterterms as a function of ¢ and p — p.. We obtain
that if ¢ is superexponentially small in terms of p — p., the counterterms scale like a
negative power of ¢, while for larger ¢, they have order log(s~!).

Note that fractional models near criticality have been studied before, in particular
in the context of constructive Quantum Field Theory (QFT). For instance, the large-
volume (infrared) behaviour of the static CDZ‘_ s model has been studied in [7], by
modifying the Laplacian of the dbi model in order to make it subcritical. The picture
that emerges from a renormalisation group (RG) analysis is that while for § = 0,the RG
flow converges to a Gaussian fixed point, for § > 0, this fixed point becomes unstable,
and a non-Gaussian fixed point appears. Recently, in [1] Aizenman and Duminil-
Copin proved that by taking both the large-volume and zero-spacing (ultraviolet) limit
of a lattice model converging to the Cbi model, one converges to a model with Gaussian
fluctuations. It is thus of interest to try to connect what is known on static models at and
near criticality, with what happens to the renormalisation procedure in near-critical
dynamical models.

A final motivation for this article is that the equation (1.1) is interesting in its own
right. For instance, it approximates the Fisher—KPP equation for population dynamics
[16, 31] for intermediate population values. Note that the real Fisher—-KPP equation
contains a factor of the form /u (1 — ) in front of the noise £, and it currently seems
unlikely that such a nonlinearity could be handled with the help of regularity structures.
However, an understanding of the equation with additive noise may provide some

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

useful first insights on its dynamics. See also [3] for further motivation on considering
SPDEs with fractional Laplacians as a way to regularise coupled SPDE-ODE systems.

The remainder of this article is organised as follows. Section2 gives a detailed
description of the model, and states the main result, Theorem 2.1, on the asymptotic
behaviour of counterterms. Section 3 summarises the construction of the model space,
and the main results from [4, 6, 8] needed to compute the renormalised equation.
The most difficult step in applying the general theory is to compute the expectation
of the renormalised canonical model elements, and is presented in the next three
sections. Section4 describes how these expectations can be represented in terms of
Feynman diagrams (see Definition 4.11). Section5 introduces the notions of forests
(see Definition 5.5) and Hepp sectors (see Definition 5.11), needed to apply ideas from
BPHZ renormalisation theory, as explained in [21] in the Euclidean case. Most of our
formalism is taken from [21], which transposes the algebraic construction in [6] and
the proof of the renormalised model convergence in [8] to Feynman diagrams. It has
a strong connection with the algebraic structures observed by Connes and Kreimer in
[12, 13]. The main difference comes from the presence of Taylor expansions, which
are encoded at the level of the diagrams by changing decorations. In our model, we
can to a large extent circumvent these Taylor expansions and thus be closer to the
extraction—contraction renormalisation procedure on Feynman diagrams. The actual
bounds on the expectations are then obtained in Sect.6, and the asymptotic analysis
completing the proof of the main result is given in Sect. 7.

2 Model and results
We are interested in the SPDE
du— APy =u + ¢ 2.1)

for the unknown u = u(z, x) with (r, x) € Ry xT¢, where A?/?2 = —(—A)*/? denotes
the fractional Laplacian with 0 < p < 2, and £ denotes space-time white noise. As
such, this equation is not well-posed in general, and a renormalisation procedure is
required. The general form of the renormalised equation is expected to be

du— APPu=u>+C(e, p,u) +£°, (2.2)

where £¢ = p° x& denotes space-time white noise mollified on scale ¢, and C (¢, p, u)
is a counterterm which diverges as ¢ N\ 0. Here o° (¢, x) = ¢ =t p(e=Pt, e~ x) for
a smooth, compactly supported mollifier o integrating to 1, and * denotes space-time
convolution.

The theory of regularity structures introduced in [19] applies, provided the equa-
tion (2.1) is locally subcritical, or superrenormalisable in physicist’s terms. As shown
in [3, Theorem 4.3], (2.1) is locally subcritical for

d
p > pc(d) = 3
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Non-singular Locally subcritical

1T [ pe -
Supercritical
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d

Fig.1 Parameter space (d, p).Resultsin this article apply to the locally subcritical regime p. = % <p<d,

with p < 2

Note that p. < 2 imposes d < 5 (Fig.1). One can guess this threshold by a scaling
argument. Indeed, let us set i (¢, x) = A%u(APt, Ax) with A > 0 and «, B € R. Then,
u solves the equation

B
duit — WP AP = PR L By =P 0 S (23)

where the second equality is in law, and &, ; denotes scaled space-time white noise
given by

1

t
)Lﬂ—l-dgo(k_ﬁ’ ))_i)

for any compactly supported test function ¢. Setting o = #, the noise intensity is
the same in (2.1) and (2.3). Then one has 8 — o = %(ﬂ — p¢), so that

E o) =& 07, @ x) =

duit — MPAP i = gl 4 £, g =3B, 2.4)

The natural choice is then 8 = p, which corresponds to the fractional scaling s =
(p,1,...,1) (cf. (4.2)). One thus obtains two regimes:

e If p > p. and we let X tend to O, then g tends to 0, i.e. (2.4) converges to a linear
equation. This is exactly the definition of local subcriticality.

e If p = p., we recover the non-linear equation we started with, i.e. the system is
invariant under this particular scaling. This is reminiscent of what is called a fixed
point of the Wilsonian renormalisation group in the language of physicists.

The counterterm C (e, p, u) in (2.2) is expected to diverge also in the limit p \{ pc,
and the main goal of this work is to determine how C (e, p, u) behaves as a function
of ¢ and p — p. for small values of these parameters.
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In order to formulate the main result, we define, fora € R and k > 0, the threshold
value

|:logk+a - M“

1
) ’k = -
i .

C

Then we set

gc(p,a) = ec(p, a, kmax), gc(p,a) =&c(p,a, ];max),

where

k d—p d K d-2p
. = —— an P = -
T30 — pe) T30 — pe)

The integer parts of kmax and kmax measure the size of the model space of the regularity
structure (cf. [3, Thm. 4.18]), where kpax is associated with the part of the counterterm
C (e, p, u) that does not depend on u, while Emax determines its part linear in u. Note
that ec(p, a) > &.(p, a), and that as p decreases to o, &:.(p, @) and £.(p, a) both go
to zero superexponentially fast, namely like

exp{— ! |:10g< ! >+O(1)]}. 2.5)
P = Pc P — Pc

Finally, for n < 0, we denote by C7(T¢) the Besov—Hdlder space defined as the set
of distributions ¢ on T¢ such that A~"|(Z, yxx(pﬂ is bounded uniformly in A € (0, 1]
for any x € T¢ and any compactly supported test function ¢ of class CI~"!, where
(o) =290 (v — x)).

Our main result is then the following.

Theorem 2.1 (Main result) Assume p < % and p € (pc, 2]. Then there exist functions
Ci(g, p), i €{0, 1}, such that for any initial condition ug € C" (T?) withn > —£, the
regularised renormalised SPDE (2.2) with counterterm

C(e, p,u) = Co(e, p) + Ci(e, p)u

admits a sequence of local solutions u®, converging in probability to a limiting process
as € — 0. Furthermore, there exist constants a, M, Ao and Ao, all independent of
e and p, such that, writting . = ec(p, a) and &. = &.(p, a), the first counterterm
satisfies

1 e 3(p—pc)
|Cote, p)| < Mgc_(d_p)[IOg(S_l)—Fﬁ(;) i| ife 2 ec,
— Pc
3(p—pc)
M_l g M i ifs<8C7 (26)
Ape=(d=r) P — pc \ &
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while the second counterterm satisfies

1 éc 3(p—pc)
Ci(e, p)| < ME @729 |:10g(8_1) + (;) ] ife > &

P — Pc
3(p—pc)
G g M (e ife <. 7
Age=d=20) P — Pc \ €c

Remark 2.2 Convergence is in probability in C5 ([0, T'], ']I‘d), for any fixed T > 0, and
for the process stopped when its C3-norm exceeds a fixed large cut-off L. Here « is
any real number satisfying o < —% (d — p), and CY is the scaled Holder—Besov space
associated with the scaling of the fractional Laplacian. This space is defined in an
analogous way as C* (’]I‘d), but with a fractional scaling given by (5’()["){)’5(;)) (s,y) =

ATHD P (s — 1), A7 (y — x)).

Remark 2.3 The condition p < % is due to the fact that we focus here on the asymptotic
regime when the counterterms are given by sums of many divergent terms that are
indexed by Feynman diagrams. More precisely, the results are meaningful when kpax
and kpay are both large. What happens for p > % is in fact well known. When
p = d, only the counterterm Cy (g, p) is required, and it diverges like log(¢~!). When
% < p < d, Cyl(e, p)is still the only required counterterm, but it diverges like £ ~(¢ =),
When p = %, it becomes necessary to include the second counterterm C| (g, p), which

then diverges like log(e ™).

Remark 2.4 The condition 1 > —% is a consequence of the critical regularity of the
initial condition in the fractional heat equation. Indeed, the scaling property P, (t, x) =
/e Py(1, t~1/Px) of the fractional heat kernel implies that if ug € C" with n < 0,
then (P,ug)(t, x) blows up like /P Therefore, (Poup)(t, x)? blows up like $2n/p,
and its space-time convolution with P, is bounded if and only if n > —%.

More technically, the condition is related to the exponents of the space D¥>" of
modelled distributions in which one solves a fixed-point equation, where y measures
the Holder regularity, while n controls the singularity at time zero (cf. [19, Def. 6.2]).
Indeed, [19, Lemma7.5] shows thatif ug € C7(T%), then its convolution with the Green
function of the fractional Laplacian can be identified with an element of D?*" for every
y > max{n, 0}. The fixed point U cannot be more regular than the fractional stochastic
convolution, which has regularity « for any o < —%(d — p) (cf. [2, Sect. 4.1]). If
U € D" has regularity & < 0, then U? has regularity @ = 2c, while [19, Prop. 6.12]
shows that U2 € D" with y =y +a and n = n + min{c, n}. In order to apply
[19, Thm. 7.8] yielding existence of a unique fixed point, one needs to fulfill the
conditionmin{7n, @} > —p, whichholdsif —% < n < «.(The other required condition
n < min{7n, a} 4+ p is automatically satisfied if n < 0.)

In less technical terms, the first estimate in Theorem 2.1 shows that, up to error

terms which are small unless ¢ is close to &,

ec TP log(e7!) ife > e,
Age~@=r) ife < &c.

Co(e, p) ~ {
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Fig.2 Behaviour of the
counterterms as a function of

p — pc and €. The small-&
asymptotics of C( changes on
the blue curve ¢ = g¢(p), while
the asymptotics of Cy changes
on the green curve € = &c(p)

In the same spirit, the second counterterm satisfies

Cite ) = g Y log(e7") ife > &,
e P = Age—d=2p) ife < é&.
We thus obtain a saturation effect at values of the mollification parameter ¢ which
are not superexponentially small: for ¢ larger than its critical value, the counterterms
are of order log(¢~!), with a prefactor becoming very large when p approaches p.
(Fig. 2). For superexponentially small ¢, on the other hand, the counterterms diverge
respectively like e ~@~#) and £~(¢=2P)_ This is due to the fact that both counterterms
can be written as the sum of a large number of contributions. Only one of these terms,
which has the strongest singular behaviour as & goes to 0, dominates for superexpo-
nentially small €. The vast majority of the terms diverge only logarithmically, but their
number is large enough for them to dominate when ¢ is larger than its critical value.
The constants Ag and Ag can be characterised more precisely. Assuming that the
mollifier has the form ¢°(z, x) = o((t)o] (x) with g5(t) = e P0o(e~"1), 0] (x) =
8_d91(8_1x), and o even, we have

1 1
Ao = —= lim 97 (0% %, G,)(0) = —= lim/ 01(x)e? PG p(ex)dx, (2.8)
2 e—0 2 =0 Jpa

where G, = (A’ /2)=1 is the Green function of the fractional Laplacian and *, denotes
convolution in space. Scaling properties of G, (see for instance [32, Section 4]) imply
that Ag is indeed finite. We also have

Ap = —2 lim sd—zf’/ P,(t, x)(GE %, PE)([t], x) dt dx, (2.9)
e—0 Rd+1 p P
where P, is the fractional heat kernel, G, = o7 *x G, and 15;7 = P, x 0% * 0°.

The main insight provided by Theorem 2.1 is as follows. The usual way of renor-
malising the singular SPDE (1.1) is to fix p > pc, and then to take the limit ¢ — O.
Our result then shows that a well-defined limit exists, provided one adds counterterms
to the equation that behave logarithmically in ¢ as long as ¢ is not too small, but
ultimately diverge like a negative power of €. On the other hand, one could also fix a
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small positive value of ¢ and look at the limit p N\ pc. In physical terms, this would
model a situation where space-time is discrete at very small scales, perhaps defined
by Planck’s scale. Since discrete models are usually harder to solve than continuous
ones, the vanishing ¢ limit can be considered as an idealised mathematical object that
really only approximates the real system. Note that for ¢ > 0, the SPDE is no longer
singular, and local existence of solutions does not pose a problem at all. What our
result says in this case, is that in order to have a chance to be close, for small ¢, to a
well-defined continuous model, one should add counterterms of order log(e_l), but
which diverge superexponentially fast in p — p. in the sense of (2.5).

A more ambitious goal would be to look at possible limiting dynamics when ¢ and
p — pc simultaneously converge to zero, along some path in the (p, ) plane, cf. Fig. 2.
There are two reasons why obtaining such a convergence result is currently out of
reach. The first reason is that when changing p, one changes both the model space and
the space of modelled distributions in which one tries to solve a fixed-point equation, so
that the general theory of convergence in regularity structures does not immediately
apply. The second, more serious reason is that as p N\ pc, the number of symbols
in the model space having negative degree diverges exponentially. However, many
arguments in the theory of regularity structures only apply when the number of these
symbols remains bounded. This fact is then crucial in showing that the sequence of
e-dependent models converges in an appropriate topology to a well-defined limiting
model. It is not clear at this point whether a similar convergence argument can be
obtained when the number of symbols having negative degree is unbounded.

Before moving to the proof of Theorem 2.1, we list some extensions and interesting
open questions related to our results.

e Obtaining a matching lower bound on the counterterms in the regime of large ¢
seems out of reach at this stage, because of the existence of cancellations in the
sums defining these counterterms. However, as explained in Sect. 7.3, one can show
that there exist terms in the sum defining Co (e, p) which have the same asymptotic
behaviour as the upper bound obtained above. Therefore, the counterterm can only
be of smaller order in case unexpected cancellations occur in this sum.

e One can extend the results to the following generalisation of (1.1):

du —yAPPu = gu’® + ok.
Its renormalised version reads
du —yAPPu = gu® + C78% (g, p,u) + o £°,
where
CV8% (e, p,u) = Cy* % (e, p) + C]% (e, pu.

One can then show (see Sect.7.4) that

2 2 kmax 2
g, 80 807 ~ .
IC(’)’g"(e,p)|§( 3 ) TCo(s,p) ife > e,
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2 2.2 3(p—pc)
Cl8% (e, p) = G[%@pH%%g0<i> )}i&<%,
y y3 \e

’ (2.10)

where 60(8, p) denotes the upper bound on |Cy(p, ¢)| in (2.6), and we write
a(e, p) < b(e, p) if there exists a constant M > 1, independent of ¢ and p, such
that a(e, p) < Mb(e, p) holds for € and p — p. small enough. In a similar way,

we have
kmax 2 2
CT57 @, p)| S ( ) —Ci(e, p) ife > &
2,2 3(p—pc)
Cl*% (e, p) = g [Cme p)+0<g (i) ﬂ ife <&,
V V Ec

@2.11)

where C 1 (&, p) denotes the upper boundon |C|(p, €)|in(2.7). Note thatfore > &,
the important parameter is g>0->y ~>. In particular, (2.5) implies

- 2 d— 2/3_2/3
cre: (s,p>|5£exp{ p[log(g d )+<9(1)“.
4 P — Pc v (0 — pc)

A similar relation holds for C]"%? (¢, p) for & > &. Thus if y, g and o are fixed,
the counterterms diverge in the same way asfory = g =0 = 1as p \{ pc.
However, if y, g and o are allowed to depend on p, new regimes can occur.

e The above choice of counterterms is not unique. In this work, we have chosen the
BPHZ renormalisation, which is natural in some sense. However, as shown in [6],
the set of all potential choices of counterterms is parametrised by a group, called
the renormalisation group. This group can be very large, since its dimension as a
Lie group is equal to the number of symbols in the model space having negative
degree. However, in our case only a two-parameter family of counterterms really
matters: this family is obtained by adding constants to both Cy(¢, p) and C| (g, p).
Itis interesting to note that a one-parameter family of these choices of counterterms
can be realised by a simple shift v = u-+k of the random field, where k is a constant.
Indeed, the equation for v reads

00 — AP?v = v + (Co(e, p) — Ci(e, Pk + k%) + (Ci(e, p) — 2k)v + E°.

In fact, one can observe that this is nothing but the equation obtained by applying
the BPHZ renormalisation to the equation

v — AP Py =0 — 2kv 4+ k> + E.
Indeed, the term Cj (g, p)k comes from the fact that almost full binary trees (as

defined in Sect. 3 below) can be generated by kv, and they will come with a factor
k. Note that time-dependent shifts are currently out of the scope of the general
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theory, though one may expect that they lead to time-dependent renormalisation
constants.

e A common way to analyse the effect of the interaction term as p \( p is to study
moments of the solution of the form

]E{u(t, xpu(t, x2)u(t, x3)}.

So far, such moments have been computed only for very specific models such as
the two-dimensional parabolic Anderson model, see [17]. The main issue of such
an approach is that in our case, the solutions are only local in time. However, it may
be possible to obtain moment estimates for the process stopped when its Holder
norm exceeds some large threshold, and analysing their behaviour as ¢ — 0 and
0 \u pc may yield information on the potential convergence to a non-trivial model.

3 Model space and renormalised equation

In order to apply the theory of regularity structures, the first step is to introduce a
model space. This is a graded vector space spanned by abstract symbols, which allow
to represent solutions of (2.1) by an abstract fixed-point equation of the form

U=1TI,(E+U»+ PQ). (3.1)

Here U represents the solution, E stands for space-time white noise, Z,, is an abstract
integration operator standing for convolution with the fractional heat kernel, and P (U)
is a polynomial part, required by a recentering procedure.

More precisely, let s = (p, 1,...,1) € R‘fl be the scaling associated with the
fractional Laplacian. Then we construct a set of symbols t, each admitting a degree
|T]s € R, in the following way.

e For each multiindex k = (kg, ..., kq) € Ng‘“ , we define the polynomial symbol
Xk = X’(;O...X{;d, which has degree |XK|; = |k|s = pko + ki + -+ + kq. In
particular, X is denoted 1 and has degree |1|5 = 0.

e The symbol E representing space-time white noise has degree |E|s = —%(,0 +
d) — k, where « > 0 is arbitrarily small.

e If 7, t/ are two symbols, then 77’ is a new symbol of degree |tt’|s = |T|s + |T']s.

e Finally, if 7 is a symbol which is not of the form X, then Z,() denotes a new
symbol of degree |7|s+p, while fork € Ng"'] , 8kIp (1), stands for anew symbol of

degree |7|s + p — |k|s (Where we use the multiindex notation 9% = a{‘ 0 8)1211 ... 8,151‘; ).

It is convenient to represent symbols by trees, in which edges stand for integration
operators Z,, leaves stand for noise symbols =, and multiplication of symbols is
represented by joining them at the root. For instance,

Vo), W — [zp (zp (IP(E)Z)IP(E))]z
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Multiplication by a polynomial symbol X* is represented by adding a node decora-
tion k to the relevant node of the tree, while derivatives BeIp are denoted by edge
decorations £. Thus for instance

« =7,(X*3'7,(8)) .

The degree of a tree with p leaves (for the noise), g edges (for integration operators),
node decorations of total exponent k£ and edge decorations of total exponent £ is given
by

p+d
ITls = (—T—K>p+pq+lkls—lfls. (3.2)

Not all symbols are needed to represent the abstract fixed-point equation (3.1). In fact,
for its right-hand side, we only need the smallest set 7' such that

XK e T forany k € N,

2eT,

ifr,7" € T,k € Na ™', one has X*Z, (1), Z,(t)Z,(z") € T,
ifd>2andt € T, then 0y, Z,(t) € T forevery 1 <i <d.

We denote by 7 the linear span of T'. It is a consequence of local subcriticality that T
has only finitely many symbols of degree smaller than any « < oo (see [19, Lemma
8.10]). The difference between d < 2 and d > 2 is due to the fact that for d < 2, one
has p < 1 when p is close to p. = %1 < % This means that the abstract operator oy, Z,
decreases the degree of the tree. Therefore, if we were to keep this rule, we would
break subcriticality. For both cases, we have exhibited rules which are complete in the
sense that they are stable under the action of the renormalisation.

Let T C T denote the set of symbols/decorated trees of negative degree, and 7_
(resp. 7_) the linear span of the forests composed of elements in 7_ (resp. 7). On 7_
we define a commutative and associative forest product. The product of two forests 7]
and 17 is simply the forest containing all the trees of both forests, where the same tree
may occur several times. The neutral element for this product is the empty forest, that
we will denote by 1.

The structure of the trees in 7_ will be very important later on to control the
renormalisation constants, which will be expressed in terms of sums over all trees
of negative degree. We know from [3, Prop. 4.17] that trees in 7_ are necessarily
either full binary trees (every vertex has either two children or no child), in which case
q = 2p — 2, or full binary trees with one edge missing (then ¢ = 2p — 1), which we
will call almost full binary trees. It turns out that for symmetry reasons, full binary
trees can only contribute to the renormalized equation if they contain no nontrivial
node decoration, while the almost full ones can contain one node decoration k with
|k|s = 1. Furthermore, (3.2) implies that the latter can only have negative degree if
d>3.

The form of the renormalised equation can be determined using the methods intro-
duced in [6] and expanded in [4]. As shown in [4, Thm. 2.21], it has the form (2.2)
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with

T (0) ()

Cle,p,u) =Y ce(r) SO

relt

(3.3)

where the terms Y'F (7)(u) describe the effect of the nonlinearity F(u, £) = u> + &,
S(7) is a symmetry factor, and c. () is the expectation of the element of the Wiener
chaos represented by t.

More precisely, the terms Y ¥ (¢)(u) are elementary differential operators defined
recursively by Y7 (E)(u) = 1 and

TF<Xkl_[Ip[rj]>(u)= [T @ |o*oyu (3.4)

j=1 j=1

We write TF for the subset of elements of 7_ for which Y is non-zero, see [4,
Def. 2.12]. We could extend the previous definition of Y* to elements of the form
0x;Z,(t;) by using the derivative ds,,u- However, such a derivative applied to F' gives

zero, which is why we omit this case in the definition of YTF.

Lemma 3.1 Let ninner(t) be the number of inner nodes of t € T—, where an inner
node is any node which is not a leaf (including the root). Then

2inner (7) iftisa full binary tree,
Y (r)(u) = {2nime )y if tis analmost full binary tree without decoration X;

2”i""°f(t)8xi u iftisanalmostfull binary tree with a decoration X;.

Proof By induction on the size of the tree. The base case follows from njpper (E) = 0.
If 7 is a full binary tree, then it can be written as T = Z,(t1)Z,(t2), where each
7; is a full tree with n; inner nodes. Then (3.4) and the induction hypothesis yield
YF(r)(u) = 2m+2+1 where ny 4+ ny + 1 is exactly the number of inner nodes of 7.

If 7 is an almost full tree without decoration, there are two possibilities. Either
T = 1,(71) is a planted tree, where 1y is a full tree with n; inner nodes. Then (3.4)
yields Y¥(r)(u) = 2"+ u, where n; + 1 is the number of inner nodes of 7. Or
© =1,(11)I,(12), where 7y is full with n; inner nodes, and 7 is almost full with n,
inner nodes. In that case, we obtain Y (7)(u) = 21172ty where ny +ny + 1 is
again the number of inner nodes of 7.

The case of an almost full tree with decoration X; is straightforward, because then
8k = 9,, commutes with the other terms. O

The second new quantity appearing in (3.3) is the symmetry factor S(7). Itis defined
inductively by setting S(E) = 1, while if 7 is of the form X* ([}, Z,[z;17/) with
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7; # 1j fori # j, then
s@ =k (TTsen?8).
j=1

Lemma 3.2 Let nsym(t) be the number of inner nodes of T € T_ having two identical
lines of offspring. Then S(t) = 2"m(®),

Proof First note that k! = 1 for any t € 7_. Then the proof proceeds by induction on
the size of the tree, noting that m = 1 and 81 = 2 whenever two identical trees are
multiplied, while m = 2 and B; = B> = 1 when two different trees are multiplied,
and m = 1 = 1 when 7 is a planted tree of the form Z,(z1). m]

Remark 3.3 Note that S(7) is exactly the order of the symmetry group of the tree, which
is generated by the ngyy, (7) reflections around symmetric inner nodes. For instance,
S(t) = 2 for a comb tree, that is, a full binary tree in which each generation but the
root has exactly two individuals, i.e.

S('\/‘):S(\O)=S(\<</)=S(\<<</)=-~-=2.

Maximal symmetry is reached for regular trees, in which all individuals of the s first
generations have exactly two offspring, while those of the last generation have no
offspring. For such a tree, ngym(7) = 2° — 1, and thus S(7) = 221 e.g.

SO =2, S(W) =23, S(W) =27, (3.5)

]

The final new quantity appearing in (3.3) is the e-dependent factor ¢, (t), which is
related to the expectation of the model of . We analyse it in the next sections.

4 Canonical model

As in [19, Section 5], we decompose the fractional heat kernel P, as the sum
Py(2) = Ky(2) + Ry (2), 4.1)

where R, is smooth and uniformly bounded in R4+ while K o 1s compactly supported
and has special algebraic properties. More precisely, let

d
lzls = lz0"/" + ) Izl (4.2)
i=1
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be the pseudonorm associated with the fractional scaling. Then by [19, Lemma 5.5],
we may assume that K, is supported in the ball {z: |z|s < 1}, that K, = P, in
the ball {z: |z|s < %}, and that K, integrates to zero all polynomials of degree up
to 2. In addition, K, and its derivatives satisfy a number of analytic bounds, cf. [3,
(3.1)-(3.4)]. See also [10] for a derivation of the associated Schauder estimate. We
also assume the following two properties for the kernel K7 = 0° * K ,:
1. Non-anticipation: KZ (tr,x) =0forr < —&”;
2. Spatial symmetry: Kf)(t, —x) = K;(t, X).

To any symbol T € T, we associate the canonical model TI¥t, defined (cf. [19,
proof of Prop. 8.27]) by

(IDHG) =1, @@X)@ =z, IE)) =282, 4.3)
and extended inductively by the relations
(*17)(2) = (M) ()(IT°7)(2) ,

(l'[gakIpr)(z) = / 3ka(Z —2(II°1)(z)dz . 4.4
We then set
E(r) = E{(I1°7)(0)},

which has in general the form of a Gaussian iterated integral. The computations will
be greatly simplified by removing symbols that are in the kernel of E. We denote by
I the ideal generated by forests having at least one decorated tree 7 satisfying one of
the following properties:

e 7 has an odd number of leaves;
e 7 is a planted tree (i.e., of the form Z, (') or dy,Z,(t"));
e 7 has one X; as a node decoration and no edge of the form 0y, Z,.

Proposition 4.1 Let T be a decorated tree. Then E(t) = O whenever t € IE.

Proof If t has an odd number of leaves, then (I1°7)(0) is centered as the product of
an odd number of centered Gaussians has zero mean. If t = Z,(7/), then E(z) =
K,*%E(t") = E(t")K,*1 by translation invariance. The term K , * 1 is equal to zero by
definition of the kernel K, (K , integrates polynomials to zero up to a certain order). For
the last case, the conclusion follows by noticing that (II°7)(¢, —x) = —(II°7)(z, x).

O

4.1 Simplifying the twisted antipode
The e-dependent coefficients c. () are defined by

c.(t) = E(A_1), 4.5)
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where A_ : 7_ — 7_ is a linear map encoding the renormalisation procedure, called
the rwisted antipode. The twisted antipode is defined in [6, Proposition 6.6], in terms
of a coaction A~ : 7 — 7. ® 7. which is close in spirit to the Connes—Kreimer
extraction—contraction coproduct introduced in [11]. However, the coaction A™ is more
complicated than the one used in [11], because it acts on decorated trees, where the
decorations encode multiplication by monomials and derivatives appearing in Taylor
expansions. This results in rather complicated expressions for the twisted antipode,
cf. Proposition 4.4 below. It turns out, however, that thanks to Proposition 4.1, in our
case many terms of At give a vanishing contribution when applying E. The purpose
of this section is to derive the simplified expression (4.7) of A_, which only involves
extraction of subtrees and contractions, without any decorations. Furthermore, this
simplified expression allows to define A_ in an iterative way, which does not involve
the coaction A™ at all.

In order to derive the simplified expression of the twisted antipode, we have to
start with the general construction given in [6]. The twisted antipode can be defined
inductively by setting A_(1) = 1 for the empty forest 1, and

At=-M_(A @id(A T-—1®1),

cf. [6, Prop. 6.6]. Here M_ is the multiplication operator (acting on forests), and 7 is
a tree of negative degree (we have omitted the natural injection of 7_ into 7_ because
we view 7_ as a subset of ’AT,). Elements of 7_ are of the form (F,n,e) where F
is a forest with node set Nr and edge set Ep, n : Np — Ng“ represents the node
decorationand ¢ : Efp — Nf)l“ represents the edge decoration. The forest product is
defined by

(F.n,e)- (G,n,e) =(F-G,n+n,e+e),

where the sums n + n and ¢ 4 ¢ mean that decorations defined on one of the forests
are extended to the disjoint union by setting them to vanish on the other forest. Then
the map A~ : 7— 7_ ® 7 defined in [6] is given for T, € 7by

AR =) X (“)(A,nA+m,erEA)®(RAT,[n—nA]A,e+eA>,
na

AeA(T) ea, nA

(4.6)

where we use the following notations.

e Factorials and binomial coefficients are understood in multiindex notation, and the
latter vanish unless ny4 is pointwise smaller than or equal to n.

eForCCcDand f:D — Ng“, SfIC is the restriction of f to C.

e The first sum runs over 2A(7), the set of all subforests A of T, where A may be
empty. The second sumrunsoverallng : Ny — Ng“ andeyg : 0(A, T) — Ng“
where d(A, T) denotes the edges in E7\ E 4 that are adjacent to N4 as a child, not
a parent.
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e We write R4 T for the tree obtained by contracting the connected components of
A. Then we have an action on the decorations, in the sense thatfor f : Ny — Ng“
and A C T,one has [f]a(x) = ZXNA}, f(y), where x is an equivalence class of
~4,and x ~4 y means that x and y are connectedin A. For g : E7 — Ng“

define for every x € N, (wg)(x) = Ze:(x,y)eET gle).

, We

Remark 4.2 The name “ twisted antipode” is due to the fact that A_ satisfies the
relation

M_(A_ ®id)A 1 = 1*(7)1,

where 1* is the projection on the empty forest and A‘ is a coaction (but not a coprod-
uct). If the spaces 7_ and T were equal, (7_,-, A=, 1, 1*, A_) would be a Hopf
algebra, similar to the extraction—contraction Connes—Krelmer Hopf algebra of [11]
which involves trees without decoration.

Example 4.3 Consider the case 7 = %/ (with zero node and edge decorations). Then
_ 1
AN = 1®v+22kjakz®rk+\/®1,

where the sum is over k € Ng“ such that the extracted symbol has negative degree.
Here the first term corresponds to extracting A = 1, the second one to A =1, and the

last one to A =\/.

Consider now a case when the tree has one node decoration, say T = * </ Then

A r=10 </+Z ,,,,I®m< +Z<></®.k(,

where we first extract A = 1, then A = ! and finally A = (/ As before, the sums
on ¢ and m are restricted by the fact that the extracted symbol has to have a negative
degree.

As a short-hand notation for (4.6), we use

A_Ten — Z Z < >AI‘IA+7‘L’2A ® RATe]:»eZA'

Ae(T) ea, ﬂA

We extend this map to T by multiplicativity regarding the forest product. Then one
can turn this map into a coproduct A~ : 7 — 7_ ® 7_ and obtain a Hopf algebra
for 7_ endowed with this coproduct and the forest product see [6, Prop. 5.35] and [6,
Cor. 6.37]. The main difference here is that we do not consider extended decorations,
but the results for the Hopf algebra are the same as in [6].
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Using the definition of A™, one can write a recursive formulation for A_ in which
one doesn’t see any tensor product. It is convenient to introduce the reduced coaction
A"t = A"1—1®1—1®Tt. Then, using Sweedler’s notation, if A"t = Z(r) '@t
one has

At=-1— Z(,Zl_r’)r”.
(7)

Proposition 4.4 For a decorated tree T;' with negative degree, one has the relation

.;l_Te Z Z ( ).A AnA+71eA Ra Te]:—e:A ,

AeA*(T) ea, nA

where A*(T) = A(T)\{1, T'}.

Proof The proof follows from a straightforward manipulation of the definitions:

AT = —M_(A-Qid)(A T} —Tr®1)
= -M_(A-®id) (1 ® T") — M_(A- @A T

SID D Dl (R EREE R T

AeA*(T) ea, nA
where we have treated separately the cases A=1and A =T. O

The construction of the twisted antipode can be substantially simplified by using
Proposition 4.1. Indeed, one has the property A" Ig C Ig ® 7 + 7_ ® Ig, which
makes /¢ akind of biideal associated to A™. Therefore, A~ is a well-defined map from

Tfintoﬁ@)'ﬁ,where?’ﬁ =7 /Ig andf = QZ/IE (in other words, if T’/ —1 € I,

then A~ (t') — A (t) belongs to Ig ® T +7T-Q1 E, and thus equivalence classes
modulo /g are mapped into equivalence classes).

In what follows, we will use the notation .;lf when A_ is considered as acting on
TE . As the consequence of the biideal property, we get

Proposition 4.5 One has c;(t) = E(A_1) = E(A 7).
Proof This follows from Proposition 4.1, which implies /g C ker E. O

Proposition 4.6 If we consider A~ as a map from T- into TE ® TE , then it reduces to
an extraction—contraction map with some restrictions: for any tree v € T¢, we have

AT = Z T e T RT/(T1 vt Ty),

T1....TyCET
where C g means that we consider all the subforests Ty - ... - T, of T such that the
trees v; belong to TE, and t/(t| - ... - 1,) denotes the tree obtained by contracting
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. o ~E
1, ..., T, to a single node. Therefore, one can define a multiplicative map A_ for the
forest product as

Ar=—- Y A@w)tme ). @7
1Gt 1 GET

Proof The simplification for A~ and ]lf comes from the precise description of 72
which is composed of full and almost full binary trees. Therefore, A~ does not contain
any sum on the node decorations and there remains only the extraction—contraction
procedure. O

Remark 4.7 The very simple expression (4.7) for the twisted antipode is a direct con-
sequence of the fact that we may remove trees with one X; as a node decoration. This
expression may be useful for numerical computations of the constants.

~E ..
Example 4.8 We have A_ ((f) = —{/, since no nontrivial tree can be extracted. There-
fore, we obtain

AfW:-W—Mf(O)-Qy 425G 0 O ws
_ Y 008 a0 5.0

where(/-(/ eT_ and<> eT_\T..

4.2 From expectations to Feynman diagrams

We now discuss the computation of expectations E (7), starting with some examples.

Example 4.9 1t follows from (4.3) and (4.4) that

(TN (0) =/Kp(—Z)EE(Z) dz=/K;(—z)$(dz),

where we have assumed that £ = p° % & for a scaled mollifier ¢°, and defined
K z = K, * 0°. Since this is a centred Gaussian random variable, we have E M =0,
in accordance with Proposition 4.1. It then follows from the defining property of
space-time white noise that

EQ) = E{(@*)(0)} = E{(T°(0)*}
= [ Kp-ankp-aEls@E@)

=fKZ(—Zl)2le' (4.9)
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Example 4.10 A more complicated example is
2
= IE{ (/ Kp(_Z)K;(Z - Zl)KZ(z — 22)&(dz1)E(d20) dZ) } .

Wick calculus implies that E{£(dz;)&(dz2)€(dz1)E(dZ2)} is a sum of three terms,
which can be symbolised by the pairings

W © .. D

The first pairing yields

2
(/ Kp(—2)Ki(z — 21)° dZle) =0,

owing to the fact that K, integrates to zero. By symmetry, the second and third pairing
yield the same value, namely

/ Ky(—2)K;(z — 20K, (Z — 2)Kp(=2) K (z — 22) K5 (Z — 22) dzdZ dz; dza.

It is convenient to represent such an integral graphically by the diagram

K e X
° , (4.10)

where small black vertices denote integration variables, the large green vertex denotes
the point 0, solid arrows denote kernels K ,, and broken arrows denote kernels K Z. The
benefit of the graphical representation (4.10), besides saving space, is that it will allow
to represent in a more visual way the extraction—contraction operations associated
with renormalisation. O

These examples motivate the following definition, which is a particular case of [21,
Def. 2.1].

Definition 4.11 (Feynman diagram) A Feynman diagram (or, more precisely, a vac-
uum diagram)is afinite oriented graph I' = (7, &), withadistinguished node v* € ¥,
and in which each edge ¢ € & has a type t belonging to a finite set of types £. With
each type t € £, we associate a degree deg(t) € R and a kernel K¢ : R4*1\ {0} — R.
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The degree of I is defined by

deg(I') = (p +d)(|¥| = 1) + ) _ deg(e), (4.11)
ecd

where | 7| denotes the cardinality of ¥ and deg(e) = deg(t(e)). The value of the
diagram I' = (¥, &) is defined as

E) = /( [ Ko Ge, —2e-) dz. (4.12)

d+1y7 \o*
R+ ecd

where each oriented edge is written e = (e_,ey) € ¥ 2 and zpx = 0.

The graph in (4.10) is an example of Feynman diagram, with a set of types £
consisting of 2 types corresponding to the kernels K, and K. We define their degrees
by

deg(——) =deg(----- >) = —d . 4.13)

To each symbol t € T without decorations, we associate a linear combination of
Feynman diagrams in the following way.

Definition 4.12 (Pairing) Let t € T \ Ir be a symbol without decorations, and denote
its set of leaves by N;. A pairing of 7 is a partition P of N; into two-elements blocks.
We denote the set of pairings of t by ’sz). Then I'(z, P) is the Feynman diagram
obtained by merging the leaves of a same block, and assigning to every edge adjacent
to a former leaf the type K¢, and to all other edges the type K.

Proposition4.13 Let v € T \ Ig. If T has p leaves and q edges, then each I'(t, P)
hasqg + 1 — % vertices and q edges. Therefore,

deg(I'(z, P)) = |tls — (4.14)
holds for any P € sz). In addition, we have
E(r)y= Y ET(, P)). (4.15)

Pep?

Proof By (3.2), we have |t|s = —g(p +d)+ pqg — pk. Since T is atree, ithas g + 1
nodes, and therefore g+ 1 — p inner nodes. When contracting the p leaves pairwise, one
obtains a Feynman diagram with ¢ edges of type K, or K¢, andg+1—p+ % vertices.
Therefore its degree is given by —gd + (o + d)(q — %), which agrees with (4.14).
The relation (4.15) is then a direct consequence of the rules (4.4) defining the model
and Wick calculus. O
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The following simple result shows that we can limit the analysis to Feynman dia-
grams which are at least 2-connected.

Lemma4.14 If ' is 1-connected (i.e., if one can split I into two disjoint graphs by
removing one edge), then E(I") = 0.

Proof If I' = (¥, &) is 1-connected, then there exist two vertex-disjoint subgraphs
' =,8)and T’y = (¥, &) suchthat ¥ = YU ¥ and & = & U & U {ep}. By
a linear change of variables, we may arrange that ¢g = (v*, v;) where v; € 77. We
thus obtain

ET) = /(Rdﬂ)“f’l Ki(ep) (1) 1_[ Kee)(ze, —ze_)dz E(T).

ee£’1

Performing the change of variables z, = 7, + z; forall v € #7 \ {v1}, we can factor
out the integral over z;. This integral vanishes by construction. O

4.3 Simplification rules for Feynman diagrams

Integrals of the type encountered above can be somewhat simplified by using the
fact that P, is the kernel of a Markov semigroup, describing a rotationally symmet-
ric p-stable Lévy process (see for instance [32]). While this is not essential for the
general argument, it reduces the size of diagrams and thus improves the graphical rep-
resentation. It also allows to compute the explicit expressions for the renormalisation
constants Ag and Ag given in (2.8) and (2.9).

Lemma 4.15 Assume the scaled mollifier has the form o°(t,x) = e~ Pt p(e=P¢,
e~ x), where o(t, x) = 00(t)o1(x) is even in x, supported in a ball of scaled radius 1,
and integrates to 1. Then K satisfies the following properties for all (¢, x) € RA+1:

1. Chapman—Kolmogorov equation: there exists a function RY : RI*t2 5 R, uni-
formly bounded and integrable in its first two arguments, such that

/ Ky(t,x = y)K,(s, y)dy = IE’;(I +s,x) + Ri(t, s, x), (4.16)

where Igz = Kj *0° = K, % 0° * 0° is a kernel with a different mollifier;
2. Green function: there exists a uniformly bounded function RS : R4t 5 R such
that

/t Ki(s,x)ds = —(Gp %y PE)(t, %) + RS (1, %), (4.17)

where G, = (AP2)~V s the Green function of the fractional Laplacian, P =
P, * 0° and *, denotes convolution in space.
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Proof For the first property, we use the Chapman—Kolmogorov relation P, (z, -) *,
P,(s,-) = P,(t + s, -) to obtain

Kp(tv \) *y Kp(sv )= Kp(t +5,)+ Rp(t +5,) — K,o(t’ ) *y Rp(sa )
- R,O(t’ ) *x K,O(s3 ) - Rp(t’ ) *x Rp(S, ) .
Using the fact that R, is bounded and that K, and R, = P, — K, are integrable (P,
being integrable and K, having compact support), one obtains that all terms involving

R, are bounded. The relation (4.16) then follows upon convolving twice with 0. The
last relations follows from the fact that

2 [ > 2 sAP? ar2 |
AP/ / P,(s,)ds = / AP/? ¢S ds =¢° =—P,(t, ).
t t 1

Convolving with G, we obtain

o
/ Py(s,x)ds = =Gy *xy Py(t, x).
t

The result then follows by decomposing P, on the left-hand side into K, + R, and
convolving with o°. O

Applying these properties to (4.9), we obtain

EQS) =/ Ke(—1, —x)K;(—t,x)dxdtz/k;(—zt,O)dt+O(1)

1 &
7G50 +0(),

where Gf) = 0f *x G,, O(1) denotes a constant bounded uniformly in ¢, and we
used the fact that P, (0, x) = §(x). Note that this implies the expression (2.8) for the
counterterm associated with 8. The expression (2.9) for Ay is obtained by a similar
argument applied to the element \/.

Lemma 4.16 There exists a uniformly bounded function R} : R2@+D 5 R such that

/ Kf)(zl — z)Kf,(Zz —z)dz = /K;(Z — Z1)K;(Z —z2)dz

1 -
= —5(G, *xx P = 0ol x1 —x2) + R3 (21, 22)
(4.18)

where Py = Pj * 0°.
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Proof The first two terms in (4.18) are equal, as can be seen by a change of variables
z > —z. Using (4.16) and setting s = t1 + t, — 2¢, we obtain that

/K;(Zl - 2K (22— 2)dz
= / Kot —t,x1 —x)K (t2 — 1, x2 — X) Lr<pynryy dt dx + RS (21, 22)

= / Ky (t1 + 12 — 2t, x1 — x2) Lt <ty nrpy At + RS 5 (21, 22)

1 o
= —/l K;(s,xl —x2)ds + R§,2(zl,zz)

2 t—1|

for some uniformly bounded remainders R§ 1 and R§ 2 The result follows from (4.17).

O
We represent (4.18) symbolically, for ¢ = 0 and ¢ # 0, by
71 22 21 22 121 22
° ° e — o ° * — _E AN 4.19)
71 22 21 22 1z1 22
e<---0--->0 = e--->e<---0 = —— N\ Ne

where we do not put arrows on edges representing kernels that are symmetric in both
variables, and discard terms bounded uniformly in ¢.

Example 4.17 Applying Lemma 4.16 to (4.10), and using the fact that the root, marked
by the green vertex, can be moved to a different node by a linear change of variables
in the integral, we obtain

Here and below, we will sometimes make a slight abuse of notation, by identifying a
Feynman diagram I" with its value E(I"). A similar computation yields

N =

e
<
p—

|
&}
/ "
° \
/ Yo
[ ]
-
<
<
<
<
N
Il
2N
'\":i‘%
v <>
A
~a
e

[ 3 1
&:\

Moving the root and introducing the new kernel

[ New]

4 0 z
o = o——'ANNVe | (420)
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we obtain
4.21)

o'HfJ\VAvAV Ve
Aappl 7 ®
W 1 YA N 1 Ai,7 :} 1 ZZ« -
_ - - b,
E( ) =3 L R Bl W 2
MNAA - Py »T\ ‘7,‘.
T A

and

s

“a

® a
pAA AP <
v

Viv s Z N

1 g <:
__Z + > <2
A\ > g

ANV 4 < <7
Iz ) [ ] [ )

~_ 7

.\/

The corresponding pairings are

for the first three diagrams, and
for the last five.

Definition 4.11 can be applied to this setting, by expanding the set of types £ by 3

new elements, with degrees
(4.23)

deg(\WAMWW) = deg ("W AAAAR) = p — d
deg(-Y">) =2p —d .
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The associated kernels are G, *, P, G, *x 15; and K, x GY, *y f’/f . We will say
that a Feynman diagram is reduced if the reduction rules (4.19) and (4.20) have been
applied. Then Proposition 4.13 extends as follows.

Proposition 4.18 Let T € T \ Ig. If T has p leaves and q edges, then each reduced
I'(z, P) has g — p vertices. The relation (4.14) still holds in this case, while (4.15)
becomes

1+4
Emy= Y <—%) “E(N(r, P) +O(), 4.24)

pep?

where O(1) denotes a constant uniform in .

Proof Recall that the unreduced Feynman diagram has g edges of type K, or K, and
qg+1—p+ % vertices. Since T cannot be a planted tree, the number of reductions is
equal to 1 4+ £, each decreasing by 1 the number of edges and vertices, which is why
each reduced I'(z, P) has g — p vertices. The degree is conserved by the reductions.
The relation (4.24) is then a direct consequence of Lemma 4.16 and (4.19). O

5 Forests
5.1 Zimmermann's forest formula

The aim of this and the following section is to derive upper bounds for the expectations
E(A_t) when t € T_. We want to prove that

|E(A_1)| < Cf(2)elhs, (5.1)

where the constant C does not depend on 7, € or p, and f(7) is a function to be
determined, which depends on the structure of the tree 7.

A nice feature is that one can define a twisted antipode A acting on Feynman
diagrams of negative degree, which is essentially the same as in [21], and reduces in
this case to a mere extraction/contraction of divergent subdiagrams. In the sequel, we
will use the same notation for this antipode as the one on trees. From the context, it will
be clear which one is used. Denote by ¢ the vector space spanned by all admissible
Feynman diagrams (not necessarily connected), and by ¢_ the subspace spanned by
diagrams of negative degree. We say that I'' = (¥, &”) is a subgraph of ' = (¥, &)
if & c &, and ¥’ contains all vertices in ¥ which belong to at least one edge e € &”.
Then we define the twisted antipode to be the map A_ : 4_ — ¥ given by

ATl=-r-> AT -TT,
rgr

where the sum runs over all not necessarily connected subgraphs of negative degree,
and I'/T" denotes the graph obtained by contracting I to a single vertex.
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Remark 5.1 The name twisted antipode is again related to the fact that one can intro-
duce a Hopf algebra structure on (decorated) graphs, see [21, Section 2.3], which
generalises the extraction—contraction Hopf algebra on undecorated graphs introduced
by Connes and Kreimer in [12, 13]. The twisted antipode differs from the antipode of
that Hopf algebra because of the use of a coaction instead of a coproduct, meaning
that the extracted graphs I and the contracted graphs I'/T" are not in the same space:
while the former have negative degree, the latter can have arbitrary degree.

Proposition 5.2 One has

EA_1) = Z E(A_T(z, P)).

Pep?

Proof 1t follows from Propositions 4.5 and 4.6 that

E(A_t)=—E(1) — Yo EA (. m) T/ )
1Gt -t GET

We then apply Proposition 4.13 to the expectations on the right-hand side and by an
inductive argument, we get

E(A-t)y=— ) E((z,P))

PEP?)
n
- Y II >, EAr@. Py Y ECGw Pa)
Lot et i=1 pep? Pu1€P?),
where 7,41 = t/(71 - ... - 7,). Indeed, one has

n+1
PP= {I_lP Pep(z)]l_l“@

1t Ger Li=l
where P contains the pairings without any subdiagrams that could be extracted via

A_. Moreover, any subdiagram of I'(z, P) is of the form I'(7, P) where T is a subtree
of 7 and P is a subpairing of P. O

Example 5.3 Consider the symbol t = W The effect of the twisted antipode on
T has been determined in Example 4.8, and E(7) is given in (4.22). Applying the
twisted antipode directly to (4.22), we find

EA (W))——E(WH-WW <w§ )
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Indeed, one easily checks that since p > p. = d/3, the only nontrival subgraph of
negative degree in (4.22) is the “ bubble™ having two edges, one of type K, and one
of type GY, *x PS The expression (5. 2) is indeed equivalent to the one obtamed by

transforming the expression (4.8) for A (t) into Feynman diagrams.

Note that the degree of all diagrams in (4.22) is 7p — 3d, while the total degree of
the two extracted diagrams in (5.2) is 2(2p — d) < 7p — 3d. This is an instance of the
degree of subdivergences being worse than the degree of the whole diagram.

Remark 5.4 If y is any (non-reduced) diagram with n 4 1 vertices and ¢ edges, then
its degree can be written as

d
deg(y) = (p +d)n — gd = (4n — sq)g +n(p — pe).

In particular, if y is of the form I'(z, P), one has

2 3m —1 1 3m+1

deg(y) = —gd + 7 (o —pc),  deg(y) = —gd +

(p = pc)s

respectively, for full and almost full binary trees, where m, m are such that T has 2m
edges in the first case, and 2m + 1 edges in the second case. Note that in both cases,
the degree is a strictly increasing function of the number of edges.

For practical counting of degrees, it is sometimes useful to consider the limiting
case p \{ Pc, and to use 3 as degree unit. Then edges of the three types in (4.13)
and (4.23) count for —3, —2 and —1 respectively, while vertices have weight +4.
Similarly, for trees T € 7_, edges have weight 4+1 and leaves have weight —2.

Proposition 5.2 allows to reduce the estimation of the coefficients c.(7) to the
problem of estimating the value of Feynman diagrams. The difficulty is that the twisted
antipode is essential to obtain a bound of the form (5.1): such a bound is not true in
general for E(7), because, as the above example shows, Feynman diagrams I'(z, P)
may contain subdiagrams whose degree is strictly less than the degree of I'(z, P). In
order to deal with this difficulty, our plan is now to adapt the approach of [21] to the
present situation. While we will use its formalism, the main novelty is an adaptation
of the proof of [21, Thm. 3.1] in order to derive e-dependent bounds for Feynman
diagrams given in Proposition 6.1 below. This proposition can be considered as one
of the main results of this work, as the bound it provides is new and was not proved
in [21].

Definition 5.5 (Forests) Let I be a Feynman diagram, and denote by ¢ the set of all
connected subgraphs I' C I' of negative degree. We denote by < the partial order on
¢ defined by inclusion. A subset .# C 9. is called a forest if any two elements of
 are either comparable by <, or vertex-disjoint. The set of forests on I' is denoted
by Z-. Given a forest .7 and two graphs ,I'1 € 7, we say that Iy is a child of T
if '] < T, and there is no I, € .Z such that I'; < '» < T. In that case, T is called
the parent of T'y.
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Example 5.6 Let  be the comb with eight leaves, and consider the following pairings:

“

The corresponding Feynman diagrams are given by

T~ e 71

)
)

V2 o, e N Y2 [ °
AaANM 7 h
< FUAAAN < = <>
> > < <
Z Snz 3
I'y=r(z, P))= > Iy =I(r, ) = > <7 <,
- NAA - = <
» 4 > k4
NIV VAL
. R ‘e . ° ‘e
~_ 7 ~_ 7 ” ~ 7~

The diagram I'; has 3 identical divergent bubbles y1, y2, 3, indicated by shaded
frames. The left-hand bubble y, is part of two overlapping subdivergences, each
consisting of two bubbles and the joining edge. However, these subdiagrams are
1-connected, and thus do not matter in the analysis. If we restrict our attention to
the set %lf g of subgraphs with non-vanishing expectation, we obtain indeed a for-
est Y. £ = {I't, 1, 72, v3, @}. The corresponding parent—child relationship graph
cons1sts of the parent I'y and its three children y1, y2, 3.

The diagram I'; has two nested subdivergences: a bubble y;, and the bubble together
with the 3 adjacent edges, denoted y». In this case again, the set grz g is aforest, while
the associated graph is a linear graph with parent I', child y» and grandchild y;.

In what follows, we will occasionally need decorated Feynman diagrams f‘;‘, though
as in the case of trees, decorations will play almost no role. Such a diagram is defined
by a graph I' = (¥, &) with a distinguished node v* € ¥, a node decoration n :
YV — Ng“ and a vertex decoration ¢ : & — Ng“. The degree of T'! is defined as

deg(TY) = (p+ (V| =)+ Y _In()ls + ) _[deg(e) — le(e)ls],  (5.3)
veyV ecd

and its value is given by

my e(e) _ _ n(w)
E(Fe)—/(w)w]"[a KioGe, —2¢) [] (w—2)"" dz. (5.4)

weV \v*

Note that when the decorations n and e vanish identically, (5.3) and (5.4) reduce to the
expressions (4.11) and (4.12) for undecorated Feynman diagrams. Given a divergent
subdiagram y € ¢, we define an extraction—contraction operator %, by

_ (_l)loute,,l n n
GIr=y" Lyego 47y g7 ve' Ry Tere s (5.5
¢ : ny

ey Ny &y
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where e, and R, are defined in the same way as for decorated trees in (4.6), and
|out e, | is the number of derivatives on outgoing edges from y. This operator can
be naturally extended to undecorated diagrams I, by identifying them with 1_‘3 with
n = 0 and e = 0. Note that in that case, the sum over n,, disappears in (5.5). The main
difference with the case of trees is that ¢, has a different support: it is supported on the
edges (x, y) such that either x or y belongs to the vertex set ¥ (y). Therefore, one gets
a minus sign for each derivative on outgoing edges. In the case of a tree, by contrast,
¢, is supported only on the incoming edges. However, using this representation does
not make any difference. Indeed, by taking v, to be the root of the underlying tree
behind the construction of y, one obtains a vanishing contribution whenever one puts
a monomial at v, and a derivative on the only outgoing edge at v,.

We can now define a forest extraction operator €z recursively by setting 6" = I
and

Col = oo || GT
yeo(F)

where o(.%) denotes the set of roots of y in the graph of parent—child relationships.
Then Zimmermann’s forest formula states that

Ar=- > (-nlg,r, (5.6)

FeFr

cf. [21, Prop. 3.3]. In the particular case where ¢ is itself a forest, (5.6) can be
rewritten as

where Z is defined recursively by ZzI' =T and

Rzl = RAz\o7) [[ (d—%,)r, (5.7)
yeo(F)

which turns out to be simpler to handle than (5.6). This is a consequence of the *
inclusion—exclusion identity”

[Tad—xp = D] x,

i€A BCA jeB

valid for any finite set A, and operators {X; : i € A}, cf.[21,(3.3)]. In general, however,
9. is not a forest, so that (5.7) does not hold. This is the problem of overlapping
subdivergences: a divergent subgraph I' C T" can be part of two different divergent
subgraphs I'; and I'», none of which is included in the other one.

The above example suggests that in our case, %lf p may always be a forest, so
that (5.7) is applicable. In order to establish this fact, we define a grafting operation
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on trees. If 1 and 7, are two non-planted trees, with 71 being almost full, we denote
by 71 v 17 the tree obtained by joining the root of 7, to the vertex of 71 of degree 2
which is not the root. For instance, we have

om%z%_

Note that this operation is associative, but not commutative.
The following observation allows to characterise divergent subgraphs.

Lemma 5.7 Let t be a full binary tree with an even number of leaves. Then there exists
a pairing P such that T'(z, P) is at least 2-connected, and a divergent subdiagram
I =I@{,P) G T, if and only if T is an almost full binary tree of negative degree,
having an even number of leaves, and which does not contain the root of t.

Proof Assume firstthat T is an almost full binary tree of negative degree, not containing
the root and with an even number of leaves. Let P be any pairing of the leaves of 7
and T = I'(7, f_’). Then T = 19 v» T v 11, Where 1y is almost full and 7y is full. By
pairing at least one leaf of 7y and one leaf of 71, we obtain a 2-connected diagram I'.

Conversely, assume I'(z, P) is at least 2-connected, with a divergent subdiagram
[ = I['(7, P). Then T cannot contain the root of 7. Indeed, if this were the case, T would
necessarily be an almost full binary tree (being divergent and a proper subtree of 7),
so that T and 71 = t \ T would be connected by a single edge. Since P cannot connect
leaves of 7 to leaves of 71, ' would be 1-connected. Similarly, if T = 79 N T, we
would obtain a 1-connected diagram. Thus t has to be of the form 7 = 79 N~ T 17,
showing that T is almost full and does not contain the root of 7. O

Example 5.8 Some examples of subtrees 7 leading to divergent subdiagrams are

b b % %

One can check that they do not lead to any overlapping subdivergences.

Proposition 5.9 Assume a Feynman diagram T (t, P) has two overlapping subdiver-
gences I'1 and I'y. Then "1 and Ty are 1-connected. As a consequence, {fr_ g is always
a forest.

Proof Assume there exist 3 subdivergences [, Ty, [y, such that 'y \Ipand I \ Ty
are both non-empty and [’ ¢ 'y Ny, Then there exist subtrees T, T, 7» such that
11\ #J, 12\ 11 # I, T C 11 N1 and each diagram is obtained by restricting the
pairing P, e.g. T = I'(Z, P|7). In particular, P can only pair leaves of 7.

The previous lemma shows that we must have

T=T,-_"NTAT+ ad ©T=7_"\T"NT1.
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Since 71 \ 12 # @ and 12 \ T # &, we may assume without restricting the generality
that 75— C 71— and 71 + C 72 4. Since the leaves of 71— \ 72, cannot be paired
with those of 17, they have to be paired among themselves. But this results in I'; and
I'; being 1-connected, by definition of the grafting operation. Therefore, they do not
belong to ¢4, by Lemma 4.14. O

Remark 5.10 Another consequence of Lemma 5.7 is that a divergent subdiagram y C
I" has a degree strictly larger than —%. Therefore, in dimension d < 3, the operator
%, T defined in (5.5) reduces to a simple extraction—contraction, while in dimension
d € {4,5}, the sum also contains terms y”™°r with edge decorations ¢ of degree at
most 1. However, the value (5.4) of these additional terms vanishes by symmetry.

5.2 Hepp sectors and forest intervals

In this section, we present the main tools and definitions for renormalising Feyn-
man diagrams: Hepp sectors, safe and unsafe forests, and forest intervals. All these
notions have originally been introduced in the physics literature, see for instance [33,
Chapter 11.3] for an overview. We follow mainly [21], where these notions have been
reformulated in connection with [6, 8]. They first appear in the context of singular
SPDEs in [8], and were imported from [15]. A first important concept in order to
evaluate Feynman diagrams is the one of Hepp sector (cf. [21, proof of Prop. 2.4]).

Definition 5.11 (Hepp sector) Fix a finite set ¥ and a bounded set A C RY*!. With
any point configuration z € A”", one can associate a binary tree T = T(z), whose
leaves are given by 7/, and a function n = n(z) defined on the inner nodes of 7" and
taking values in Ny, with the following properties (Fig. 3):

e u > ny is increasing when going from the root to the leaves of T,
e for any leaves v, v € ¥/, one has

lzy — z5lls < 27™,

where u = v A v is the first common ancestor of v and v in T and < is a shorthand
notation for

C12™ < lzy — zills < C27™, (5.8)

where the constant C only depends on the size of A.

Writing T = (7', n) for these data, the Hepp sector Dt C A” is defined as the set of
configurations z € A” for which (T(),n(x) =T.

The main idea is that in each Hepp sector, the kernels have a given order of mag-
nitude. Since the Hepp sectors provide a partition of A7, the value of the Feynman
diagram can be written as a sum of integrals over individual Hepp sectors, so that it
suffices to obtain uniform bounds on the products of kernels valid in each sector.

In order to exploit cancellations, it turns out to be necessary to adapt the way
contractions are performed to the particular Hepp sector, cf. [21, Section 3.2]. If "is a
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A

V1 V2 V3 V4 Vs

Fig.3 A point configuration z € A with its minimal spanning tree (left), and the associated labelled tree
T = (T(2), n(z)) (right). Here ¥ = {v1, v2, v3, v4, v5}, and node decorations n are shown in green. For
instance, Ny, Ay, = 2, so that zy, and z, are at a distance of order 2_2, while Nys Avs = 1, so that 2u3 and
Zys are at a distance of order 21

Feynman diagram (possibly with decorations) and y is a divergent subdiagram of I,
one defines a new diagram ‘éyl" as in (5.5), but with the following differences. First
the vertices of I" are given an arbitrary order, and its edges e are assigned an additional
label 9(e) = 0 indicating their depth. Instead of extracting the subdiagram y, all edges
of I' adjacent to y are reconnected to the first vertex of y (according to the chosen
order), while the depth d(e) of all edges e of y is incremented by 1. Finally, when
applying Sfy I' to a diagram having edges of strictly positive depth, we set %%, r=0
unless all edges adjacent to y have a smaller depth than those of y.

Example 5.12 Let

Y

S
@ W
4 >
)

:

NMAA
SRRARY

(
@.

—
I
—
(3]

I
v &
1",‘v"v"vh <
=
—_

.AVAV,“(’\/\/\

be the second diagram in Example 5.6 (without decorations n and ¢). We order the

vertices counterclockwise, starting at the green vertex, as indicated by blue labels.
Assume furthermore that d < 3, so that %), does not create any terms with nontrivial
decoration. Then we have

&)

o }

o
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A A
NV Y VYL

?
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N
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[N

N

o AN e L
VA Vi
X
N
—
VS
AN
viy v
AN w
ot A, V?:.
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(5.9)
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where violet edge labels denote the depth 0(e) (we do note indicate zero depths).
Extracting both subdiagrams, we obtain

S}

A%

[ ]
1o z
5 2 4y i&;
%}’1 (gyz r (g)’Z %)/l r= v ‘\V'\VAV“ g l:i ® | (510)
2 \,\+<.’
6
O

Note that ‘f),l and %2,2 commute. Given a forest # C %[, one can thus define in
an unambiguous way the operator R # performing all contractions ¢}, with y € #
We denote by o the bijection between vertices and edges of £ #I" and those of I".

We now fix a Hepp sector Dt, T = (T, n) and a forest # C ¥}, which we assume
to be full in the sense that all y € .# contain all edges of I" joining two vertices of
y. Asin [21, Section 3.2], we construct a partition Z1 of 4. into subsets which are
adapted to the particular Hepp sector. The first step is to define, for each edge e of T,
the common ancestor of the extremities of e viewed as an element of 8 #T', that is

ve=0(0 " (©)-) Aa(o (@)4).
Then the integer
scale‘;’z (e) =my,
measures the distance between the extremities of ¢ in R4 . For y € %, define

int-l’-j/:(y) 1nf scaleT (e), ext‘? (y) = sup scaler”? (e),
ecs, J/ eeaé"f

where &7 denotes the set of edges belonging to y, but not to any of its children in .%,
while Bé‘) denotes the set of edges adjacent to y belonglng to its parent <7 (y) in .%.
Ifyisa root of #, we set &/ (y) = I'. Thus 1ntT (y) describes the longest distance

between points in y without its children, while extT (y) describes the shortest distance
between points in y and those in its parent in .% . Examples 5.14, 6.5 and 6.12 below
provide illustrations of these concepts.

Definition 5.13 (Safe and unsafe forests)

e A subdiagram y € % is safe in % if

exty () > inty (y)

and unsafe otherwise.
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e A subdiagram y of T is safe (resp. unsafe) for & if % U {y} is a full forest and y
is safe (resp. unsafe) in .% U {y}.
o A forest . is safe if every y € .% is safe in .%.

Loosely speaking, a subdiagram y is thus unsafe if the diameter of y (without its
children) is much shorter than the distance between y and its parent. In other words,
children are unsafe if they are small and far away from their parents.

Example 5.14 Consider again the diagram I" of the previous example, with the forest
F = {y1, y2}. Then for most edges ¢ = (e_, e;) we have scale{ (e) = ne_pey,
except for the two cases

scaley ((5,6)) = nyng,  scaley ((6,1)) = n3a;.

Indeed, the edges (5, 6) and (6, 1) are exactly those which are reconnected when
applying 8 &. It follows that y; is safe in .% if and only if

N3a4 V M4pg = N4As5, (5.11)

and one checks that this is also the condition for y; to be safe in {y} (that is, for {y;}
to be a safe forest). The condition for y; to be safe in .# reads

A3 V M3A1 2 M3ad A Ndpg A D3p6. (5.12)
This time, it turns out that y» is safe in the forest {y»} if and only if

A3 V N3A1 2 M3a4 A D4A5 A D5AG A N3AG,

because of the difference between %2,2 and ‘fyl %2,2 . Note, however, that the ultrametric-
ity of n.,. implies that ngng = Myps A Dsag, SO that if y; is safe in .%, then it is also
safe in {y»}.

This example shows that the property of being safe or unsafe may depend on the
choice of forest .%. A crucial property, shown in [21, Lemma 3.6], is the following.
If .% is a safe full forest, and

Fu={y €97 : y is unsafe for Z}, (5.13)

then .7y U Z, € F|. is a full forest, and every y € % is safe in % U %, while
every y € %, is unsafe in %, U .%,. This implies in particular that any full forest
F C % has a unique decomposition . = % U F, where .Z; is safe and Z, is
given by (5.13). Moreover, the properties of being safe/unsafe and the construction
of %, depend only on the structure of the tree 7', and not on the scale assignment n
defining T.

The last step to construct the partition &t relies on the notion of forest interval, cf.
[21, Section 3.1]. In general, forest intervals have two purposes: one of them is to deal
with overlapping divergences, and the other one is to simplify the combinatorics when
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dealing with unsafe forests. In our model, we do not have overlapping divergences,
but forest intervals are still useful to deal with unsafe forests. Moreover, they will
allow us to obtain estimates on ¢, () that can be extended to cases with overlapping
divergences.

Definition 5.15 (Forest interval) Let M ¢ M be two forests in 1 . A forest interval
is a subset Ml C .7 defined by

M=[MM={%eF:Mc.ZcM].
Alternatively, we have
M= {MU?: F C S(M)},
where §(M) = M \ M is a forest such that §(M) N M = &.

Given a Hepp sector Dt, T = (T, n), we write g?lﬁs) (T) for the set of all safe full
forests in I'. Then we have a partition

Py ={[F, .U F: Fs € ZE (D)}, (5.14)

where %, is defined by (5.13). The point of St is that Zimmermann’s forest for-
mula (5.7) can be rewritten as

BT = Hy-T = M% 7 (5.15)
i €T

where

gl = [[ @-%,) [[Er.

y €8(M) yeM

Here, the factors (id —‘fy) are interpreted as renormalising the subdiagrams in § (M),
and the factors (—%2;) as extracting those in M.

Example 5.16 Continuing with the previous example, there are 4 cases to be consid-
ered.

1. If {y1, y»} is a safe forest, then we have seen that both {y,} and {y»} are safe. We
thus have

FET) = {@. in} ik (n. )

and the corresponding partition is simply
21 = {12, 21, [{n}. (). Hnd (230, Uy ) (s 231,
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which is in fact identical with Q’IES) (T). Thus (5.15) becomes

~ ~ ~

AT =T — 6, T —6,T +%,6,T, (5.16)

which is indeed compatible with (5.7).
2. If {y1} is safe, but y» is unsafe for {y1}, then {y»} may be safe or unsafe. In the
former case, we have

FINT) = {2, (n} (n}} .
21 = {12, 21, [{n1}. (v1. 23], Hra) (231}
AT =T — (id—%,,)%),, T —%,,T (5.17)

while in the latter case,

FIT) = {2, (n}) .
21 ={lin} r. .12, (R} .
AT = —(id —%,,)%), T + (id —6,,)T . (5.18)

Naturally, the expressions (5.17) and (5.18) are equivalent to (5.16), but the point

is that the terms in each expression can be controlled individually.
3. If {y»} is safe, but y; is unsafe for {y»}, then {y} is unsafe. Hence

FET) =2, (n}}
21 = {12, {y}], U}, ri. )1}
AT = (id =6,,)T — (id =%,,)%),T .

4. Finally, if both {y} and {y»} are unsafe, then

FT) = {2},
Zr = {12, {n. v} .
AT = (id —F,,)(id —%,,)T .

6 Bounds on E(.;li T)

Combining Zimmermann’s forest formula (5.15), our choice (5.14) of partition of
-, and the expression (4.12) for the expectation of a Feynman diagram, we obtain
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(cf. [21, Section 3.2])

EAT@PYy=-Y Y Y / W K7, 7077 (@ P)) dz,
T Fesay »
6.1)

where the sums run over all binary trees 7 with |#'| leaves, and all increasing node
labels n of T'. Here

#ETMH ) = l_[ 3K o) Zo(es) — Zote)) 1_[ (Zow) — Zo@w))"™
ecé weY \vx

corresponds to the integrand in (5.4) (recall that o is the bijection between vertices
and edges of 1" and I'), and v, is by definition the first vertex in the component of
K2, containing w. An upper bound for (6.1) is given by

|E(¢’Zl—r(f, P))| < Z Z Z sup |(WK<Q?[=?/\5,=Q/\SUKQZU]F(T’ P))(Z)|C(|)Vr|
T ,?seg‘lﬁs)(T) n 2€DT

]2 rom.

veT

Here | 71| is the number of vertices of the graph I'(z, P), Cy is a constant depending
only on the size of A through the definition 5.11 of Hepp sectors, and C(l)y/r‘ times the
product corresponds to the volume of the Hepp sector Dt. The aim of this section is
to prove the following bound.

Proposition 6.1 There exists a constant K1, depending only on the kernels Ky, such
that for any safe forest % € ﬁlgs)(T),

Y sup |V KTz sz DI@| [ [ 2700
n 26Dt veT
& _ .
< K{/nladeg(r)[logl(s 1)]§ ifdegT < 0,
K{’l[log(s’])] e if degT" = 0,

where ¢ € {0, 1} is the number of children of T in F5 having degree 0.

The existence of the exponent ¢ has no influence on the main result, because { = 1
occurs only for very few diagrams. The fact that { € {0, 1} is shown in Lemma 6.11
below.

The proof of Proposition 6.1 follows rather closely the one givenin [21, Section 3.2].
There are a few differences, due to the facts that we work with a non-Euclidean scaling,
and that the Feynman diagrams we consider have no legs. Owing to the special structure
of the equations we consider, decorations of vertices and edges can be almost entirely
avoided, they only arise in one estimate involving unstable forests (cf. Sect. 6.2).
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We first need to quantify the singularity of the kernels. Similarly to [19, 21], we
use the notation

105K (2)|
K¢l = sup sup —
kls<2 2z |Izlls

It then follows from [19, Lemma 10.7] that there exists a constant C¢ such that
I3 degt
|K{ ()] < CellKell(llzlls V&)

holds uniformly in ¢ € (0, 1]. We will write K¢ for the maximal value of C¢|| K| for
all kernels involved. Indeed t runs over a finite set of types, so that the maximum is
finite.

A difference with [21] is that we have to deal explicitly with the fact that some
kernels are regularised, and others are not. To indicate this, we attach to each edge
e € & an additional label reg(e) with value 0 if e corresponds to a bare kernel, and
with value 1 if it corresponds to a mollified kernel, and we write

E°={ec&: regle) =0}, &E° ={eec&: regle) =1).

6.1 The case %, = @
As in [21], we start by discussing the case . %, = &. First note that according to

Remark 5.10, any diagram with nontrivial decorations obtained by applying an oper-
ator ¢, has zero expectation. Therefore we may simply set

Iz, 7ozal = || 6)T = D7/
y€Fy

Lemma 6.2 For any inner node v € T, define

") =p+d+ Y dege)l1(v),
ee&°

n"(v) = ) deg(e)l,1(v) (6.2)
ee&t

where et = o(e_) A o (ey) is the last common ancestor of the vertices of e seen as
an edge of . Let

f(v,my) = n°(W)ny + n°(v) [nv A ne]s (6.3)

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

where ng is the smallest integer such that 27" < &. Then there exists a constant
Ko > K such that

n zeDt veT o e

where C is the constant appearing in the relation (5.8) characterising Hepp sectors.

Proof The definitions of Hepp sectors and of Ky imply that uniformly over z € Dr,
one has

(7 KRz T)(2)| < KO Lees dez©) I1 p—n(e") deg(e) I1 p—(m(eh)Ane) degle)
ecé® ecé*

Since only edges of negative degree give an unbounded contribution, the term
C~ Yees 9e8(©) can be bounded by C~9°2T enlarging if necessary the value of Kj.
Now it suffices to observe that

—log, 1_[ g—n(el)deg(e) _ Z Z deg(e)1,+ (v)n, = Z[’?O(U) —p— d]n,, ’

ees° veT eeé° veT
—log, 1_[ 27(n(eT)/\n5)deg(e) = Z Z deg(e)leT (U) n, A ns Zn (U) n, A ns .
ecst veT ee&® vel
Substituting in the left-hand side of (6.4) yields the result. O

Our aim is now to bound the quantity

Sz e (6.5)

n yeT

by a recursive argument, starting from the leaves of 7. The argument is somewhat
similar to the one given in [25, Lemma A.10], but with an explicit control of the
bound’s dependence on the properties of the graph I'.

Given an inner node v of T, we say that w is an offspring of v if w > v, and there
exists no w with w > w > v (we do not use the term child to avoid confusion with the
notion of child in .%;). We denote the set of offspring of v by &'(v). Note that since T
is a binary tree, ¢'(v) has at most two elements.

For any v € T and n, € Ny, we introduce the notation

Sy(my) = Z 1_[ 2_f(w’ﬁW),

n>n, w>v

where the sum runs over all increasing node decorations n of {w: w > v}. We can
rewrite this as

Som) =[] Swm), (6.6)
w; €0 (v)
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where

Spmy) =Y [[ 2/ = Y 27 fwms, (n,,). (6.7)

n>n, w>w ny, >n,

Then (6.5) is equal to 3@ (0), where @ denotes the root of 7. Our plan is now to
compute the quantities gw (ny) inductively, starting from the leaves of 7. In order
to initialise the induction, we set :S\’g (ny) = 1 on the leaves £ of T'. (Equivalently,
one could set S, (n,) = 1 for all nodes v of T with no offspring.) Then we have the
following recursive bound.

Lemma 6.3 Let v be an inner node of T. Assume that there exist non-negative functions
o, B,y and a, B such that the relation

20 inep=pwimu ()W jfn, <n,

~ < ’
Suw(m) S 2a(wingp—pwmy ifn, > n, ©38)

holds for all w € O(v). Assume furthermore that one has
")+ Y Bw) >0, (6.9)

w; €0 (v)
a(w;) — B(w;) = a(w;) — B(w;) Yw; € O(v) , (6.10)
and define

nw) =1°W) +n°W), A =n®)+ Y Bw). 6.11)

w; €O (v)

Let u be the parent of v, that is, the unique u such that v € O (u). Then S'U (n,) satisfies
the analogue of (6.8), with exponents given as follows:

> aw) =) if ) <0,

a(v) = { "iElW , (6.12)
Z a(w;) otherwise,

w; €0 (v)

while

) (6.13)
A(v)  otherwise,

S0 — {0 if AMv) <0,
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and
0 if AM(v) <0,
Yo v+l if i =0,
y() = w; €0 (v) (6.14)
Z y (w;) otherwise.
w; €0'(v)

Finally, we have
awy= Y a(w) -,
w; €0 (v)
Bwy= > Bw)+n®). (6.15)

w; €0 (v)

Proof Combining (6.6) and (6.7), we obtain

Simy) = Y 27 fem TT 8, (my).

n,>n, w; €0 (v)

Consider first the case n,, > n.. Using (6.8) and the definition (6.3) of f (v, n,), we
get

g‘v(nu) < 2@ (v)ne Z Z_B(v)nv

nl) >nu

with a(v) and ,3 (v) given by (6.15). By Condition (6.9), one can sum the geometric
series, yielding the claimed bound.
For n, < n,, we decompose the sum into two parts, yielding

ng—1 _
gu(nu) < ZZ[a(wi)ns Z —*()my (ne — nU)Z,- y (w;) + 2% (V)ne Z Z_ﬂ(v)nv'
ny=ny l'lv}ng

The first sum can be evaluated using the bound

N—1 (N —ng)¥2=M0 ifn > 0,
SN - 2 S IN =gt ifn =0,
n=no 2-IN ifn <0,

valid foranyng < N € N,y € Rand y > 0. The second sum has order 2(6‘(”)’5(”))”5,
and is negligible thanks to Condition (6.10). O
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e ole) [ el [ degle) [ reg(e)
Lo [@L2) o | -1 1
(1L2) | (1L,2) | o | -2 1
2,3) | (23) ] ¢ | -3 0
3,161 ] ¢c| -3 0
(3,4) | (34| 6| -3 0
(4,6) | (5.6) | ¢ | -3 0
(3.6) | 3,6)| 6 | —2 1
(4,5) | (4,5) | a -3 0
(4,5) | (4,5) | a —2 1

Fig.4 A tree T defining a Hepp sector Dy for the diagram & &z I' in (5.10). The table shows, for each edge

e, its image o (e) = (o (e)—, o(e)+), the ancestor e, the degree of e measured in units of % in the limit
p \{ Pc, and the index showing whether the edge has been mollified. Since there can be multiple edges
between two given vertices, they have been colour-coded according to their type

Table 1 Coefficients appearing in the recursive computation described in Lemma 6.3, in the case of the
Hepp tree T given in Fig.4

v n°(v) nf () n(v) nz () A(v) a(v) B) y(v) a(v) B)

e 1 0 1 1 1 0 1 0 0 1
0 4 -3 1 1 1 0 1 0 3 4
4 -2 0 -2 -1 -1 1 0 0 3 2
b 1 -2 -1 -1 0 1 0 1 5 4
a 1 -2 -1 -2 -1 2 0 0 7 5

The first four exponents are defined in (6.2), (6.11) and (6.16). All coefficients are shown in units of % and
in the limit p \{ p¢

Example 6.4 Consider again the diagram of Example 5.12, with the forest . =
{y1, y2}. Consider a Hepp sector Dt such that T has the structure given in Fig.4.
The forest .# is safe according to (5.11) and (5.12). Table 1 shows the values of the
different exponents, computed iteratively starting from the leaves of the tree 7, in the
limit p \{ pc. In particular, we obtain

Z H 2=Fm) G (0) < 29@ne — p2dne/3  o=2d/3
n yeT

deg’

which is indeed equal to ¢ in that limit. A similar computation can be made for

any p > pc.
Let us now examine the inductive bounds in more detail. The initialisation is made

by setting all functions «, 8, y, @ and B equal to zero on the leaves of 7. Combining
the recursive relations (6.12) and (6.13), we obtain

a@) =)= > (a(w) — Bw)) — ().

wij EO(U)
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Together with the initial values on the leaves, this yields

a() — ) = — Z n(w) =: —nx () (6.16)

w>v

for all nodes v of T'. In the same way, (6.15) yields
a@) — ) = —nx(v).

This shows in particular that Condition (6.10) is always satisfied. Regarding Condi-
tion (6.9), we observe that (6.15) implies

B) = n°w) =: 1% (v).

w>=v

We thus have to show that 77"> (v) is strictly positive on all inner vertices v if T, and to
bound 7 (v) below in order to control (6.5). To do this, we will import some further
notations from [21]. For y € F;U{T"}, we write R(y) = (¥}, &}) for the subgraph of
Rz, I withedge set &, = o~ N &Y \E(y))), where € (y) denotes the set of children
of y in . Given an inner vertex v € T, we let o = Ty(v) = (¥, &) be the
subgraph of & # I' containing all vertices w € ¥ such that o (w) > v. Note that this

implies

eecév) & et > .

In addition, we have

scaleTy'S (e) > scalef‘ (e),

and thus e’ > &7, for all e € & and all ¢ adjacent to I'g in R 2T

Example 6.5 Continuing with Example 6.4, we have

. RI) = e

N A

A
v ‘j)..

ﬁ(yl) =5 .,m*.Jf s ﬁ(yz) = 4de

.AVAVAV,\V,\/\'.

/u
.xqv

o)

Examples of subgraphs I'g(v) are

2

j\
1o
)

Vi

Fo(b) = s \»-5% . To@= 3 § . To(e) = ‘s ,
\—»:: 1‘7. °
6 1 6
while I'g(¢) = R(I') and I'g(a) = K.z I is the diagram given in (5.10). m]
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Lemma 6.6 Let v be an inner vertex of T such that T'g(v) is non-empty. Then the
quantity n> (v) satisfies the following properties :

1. n>() =deg(l") if v =D is the root of T, and n> (v) = deg(I") otherwise;

2. ifv > @, then nx (v) = deg(I") happens only if T" has at least one child y € € (I")
satisfying deg(y) = 0, and T'o(v) = U]; R(y), where the union runs over all y
which are not descendents of a child with vanishing degree;

3. if O(v) = {w1, wa}, then there exists at least one i € {1, 2} such that n>(w) > 0
Sforall w > w;.

If, furthermore, I has at least one regularised edge, then there exists a constant k > 0
such that

2 =Y 1w >« 6.17)

w>v

Proof Since T is a tree, {w > v} has |#y| — 1 elements, so that we can write

n>@) = (p+d) (%l — 1)+ Y degle).
ecENEy

By construction, the f(y) have disjoint edge sets, and two £(y) can share at most one
vertex. We can thus decompose

> =Y 1z,0), (6.18)

yeFU(T'}

where

N>y ) =(+d(HN Y- D+ D degle).
eeé’yﬂ&)

As in [21], we say that y € Z3 U {T'} is
o full if & N &y = &y;
o emptyif & N & = T;
e normal in all other cases.

By [21, Lemma 3.7], a full y cannot have an empty parent, and

deg(y) — X ;cq(y deg(y) ify s full,
N>, =10 if y is empty, (6.19)

deg(P) — ;e () deg(y) if y is normal,

where % (y) is the set of children § of y such that £(j) shares a vertex with I'g(v),
and p is the subdiagram of I' with edge set o (&), N &) U U;?e%”*(y) &(y). The fact
that y is safe implies that deg(y) > 0, and is also used to prove the absence of empty
parent.

The result follows by considering all possibilities for the types of the subgraphs y .
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e A first case occurs when no y € % U {I'} is full. Since I'p is not empty, the y
cannot all be empty, so that > (v) is a non-empty sum of strictly positive terms.
Therefore, n> (v) > 0.

e A second case occurs when I' is not full, but there exists at least one subgraph
y C I" whichis full. Since the parent of y is not empty, the negative term deg(y) is
compensated by the corresponding term stemming from its parent. Since I" is not
full, there must exist a full subgraph y whose parent is normal. Since the inequality
for normal subgraphs is strict, we have again 13 (v) > 0.

o It remains to consider the case where I' is full (which does not occur in [21]). The
case of all y C I' also being full can only occur when v = & (because only in
that case is I'g(v) equal to £#,(y)), and leads to the sum being equal to deg(I").
Consider next the case when there is no normal subgraph. Then all subgraphs
are full or empty. Since a full subgraph cannot have an empty parent, we obtain
n>(v) = deg(I') — Y, deg(y;), where the y; are all empty subgraphs with a full
parent. This shows in particular that 7> (v) > deg(I") if v is not the root. Equality
can only hold when all y; have zero degree. These y; must all be children of I, since
Lemma 5.7 and Remark 5.4 imply that the degree of strict subdiagrams, which
all arise from almost full trees, is strictly increasing in terms of their number of
edges. In addition, all y C y; are empty, so that the second property follows. The
only remaining case occurs when there exists a y C I' which is normal. Then one
obtains 13 (v) > deg(I') — deg(y) + deg(y) > deg(I).

To prove the third property of i, we note that since the edge sets &y (w1) and &p(w2)
are disjoint, I cannot be full for both I'g(w;) and I'p(w;). Since &H(w) C & (w;) for
all w > wj;, there is at least one i such that I" is not full for any I'g(w) such that
w > w;. Therefore, n> (w) > 0 for these w.

It remains to prove (6.17). Here we note that < (v) can be written as the sum of
n;y(v), where -

13, =@+d(PNY -1+ Z deg(e).
ecE°Nd,

We define full, empty and normal subgraphs as above, but with &j replaced by &N &°.
Since I' admits at least one regularised edge, it cannot be full. The same argument as
above thus shows that n< (v) is strictly positive. O

Remark 6.7 If follows from Lemma 5.7 that for any subtree T C 7 of negative degree,
T has at least two leaves that do not belong to 7. As a consequence, for any diver-
gent subdiagram y C I', I' \ y admits at least one regularised edge. Therefore, the
assumption that £(I") admit at least one regularised edge is indeed satisfied in our
situation.

Example 6.8 We illustrate the lemma and the notions of full, normal and empty sub-
graphs used in its proof on Example 6.5:

e for [y(a), all y € %, U {I'} are full;
e for I'g(b), I" and y» are full, while y; is empty;
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e for I'g(c), I is full, while y» and y; are empty;
e for I'g(?), ' is normal, and the other graphs are empty;
e for I'g(e), y2 is normal, and the other graphs are empty.

The first three cases lead to n> (v) < 0, since there is no normal subgraph. The last
two cases lead to 7> (v) > 0, since there is no full subgraph (compare with Table 1).
Consider now the case where the Hepp tree is of the form

(6.20)

The forest % = {yi, y»} is again safe, and we have in particular Ty(b) = K(T).

This shows that for I'g(b), I" is full, and y; and y, are empty. If p = %d, then
deg(I") = deg(y2) = 0, and we are in a situation where Property 2. of Lemma 6.6
applies: we have n> (a) = n>(b) = 0, while n> (v) > O for v € {c, 0, ¢}.

Corollary 6.9 There exists a constant K1, depending only on Eo and d, such that
K{glsdeg(r)[log(s_l)]g if degT" < 0,

Kl Mlog(e=H]"** if deg T = 0,
6.21)

Z sup |(Wkﬁg‘sr)(z)| 1_[ 7~ (p+d)n, <

n €T veT

where ¢ is the number of children of T in %5 having degree 0.

Proof The lower bound (6.17) on n2 shows that Condition (6.9) is satisfied, so that
Lemma 6.3 applies for all inner vertices of 7. Combining (6.16) with the induction
relations (6.12) and (6.13), we obtain

a(v):max{—n>(v), > a(wi)}. (6.22)
w; €O (v)

We claim that in fact, we have

a(v) < max({O} Ul=n>w): w > v}). (6.23)
This relation is clearly true if v has no offspring. We now proceed by induction, and
assume that (6.23) holds for all w; € &(v). If all «(w;) vanish, (6.23) trivially holds.
Property 3. of Lemma 6.6 implies that at most one of the «(w;), say a(w;), can be

strictly positive. Indeed, if v has two offspring w1 and w3, then the property implies that
there is at most one offspring, say w, such that > (w) > 0 for all w > w,. But then
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a(wz) = 0 by the induction assumption. Therefore, o(v) = max{—n> (v), a(w1)},
and (6.23) follows from the induction assumption.
The result is then a consequence of the fact that (6.5) is bounded by

Sz (0) < 24Pne (@),

Indeed, we have «(@) = — deg(I"), as a consequence of Property 1. of Lemma 6.6,
which implies

max{—nx(w): w > I} = —nx () = —deg(l').

Therefore (6.23) yields « (&) < —deg(I"), but by (6.22) this is actually an equality,

because (6.22) implies that o (&) > — deg(I"). Since deg(I") is bounded below by a

constant depending only on d, the term C~ 92" in (6.4) can be incorporated into K.
It remains to determine y (). We first note that (6.16) implies

M) =nz@+ Y aw).
w; €0 (v)

In the case deg(I") = 0, we have a(v) = 0, and thus A(v) = n>(v) forallv € T.
By Property 3. of Lemma 6.6, at most one of the offspring of v, say wj, satisfies
n>(w1) = 0. Therefore, there exists at most one path (wo = &, wi, ..., we) starting
at the root, such that n> (w;) = 0, and thus A(w;) = 0, for each w; in the path. On
such a path, (6.14) shows that y (v) increases by 1 at each step. Extending this path to
any leaf, and using y = 0 as initial value on the leaf, we obtain that y (&) = ¢. By
Property 2. of Lemma 6.6, each I'g(w;) is of the form U);l_ R(yi), where the y; are not
descendents of a given y; € %' (I") with vanishing degree. Since I'g(w;+1) € To(w;)
for each i, ¢ is bounded by the number of these y;.

In the case deg(I") < 0, consider the longest sequence (wo = &, wy, ..., W)
such that w; 41 € O(w;) and 1> (w;) < 0 for each i. Then Property 3. of Lemma 6.6
implies that > (v) > O for all other v € T, which yields o (v) = 0, A(v) > 0 and thus
y (v) = 0 for those v. For the w;, we get the induction relations

Mwi) = nx(wi) + a(wit1) ,

a(w;) = max{—nz (W), @(wit1)} > a(Wit1) ,
0 ifA(w;) <0,

y(wi) = {ywit1) +1 ifA(w) =0,
Y (Wit1) ifA(w;) >0,

with the convention that a(w;/ ;1) = y(w;41) = 0. Note that we have the implica-
tions

yw)#0 = Aw) =20 & awiyr) = -nxw) & aw)=oa(wir).

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

In addition, y is incremented only if A(w;) = 0, which happens if and only if a(w;) =
a(wiy1) = —nx(w;). It follows that y (D) is equal to the length ¢ < ¢’ of the
longest sequence (wy, ..., wy—1) such that n> (w;) = deg(I") for all i. Property 2.
of Lemma 6.6 again implies that ¢ is bounded by the number of children of I" having
degree 0. O

Example 6.10 Consider again the Hepp sector with tree 7" as in (6.20) in Example 6.8.
As we have seen, when p = %, one has deg(I") = deg(y2) = 0. Therefore, the
bound (6.21) has order (log(e™"))?.

Though we find that nontrivial powers of log(e~!) can occur, the following result
shows that in our situation, these powers cannot exceed the value 2.

Lemma6.11 IfI" = I'(z, P) and t is an almost full binary tree, then T cannot have
any children of degree 0, i.e., { = 0. If I' = I'(z, P) and t is a full binary tree, then
I" can have at most one child of degree 0, i.e., { < 1.

Proof Let t be almost full with 2m + 1 edges, and assume that I" contains a subdiagram
y with deg(y) = 0. By Lemma 5.7, y is of the form I'(, P) with T an almost full
binary tree having 2m + 1 < 2m + 1 edges. By Remark 5.4, we necessarily have
deg(y) < deg(l'), so that deg(y) = 0 would imply deg(I') > 0, which is not
permitted.

If © is full with 2m edges, then any divergent subdiagram y results from an almost
full tree T with 2m + 1 < 2m edges. By Remark 5.4, the condition deg(I') < 0 =
deg(y) yields m < 2m + 1. If I' contains ¢ non-overlapping divergent subdiagrams
of degree 0, they must all have the same number of edges, and we obtain {2m 4 1) <
2m < 2(2m + 1), yielding ¢ < 2. O

6.2 The case %, # O

We turn now to the case .%#, # &, where we can write

R, 7ozl = (D P8z T] Gd=%,)r. (6.24)
yeFy

We define as before subgraphs A(y) = (¥}, &) of R #,, except that €' () now denotes

the set of children of y in .%;U{y}. Forany y € .%,, we denote by y T the inner vertex
of T suchthato (%)) ={ve ¥V :v > y1}, and

v =suple’: e € &) and e ~ R(»)}.
Recall that o7 (y) denotes the parent of y in .%, while ~ denotes adjacency. In other
words, we are considering edges in &,y which are not in &),. It follows that we
necessarily have y T > y ™. Finally, we set

N(y) =1+ [—deg(y)].
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. . . d
Lemma 5.7 implies that all subdivergences y have a degree deg(y) > —3

(cf. Remark 5.4). Thus in space dimensions d < 3, N(y) is always equal to 1, while
for d € {4, 5} it can take the value 2, and is always equal to 2 when p is sufficiently
close to p.. In the latter case, the operator ‘éy produces terms with nontrivial node
labels, which are here essential for the renormalisation.

Example 6.12 Consider again the diagram of Example 5.12, with the forest .# =
{v1, y2}. Consider now a Hepp sector Dt such that T has the structure given in Fig. 5.

In this example, y; is unsafe, y» is safe, and we have yl =0 and yM =b.

If d < 3, the extraction operation ‘5),1 I" has the same form as in (5.9) in Exam-
ple 5.12. If d € {4, 5}, it becomes

3 )

I RN

A AN e
N R,
IV

e
e

4
+ /1.\,\,\:&\. i

)
y

A A .
AN o

< Jv’\,’v‘lh >

. W

(fyl I'= 4% “v‘vh‘rﬂ.\\_’ \\_’
i=1 P
®
6 6 —" 1
(6.25)

!‘/\’ 2
> A
5 4 /-\/ A
j : L/\ > DeS

(i /\ ;\ A Ny ~® :: 1’7 9

i=1 <> P

€ °___~® 1

o)

where edge and node decorations have been indicated in green (e; being the ith
canonical basis vector). Note that this produces a factor

d
Kp(zs — 23)[ Kp(zs — 25) = Kp(zs — 20) + 3 K p(zs — 2)(z4 — 25)° |
i=1

in the integrand giving the value of (id —nyl )T, since the terms proportional to (z4 —
2p,)¢ stemming from the second term in (6.25) are killed because v, = 4. The point
of the whole procedure is that the term in square brackets is bounded by a positive

power of ||z4 — z5]|s, Which is much smaller than ||z¢ — z5||s owing to the fact that y;
is unsafe.

Lemma 6.13 There exists a constant Ko depending only on the kernels K such that

Z sup |(W %[/s Fu7 D@ 1_[ 2~ (pFdim, If(l)‘ga‘c—dez‘%F Z H 2= fwm),

n €Dt veT n ypel

where
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e ale) [el
(1,2) | (1,2) | e
(1,2) (1, 2) ¢
(2,3) | (2,3) | a
(3,1) | (6,1) | a
(3,4) | (3,4) | a
(5,6) | (5,6) | b
(3,6) | (3,6) | a
(4,5) | (4,5) | 0
(4,5) | (4,5) | 0

Fig.5 A tree T defining a Hepp sector D for the diagram ‘rfyz I, cf. (5.9). The table shows, for each edge,
its image o (e¢) = (o (e)—, o(e)+), and the ancestor et

F@m) = 12 @ny + @[ An] + Y N1 0) = 1,51 @),
yeFy

(6.26)

with the same n° (v) and n (v) as in (6.2).

Proof The difference with the proof of Lemma 6.2 is the presence of the factors
(id =%, ) with y unsafe in (6.24). These produce a factor

1 £a0
1_[ I:Kt(e)(zo(e+) — Zg(e)) — Z E(Zo(e;) — Zo() 0" Kie)(Zo(vy) — Za(e’_))]v
€€ oy ) [€ls <N(y) ’
e~8(y)

where ¢’ is the image of ¢ under ‘éy. By the Taylor formula-type bound given in [21,
Lemma 3.8], this factor is bounded by

N - d
K12 (V)[nyTT nyT] 1_[ ||Zg(e+) _ Z0(67)||seg(e),
€€ ()
e~8R(y)

which accounts for the last sum in (6.26). ]

Writing as before n(v) = n°(v) + n°(v), we introduce the notations

i) =nw)+ > N[ —Lunw], A =) dw).

yeFu w2v

Lemma 6.14 The conclusions of Lemma 6.6 still hold in the present situation, with
nx replaced by 7.
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Proof The only difference with the proof of Lemma 6.6 is the presence of the sum
over diagrams in y € .%,. We claim that we have the equivalences

vyl & A CToNAG(Y)),
v>y"T e Tow) NRW(y)) C R(y) . (6.27)

Indeed, we always have R(y) C K(<7(y)), so that the first equivalence follows from
the fact that v < y1 < R(y) C Iy(v). For the second equivalence, we observe that if
e € To(vV)NR(A (y)), then e > v, and eiseitherin &y, oradjacent to R(y). However,
the second case is ruled out if v > y . Conversely, if To(v) N &( (y)) C R(y),
then any edge e ~ £(y) cannot belong to &, and must thus satisfy e’ < v, which
implies that y 1 < v.

It follows from (6.27) that

Y[ = L )] = 1 ygyt = Lag)=romnaw ;)-

w>v
Thus, 7j> (v) satisfies the equivalent of the decomposition (6.18), with

>y @) =+ HNYy -1+ Y deg(e)
eezg’yﬂ(%

+ ) NOOg@)=romnad@)- (6.28)
yeFu

One then shows that the properties (6.19) of full, empty and normal subgraphs still
hold in this case. The case of y being normal requires the presence of the last term
in (6.28), to which only y contributes, together with the fact that deg(y) + N(y) > 0.
The remainder of the proof is the same as for Lemma 6.6. O

The analogue of Corollary 6.9 is then proved in the same way as above, completing
the proof of Proposition 6.1.
7 Asymptotics
Fix a tree 7 € TF with p leaves and ¢ edges. It follows from the definition (4.5)

of c¢.(7), Propositions 4.5 and 5.2, the decomposition (6.1) into Hepp sectors and
Proposition 6.1 that

(=" 3N Y S@ P T.F),

peP? T 77l , M)

where

F(, P, T, F) = Z/D (Wkﬁ’[yqﬁqu%l“(r, P))(z) dz
n T
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satisfies
|j(f, P, T, y\)| < C(I)'V(F(T,P))lKlg(r(fyp))\gdegr‘(r,P) [log(s_l)]{(F(T’P))

(with the convention that £9°2T'(®?) is to be replaced by log(¢~!) if deg I'(z, P) = 0).
To obtain an upper bound on |c.(7)], it thus remains to control the sums over Hepp
trees T, permutations P, and safe forests .%g. Summing over all T € TF will then
provide an upper bound on the renormalisation constants.

7.1 Full binary trees

Recall that a full binary tree t with p leaves has ¢ = 2p — 2 edges and p — 1
inner vertices. It will be useful to parametrise the set of full binary trees with an even
number of leaves by integers k such that p = 2k + 2 and ¢ = 4k + 2. It follows
from Proposition 4.18 that for any pairing P, the corresponding (reduced) Feynman
diagram I' = I'(z, P) will have 2k vertices, 3k edges, and degree

deg'(r, P) = 3k + 1)p — (k + 1)d
2
= —§d+(3k~|—1)(p—,0c) vP e PP . (7.1)
This degree is negative if and only if

d—p d—p

k < kmax = = . 7.2
M 3p—d 300 - po) 72
We can thus rewrite (7.1) as
degl' = —(d — ,0)(1 — ) =! . (7.3)
max

The number of possible pairings of the 2k 42 leaves is equal to 2k+1)!! = ]_[ffzo i+
1). The number of Hepp trees T is bounded above by (2k — 1)!, and is reached when
T is a comb tree, whose 2k leaves can be associated in (2k — 1)! inequivalent ways to
the 2k vertices of I'. The number of safe forests .% can be bounded as follows.

Lemma 7.1 There are at most 2/%r | safe forests in T, where the number of divergent
subdiagrams satisfies |91 | < k.

Proof Let N, denote the number of edges of a Feynman diagram I" having m divergent
subdiagrams. Then Ny > 2, and Ny, 4m, = Ny, + N, + 1, since elements of a forest
have to be strictly included into one another or vertex disjoint. By induction on m, one
obtains Ny, > 3m — 1, implying 3|94 | — 1 < 3k, and thus |4 | < k. The bound on
the number of safe forests then simply follows from the fact that a finite set with n
elements has 2" subsets, and is reached when all forests are safe. O
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Finally, we need to control the number of terms yielding an exponent { = 1 rather
than ¢ = 0. We write 73(2) 73(2 Pizq,where 73(2) denotes the set of pairings

yielding a diagram I'(z, P) with ¢ (F) = i. Then we have the following key estimate.

Lemma 7.2 73( b is non-empty only when kmax is an odd integer and 2k > kmax + 1.
In that case, we have

P2 Kmax 12k — Kinax)!!
<rk) = . 7.4
|7)(2 | ®) 2k + D! 74
Furthermore, we have
r(k) < M2~k hma) (1.5)

for kmax + 1 < 2k < 2kmax, where M is a constant independent of k, p and ¢.

Proof Assume I' = I'(z, P) has a child y having degree 0. By Lemma 5.7, y =
['(Z, P) where 7 is an almost full binary subtree of t, and P is the restriction of P to
the leaves of 7. Let k < k be such that 7 has 2k + 2 leaves and 4k + 3 edges. Then we
have

1 _
degy = —gd + Bk+2)(p—pc) =0.

In view of (7.1), this implies
- 2
23k +2)(p — pc) = gd = Bk + (o — pc) —degT,

which yields 2k+1 = kmax by (7.2) and (7.3). Thus kpax must be an odd integer, and the
condition k > k yields 2k > kpax + 1. Finally, the number of pairings that do not mix
leaves of T with those of T\ T is given by (21€+1)!!(2k—212— D! = kmax 'k —kmax)!!,
which proves (7.4). To prove (7.5), we write k = xkmax and use Stirling’s formula to
obtain

logr (k) = Kinax [(Zx — D log(2x — 1) — 2x log(2x)] — l1og(x) +O(1)
< - log(2)(2kaax — kmax) + O(1) ,

where we have used a convexity argument to obtain the last line. O

Remark 7.3 In what follows, we will always assume that kpax > 1. Indeed, for kpax <
1 (that is, p > %), the only potentially divergent tree is %, while for kpax = 1, the
trees with 4 leaves considered in Example 4.17 have degree 0. These cases can be
treated ““ by hand”, in particular the expectation (4.21) can be shown to diverge like
log(e_l).
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The above combinatorial considerations show that
les (D] < 2k + DNk — DICFKF* e [1 + r (k) log(e ],
where deg I is given by (7.3), and £9°¢T has to be replaced by log(¢ ") if deg I' = 0.

Let us write Cgk K13k = K%k, where K» = C§/3 K. It follows from Stirling’s formula
that

log((2k + D2k — 11K e®eT) < 3klogk + 3k[log2 — 1 + log K> |
— log(s_l) degI' + O(1),

where the remainder term O(1) is independent of k, p and ¢.

When computing the contribution of full binary trees to the renormalisation coun-
terterm (3.3), we have to take into account the number of these trees, as well as the
combinatorial factor 2"mer (1) =7sym(¥)_The latter can be bounded above by 22!, while
the former is given by the (2k + 2)nd Wedderburn—Etherington number (sequence
A001190 in the On-Line Encyclopedia of Integer Sequences OEIS), cf. [3, Sec-
tion 4.4.1]. These numbers are known to grow like k=3/2 By 2k where B2 ~ 0.4026975
(OEIS sequence 2240943) is the radius of convergence of the generating series of
the sequence.

The renormalisation counterterm Cy (&, p) due to full binary trees can thus be written
in the form

[Kmax ] —1
Cole,p) = D ArE™ + IgyeNAky, log(e™")

k=0
kmax_l
+ 2Nt 1 [ D7 A r (k) + Apyr (kmax) log(e*b] log(e™")
k:(kmuxfl)/2
(7.6)
where «; is defined in (7.3) and
1
log| Ax| < 3[klogk + ak — 3 logtk + D]+ O(1) ,
2
a=log2—1+4+logK>+ glog(ﬂz_l) .
As a consequence, we have the bound
|Ake™| < MF®, (1.7)
where M is a constant independent of k, p and ¢, and
1
F (k) =klogk + (a — bo)k + bgkmax — 3 log(k + 1), (7.8)
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with
be = (p — pc) log(e ™).

Note in particular that e3F© = ¢=(4=r) "and that F is strictly convex.

Proposition 7.4 Define the threshold

log(kmax + 1) ] }

logk —
|: 08 fmax - a 2kmax

ec(p) = eXp{—

C

Then there exist constants M1, M3, independent of ¢ and p, such that the counterterm
Co(e, p) satisfies

Cole, p) = Aoe™ “"P[1 + Ri(e, p)] fore < ec(p)
ICo(e, p)| < Mec(p)™ @ P [log(e™) + Rale. p)]  fore > ec(p)

where the remainders satisfy

M, e 3(p—pc) M, ec(p) 3(p—pc)
[Ri(e, )| < — ( ) o |Rae, p)| < — ( :
P — pc \&c(p) P—pPc\ €

Proof Since F is convex, we have F (k) < F(0) + Hk for all k € [0, kmax], Where

F(kmax) — F(0 1 log(k 1
H:MZlogkmaX_bg +a__M' (79)
kmax 2 kmax

Note that e.(p) has been defined in such a way that

H=(p- pc)10g<€ ?p)),

and that e3F*ma) = ¢ (p)~@=P) We will repeatedly use the fact that if # € R and
N > k are positive integers, then

N1 [(N —ko) A B~ ]ePN=D if g > 0,
Y PR IN —ko ifg =0, (7.10)
k=ko [(N —ko) AIBI7 ] ePRoif g <.

In the case ¢ > &.(p), i.e. H > 0, we rewrite (7.6) as

LkmaxJ -1 kmax -1
Cole, p) = LN Al Jog(e™) = Y Ape™ + Y Ager(k)log(e ™))
k=0 k= (kmax +1)/2

+ Akpax " (kmax) [IOg(e’l)]z
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=: M " mI[R) (e, p) + Ra(e, p) + R(e, p)]

where the terms R, and R3 vanish unless kpyx is an odd integer, which we can assume
to be at least 3 by Remark 7.3. By (7.7), the leading term Ay log(¢~") has indeed
order g:(p)~ @~ log(¢~"). To bound R, we use (7.10) with N = |kmax |, ko = 0
and 8 = 3 H to get

1 E 3(pfpc)
IR1(e, )| S kmax e >H < ( c(p)) |
P — Pc &
Regarding R, we use (7.5) to get
kmax—l
[Ra(e, p)| <M e—3Hkmax ekmax log?2 Z e(3H—210g2)k 1Og(8—1).
k=(kmax+1)/2

We use (7.10) differently in several regimes. If 3 H < 1, we obtain
IRa(e. p)| < e~ 3HEmD o0(a=1) < e 3 Jog(e ™).
Ifl <3H <2log?2, we get
[Rae, )| S kmax €™ 37 G0 10 (e71) < €73 g €73 b o 1),

which yields a bound of the same form, since kmax e_%(kmax_3) is bounded uniformly
in kmax = 3. If 3H > 2log 2, we have

IRa(e, p)| < e 3 ka2 Fmax log(e 7).

Note that in all three regimes, we have |Ra (¢, p)| < e 3 log(¢~!). Regarding R3,
we observe that it is bounded by 7 (kmax) log(s_l)z, showing that

_kl'l‘lﬂX

_ —1.\12
e oge T

e Ra(e, p)| S

For fixed p, the right-hand side is maximal for ¢ = ¢, = e~2/B(p=pc) Therefore, by
definition of k¢ and e.(p), we have

_kmax _2
2 de < pkmagd g2

3H
e’ Ra(e, p)| S < ’
{;‘C(p)3(p_loc) 9(,0 — IOC)2 max ' max

which is bounded uniformly in kpax > 1. Therefore, we have |R3(e, p)| < e 3
completing the proof for ¢ > &.(p).

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

It remains to consider the case ¢ < e.(p), i.e. H < 0. Here we decompose

Kimax =1
Co(e.p) — Age™ = Y Ape™ + Ay, log(e™")
k=1
pa—

+ Y A log(e ™) + Agy (kma) [log(e ™D ]
k:(klnax+1)/2

= M O[Ri (s, p) + Rae, p) + Rs(e, p) + Rale, p)]

where R3 and R4 vanish unless kmax is an odd integer. Applying (7.10) with N =
| kmax |, ko = 1 and B = 3H, we obtain

1 P 3(p—pc)
IR1(e, 0| S kmax €™ < ( ) :
P — pc \ &c(p)

Using (7.7), we find

d—p
|Rz(e,p)|<e3H"maxlog(e—1)=( ) log(e ™).

ec(p)

Regarding R3, using again (7.10) we get

, e\ 2 KmaxtD(p=pc)
IR3(e, p)| S e2HmaxtDog(e™1) = ( ) log(e ™).

gc(p)

Finally, by (7.5) we also have

d—p 5
|R4<s,p>|<( ) 2~ fmaflog(e™h]".

ec(p)

Since kmax > 1, we have d — p > 3(p — pc), so that R, and R4 are negligible
with respect to R;. In addition, R3 only occurs when kpnax = 3, and then it is also
dominated by R;. O

7.2 Almost full binary trees

It remains to consider the case of almost full binary trees without decorations X;, as
the contribution of almost full binary trees with a decoration X; vanishes by symmetry.

Almost full trees with an even number of leaves can be parametrised by an integer k
such that these trees have p = 2k +2 leaves and g = 4k 4-3 edges. The corresponding
reduced Feynman diagrams have 2k + 1 vertices, 3k + 1 edges, and degree

degT(z, P) = Bk +2)p — (k+1)d VP e PP,
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The main difference with the case of full trees is that the maximal value of k for
deg I'(z, P) to be negative is now

- d-=2p d—-12p

T3 —d T 3(p—pe)’

which is smaller than kpy.x by a factor approaching 2 as p \ p. Furthermore,
Lemma 7.2 shows that ¢ always vanishes in this case. The remaining combinatorial
arguments remain unchanged, with the result that

]Emax —1

Cite,p) = ) Ake™ + 1z g, log(e™),
k=0

where

k
=l 2:0)<1 - ]Emax)

and |Ae%| < M 3F® with

- - 1

F(k) = klogk 4 (a — be)k + bekmax — 3 log(k + 1).
It thus suffices to modify the threshold value of ¢ to obtain the result.

7.3 A remark on lower bounds

The results we have obtained provide upper bounds on the counterterms. Obtaining
matching lower bounds seems out of reach at this stage, because, as we have seen, the
behaviour in £9€8T(T-P) of the terms ¢, (1) is a consequence of cancellations of more
singular terms in Zimmermann’s forest formula.

However, we can at least argue that among the many terms contributing to the
counterterms Co (e, p) and Cq (g, p), there exist terms which are bounded above and
below by a quantity of the same order. This does not of course exclude that cancella-
tions among these terms exist, which ultimately make the counterterms much smaller.
However, such a scenario seems unlikely, unless some hidden symmetries have been
overlooked.

Indeed, assume that 7 is a regular binary tree (cf. (3.5)). Then njpper () = ngym (1),
so that the contribution of t to Cy(¢, p) is given by

e:() = EAn) = Y E(AT(. P)).

Pe’P(fz)

It follows from Lemma 5.7 that I"(z, P) cannot have any divergent strict subdiagram,
since a regular binary tree does not contain any almost full binary subtree. Therefore,
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(6.1) reduces to
E(A-T(r,P)==-Y)" Z/ 7K (z, P)(@) dz.
7 n YD1

It is known that whenever p < d, the fractional heat kernel P, is given by the Riesz
kernel which has a constant sign. This sign is not conserved by the decomposition (4.1)
of the kernel into its singular and smooth parts, but one can add a bounded, compactly
supported term to K, in such a way that K, has a constant sign, and without changing
the divergent part of the integrals. Therefore, we obtain

IE(A_T(r, P)| 2 a ) Kyl
T

for a constant ¢ > 0. Since the number of pairings P and of Hepp trees T have the
same factorial behaviour as above, we indeed obtain for ¢, (7) an asymptotic behaviour
inec(0)~ @ log(e™").

7.4 Extension to other parameter regimes
In this section, we extend the results to the more general family of equations
du — y APPu = gu® + o, (7.11)

where y, g and o are parameters measuring the strength of each component of the
equation, that is, the smoothing effect given by the fractional Laplacian, the nonlin-
earity u? and the noise £. Our aim is to understand how the model behaves when one
lets these parameters vary, and to determine some potentially interesting parameter
regimes.

The extension can actually be done in two equivalent ways: using directly the
BPHZ renormalisation on the parameter-dependent equation (7.11), or using a scaling
argument for the original equation (1.1). We will briefly outline both arguments, which
will serve as a reality check of the results. Using the BPHZ renormalisation (3.3)
on (7.11), one obtains the renormalised equation

du —yAPPu = gu® + C78% (g, p,u) + o £°, (7.12)
where the new counterterm is given by

CV8% (e, p,u) = Cy¥% (e, p) + C1¥% (e, pu
with

C())’ngff(g’ ,0) — Z C;’,O'(T)g”inner(f)zﬁ(f) ,
7 full
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Cr’g’a(é‘, p) — Z C;/,O’ (.L—)g”inner(f)zﬁ(f) ,

7 almost full

and 71(T) = Ninper(T) — Nsym (7). The new renormalisation constant cl'? associated to
a tree 7 is given by

CZ’U(T) — o.nleaves(f)cé’ (T),
where njeaves (T) is the number of leaves of 7. Here in the notation ¢/ (), we stress that
the value of the renormalisation constant depends on y via the scaled Green function
KY) = (3, — y AP/2)~1 of the fractional Laplacian that now appears on every edge
of the tree 7. One key property that we use in the sequel is

KD(t,x) = Ky(yt, x).

I_ndeed, since f (¢, x) = (K, xh)(t, x) satisfies the equation 9; f — Ap/zf = h, setting
h(t,x) = yh(yt, x) itis easy to check that

f(t,x)=f(yt,X)=// Ky(y(t —s),x — y)h(s, y)dyds
R JRA

satisfies 8; f —y AP/ f = h. Then, performing a linear change of variable for all time
integrals in the definition (4.12) of E(I"), we get

c(t)=

)/VT71 CE(T)

where v; is the number of nodes of the Feynman diagram I'(z, P) associated with t.

e If 7 is a full tree with p leaves and ¢ = 2p — 2 edges, then we have

3
UT=q+1_§=§p—l, Ninner (T) = p — 1.

Therefore, we obtain

p=lgp _
Cr e = & 3 @2 (7.13)

3p2
p V? P 7 full with p leaves

e If 7 is an almost full tree with p leaves and ¢ = 2p — 1 edges, then we have

3
Vr = Ep, Ninner(T) = P,
yielding
Y gPaP _
Cle% (e p) =) =5 ] > e (7)270), (7.14)
4 2P T almost full with p leaves
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The second argument allowing to obtain (7.13) and (7.14) is based on scaling. If u
satisfies the renormalised equation

du— APPu=u>+C(e, p,u) +£°,

then forany A > Oand o, B € R, u(t, x) = A“u(kﬂt, Ax) solves the equation

dpit — APTP AP = 3P4 4 3B C (e, p, a7 i) + AOHPES,
where

(7.15)
E5, (1, x) =E°(WFr, wx)
1 Mt —t ax—x' e’ ')
T ertd fpai @ e 7 ¢ O
1

)Lﬁ—p t—1t" -
— f kﬁ_"@( U-r) x-x )mﬂdt”,xdx“).
& Rd+1

In the last line, we have set ¢ = AZ, and made the change of variables ' = Aft”,
x" = Ax". By the scaling property of space-time white noise, this is equal in law to

gr '

B_d
ATZT2 M=P@ —t"y x —x" B d -
go+d / Aﬂ—PQ( EP )’ )é(dt”’dx”) =ATIT2E (1 x),
& Rd+1 &

where ¢ = §F « & is defined like £¢, but using 5(t, x) = AP7Po(AP~Pt, x) as new
mollifier. Thus (7.15) is indeed of the form (7.12) with parameters

d
2 .

(7.16)
Using the expression (3.3) of C (¢, p, u), we find

WEIBCGE, p.27%) = 12PN ()27 4 0F

> a2
T full
If deg(t) < O, then

7 almost full

ce (1) ~ g9ee®),

ca(t) ~ gdeg(r) ) deg(r) ,

which implies that ¢;; = A9eg@ 2 (1) (note that since log(rg) = logi + loge,

logarithmic divergences do not change the leading order of c.(7)). In the case of t
being a full tree with p = 2k 4 2 leaves, by (7.1) we have

3
deg(t) = Bk +1Dp —(k+ 1d = Ep(p —pPc) —2p
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where we have used the fact that p. = %. For almost full trees, we obtain

deg(t) = Bk +2)p — (k+ 1)d = %p(p = Pc) — p-
It follows that (7.15) becomes

dit —y A%l = gi® + Co(E, p) + C1 (&, p)it + o &°
with

Co@, p) =24 3" A3 P(0—P)=2p 3 s (1)27O

p 7 full with p leaves
- 3 _
Ci(E, p) = 2B Z)sz(p pc)—p Z Cg(.[)zn(f) )
p talmost full with p leaves

By (7.16), these expressions for the counterterms are indeed equivalent to (7.13)
and (7.14).

It remains to prove the relations (2.10) and (2.11). For full binary trees, setting as
before p = 2k + 2, we obtain from (7.13) that

[kmax]—1 2k+1 _2k+2 2 [kmax]—1
.2, 8 o 80
Che (e, p) = =" )" sfw,
k=0 Y Y=o

where f (k) is as on the right-hand side of (7.6) and § = g%o?y 3. We can now
proceed as in the proof of Proposition 7.4, replacing F (k) defined in (7.8) by F(k) =
Fk) + %k log§, and H in (7.9) by H=H+ %log 8. Note that F is still convex.

For ¢ > ¢, the sum is dominated by k = kn,x, and yields the same bound as for
Cé’l’l(e, p) = Co(e, p), up to an additional factor

kmax
gaz(gkmax B (8202) ng
% y3 y

For ¢ < &, the sum is dominated by the term k = 0, which has the same scaling
behaviour as Co(e, p), up to an additional factor g2y ~!. An analogous argument
applies to the expression (2.11) for Ci”g’g (e, p).
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