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Abstract

This work is devoted to the study of non-Newtonian fluids of grade three on
two-dimensional and three-dimensional bounded domains, driven by a nonlinear mul-
tiplicative Wiener noise. More precisely, we establish the existence and uniqueness of
the local (in time) solution, which corresponds to an addapted stochastic process with
sample paths defined up to a certain positive stopping time, with values in the Sobolev
space H3. Our approach combines a cut-off approximation scheme, a stochastic com-
pactness arguments and a general version of Yamada—Watanabe theorem. This leads
to the existence of a local strong pathwise solution.

Keywords Third grade fluids - Navier-slip boundary conditions - Stochastic PDE -
Well-posedness

Mathematics Subject Classification 35R60 - 60H15 - 76A05 - 76D03

1 Introduction

In this work, we are concerned with the existence and uniqueness of strong solution
for a stochastic incompressible third grade fluid model in a two-dimensional (2D) or
three-dimensional (3D) bounded domain with smooth boundary. More precisely, the
evolution equation is given by
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dv + (—vAy +(y-Vv+ Z VIV — (a) 4 ap)div(A?) — ,8div(|A|2A)>dt
j
= (=VP + U)dt + G(-, y)dW, (1.1)

where v := v(y) = y — a1Ay, A := A(y) = Vy + VyT, and W is a cylindrical
Wiener process with values in a Hilbert space Hy. The constant v represents the fluid
viscosity, o1, a2, B are the material moduli, and P denotes the pressure.

Recently, special attention has been devoted to the study of non-Newtonian vis-
coelastic fluids of differential type, which include natural biological fluids, geological
flows and others, and arise in polymer processing, coating, colloidal suspensions and
emulsions, ink-jet prints, etc. (see e.g. [18, 25]). It is worth to mention that several
simulations studies have been performed by using the third grade fluid models, in order
to understand and explain the characteristics of several nanofluids (see [24, 26] and
references therein). We recall that nanofluids are engineered colloidal suspensions of
nanoparticles (typically made of metals, oxides, carbides, or carbon nanotubes) in a
base fluid as water, ethylene glycol and oil, which exhibit enhanced thermal conduc-
tivity compared to the base fluid, which turns out to be of great potential to be used
in technology, including heat transfer, microelectronics, fuel cells, pharmaceutical
processes, hybrid-powered engines, engine cooling/vehicle thermal management, etc.
Therefore the mathematical analysis of third grade fluids equations should be relevant
to predict and control the behavior of these fluids, in order to design optimal flows
that can be successfully used and applied in the industry.

In this work, we study the stochastic evolutionary equation (1.1) supplemented with
a homogeneous Navier-slip boundary condition, which allows the slippage of the fluid
against the boundary wall (see Sect.2 for more details). Besides the most studies on
fluid dynamic equations consider the Dirichlet boundary condition, which assumes that
the particles adjacent to the boundary surface have the same velocity as the boundary,
there are physical reasons to consider slip boundary conditions. Namely, practical
studies (see e.g. [25]) show that viscoelastic fluids slip against the boundary, and on
the other hand, mathematical studies turn out that the Navier boundary conditions
are compatible with the vanishing viscosity transition (see [9, 10, 21]). It is worth
mentioning that the study of the small viscosity/large Reynolds number regime is
crucial to understand the turbulent flows. The third grade fluid equation with the
Dirichlet boundary condition was studied in [2, 28], where the authors proved the
existence and the uniqueness of local solutions for initial conditions in H> or global
in time solution for small initial data when compared with the viscosity (see also
[3]). Later on [7, 8], the authors considered the equation with a homogeneous Navier-
slip boundary condition and established the well-posedness of a global solution for
initial condition in H?, without any restriction on the size of the data. Concerning the
stochastic third grade fluid equations, recently the authors in [1] studied the existence
of weak probabilistic (martingale) solutions with H2-initial data in 3D and the authors
in [13] showed the existence of strong probabilistic (pathwise) solution with H>-initial
data in 2D. Nevertheless, to tackle relevant problems it is necessary to improve the
H?-regularity of the solutions with respect to the space variable.
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This article is devoted to show the existence and uniqueness of a local strong
solution, both from the PDEs and probabilistic point of view. Namely, the local strong
solution will be defined on the original probability space and it will satisfy the equation
in a pointwise sense (not in distributional sense) with respect to the space variable, up
to a certain stopping time. An important motivation to consider strong solutions is the
study of the stochastic optimal control problem constrained by the equation (1.1), in
2D as well as in 3D, where H>-regularity is a key ingredient to establish the first-order
necessary optimality condition (see e.g. [12, 31] for the 2D case and [32] for the 3D
case). However, the construction of H 3_solutions, in the presence of a stochastic noise
is not an easy task even in the 2D case. In addition, the presence of strongly nonlinear
terms in the equation makes the analysis much more challenging when dealing with
3D physical domains. We should say that the method in [13] based on deterministic
compactness results conjugated with an uniqueness type argument are not expected
to work in 3D (where the global uniqueness is an open problem for the deterministic
equation). Here, we establish the existence and the uniqueness of a local H>-solution
in 2D and 3D by following a different strategy, which is based on the introduction
of an appropriate cut-off system. To the best of the author’s knowledge, the problem
of the existence and uniqueness of H3-solutions for the stochastic third grade fluid
equation is being addressed here for the first time.

The article is organized as follows: in Sect. 2, we state the third grade fluid model and
define the appropriate functional spaces and stochastic setting. Section 3 is devoted
to the presentation of some definition and the main result of this paper. In Sect. 4,
we introduce an approximated system, by using an appropriate cut-off function and
we prove the existence of Martingale (probabilistic weak) solution to the approxi-
mated problem. The analysis combines a stochastic compactness arguments based on
Prokhorov and Skorkhod theorems. Section 5 concerns the introduction of a “modified
problem”, where the uniqueness holds globally in time and we are able to construct a
probabilistic strong solution by using [22, Thm. 3.14]. Finally, Sect.6 combines the
previous results to prove the main result of this work.

2 Content of the study

Let (2, F, P) be a complete probability space and WV be a cylindrical Wiener pro-
cess defined on (€2, F, P) endowed with the right-continuous filtration (F;):c[0,7]
generated by {W(#)};c0,7]. We assume that F( contains all the P-null subset of €2
(see Sect. 2.2 for the assumptions on the noise). Our aim is to study the well posed-
ness of the third grade fluids equation on a bounded and simply connected domain
D CRY d=2,3,with regular (smooth) boundary d D, supplemented with a Navier-
slip boundary condition, which reads
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dw(y) = (= VP+vAy — (y- V)u(y)
=2V WVY 4 (@1 +ar)div(a?)
J
+Bdiv(|A]?A) + U)dt + G(-, y)dW in D x (0, T), Q2.1
div(y) =0 inD x (0,7),
y-n=0, (n-Dy) |, =0 ondD x (0, T),
y(x,0) = yo(x) in D,
where y = (yl, el yd ) is the velocity of the fluid, P is the pressure and U corre-
sponds to the external force. The operators v, A, D are defined by v(y) = y—aj Ay =
O —arAy!, o y? —ajAy?yand A := A(y) = Vy + VyT = 2D(y). The vector

n denotes the outward normal to the boundary 0D and u|wy, represents the tangent
component of a vector u defined on the boundary 0 D.

In addition, v denotes the viscosity of the fluid and o, o2, B are material moduli
satisfying

v>0, oy >0, Jog+a <+24v8, B=>0. 2.2)
It is worth noting that (2.2) allows the motion of the fluid to be compatible with
thermodynamic laws (see e.g. [18]). We consider the usual notations for the scalar

product A-B := tr(ABT) between two matrices A, B € M x4, and set |A|2 = A-A.
In addition, we recall that

=AA = <Z alkak/> forany A = (ajj)1<i,j<d € Maxad-
1<i,j<d

The divergence of a matrix A € Mg is given by

(div(A)i)i=1

d
,,,,, a= |2 dja
j=1

The diffusion coefficient G will be specified in Sect. 2.2.

2.1 The functional setting

2
We denote by D(u) = (u, Vu) the vector of R4t whose components are the
components of u and the first-order derivatives of these components. Similarly,
k+1 2
Dr(u) = (u, Vu, ..., Vku) the vector of R?"" +-+4°+d whose components are the

components of u together with the derivatives of order up to k of these components.
Q=D x|[0,T], Qr = x][0,T]. We will denote by C, K generic constants,
which may varies from line to line.
Letm € N*and 1 < p < 0o, we denote by W™ 7 (D) the standard Sobolev space
of functions whose weak derivative up to order m belong to the Lebesgue space L (D)
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and set H™ (D) = W™2(D) and H*(D) = L*(D). Following [27, Thm. 1.20 & Thm.
1.21 ], we have the continuous embeddings:

if p<d, W“P(D)< L%D), Va €[1, p*] and it is compact if a € [1, p*),
if p=d, W“P(D) < L%D), Ya < 400 is compact, (2.3)
if p>d, W"P(D) < C(D) is compact,
where p* = %
by induction, one gets the Sobolev embedding for WP (D) instead of W17 (D), we
refer to [16, Sections 5.6 & 5.7] for more details. For a Banach space X, we define

if p < d, denotes the Sobolev embedding exponent. Proceeding

(X)k ={(f1,.... f): fieX, [=1,...,k} for positive integer k.

For the sake of simplicity, we do not distinguish between scalar, vector or matrix-
valued notations when it is clear from the context. In particular, || - ||x should be
understood as follows

o [£1% =1fil%+ -+ I fallk forany f = (fi,..., fa) € (X).
d

o I£1% = D Ifijl% forany f € Maxa(X).

i j=1
We recall that

d

(u,v) = Z/ uividx, Yu,v e (L*(D))¢,
i=1 7D

(A, B):/ A - Bdx; YA, B € Mgyxq(L*(D)).
D

The unknowns in the system (2.1) are the velocity random field and the scalar
pressure random field:

y:QxDx[0,T] ->RY d=2,3
(@, x,1) = (@, x,1),....y 0, x,1);
p:Q2xDx[0,T] - R

(0, x,1) = p(®,x,1).
Now, let us introduce the following functional Hilbert spaces:

H={ye L*D)%|div(y) =0inDandy-n=0ondD},

V={yeH"(D)|div(y)y=0inDandy-n=0ondD},

W ={yeVnH D) |(n D), =00dD}, W=(H D) Nw,
(2.4)
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and recall the Leray-Helmholtz projector P : (L?>(D))? — H, which is a linear
bounded operator characterized by the following L?-orthogonal decomposition v =
Pv+ Vo, ¢ € H'(D).

We consider on H the L>-inner product (-, -) and the associated norm || - ||2. The
spaces V, W and W will be endowed with the following inner products, which are
related with the structure of the equation

(u, 2)y = (v(u), 2) = (u, 2) + 201 (D(u), D(2)),
(u, Dw = (u, 2)v + (Pv(u), Pv(z)),
(u, 2)g = (u, 2)v + (curlv(u), curlv(z)),

and denote by || - ||y, || - lw and || - || the corresponding norms. We recall that the
norms || - ||y and || - ||z are equivalent due to the Korn inequality. In addition, the
norms || - lw and || - || are equivalent to the classical Sobolev norms || - || 52 and

Il - Il 73, respectively, thanks to Navier boundary conditions (2.1)(3) and divergence
free property, see [8, Corollary 6 ].

The usual norms on the classical Lebesgue and Sobolev spaces L”(D) and
W™ P(D) will be denoted by denote || - ||, and || - [|wm.»r, respectively. In addition,
given a Banach space X, we will denote by X" its dual.

CY ([0, T, X) stands for the space of y-Hdolder-continuous functions with values
in X, where y €]0, 1[.

ForT > 0,0 <s < land1 < p < o0, let us recall the definition of the fractional
Sobolev space

WP, T; X) :={f € LPO,T; X) | | fllws.r0.1:x) < 00},

T 1
1Fe) = fOy N
where || fllwer .73 = (||f||m0”)+/ [ )

Since L*°(0, T, W) is not separable, it’s convenient to introduce the following
space:
LY (9 L0, T; W))

={u:Q— L*0,T; W) is weakly-* measurable and E||u||” < 0o},

L®(0,T; W)
where weakly-* measurable stands for the measurability when L*°(0, T; W) is
endowed with the o-algebra generated by the Borel sets of weak-* topology, see

e.g. [34, Rmgq. 2.1].
It will be convenient to introduce the following trilinear form

b3.2.9) = (- V0zd) = [ (0902 -pdx. Vrzpe D),
D
which is anti-symmetric in the last two variables, namely
b(y.z.9) = ~b(y.$.2), VyeV, Vz ¢ € (H (D).

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations (2024) 12:1699-1744 1705

The results on the following modified Stokes problem will very usefull to our
analysis

h—oa1Ah+Vp=f, div(h) =0 in D, 2.5)
h-n=0, (-Dh)|,, =0 ondD. '
The solution & will be denoted by h = (I — ayPA)~! f. We recall the existence
and the uniqueness results, as well as the regularity of the solution (%, p). Additional
information can be found in [6, Theorem 3] and [11, Lemma 3.2] for the 3D and 2D
cases, respectively.

Theorem 1 Suppose that f € (H™(D))¢, m =0, 1. Then there exists a unique (up to
a constant for p) solution (h, p) € (H™t2(D))? x H"*1(D) of the Stokes problem
(2.5) such that

2l gmsz + | pll gm+r < C(m)|| fllgm, where C(m) is a positive constant.

Furthermore, the following properties hold:

e (h, p) is the solution of (2.5) in the variational sense, namely
(v(h),z) = (h,2)v = (h,2) + 201 (D(h), D(z)) = (f,2); VzeV. (2.6)

e The operator (I — a1PA)~! : (H™ (D))? — (H™*2(D))4 is linear and continu-
ous, thanks to Theorem 1. In particular, we have (I —a;PA)~! : (L?(D))Y — W
is linear and continuous.

Let us notice that the relation (2.6) holds for z = ¢;, where (¢;);cn is the orthonormal
basis of V satisfying (4.3). We refer to the discussion after [6, Theorem 3] for more
details about the variational formulation (2.6).

Despite the specificities related to 2D and 3D frameworks, we aim to present a
uniform analysis. In order to clarify the reading, throughout the text, we will emphasize
the relevant differences in 2D comparing to 3D (see Remarks 4, 5 and 6). Before
presenting the stochastic setting and the main results, let us mention some relevant
differences between the 2D and 3D cases:

e In 2D, we have the explicit relation between the normal and tangent vectors to the
boundary, n = (1, 1m2) and T = (—n2, n1), which is very useful for managing
boundary terms arising from integration by parts. In 3D, we do not have a sim-
ilar explicit relation, then dealing with the boundary terms in 3D is much more
complicated, see e.g. [32, Section 10].

e In 2D, the curl operator is the scalar djus — dru; but in 3D it is a vector field
(see e.g. [6, Section 2]), which is more delicate to handle in order to get higher
regularity estimates, more precisely H>-regularity in our setting. In particular, the
management of the non linear terms becomes more delicate after applying the curl
operator to the equation. This is the main raison to use the cut-off (4.1) to construct
H?3-solution, see also Remark 4.

e The Sobolev embedding inequalities, see (2.3).
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2.2 The stochastic setting

Let (2, F, P) be a complete probability space endowed with a right-continuous fil-
tration (F;);>0-

Let us consider a cylindrical Wiener process YV defined on (2, F, P), which can
be written as

W) =) ek,

k>1

where (Bk)k>1 is a sequence of mutually independent real valued standard Wiener
processes and (ek)k>1 is a complete orthonormal system in a separable Hilbert space
HL. Notice that W(t) = > ,..; exBk(t) does not convergence on H. In fact, the sample
paths of W take values in a larger Hilbert space Hy such that the embedding H < Hy
is an Hilbert-Schmidt operator. For example, the space Hy can be defined as follows

2
H0={u=2ykek| Z%<OO},

k>1 k>1

endowed with the norm

2
luldy =Y 1. u=" new

k>1 k>1

Hence, P-a.s. the trajectories of VW belong to the space C ([0, T'], Hp) (cf. [14, Chapter
40.

In order to define the stochastic integral in the infinite dimensional framework, let
us consider another Hilbert space E and denote by L, (H, E) the space of Hilbert-
Schmidt operators from H to E, which is the subspace of the linear operators defined
as

Ly(H, E) := {G H— E| IGI,@.e = IGeklE < oo}.
k>1

Given a E —valued predictable! process G € L?(2; L*>(0, T; L»(H, E))), and taking
ok = Gexg, we may define the Itd stochastic integral by

t t
/GdW:Z/ oxdBr, Vit €l[0,T].
0 0

k>1

1 Pri=oc({ls,t]x Fs|0 <s <t <T, Fs € Fs}U{{0} x Fy| Fy € Fo}) (see [23, p. 33]). Then, a process
defined on Q7 with values in a given space X is predictable if it is P -measurable.
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Moreover, the following Burkholder—Davis—Gundy inequality holds

s r s r
> / oxd Bk ]:]E[ sup f GdWwW }
k>1 0 E s€[0,T111J0 E

T r/2
< 8| [ 161 n5,01 ]

T r/2
= CE[Z/ ||ok||%5dz] . Vr> 1.
0

k>1

E|: sup
s€[0,T1]

Let us precise the assumptions on the noise.
2.2.1 Multiplicative noise
Let us consider a family of Carathéodory functions
ok:(t, N el0,T] xR —>RY keN,

satisfying ok (¢, 0) = 0,2 and there exists L > 0 such that for a.e. t € (0, T), and any
A e RY

2
> ok, 1) — ok, |~ < LI — ul, @7
k>1
[Vok (-, )| < a, Za,f < 00. (2.8)
k>1

We notice that, in particular, (2.7) gives G? (t, 1) = Z 013 (t,\) <L |A|2.
k>1
For each t € [0,T] and y € V, we consider the linear mapping G(¢,y) : H —
(H'(D))? defined by

G(t, y)ex = {x — ok(r. y(x))}, k=1

By the above assumptions, G (t, y) is an Hilbert-Schmidt operator for any ¢ € [0, T'],
y € V,and

G:[0,T] x V — Ly(H, (H'(D))?).

Remark 1 NoticethatG : [0, T1xV — Lo (H, (L3(D))?) is a Carathéodory function,
L—Lipschitz-continuous in y, uniformly in time. Hence, it is B([0, T]) ® B(V)-
measurable and the stochastic process G (-, y(+)) is also predictable, for any V-valued
predictable process y(-). Since the embedding H'(D) < L?(D) is continuous,

2 Note that the same can be reproduced with: Z 013 (t,0) < oo.
k>1
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G(-, y(-)) is equally a predictable process with values in L, (H, (L2(D))d) or in
L>(H, (H'(D))?), thanks to Kuratowski’s theorem [33, Th. 1.1 p. 5].

Following Remark 1, if y is predictable, (H! (D))d (resp. (L? (D))d)-valued process
such that

y € L*(@x10, T[, (H' (D)) (resp. y € L*(2x10, T[, (L*(D))9)),

and G satisfies the above assumptions, the stochastic integral

t t
/0 G, y)dW = Z/o ok (-, y)d Bk

k=1
is a well-defined (F;),>o-martingale with values in (H'(D))? (resp. (L*(D))¢).

Now, let us recall the following result by F. Flandoli and D. Gatarek [17, Lemma
2.1] about the Sobolev regularity for the stochastic integral.

1
Lemma2 Let p > 2,1 € [0, E[ be given. Let G = {ox}k>1 satisfy, for some m € R,

T
E[/ (Z ||0k||§’m)p/2dt] < 00 (|| - |2.m denotes the norm on W’"’Z(D)).
(U

Then
t
l‘l—)/ GdW € LP(Q; WP (0, T; W™(D))),
0

and there exists a constant c = c(n, p) such that

t P T p/2
IEH/ Gaw ] < c(n,p)E[/ (ZHUk”%m) df]«
0 wnr (0,1:wm2(D)) 0 ’

k>1
In the sequel, given a random variable £ with values in a Polish space E, we will
denote by L(£) its law

LE)T) =P €l') forany Borel subset I' of E.

Let us recall the following version of the Skorohod representation theorem, which
will be used later.

Theorem 3 [5, Theorem C.1] Let (2, F, P) be a probability space and Uy, U, be
two separable metric spaces. Let &, : Q2 — Uy x Uy, n € N, be a family of random
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variables, such that the sequence of the laws (L(&,))neN is weakly convergent on
Uy x Us.
Fori = 1,2 let 7r; : Uy x Uj be the projection onto Uj, i.e.

Ui xUz3€=(5) > mE) =¢ €U
Finally let us assume that there exists a random variable p : Q2 — Uy such that
Ly 0&,) = L(p), Vn € N.

Then, there exists a probability space gS_Z F, P), afamily of Uy x Uz-valued random
variables (&,)nen defined on (2, F, P) and a random variable £, : 2 — Uy x Uy
such that

L. LGEn) = L&), Yn € N;
2. & — oo inUy x Uy P-as.; )
3. w1 0 &y (@) =71 0 éno(@) forall & € Q.

3 The main results

First, let us precise the assumptions on the initial data yy and the force U.
Ho : we consider yp : Q — Wand U : Q x [0, T] — (H'(D))? such that
e Yo is Fp—measurable and U is predictable.

e yo and U satisty the following regularity assumption

UelLP@Qx(0,T), H (D)), yoeLP(Q, W), 3.1

where p > 4.

Now, we introduce the notion of the local solution.

Definition 1 Let (2, F, (F;);>0, P) be a stochastic basis and WV be a (F;)-cylindrical
Wiener process. We say that a pair (y, 7) is a local strong (pathwise) solution to (2.1)
if and only if:

e T is an a.s. strictly positive (F;)-stopping time.
e The velocity y is a W-valued predictable process satisfying

y(- A1) € LP(2;C([0, T1, (W (D)) N LY _, (2 L=(0, T; W)).

e P-as.forallt € [0, T]

INT

0t A D). D)y =<yo,¢>v+fo WAy — (v - V)u(y)

=) v VY + (@1 + a)divIA(y)]
J
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+ BAiV[[ A PA(D] + U, ¢)dr

INT
+/ (G(,y),p)dWforallp € V.
0

Taking into account the meaning of a local solution, the pathwise uniqueness will
be naturally undestood in the following local sense.

Definition 2 (i) We say that local pathwise uniqueness holds if for any given pair
O h, (2, ©2) of local strong solutions of (2.1) with the same data, we have
yl(1) = y2(t) P-a.s. More precisely

P(y'®) =y*); Vi e[0, ' AT?]) = 1.
(i) We say that ((yM)MeN, (Ta) meN, t) is a maximal strong local solution to (2.1) if

and only if for each M € N, the pair (y™, 7j/) is a local strong solution, (ty) is
an increasing sequence of stopping times such that

t:= lim 1) >0, P-as.
M— o0
and P-a.s.
sup |ly@®)llw2s =>Mon {t<T}, VMeN 3.2)

r€[0,7y]

Remark 2 Notice that the expression (3.2) means that [0, t] is the maximal interval
where the trajectories with H3-regularity are defined, since P-a.s.

sup [[y(®)|lys =00 on {t<T}.
tel0,t]

We are in position to state our main result.
Theorem 4 There exists a unique maximal strong (pathwise) local solution to (2.1).

Remark 3 Following the Definition 1, we ask (2.1) to be satisfied in the strong sense.
In other words, the solution is strong from the probabilistic and PDEs points of view,
since it is satisfied on a given stochastic basis (€2, F, (F;);>0, P) and pointwise with
respect to the space variables (not in distributions sense), thanks to the H> —regularity
of the solution.

Before entering in the proof of Theorem 4, let us describe the different steps to
construct local strong solution. Firstly, we introduce an appropriate cut-off system
(Sect.4) with a strong non-linear terms and the difficulty consists in the use of stochas-
tic compactness arguments to pass to the limit in the associated finite dimensional
approximated problem constructed via Galerkin method. Secondly, the lack of global-
in-time uniqueness for the cut-off system motivates the introduction of a modified
problem. In this last modified problem, we can see the local solution of the cut-off
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system as a global solution and the uniquness holds, globally in time. Then, we will
use the result of Kurtz [22, Theorem 3.14] to get the existence and uniqueness of
probabilistically strong solution of the modified problem. Finally, we define the local
solution of (2.1) by using an appropriate sequence of stopping time (Sect. 6).

4 Approximation (cut-off system)

This section is devoted to study an appropriate cut-off system. Using the Galerkin
method, the cut-off system is approximated by a sequence of finite dimensional prob-
lems. Applying the Banach fixed point theorem, we prove the existence and the
uniqueness of the solution for each finite dimensional problem. Then, a compact-
ness argument based on the Prokhorov and Skorkhod’s theorems will guarantee the
existence of a martingale (probabilistic weak) solution defined in some probability
space for the cut-off system.

Let M > 0 and consider a family of smooth cut-off functions 6y, : [0, co[— [0, 1]
satisfying

L, <x=
Op(x) = {O M < 1 4.1

We recall that H3(D) < WZ29(D) and H3(D) e W24(D)if 1 < q <

ompact
6 (see [27, Thm. 1.20 & Thm. 1.21]). In fact, H3(D) < W2>%(D), Va <
400 and compactly in the 2D case, see (2.3). Let us denote by 6y, the functions
defined on W>4(D) as following

Op () = Oy (ullyy2s), Yu € WHI(D), 4<gq <6.

In order to construct a local pathwise solution to (2.1), the first step is to consider the
following approximated problem

dy) ={=Vp+vAy =0y (- V)v
=22 OV V! + (a1 4 @2)0u (y)div(A?)
+B0y (V)div(JA[*A) + Uldt + 0y (3)G(, y)dW  in D x (0, T),

div(y) =0 in D x (0,7),
yn=0, [n-D(y)]-7=0 ondD x (0, T),
y(x,0) = yo(x) in D.

(4.2)

In the first stage, we construct a martingale solution to (4.2), according to the next
definition.

Definition 4.1 We say that (4.2) has a martingale solution, if and only if there exist
a probability space (€2, F, P), a filtration (F;), a cylindrical Wiener process W,

@ Springer



1712 Stochastics and Partial Differential Equations: Analysis and Computations (2024) 12:1699-1744

(U.5(0)) € LP(2 x (0, T), (H (D)%) x LP(L, W) adapted with respect to (F;)
and a predictable process y : Q2 x [0, T] — W with a.e. paths

¥(@,-) € C(0, T, (W>*(D)?) N L>, T; W),

suchthaty € Lﬁf* (5_2; L, T; VT/)) and P-a.s. in Q forall 7 € [0, T], the following
equality holds

13
0
— D 0w GGEY VI + (o1 + @2)0u ()AIVIAG)?], ¢)
J

+ (BOM DAV AG) P AG)] + U, ¢) }dt

t
+f O (GC,3), ¢)dW forallgp €V,
0

@, )y = (0), v +/ {(vAY =0 (G - VIv()

and L(5(0), U) = L(y0. U).
Now, we are able to present the following result.

Theorem 5 (Existence of a martingale solution) Assume that Ho holds with p > 4.
Then, there exists a (martingale) solution to (4.2) in the sense of Definition 4.1.

Proof See Sect. 4.6. O

4.1 Approximation

Let {e;}ieny C (H4(D))d N W be an orthonormal basis in V (see e.g. [11]) satisfies
(v, e)jy = ri(v,e))y, YveW, ieN, 4.3)

where the sequence {A;} of the corresponding eigenvalues fulfils the properties: A; >
0,Vi e N, and A; — oo asi € oo. Note that {¢; = ﬁei} is an orthonormal basis
i

for W. Let us consider

n n
Yo=Y (0. e)vei = Y (30, &) .
i=1

i=1

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations (2024) 12:1699-1744 1713

n
Let W, = span{ey,ea,...,e,} and set y, = Zci (t)e;i, then the approximation of
i=1
(4.2) reads
d(vp, e;)

= (vAYn — Oy )G - VIvn — Y Oy (n)vis Vit + (@1 + a2)Bg (yn)div(A2)
J

+ BOM O AiV(|Ap 2 An) + U, ¢;)dt + (0 )G G, yn), € )dW, Vi = 1, ..., n,

yn(0) = yu.0,
“4.4)

where v, = y, — 1Ay, and A, = A(y,) = Vy, + (Vy,)T. Denote by U :=
(H*(D))* N W and P,, the projection operator from U’ to W,, defined by P, : U’ —
Wo, u — Puu = Z;’:l(u, ei)y’ yei. In particular, the restriction of P, to V,
denoted by the same way, is the (-, -)y-orthogonal projection from V to W, and

n
givenby P, : V —> W,; u+ Pu= Z(u, e;)ve;. Denote by P the adjoint of
i=1
P,.
Notice that the restriction projection operator P, is linear and continous on w.
Moreover

[Payolly = Iy (O)llv < llyollv and [ Puyollyy = 11y (Ol =< llyoll -

Thanks to Lebesgue convergence theorem, we have P,yg — yoin L9(S2, VT/) N
L1(2,V); Vq e€l[l,o0[.

We will use “Banach fixed point theorem” to show the existence of solution to (4.4)
on the whole interval [0, T]. For that, consider the following mapping

ur>Su: W, - Ww,,

(Su, 1)y = (. ey + v/'(Au, enydi - /'emu)((u VYo, e)d
0 0

— Z/ QM(u)(v(u)jVuj, ei)dt

= JO

J
+ (a1 + @2) / On () (div(A(u)?), e;)dt

0
—|—ﬂ/'OM(u)(div(|A(u)|2A(u)),e,')dt + /“(U,e,')dt
0 0

+/'9M(u)(G(~,u),ei)dW, i=1,...,n. (4.5)
0

Lemma 6 Thereexists T* > Osuchthat S is a contractionon’X = L2($2; C([0, T*], Wy,)).
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Proof Letusrecall that W29 (D) — W>°(D)NW?>*(D), 4 < g < 6, and all norms
in W, are equivalent, which we will use repeatedly in the following. Let u1, up € W,
then we have

(Suy — Sus.er)y = va'(A(ul — o). en)di — fo (00 (1) (uy - Vyv(ur)
— Oy (u2) (ua - V)v(ua)}, e;)dt

- Z/O (1O ) V(1) Vil — Oy (u2)v(u2)’ Va1, e;)dt
j
+ (a1 +a2) /0 ' (O (un)div(Au1)?) — Oy (u2) (div(A(u2)?), e;)dt
+8 /O (Om D) div(| Au1) P Aur)) — Oy u2)div(| A(u2) > A(u2)), ;) dt
+ fo (Om @G up) — Oy u2)G (- u2), €)dW, i=1,....n.
1t6 formula ensures that
(Suj — Sup, )3 =2v /0'(3:41 —Su, ey (A(ug — uz), e)dt
~2 [ (1 = Suz. e (oas )1 - Vi)

— O (u2)(uz - V)v(up)}, e;)dt

— 22/0 (Suy — Suz, )y (10 w)v(u)’ V]
J

— Oy (u2)v(2)! Vu)l, ;)

+ 2o +a2) /0 (Sut — Suz. ey (O DdiVA 1))
— Oy (u2) (div(A(u2)?), ¢;)dt

+28 /Ok&n — Suz. e)y (Op u)div(AGuy) [ Auy))
— Oy (u2)div(|A(u2) |2 A1), e;)dt

+2/0 (Suy — Suz, e)y (O 1) G (- up) — Oy ()G (-, u2), ;) dW

+Z/O(eM(ul)akc,un—eM(uz)akc,uz),ei)zdt, i=1....n
k>1

Summing up from i = 1 to n, we deduce

2
|Sur — Suzllyy,

= |Sur — Suz |3
= ZV/'(PHA(ul —up), Suy — Sup)dt
0
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- 2/; (PudOm 1) (uy - VIv(uy) — Opr(u2) (uz - V)v(ua)}, Suy — Suz)dt

-2y /O (Pal6y (1) (ur)! Vie] — Oy (u2)v(ua)! Vi), Suy — Suz)dt
j

+2(ay +az) / (P (Op1 (u)div(Au1)?) — Oy (u2)div(A(u2)?)), Suy — Su)dt
0
+ 2ﬁ[0 (P (On u)div(|Aun) P Aur)) — Op (u2)div(|A(u2) | A(u2))), Suy — Suz)dt

+2/0' (Pa O )G 1) — Oy (42)G -, u)), Suy — Suz)dW

+y Zfo Oy )oK (-, u1) — Oy (U2)ok (-, u2), ;) dt

k>1i=1
=h+bh+6L+14+ 15+ I+ I7.

Let us consider § > 0 and 7* > 0 (to be chosen later). We have

p
E sup |I1]| =2E sup |/ (P, A(uy — up), Sui — Sup)ds|
[0,7%] re[0,7*] JO

T*
< 2E/ 1A — un)l2Sus — Susllads
0
<SE sup |Sui — Suz|l3 + CsT*E sup [luy — uzll3,
[0,T*] [0,T*]
<SE sup [|Sui — Sus|ly, + CsT*E sup [lug — ualy, .
[0,T%] [0,T%]

In order to estimate I, we notice that

({Oa 1)y - V)v(ur) — Oy (u2) (uz - V)v(ua)}, Py(Sui — Suz))
= —[Om (u1) — Opr W2)1b(u1, Py (Suy — Suz), v(uy))
— O u2)[b(uy — uz, P, (Suy — Suz), v(uy))
— b(uz, Py (Sui — Suz), v(ur) — v(uz))]
< K(M)|luy — uzllw2sllurll4llSur — Suzllv llurlly24
+ lluy — uzll4llSuy — Suz |l luilly2.4
+ lluzllallSur — Suzlly lur — uz|l 24
< K(M,n)||Su; — Susllw, llur —uz|lw,.

Concerning I3, we write
> (10 ) v(1) Vil — O (u2)v(u2)! Vil |, P (Suy — Suz))
j
= [Om (u1) — Oy (u2)1b(Py (Suy — Suz), uy, v(uy))
+ Oy () [b(P) (Suy — Suz), uy, v(ur) — v(uz))
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+ b(P; (Suy — Suz), uy — uz, v(u2))]
< KM, n)||Suy — Suzllw, llur — uz|lw,.

Therefore, we infer that

E sup |l + I3 < 8E sup [[Suj —Suzl}y, +CsK>(M,m)T*E sup uy — uall3y -
[0,7%] [0,T%] " [0,T%] "

For 14, Is, we have

(On ) div(A 1)) — O (u2) (div(A@2)*), Py (Sur — Su2))
= ([0m (1) — O (u2)] div(A(u1)?), P (Suy — Suy))
+ Op (u2) (div([A(u1) — A(u2)]A(u1))
+ div(A2)[A(u1) — Au)]), P, (Suy — Suy)))
< 10m 1) — Oy ) llluillyroolluill g2 |Sur — Suzllz
+ (lurllwioo + luzllwrco)llur — uzll g2 |Sur — Suz |2
+ (lurll g2 + luzll g2) lur — w2l |Suy — Suzll2
< KM)luy — uzllw2allurllwroolutll g2 [|Sur — Suz|l2
+ (lurllwioo + luzllwrco)llur — uzll g2 |Sur — Suz |2
+ (lurll g2 + lluzll g2)llur — uzllyrc |Suy — Suz|l2
< K(M,n)||Suy — Suzllw, llur — uz|lw,-

On the other hand, we notice that

(O ) div( A Au1)) — Oa (u2)div(|A(ua) P A(u2)), P (Suy — Suy))
= Om (1) — Oy (u2)) (div(|Au1) P Auy)), P (Sui — Suz))
+ O (u2) (div(| A1) P Ay — u2)), P (Sur — Suz))
+ Oy (u2) (div([Auy) - A(uy — u2)
+ A(uy — u2) - A(u2)]A(u)), Py (Suy — Su))
< K(M)luy — ually2s w1 5100l || g2 | Sur — Suzlla
+ Cluallwrocllunll gz + llutllwroclluzll g2) llur — uzllyieo |Sur — Suzll2
+ Clutllwioo + luzllyroo)lluallyreo lur — uzll g2 |Sur — Suzll2
+ Clluy — uzllwrco luzll g2 lluzllwi.co |Suy — Suzll2
< KM, n)||Suy — Suz||w, llur — uzllw,.

Therefore

E sup |Iy + Is| < 8E sup ||Su; — Suslly, + CsK*(M, n)T*E
] 0.7%]

2
sup Jlup — uzlly, -
0.7+ 0.7%]

[
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Let oy be the solution of (2.5) withRHS fx = 0y (u1)ok (-, u1)—0p (u2)ox (-, uz), k €
N*. Then it follows that, by using the variational formulation (2.6) and that (e;); is an
orthonormal basis for V

3 /0 O nont, 1) — O ()oK (-, wa), )t
i=1

n . . .
=Y [ Geerbar = [ 1nadian < [ iaudiar
—Jo 0 0
< K/ 1031 (u1)ow e 1) — Oyr (u2)ow (-, ) 3t
0

Taking into account (2.7), we derive

T*
E sup |I7] < KEZ/ 160 (un)o (-, u1) — Oy (u2)ok (-, ua)ll3d1
[0,7*] k=170

T*
< KEZf 163 (u1) = Oy u2) Pllok (-, ap (1)) 5d1
0
k>1

T*
+ KEZ/ 1031 )| 0% (-, Bapr (u1)ur) — ok (-, Oapg (u2)uz) |15de
0
k>1
T*
<KME | (lur — ual}yos + llur — uzl|3)dt
0

< KM.m)T*E sup |luy —usy, . (4.6)
[0,7%]

where we used the fact that all the norms are equivalent on W,,.
Using the Burkholder—Davis—Gundy and the Young inequalities and thanks to (4.6),
we deduce the following relation, for any § > 0

.
E sup [lg| =2E sup I/ (Pn(Op (u)G (-, u1) — O (u2)G (-, u2)), Suy — Suz)dW|
[0,7%] ref0,7+1 Jo

T*
2
sznz[zfo 1637 1ok (-, u1) — Byg )k (-, u2) I3 1Sy — Suzl3ds]"
k>1

<SE sup ||Su; — Suzl3
[0,7%]

T*
+CEY [ 1ar o ) = Oas ). ) s

k>1
<OE sup [|Suj —Suzll3 + KM, m)T*E sup [u; —uzl3y
[0,7%] [0,7%] "

<OE sup |Suj —Suzll?y, + KM, m)T*E sup [lu —ual?, .
[0.7%] ! [0.7%] !
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Gathering the previous estimates and choosing an appropriate value for 6, we deduce
the existence of K (M, n) > 0 such that

E sup [|Suy —Suslfy, < K(M,n)T*E sup [uy — uz|y, . (4.7)
[0,T*] [0,T%]

The inequality (4.7) shows that S is a contraction on X for some deterministic time
T* > 0. Hence, there exists a unique F;-adapted function y, defined on 2 with values
on C([0, T*], W,). Furthermore, y, is predictable stochastic process with values in
W,. m]

Finally, a standard argument using the decomposition of the interval [0, T'] into finite
number of small subintervals (e.g. of length m) and gluing the corresponding

solutions yields the next lemma.

Lemma 7 There exists a unique predictable solution y, € LZ(Q; C([0, T1; Wy)) for
4.4).

4.2 A priori estimates
For each N € N, let us define the following sequence of stopping times

Ty =inf{t > 0: ly,()llv = N} AT.

Setting
Ju=fOn)
d . .
= VA, +{=On - VIva = Y vaVyi + (@1 + az)div(A})
j=1
+ BAiv(|Aul*An)}0u () + U, 4.8)
By using (4.4), we infer foreachi =1,...,n

d(yn, e))v = (fn, e)dt + Oy (y)(G (-, yn), €))dWW
= (fn, €)dt + Op (yn) Z(Uk(u Yn), €i)d Px. 4.9)

k>1

Applying Itd’s formula, we deduce

d(yns €y =203, €)v (s €)dt + 23, €)vOu () (G, ), €)WV
+ D (ok(, ya), €)dt.

k>1
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Summing overi = 1, ..., n, we obtain

Iyn I3 = llynoll =2 / (fus yu)dt +2 / O (V) (G (-, Yn), Yy )dW

/ O o2 3 Y o ) en)ds

i=1k>1
=J1+ J+ J3, Vs € [0, ‘rl'\z,].

By using integration by parts and the Navier boundary conditions (2.1)3, we derive
N
n=2 [ (i
N s
=~ [ Dy lBar+2 [ . sy
N
- 2/ Om Y [B (Vs Uiy Yn) + DYy Yu, vp)1dt
0
N
+ 26+ o) [ O @ivaD, i
s
+28 / Om () iV (| Anl*Ap). ya)dt
0
N
= —4V/0 1Dy, lI5dt + 2/ W, yn)dt —2(a1 + a2) / Om (ya)(Ar. Vyn)dt

y / 0 Gm) / |An*dxds

< 4v/ I Dy, dr+/ ||U||%dr+/ llynli3d
-£ / O () / |Anl*dxds

+C(a1,az,ﬂ)/0 llynll3 1 dt.

Concerning J3, let o}/ be the solution of (2.5) with RHS f = ok(:, y»), k € N*. By
using the variational formulation (2.6) and Theorem 1, we get

f Om () ZZ(@( ), €i)’dt

i=1k>1
/ O3 Y67 erdi = / A
i=1k>1 k>1
/Zn Al dt<C/ > o yn>||%dr<C(L>/ yn l3d
k>1 k>1
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Let us estimate the stochastic term J>. By using Burkholder—Davis—Gundy and Young
inequalities, for any § > O we can write

E sup |/ 01 () (G (-, yu). yu)dW)| < CE Zf 163 G y) 311yl 3ds]

sel0,7y] k>1

1/2
< cx] Z/ low . ) 13 yali3ds]

k>1

2 T;\l/ 2
<E sup ||ynuv+c,;L/ w34,
0

sel0,7y]

Hence, an appropriate choice of § ensures

w
E  sup IIanI%/+4vIE1/ 1Dy, l3dt + E/ 9M(yn)/ |Ay|*dxdt
0

sel0,7y ]
T
s]E||yn,o||2V+IE/ U 13dt + C(a1, o2, B, L)IE/ 1%, dt.

Then, the Gronwall’s inequality gives

E sup [yally < e Ellynolly +E/ 1U113d1).

sel0,71
Let us fix n € N, we notice that

E sup [yally = BC sup Lioryllynlli) = N*P(zjy < T,
se[0,7)] s€[0,7y]

which implies that 7y, — T in probability, as N — oo. Then there exists a subse-
quence, denoted by the same way, such that

ty = T as.as N — oo.

Since the sequence {t},} y is monotone, the monotone convergence theorem allows to
q N 4
pass to the limit, as N — o0, and deduce that

T
E sup ||yn||V +4vE/ | Dynll5 3dt + 'BE/ Om (Yn) |An| dxdt
5€[0,T1]

eT(Elyold +E /0 IUI3d1).  (4.10)

In order to get W—regularity for the solution of (4.4), we define the following
sequence of stopping times

t, =inf{t >0:|ly,()lly = N}AT, NeN.
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Lm%,ﬁhﬁmﬂMmmﬁgﬁmmMszwuﬁhf=ﬁmmmmwm
Since e; € V, by using the variational formulation (2.6) we write

(fosedv = (fure), @, ey = 0k, yn), €)-

Now, by multiplying (4.9) by ; and using (4.3), we write

d(yn, ey = (Fur e pdt + 0 (va) Y_ (@ ) P
k>1

Now, the Itd’s formula ensures that

d(yn, el')%v = 2(yn, )iy (fus €) it + 2, €) 500 () Z(Eﬁ', e;) i d B

k>1
+ O ) D (G et
k>1
i . 1 . . .
By multiplying the last equality by = and summing over i = 1, ..., n, we obtain
i

d(llcurlv(y) 13 + Iy lI3) = 2(curl f,,, curlv(y,))dr
+ 2(fu, yo)dt + 20y (yn) (curl G (-, y,), curlv(y,))dW

n 1 ~
+ 20 G (GC, yn), AW + On (3n)* Y2 Y —— (G ey
k>1i=1""
= 2(curl fy, curlv(y,))dt + 2(fu, Y)dt + 200 () (G yu), yn)dW

+ 20 (y) (CurlG (-, yo), curlo(ya))dW + Oy (ya))* D I PaGy. 15t
k>1

= A1+ Ay + A3+ As + As, 4.11)

where we used the definition of inner product in W to obtain the last equalities.

Let us estimate the terms A;, i = 1,...,5.
d . .
A1 =20y () (= curll(yn - V)va] = Y curl[vy Vil ] 4 (1 + an)curl[div(A7)], curlv(y,))
j=1
+ 2860 () (curl[div(] A, |2An)], curlv(y,)) 4+ 2(veurlAy, + curlU, curlv(y,))
= A}l + AT+ A}

By using [8, Section 4], note that
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|AL] < COM () /D DD ) 1D () 1dx

+ ComOm) /D D2 () [P () 1D (o )dx

< COMGUDPOD Lo lynll s + 1D Gl 41yl 73]
< K(M)||yall3s.

|A2| scemyn)[ /D D) PID? (yn)1Pdx + fD |D<yn>||D2<yn>|2|D3(yn)|dx}

< COu OGP lynll s + 1P G L D> ) 17 41yl 3]
< K(M)||yalls.

where we used the fact that || D(y,) ||z + [|D?(vn) ;4 < K(M), thanks to the prop-
erties cut-off function (4.1). On the other hand, we can deduce

3 2v 2 2 2 2
Ay < Ta lcurlv(y)ll5 + Cliynlly, + Clicurl(U) 15 + Sllcurlv(yn) |3 forany & > 0.
) v
Setting 6 = —, we get
aq

FE 1 2 2 1 2
1 =< o lcurlv(ya) Iz + Cliyally + Clicurl(U)])5.

Due to the estimate of J;, we have

S S S ﬂ S
Azs—4vf ||Dyn||§dz+/ ||U||§dz+/ ||yn||%dr—f/ eM(yn)f | Anl*dxds
0 0 0 2 Jo D

S
+C(a1,az,ﬁ)/0 Iynll3dr.
The term As satisfies

As <Y 15715 < €Y llokC. y) iz < Cliyally .
k>1 k>1

where we used Theorem 1 with m = 1, (2.7) and (2.8) to deduce the last estimate.
Similarly to the estimate of J», for any § > 0, the stochastic integral A3 verifies

E sup

ty
<dE sup IIanI%/JrCaK/ llyn lI3dt.
s€l0,t%,] 0

sel0,t]]

/0 031 ) (G (. y). ym)dW

Now, thanks to Burkholder—Davis—Gundy inequality, for any § > 0, it follows that
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2E sup
sel0,t%]

/ O ) (eurlG (-, yp). curlv(yn»dw‘

=2E sup
s€[0, tN

3 / Oa1 () (Curlo -, ), curl(y,))d

k>1

t” 1/2
< CE[Z/ (curlok (-, yn), curlv(yy)) dsi|

k>1

tn
<SE sup [lcuroG)l3 + GE / lyaldr,
s€l0,¢]] 0

where we used (2.8) to deduce the last inequality.
Gathering the previous estimates, and choosing an appropriate § > 0, we deduce

t
E sup [llcurlo(y) I3 + llyally ]+ C (v, a)E / (I Dy, 13 + llcurlv(y,) 131dz
se[0,ty] 0

ty

+C(BE / O () | |Anl*dxdt
0 D

T T

<Elyol% +E /0 |U3de + CE /0 leurl(U) 3d1
0 5
+K(L, M, ay,a, ,B)E/ lynll7ade.

0
The Gronwall’s inequality yields

E sup [flcurlo(yn)ll3 + Iyall}] < K(L, M, a1, a2, B, T)(E||YO||~
sel0,t7]

T T
+]E/ U 13dt + C]E/ llcurlU [|3dr).
0 0
Let us fix n € N. Since

E sup [yl > E( sup 1y, <T}||yn||~) > N2P(t} <T),

sel0,t] 0,41

we infer that t}, — T in probability, as N — oo. Then there exists a subsequence
(still denoted by (t})) such that

ty > T as.asN — oo.

Since the sequence {t }y is monotone, the monotone convergence theorem can be
applied to pass to the limit, as N — o0, in order to obtain
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E sup [leurlo(yn)l3 + lynll3] < K(L, M, a1, a2, B, T)
s€[0,T]

T T
<E||y0||%~v +E/0 ||U||§dt+C]E/O ||cur1U||§dz>.

Therefore, we have the following result

Lemma 8 Assume that Hg holds, then there exists a constant

K :=K(L,M, a1, a2, B, T, ol 22> Ul 210,71 1 (DY)

such that

T T
B
E sup [lyal} + 40K f 1Dy l2dt + 2E [ 6o [ 1Anl*dxdr
5€[0,7T] 0 2 Jo D

T
< T Ellyoll? + Efo \U13dn).

E sup |yl :=E sup [feurl vyl + lyal}] < K. (4.12)
s€[0,T] s€[0,T]

Now, let us notice that for any p > 1, the Burkholder—Davis—Gundy inequality

yields
:| p
p

S
=2E sup Zf (curlok (-, yn), curlv(y,))d Bk
5€[0,61 = /0

2E |: sup

sel0,ty]

f (curlG (-, yn), curlv(y,))dW
0

p/2
N
<G| Y [ (eurlonc, v curlo(y,)ds
0

t;lV p/2
< C,(DE| sup [lcurlv(y,)l3 f Iyl dr
se[0,t] 0

n

2p N 2p
<38E sup |curlv(y,)l;" + Cs(L, T)E lynlly dr,
0

s€l0,t7]
T

and

fo‘ O ) (G ), yu)dW

E| sup
se[0,t]
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n

2 N 2
<SE sup |lyally’ + Cs(L, T)K/ lynll5"dt.
se[0,t] 0

From (4.11), for any ¢ € [0, t}i,], the following expression holds

sup [llya (DI} + leurlv(y, (0))113]
se[0,t5]
tn

" T T
s||yo||$~v+K<M>[/0 ||yn||i,3ds+/0 ||U||%ds+f0 ||curIU||%ds]

+2 sup
sel0,th]

N
/ (curlG (-, yn), curlv(y,,))dW' + sup
0 s€l0,t]

/0 O (G ), yn)dw‘

Taking the p'" power, applying the expectation, choosing 8 small enough and then
applying the Gronwall inequality, we deduce

Lemma9 Forany p > 1, there exists K(M, T, p) > 0 such that

T T
2 2 2 2
E sup sl < KOL T, p)(1+ Bl +E [ 10Ids +E [ cunt U ).
[0,T] 0 0

(4.13)

Remark 4 We wish to draw the reader’s attention to the fact that the cut-off function
(4.1) plays a crucial role to obtain H3-estimate in 2D and 3D cases, which leads
to bound dependent on M. In the deterministic case, the authors in [8, Section 5]
proved the H3-regularity by using some interpolation inequalities (available only on
2D) to bound A% and A% above, see (4.11). Then, solving a differential inequality.
Unfortunately, it is not clear how to use the same arguments because of the presence
of the stochastic integral and the expectation, we refer to [8, Section 5] for the interested
reader.

4.3 Compactness
We will use Lemma 8 and the regularity of the stochastic integral (Lemma 2) to get

compactness argument leading to the existence of martingale solution (see Defini-
tion 4.1) to (4.2). For that, define the following path space

Y := C([0, T1, Ho) x C([0, T, (W>*(D))?) x LP(0, T; (H'(D))")) x W.
Denote by wy, the law of y, on C([0, T], (W>*(D))?), ny, the law of P,U
on LP(0, T; (H (D)%), fyr the law of P,yo on W, and uyy the law of WV on
C([0, T, Hp) and their joint law on Y by w,,.

Lemma 10 The sets {uy,; n € N} and {/,Ly(r)'; n € N}are tight on LP(0, T; (H'(D))?)
and W, respectively.
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Proof By using the properties of the projection operator P,, we know that P,U con-
verges strongly to U in L?(Q7; (H'(D))4). Since LP(0, T; (H'(D))%) is separable
Banach space, from Prokhorov theorem, for any ¢ > 0, there exists a compact set
K. C LP(0, T; (H'(D))?) such that

uy(Ke) = P(P,U € Ke) > 1 —e.
A similar argument yields the tightness of { Mypin € N}, which conclude the proof. O

Lemma 11 Thesets{y,; n € N}and{jwyy}are, respectively, tightonC([0, T'], (W24(D))4)
and C([0, T, Hp).

Proof Recall that P, : (L2(D))4 — W, corresponds to the projection operator, which
is continuous on (L2(D))4, then (4.4) can be written as

t . .
v(ya (1)) = Pyv(yo) +/0 (VPnAYn = O (Yn) Pul(yn - VIvul — ZQM(yn)Pn[vévyé]
J

+ (@1 4 @2)001 () Puldiv(A2)] + B0y (yn) Puldiv(| A, > An)] + PnU>ds

t
+/ 001 () PaG (-, y)dW 1= y3e (1) + v (0).
0

Let us prove the following estimate:
det 1
Elly,“ llenqo,m1,L2ppty < K(M), V¥n€]0, 1 — ;] (4.14)

First, thanks to Lemma 8 and in particular due to W -estimate for (yn), we know

that yg” is a predictable continuous stochastic process with values in (LZ(D))d . Next,

by using the Sobolev embedding W>*(D) < W'°°(D) and || P,ullz < |lull2, Vu €
(L%(D))4, we are able to infer

PG5 < lvGo)l3 < llyolly:
IP,UII5 < U113 and || Py Ay, 13 < 1AYR15 < N1yl (4.15)
163 () Pal (i - V)valll5 < Ot i) 1yall e v 135
< O ) Iynll3p2allyallFy < 4M2(Iyall

1 00 () Palva V33 < Oaa )1y 1y 13 151,00
J

< O )l 1m0 < 4M2(1yall,
16 () Paldiv(ADIS < 6as () iV (AD 113
< COu(yn) f D) 1D () Pdx
D
2 2 2 2
< COMODnlyr00 13n 1y < COMGDIInlGyasllyally

<4CM? |yl
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160 () Paldiv(| A A3 < On (i) Idiv( A > A) 113
< COomOm) / DG [*1D? (o) Pdx
D

< COMOWIynllfyroollya iy
< COMO 1ynllfyaallynllfy
< 16CM*||yall%. (4.16)

Therefore, there exists C > 0 independent of n such that

T
E sup 15 @®)ll2 < € +Ellyoll§y + CE /0 (1 + M yu ()15 ds
tel0,

T
+E / IU(s)ll3ds < K (M), (4.17)
0
1
thanks to (3.1) and (4.12). Now, let us show that for n €]0, 1 — —], we have the
4
following

E ap 127036
5,1€[0,T],5 % |t —s[7

< KM).

Indeed, let 0 < s <t < T we have

lydet £y — yde (s)

t . .
< / (anAyn—0M<yn)Pn[(yn-V>vn]—29M<yn>Pn[v,4Vy4]

J
+ (a1 + WZ)QM(Yn)Pn[diV(Ai)] + ﬂeM(yn)Pn[diV(|An|2An)] + PnU)

dr.
2

We recall that p > 4. Set p = 2q, ¢q > 2, by using Holder inequality and (4.15)-
(4.16), we obtain

n—1 t
lyde (1) — y2' (s)llr < (¢ — 97 (/

— > O Gw) Palv Vi1 + (@1 + @2)83 () Paldiv(A2)]

J
2q 1/2q
dr)
2

<VPnAyn — O () Pul(n - V)vu]

+ BOm (yn) Puldiv(|A, 2 A)] + PnU)

p=1 4 ! 2 ! 2 1/24
<(-57 (C(1+M )‘1/ ||yn||v~;’dr+/ ||P,1U||2qdr)
s s
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p—1 N t t l/p
=@t—-s) 7 <C(1 + M) / Iyl dr +/ ||Ullgdr) - (4.18)
N N
Considering (4.18) and applying the Holder inequality, we deduce

det det
t) — s
E  sup Iy, (1) — yy 1( )2
5.1€[0, T, st It —s|' v

T T 1/p
< <C(1 +M4)%f E||y,1||%dr+/ E||U||§dr> <KM), (419
0 0

where we used (3.1) and (4.12). Consequently, the estimates (4.19) and (4.17) yield
(4.14).
We recall that (see e.g. [17])

WP (0, T; L>(D)) < C"([0, T], L*(D)) if 0 <n<sp—1.

1
Let us take s € [0, 5[ and sp > 1 (recall that p > 4; see Hp). Forn € ]0, sp — 1[,

we can use Lemma 2 and (4.13) to deduce
E||y;t0||gn([0’T]’L2(D)) = ]E“ \/OA QM(yn)PnG(s )’n)dW”gy,([O‘T]yy(D))

' P
< CIE[H/O G('vyn)dW”WX’p(oyT;LZ(D))iI

T
<65, [ [ (X ot 3 B) ] < Ko,

k>1

Hence (v(y,)), is bounded in L'(2,C"([0, T1, (L*(D))?)). Therefore (y,), is
bounded in

LY, C([0, T1, (H*(D)?) N L* (2, L®0, T; W)), ¥ne]0,sp—1],

where we used [6, Proposition 3]. We recall that the embedding W s w2 (D) is
compact for any 1 < g < 6. The following compact embedding holds

Z:=L>(0,T; W)NC"([0, T], (H*(D)?) = C([0, T], W>*(D))9).

Indeed, we have W o W24(D) < HZ(D), see (2.3). Let A be a bounded set

compact
of Z. Following [30, Thm. 5] (the case p = 00), it is enough to check the following
conditions:

1. A is bounded in L°°(0, T; W).
2. Leth > O, ||f( + h) — f(')”LOO(O’T_h;(HZ(D))d — Qash — 0 uniformly for
f eA.
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First, note that (1) is satisfied by assumptions. Concerning the second condition, let
h > 0and f € A, by using that f € C"([0, T, (H*(D))%) we infer

IfC+h) = fOlLe©r—n 2y =  SUp | Ifr+h)— f) g

rel0,T—h

<Ch" - 0, ash — 0,

where C > 0 is independent of f.

Let R > 0 and set Bz(0,R) := {v € Z | |lvllz < R}. Then Bz(0, R) is a
compact subset of C([0, T1, (W24(D))?). On the other hand, there exists a constant
C > 0 (related to the boundedness of{y, }, in L' (2, C([0, T1, (W>*(D))%))), which

is independent of R, such that the following relation holds

Uy, (Bz(0, R)) =1 — py, (Bz(0, R)) =1 —/ 1dP
{we,lynllz>R}
1
>1-— lyullzd P
R Jiwee,llyullz>R)
1 C
>1-— EE”)’n”Z =1- R’ forany R > 0, andanyn € N.

Therefore, for any § > 0 we can find Rs > 0 such that
My, (Bz(0, Rs)) > 1 -4, foralln € N.

Thus the family of laws {y,; n € N} is tight on C([0, T1, (W>*(D))?).
Since the law w)y is a Radon measure on C([0, T'], Hy), the second part of the
Lemma 11 follows. O

Remark 5 By using (2.3) and [30, Thm. 5], one can prove, similarly to the above
arguments, that Z is compactly embedded in C([0, T], (W>4(D))%) for ¢ < 6 in the
3D case and that Z is compactly embedded in C([0, T'], (W24 (D))?) for a < oo, in
the 2D case.

As a conclusion, we have the following corollary:

Corollary 12 The set of joint law {u,; n € N} is tight on Y.

4.4 Subsequence extractions

Using Corollary 12 and the Prokhorov’s theorem, we can extract a (not relabeled)
subsequence from w,, which converges in law to some probability measure u, i.e.

Pn = (W, [y, WU, Byp) —> ppon Y.

Applying the Skorohod Representation Theorem [5, Thm. C.1], we obtain the fol-
lowing result:
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Lemma 13 There exists a probabzllty space (2, F, P), and a famlly of Y-valued
random variables {(W,, ¥ Vs Uns ¥p),n € N} and {Weo, Yoo, U, Yo)} defined on
(§_2, F, f_’) such that

L. tn = LV, I, Un, yg;) vn e N;

2. the law of Weo, Yoo, U, yo) is given by u,

3. (Wn, Vs U,,, yo) converges 10 Wao, Yoo, U, Y0) P-as. inY;
4, W,, (®) = Woo(®) forall o € Q.

Definition 4.2 For a filtered probability space (2, F, (F;), P), the smallest complete,
right-continuous filtration containing (F;) is called the augmentation of (F;).

Let us denote by (F}') the augmentation of the filtration
s -
o (Yn(8), Woo (), / Un(r)dro<s<i, t€[0,T],
0
and by (F;°) the augmentation of the filtration
s -
0 (Yoo (s), Weo(s), / U(r)dr)o<s<:,» t€[0,T].
0

Since W, yn, P,U, P,yp) and Weo, ¥ Vs Uns 3 i) have the same law, by the proper-
ties of the image measure and by an adapted stepwise approximation of It6’s integral,
one has that y, is the solution of (4.4) for given

Q. F. (F). P, Woo, Un, 50).
In other words, the following equations holds P-a.s. in

d(v(yn), ei) = (VAyn = O (Yn) (Y - VIV(Yn)
= 3 0 GvG VF + @1 + @20 G dVAG))
J
+ BOM (Fn)div(AGn) P AGn)) + Un, €;)dt
+ (O GG, In), €1)dWeo, Vi = 1,...,n
¥n(0) = ¥g,

(4.20)

As a consequence of (8) and Lemma 9, we have the following result

Lemma 14 There exists a constant
K:=K({L,M, a1,00,B,T, ”)_’OHLI’({_Z;VT/)’ ||U||Lp(§z><[o,T];(Hl(D))d))

such that

/3 T
E sup ||yn||v+4vEf 15,131 + 55 [ 0w [ 1Attdxa
s€(0,T]
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T
< T El50l3 + E /O 10 13ds), (4.21)
E sup (.13 =& sup [leurlv@)l3+ 17171 < K, (4.22)
s€[0,T] s€[0,T]
E sup [y, l1%;
o W

T T
<KWM.,T,p)l +Ellﬁoll% +1E/ 1T 5 ds -HE/ I curl U||5ds), Vp > 2,
0 0
(4.23)

where E means that the expectation is taken on Q@ with respect to the probability
measure P.

4.5 Identification of the limit and martingale solutions

Thanks to Lemma 14, we have:

Lemma 15 There exist F;°-predictable processes o, U such that the following con-
vergences hold (up to subsequence), as n — 00:

Yn converges strongly to y in L4(§_2; c([o, 11, (W2’4(D))d)) and a.e. in Q X Q;

(4.24)
Yn converges weakly to yso in L4(§_Z; L2(O, T; W)); (4.25)
Yn converges weakly-* to y in L4w_*(§_2; L0, T; W)); (4.26)
Op (V) converges to Oy (o) in LP(Q x[0,T)) Vp e[l, oof; 4.27)
U, converges to U in L*($; L*(0, T; (H'(D)))); (4.28)
Yo converges to Yo = Yoo (0) in LY(Q; (WP (D). (4.29)

Proof From Lemma 13, we know that
¥, converges strongly to yeo in C([0, T'], (W2’4(D))d) P-a.s. in Q.

Then the Vitali’s theorem yields the first part of (4.24), since p > 4. The second part
is a consequence of the convergence in C([0, T], (W>*(D))¢) P-a.s. in Q. _

By the compactness of the closed balls in the space L*(Q; L>(0, T; W)) with
respect to the weak topology, there exists E € L*(: L%(0, T W)) such that y,— &,
and the uniqueness of the limit gives E = yo.

Concerning (4.26), the sequence (y,,) is bounded in LA, L0, T; VT/)), thus in

LY (Q, L0, T; W) ~ (L*Y3(Q, LY, T; W'))),
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where w — * stands for the weak-* measurability and L4w_*(§2, L0, T; VT/)) is
defined as following:

L L®(0, T; W)

{u :Q— L0, T; W) is weakly-* measurable and E||u|| < 00},

L0, T: W)
see [15, Thm. 8.20.3] and [29, Lemma 4.3] for a similar argument. Hence, Banach-
Alaoglu theorem’s ensures (4.26) and y, € L4 *(S_Z L>®0,T; VT/)

Since y,, converges strongly to ys in C([O T], (W2 4(D))")P -a.s. in €, then Vu (1)
converges to Yoo(?) in (W2 4(D))d P as. in , for any t € [0,T]. Hence
1¥n O lw2s = Yoo ()|l 2.4 P-a.s. in , for any t € [0, T]. Since 0 < Oy (-) < 1,
Lebesgue convergence theorem ensures (4.27).

By combining the convergence (3) in Lemma 13 and the Vitali’s theorem, we obtain
(4.28) and (4.29). The equality y~,(0) = yo is a consequence of (4.24). O

We recall that L(P,U, P, yy) = E(l_]n, o) and (P, U, Py yo) converges strongly to
(U, yo) in the space L*(Q; L*(0, T; H! (D))) x L*(Q2, W). Therefore, we have

L(U) = L) and L(30) = L(y0). (4.30)

Lemma 16 The following convergences hold, as n — oo

001 (3n) G - V)0 — Ot (yoo) (Yoo - V)Ues in L2 (27, V'), 4.31)
Y GV = Y 0n (veo) Ve Vi in LA(Q7, V'), (4.32)
J J
Op (Fn)div(A2) — Oy (yoo)div(AL ) in L*(Qr, V'), (4.33)
O (Fn)div(|An* An) — Oy (oo )div(| Ao * Aso) in L* (27, V') (4.34)
OM GG Ta) = Oy (3 G, yoo) in L2, L2(0,T = Lo(H, (L2(D)) ).
(4.35)

where we use the notations v, = v(¥,) and Vso = V(Voo)-

Proof 1t is worth recalling that for any u1, uy € (W>*(D))¢
10y (1) — Op(u2)| < K(M)|lur — uz||w24 and Oy (u1) < 1. (4.36)
Let ¢ € V. Using (4.36) we write

L {Om (V) Dn - VIV () = Om (Yoo) (Yoo - VIV(Yoo) }s @) |
= |=[0m (n) = Ort (Yoo) 16 (Y @, v(¥n)) — Om1 (Yoo)
[b(Yn = Yoo, @, V(In)) = b(Yoo, @, V(¥n) — V(Yoo )]
< K(M)|Iyn = yoollw2alynllall@llv [ Vnllw2s
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+ 130 — Yoo lall@llv I ¥nllw2a + 1yeollall@llv 13 — Yoo ll w2

< KDl I5n = yoollwas (14 15l + [5ullwzs + lysolls)

This estimate together with the Lemma 14 and convergence (4.24) give

_pT
E /O {04 Ga) G - VIVEn) = 01 (00) (o - VIV (o)}, ) dt
_ T
< K(M, ||¢||V>E/O 150 = Yoollwas (14 15 Byas + I5ulzs + Ivoclle) dt

< KWM, llelv)llyn — yOO”L4(£_2T;(W2~4(D))d) — 0.

In a similar way, we can deduce (4.32). Namely, we have

> (O G)vGn) V3 — 01 (yo0)v(ve0) Ve, )
J
= 1101 Gn) — 031 (7o) 16(@. . V() + Ot (voo)
[b(@. . () = V(¥o0)) + b(@. T — Yoo V(¥e))]|

< KDy 15 = yoollwzas (14 151 + lyoollw)

and using again Lemma 14 and convergence (4.24), we deduce

T
B [ 1ovI5n = ool (1 1500Ry + Dyl ) de = 0,
0

which yields (4.32). Proceeding with the same reasoning, we derive

1(0m G)div(A ) — On (¥o0) (div(A(vee)?), @)
= 1(10m Gn) — O (¥s0)] diV(A(Gn)?), @)
+ 011 (¥o0) (diVI[AGn) — A(Yo)IAG)) + div(A(Ye)[AG) — Aves) D), @)
< 10m(yn) — 9M()’oo)|||)_’n||W‘v°°”yn“HZ”‘P”Z
+ (1Fnllwroe =+ 1yoollw1o) 1 Fn = Yooll g2 l@ll2
+ (1Fnll g2 + 1yooll g2) 130 — Yool wrec l@ll2
< K(M) |31 = yoollw24 1 3nllwroe 13l 2 9112
+ (1Fnllwrce =+ I1yoollw1.0) 170 — Yooll g2 19112
+ (1Fnll g2 + 1yooll g2) 130 — Yool wrec l@ll2
< KM)l@llv13n — Yoollwza (13 llwroc 1 ll g2 + 13 o
Flyoollwtoo + 13nll 2 + llyooll z2) »
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and conclude that

_ T
E /O (O G diV(AGn)?) — Op (Vo0) (diV(A(y)?), @) dt — 0.
Concerning (4.34), we have

(O G)div(AG) P AGR)) — On (Yoo diV(I A (yo0) P A (o)), 9)
= 10w (Fn) — O (o)) (div(I AGR) P A()), )
+ 011 (o) (VA G P AT — yoo))» @)
+ Om (Yoo ) (AIVIA ) - A(n = Yoo) + AT — Yoo) - AVes) [A(Ye0)), @)
< K150 = yoolw2sl3nll 3y 100 1 Fall g2 012
+ Clyoollwroellynll g2 + I1Ynllwroe Yool k) 1Y = Yoollwreoll@ll2
+ CYnllwroe + lyoollwic) Voo llwreeYn = Yool g2 ll@ll2
+ Cllyn = Yoollwreo Yool w2 | yoollw1.0e l@ 112

which gives

T
E/(; (O G)diVIAG) P AGn)) — Op (Yo0)dIV(IA (Vo) P A (o)), @) Idt — 0.
Finally, the property (2.7) and (4.36) allow to write

- - _ - . 2
10m (Yn)G (-, ) — Om (Yoo) G ( ’yOO)”LZ(Q,Lz(O,T:LZ(H,(L2(D))‘1)))

_ T
=E Z/O 103 (F)ow -+ ) — Oa1 (oo) Ok (-, yoo) 13
k>1

_ T
<KODE) fo (193G = 01 Go0) ok )13

k>1

+ 163 (3o0) ok ) = 0w, yoo) I3 )

T
< KM, L)E/ 150 = Yoolya.s (1+ 1513 ) ar.
0

Using Lemma 14 and (4.24), we obtain

T
B [ 15— yoolye (14 15a13) dr > 0. asn — .
0

which give (4.35). O

The convergence (4.35) implies the following convergence of the stochastic term.
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Lemma 17 We have

fo 00 () G (-, n)dWae

_>/ 00 (yoo) G (-, Yoo )dWaso in L*(2, C([0, T1, (L*(D)?)), asn — oc.
0
4.37)
Proof Thanks to Burkholder—Davis—Gundy inequality and (4.35), we obtain
2

E sup
rel0,T]

/O 100 GG F) — 031 (7o) G -+ Yoo [ W

2

T
<CE}" / 163 (Fn)ok(. ) = 631 (Yo (- ¥oo) lI3ds — 0, asn — oo,
0
k>1

4.6 Proof of Theorem 5
Lete; € W, and t € [0, T], from (4.20) we have
WGn (@), e) — W), €i)
= /Ol (vASn = O (n) G - VIV(T)
— Y 0 G)v G VI + (@1 + @2)0 (Fn)div(AGa)?)

J
t

+ﬂQM(in)diV(IA(in)|2A(§n))+Un,€i)dt+fo (Or GG, In), ei)dWeo,

yn(0) = ¥
(4.38)

By letting n — oo in (4.38), and combining Lemmas 15, 16 and 17 and the equal-
ity 4.30, we deduce

(v(yoo (1)), €;) — (v(¥0), €;)

t . .
= /0 (vA Yoo = Op1 (3o0) (Yoo - VIV(o0) = D On (Yeo)v(yio0)! Ve
J

+ (@] + @2)041 (o) dIV(A(V00)?) + BOy (yoo)div(|A(yoo) |2 A(yoo)) + U, ¢; )dt

t
+/O (OM (Yo0) G (-, Yoo), € )dWoc,

Yoo (0) = Jo.
(4.39)
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Since W is separable Hilbert space, the last equality holds for any ¢ € W. Conse-
quently, P-a.s. and for any 7 € [0, T]

t
0
=D 0 (o) v (o) Vo
j

+ (a1 + 02)0u (Yoo )diVIA (¥s0)?1, @)
+ (BOM (Voo )dIVIIA(Yo0) P A(yoe)1 + U, ¢) }dt

(Yoo (1), P)v = (Y0 (0), P)v +/ {(vAYso = 01 (Yo0) (Yoo * VIV(Yoo)

t
+ / 631 (350) (G -+ yoo). §)dWeo forall ¢ € V., (4.40)
0

and L(yx(0), U) = L(yo, U). )

It is very important to note that, a priori, (4.40) holds P-a.s, for all t € [0, T'] in
V'’ but we have proved that y, € LP (S_Z; L>®(, T, VT/)), which ensures that the third
derivative of y., belongs to L?(Q; L>(0, T’; (L%(D))%)). Therefore, (4.40) holds in
L2(D)-sense (not in the distributional sense).

Our aim is to construct probabilistic strong solution. The idea is to prove an
uniqueness result and use the link between probabilistic weak and strong solutions
via Yamada—Watanabe theorem. Unfortunately, the solution of (4.40) is governed by
strongly non-linear system and the uniqueness for (4.40) does not hold globally in time.
For that, we will introduce a modified problem based on (4.40), where the uniqueness
holds, then we will use the generalization of Yamada—Watanable—Engelbert theorem
(see [22]) to get a probabilistic strong solution for the modifed problem. This will be
the aim of the next Sect. 5.

5 The strong solution
5.1 Local martingale solution of (2.1)

In order to define strong local solution to (2.1), we need to construct the solution on
the initial probability space. For that, define the following sequence of stopping time

Ty =1nf{t > 0 [|yoo () 24 = M}AT.

From (4.24), we recall that yoo € L*(<2; C([0, T1; (W>4(D))?)) and 7 is well-
defined stopping time. It’s worth noting that, since y, is bounded in LP(Q; L0, T; W)),
Ty 1S a.s. strictly positive provided M is chosen large enough. Then (yoo, Tar) 1S @
local martingale solution of (2.1) such that

Yoo (- A Tar) € C([0, T1; (WHH(D))Y) P as.
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and yoo (- A Tpg) € LP(S; L*°(0, T; W)). Set y(t) := yoo(t A Tpy) fort € [0, T] and
note that, since y~, is continuous, one has

v =inf{t > 0: |50l ywes = M} AT. 5.1

We will refer to y as the solution of the "modified problem". From Theorem 5, (y, t37)
(Tp 1s given by (5.1)) satisfies the following equation:

INTY . .
GO = [ {0856 906) = @) V5 9)

J
+ (a1 + a)div(A()?) + BAiV(I A PAG)) + U, ¢)}ds

INTy
=(y(0),¢)v+/ (G(-,9),p)dW Pas.inQforallr €[0,T]. (5.2)
0

5.2 Local stability for (5.2)

Our aim is to prove the following stability result of (5.2).

Lemma 18 Assume that W (t)):>0 is a cylindrial Wiener process in Hy with respect
to the stochastic basis (2, F, (Ft)i=0, P) and y1, y2» are two solutions to (5.2)
with respect to the initial conditions yé, yé and the forces Uy, U, respectively, on
(Q, F, (F)i=0, P). Then, there exists C(M, L, T) > 0 such that

E  sup  [yi(s) =y} < €M, L, T)[Ellyy — y§lI3

1 A2
s€[0,ty, ATyl

1 2

'L'M/\TM 2
+E /0 1U1s) — U0 2ds]. (5.3)

Proof Let (y1, 7)) and (y2, 73,), where y; € C([0, T1]; (W>*(D))9),i = 1,2, P-as.
be two solutions of (5.2) with the initial conditions yé, yé and the forces Uj, U,

respectively.
Sety = y1 — y2,y0 = yé — yg and U = Uj — U, then we have for any 1 €

[0, f}%x[ A rf,l]
t B t
v(y(1) —v(yo) = —/0 V(P —Py)ds + U/o Ay = [ Vv + (2 V)ylds
t t
+/O [div(N (y1)) — div(N (y2))]ds +/O [div(S(y1)) — div(S(y2))]ds
t t
+/O Uds +/0 (G y1) = G, y)IdW,
where we used an equivalent form of (5.2), see [7, Appendix], such that
S(y) == ﬁ(lA(y)le(y)), N(y) :=ai(y-VAQY) + VT AW + A(y)Vy) + a2 (A2
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Lett € [0, r/{,, A r,%,,], by applying the operator (I — a1PA)~! to the last equations
and using It6 formula, one gets

dllyr — y21I3 + 4vIDyll3dz
~ / [ - V)vi + (2 - V)y]ydadt +2(div(N(1) — N(). y)dr
D

+2(div(S(y1) — S(32)), y)dt +2(Uy — Uz, y1 — y2)dt

+2(G(y1) = Gl y2)o v — y)dW + Y 116, — G211 dr
k>1

=1 + b+ I3+ Ly)dt + IsdW + Iedt,

where cfki is the solution of (2.5) with f; = ok (-, y;), VK > 1, i = 1, 2. Notice that,
by using [6, Theorem 3] and (2.7) we deduce

Is=> 16 —6¢ly = D lokC. y1) — ok y)lI3 < Lllyi — y213-
k>1 k>1

We will estimate [;,i = 1,...,4. Since V — L4(D), the first term verifies

ey ‘/ - V)i -ydx| < Clyl3IVyillz < ClyIZ IV yilla < ClyI3 Iyl g
D

After an integration by parts, the term /3, can be treated using the same arguments as
in [8, Sect. 3], the term on the boundary vanish and we have

I3 =2{div(S(y1) — S(2)), y1 — y2) = —2[D(S(y1) - 8()) - Vydx

= —é(/DﬂA(yl)F — [A() 1)) dx + /D<|A<y1>|2 + A PIAGT — y2)[*dx) < 0.

Concerning /4, one has

<|IUI = 2|3 + VI3 < U1 — U213 + Iyl3.

|14|=2'/(U1—U2)-ydx
D

Let us estimate the term [p. Integrating by parts and taking into account that the
boundary terms vanish (see [8, Sect. 3]), we deduce

Iy =2(div(N(yD) = N(y2). y) = —2/I)(N(y1) —N(»2)) - Vydx

= —az/D (AD? = A(2)?) - A(y)dx — a /I; (y1- VA1) — y2- VA(2)) - A(y)dx

—a /D (VyDT A + AOD VY1 — (Vy)T A(n) — A(2)Vy2) - A(y)dx

= —0!2121 —011122 —0!115’.
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Since

[plt
I

(AOD? = A(2)?) - A(y)dx = fD (AMAOD + AO)AY)) - A(y)dx;

S
Il

(yi-VAQD — y2- VA(2)) - A(y)dx

(y1 - VA1 — ) + (1 — y2) - VA(»)) - A(y)dx

I
SSoSTS ST ST

(y-VAQ(»2) - A(y)dx;
I = /D (Vyn" A + A Vy — (Vi)  AGn) — A()Vy2) - A(y)dx
=2 /D (AODA®G)) - Vyi — (A A®Y)) - Vyz)dx

=2 [ (AP V31 + AGAGD) - y)a
D
the Holder’s inequality and the embedding H'(D) — L*(D) yield

1] < /D (AMAGD + AGDAM)] - [AD)Idx < CUyillwre + 120w Vy15;
13| < / (v - VAG) - AD)ldx < Cliyllally2 w24 1Vyll2 < Cliyallw2s 1 V3153
D

5] < CfD [((AON? - Vy1 + (A AD)) - Vy)ldx < Clytllwree + [1y2llwre) I VY3

Then the embedding W>*(D) < W!>°(D) gives || < C([y1lw24+Iy2llw2) Iy 13
By gathering the previous estimates, there exists My > 0 such that

t
Iy + 4v f IDyl3ds
0
2 ! 2 ! 2
§||y0||v+Mo/ (||y1||wz.4+||yz||wz,4+1)||y||vds+/ 10y — U ds
0 0

t
+2/0 (GG, y1) — G, y2), y1 — y2)dW.

Thanks to Burkholder—Davis—Gundy inequality, for any § > 0, one has

2E  sup . I/O (GCoyD) = GG yD), y)dWw|
]
M

1
s€l0, Ty AT

=22 s |5 [ (ot — ot

sE[O,r/:,I/\rAz/I] k>1
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T AT
< CE[) /0 (0K, y1) — ok (-, y2), y)*ds]'/?
k>1

1

2
TM/\'L’

<SE 2 4 GsE Y
< sup  lyllz + Cs lyllzdr.
0

se[O,t}{,,Ar}%,,]

An appropriate choice of § and taking into account thatz € [0, T /{,[ A r/%,,] yield

5 5 (AT AT 5
E sup Iyl < Elyolly + E[o U1 (s) — Ua(s)ll5ds

se€l0,t ATl AT
(AT ATE 5
+ MOE/O Uy lwza + 12 ly2s + DIy )y ds

5 (AT ATE 5
= Ellyolly +E./0 1U1(s) — Ua(s)ll2ds

1 2

AT AT 5
+ Mo(2M + 1)E/O ly()llyds. 5.4

Finally, Gronwall’s inequality ensures Lemma 18. O

5.3 Pathwise uniqueness of (5.2)

It y& = yg and Uy = Uy, it follows from Lemma 18 that the corresponding solutions
y1 and y, coincide P-a.s. for any ¢ € [0, 1'1},1 A r,%,l]. Then from the definition of
stopping time (5.1), we obtain r/%,, = t,%,, P-a.s. Moreover, notice that yi(t) =y (T/iw)
for any 711;/1 <t <T,i=1,2 and we are able to conclude that pathwise uniqueness
holds for (5.2).

5.4 Strong solution of (5.2)

Let (2, F, (F1)i=0. P) be a stochastic basis and OV(¢));>0 be a (F;)-cylindrical
Wiener process with values in Hy. From Sects. 5.1 and 5.3, it follows the existence
of weak probabilistic solution and pathwise (pointwise) uniqueness for compatible
solutions (see [22, Def. 3.1 & Rmk. 3.5]) of the modified problem (5.2). By using
Theorem [22, Thm. 3.14], we are able to deduce

Lemma 19 Let M € N be large enough, there exist a unique strong solution defined
on (2, F, (Ft)i>0, P), denoted by yM and (Ep) m, a sequence of a.s. strictly positive
(F)-stopping time such that:

° yM is a W-valued predictable process and ¢y = inf{t > 0 : ||yM(t)||Wz.4 >
MYAT.
e yM belongs to the space

LP(2;C([0, T1, (W>*(D)) N LY (S2; L(0, T; W));
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o yM satisfies the following equality, P-a.s. for all t € [0, T]

INEMm . .
M), 9y = o, By + /O Ay — M DMy = 3w My v (M)
J

+ (a1 + a2)div(AYM)?) + Bdiv(AGM)PAGM)) + U, ¢)ds  (5.5)

INEMm
+/ (GG, yM), p)dW,  forallgp € V.
0

6 Proof of Theorem 4

Let M e N be large enough and note that (y™, £37) (see Lemma 19) is a local strong
solution to (2.1) in the sense of Definition 1.

6.1 Local pathwise uniqueness

Let (z1, 01) and (22, 02) be two local strong solutions to (2.1), in the sense of Defini-
tion 1. Define the stopping time

Os :=1inf{t > 0 : |lz1(t A 01) w24 + 220t A 02)lw2s = S}AT; SeN.

Note s — T as S — 00, since (z;);=1,2 are bounded in LZ_*(Q; L>*®0, T, W))
by a positive constant independent of S. By using the same arguments of the proof of
Lemma 18, we deduce

P(z1(t) = z2(t); Vi €[0,01 Ao2 ABs]) = 1.

By letting S — o0, we are able to get the local pathwise uniqueness, in the sense of
Definition 2 (i). Namely

P(z1(t) = 22(1); Vi €[0,01 Ag2]) = 1.
6.2 Maximal strong solution

Our aim is to show that the solution can be extended until a maximal time interval.
It is worth mentioning that analogous extension results can be found in the literature
(see e.g. [4, 19, 20]).

Let A be the set of all stopping times corresponding to a local pathwise solution
of (2.1) starting from the initial datum y( and in the presence of the external force U.
Thanks to Lemma 19, the set .4 is nonempty. Set t = sup A and choose an increasing

sequence (¢p)y C A such that Mlim tm = t, we recall that ¢y := inf{tr > 0 :
—00

||yM(t)||W2,4 > M} AT and yM satisfies (5.5). Due to the pathwise uniqueness, we
define a solution y on U [0, ¢a] by setting y 1= yM on [0, ¢p].
MeN
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For each m > 0, consider
om =t AIf{0<r<T]| |y@®lw2s =m}.

Recall that y is continuous with values in (W24 (D))? and o,, is a well-defined stopping
time. On the other hand, note that for a.e. w € Q, there exists m > 0 such that o, > 0
i.e. oy, 1s a strictly positive stopping time P-a.s. It follows that (y, o;,) is a local strong
solution for each m > 0, by using the continuity and the uniqueness of the solution.

Let us show that 0, < ton [t < T']. Assume that P(o,, = t) > 0, since (y, 0;;) is
a local strong solution then there exists another stopping time p > o, and a process
y* such that (y*, p) is a local strong solution with the same data, which contradict
the maximality of t. Therefore, P(t = o,,) = 0. In conclusion, o, is an increasing
sequence of stopping time, which converges to t. Additionaly, on the set [t < T], one
has

sup [[y()llwz4 = m
1€10,0,11

and sup [|y(#)|ly24 =o0ccon[t<T].
1€[0,t)

Remark 6 Thanks to Remark 5, we obtain that y e LP(Q; C([0, T, (W>9(D))%))
for ¢ < 6 in the 3D case. Therefore, one can replace ¢y (see Lemma 19) by the
following stopping time

= inf{t = 02 [y (O)llywag = MYAT.

e In the 2D case, we obtain that yM e L?($2; C([0, T1, (W>4(D))?)) for large finite
a < oo and the stopping time s (see Lemma 19) can be replaced by

~

5;1 =inf{t > 0: ||yM(t)||W2,a > M} AT, forlargea < oo.

In other words, the life span of the trajectories of the solution to (2.1) is larger in 2D
than 3D case.

Remark7 e An important multiplicative noise that can be considered corresponds
to the following linear noise

G(,y)dW, = Hu)dB, := (u — a Au)dB,,

where (B;)>0 is one dimensional R—valued Brownian motion. Notice that H :
W — Ly(R, (H'(D))?) and
2 _ 2 2
”H(u)'le(R,(Hl(D))d)) = ”u - alAu”(Hl(D))d S C”u”ﬁ}

By performing minor modifications, we are able to prove Theorem 4 by replacing
G(-,u)dWW by H(u)dB,.

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations (2024) 12:1699-1744 1743

e We wish to draw the reader’s attention to the fact that the same analysis can
be applied to an additive noise case, with G € L”(2; C([0, T], L2(H, V))). One

example is the following: leto : [0, T] — V suchthat sup Z ||ok(t)||%, < 00,
tel0,7T] k>1

we can define G : [0, 7] — L>(H, V) by Gex = ok, k € N. The noise can be
understood in the following sense

T T
f GdW = Z/ O’kdﬂk
0 0

k>1

T T
and /0 1GOOI g vydt =Y /0 low ()13 dt.

k>1
e If one sets B = 0 in (2.1), then a similar estimates can be obtained and the same
result holds for second grade fluids model, by following the same analysis.
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