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Abstract

We develop a multilevel Monte Carlo (MLMC)-FEM algorithm for linear, elliptic dif-
fusion problems in polytopal domain D C RY, with Besov-tree random coefficients.
This is to say that the logarithms of the diffusion coefficients are sampled from so-called
Besov-tree priors, which have recently been proposed to model data for fractal phe-
nomena in science and engineering. Numerical analysis of the fully discrete FEM for
the elliptic PDE includes quadrature approximation and must account for (a) nonuni-
form pathwise upper and lower coefficient bounds, and for (b) low path-regularity
of the Besov-tree coefficients. Admissible non-parametric random coefficients corre-
spond to random functions exhibiting singularities on random fractals with tunable
fractal dimension, but involve no a-priori specification of the fractal geometry of sin-
gular supports of sample paths. Optimal complexity and convergence rate estimates
for quantities of interest and for their second moments are proved. A convergence
analysis for MLMC-FEM is performed which yields choices of the algorithmic steer-
ing parameters for efficient implementation. A complexity (“error vs work™) analysis
of the MLMC-FEM approximations is provided.

Keywords Multilevel Monte Carlo - Elliptic diffusion PDE - Besov prior - Galton
Watson tree - Uncertainty quantification

1 Introduction

The efficient numerical solution of partial differential equations with uncertain inputs
is key in forward uncertainty quantification, i.e., the computational quantification of
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uncertainty of solutions to PDEs with uncertain inputs. It is also crucial in computa-
tional inverse uncertainty quantification, e.g. via Markov chain Monte Carlo methods,
where numerous numerical solves of the forward model subject to realizations of
the uncertain input are required. Here, we consider the linear, elliptic diffusion with
uncertain coefficient. It models a wide range of phenomena such as diffusion through
a medium with uncertain or even unknown permeability, e.g. in subsurface flow, light
scattering in dust clouds, to name but a few. Physical modelling of subsurface flow in
particular stipulates systems of fractures of uncertain geometry with high permeability
along fractures (see, e.g., [8] and the references there). With fracture geometry being
only statistically known, it is natural in computational uncertainty quantification (UQ)
to specify the geometry in a nonparametric fashion, rather than, for instance, through
a Gaussian random field (GRF for short) with a known, parametric two-point correla-
tion to be calibrated from experimental data. This function space perspective has also
become topical recently in the context of inverse imaging noisy signals. Modelling
with random, fractal geometries also has found applications in biology (roots, lungs
[2]). There, Gaussian parametric models have been found computationally efficient
due to the availability of padding and circulant embedding based numerics, enabling
the use of fast Fourier transform algorithms for sample path generation. However,
Gaussian models are perceived as inadequate for the efficient representation of edges
and interfaces in imaging. Accordingly, non-parametric representations of inputs with
fractal irregularities in sample paths have been proposed recently, e.g. in [19, 23], and
the references there. We also mention the so-called Besov priors in Bayesian inverse
problems with elliptic PDE constraints (e.g. [4, 22, 24] and the references there).

In the present paper, we investigate so-called Besov random tree priors [23], as
stochastic log-diffusion coefficient in a linear elliptic PDE. These priors are given
by a wavelet series with stochastic coefficients, and certain terms in the expansion
vanishing at random, according to the law of so-called Galton-Watson trees. Samples
of the corresponding random fields involve fractal geometries, hence the Besov random
tree prior may be a viable candidate in applications, where models based on GRFs do
not allow for sufficiently flexibility. We quantify the pathwise regularity of the random
tree prior in terms of Holder-regularity, and investigate the forward propagation of the
uncertainty in the elliptic PDE model in a bounded domain. All results in the present
article encompass the “standard” Besov prior from [24] as special case, when no
terms in the wavelet series are eliminated. As we point out in our analysis, regularity
is inherently low, both with respect to the spatial and stochastic domain of the random
field. This is taken into account when developing efficient numerical methods for the
elliptic PDE problem at hand.

We develop a multilevel Monte Carlo (MLMC) Finite Element (FE) simulation
algorithm and furnish its mathematical analysis for the estimation of quantities of
interest (Qol) in the forward PDE model. Multilevel Monte Carlo methods ([6, 14,
15]) are, by now, a well-established methodology in computational UQ, and are effec-
tive in regimes with comparably low regularity. We mention that our MLMC-FE error
analysis includes the case of standard low-regularity Besov priors as a special case. In
contrast, higher-order methods that consider an equivalent parametric, deterministic
PDE problem, such as (multilevel) Quasi-Monte Carlo ([20]), generalized polyno-
mial chaos (gPC) expansions ([21]), or multilevel Smolyak quadrature ([28]) are not
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suitable in the present random tree model: The parametrization of the prior involves
discontinuities in the stochastic domain, which strongly violates the regularity require-
ments of the aforementioned higher-order methods. We refer to Appendix A.3 for a
detailed discussion. On the other hand, MLMC techniques merely require square-
integrability of the pathwise solution

1.1 Contributions

For a model linear elliptic diffusion equation, in a polytopal domain D C RY, we
provide the mathematical setting and the numerical analysis of a MLMC-FEM for
diffusion in random media with log-fractal Besov random tree structure. In particular,
we establish well-posedness of the forward problem including strong measurability of
random solutions (a key ingredient in the ensuing MLMC-FE convergence analysis),
and pathwise almost sure Besov regularity of weak solutions. Technical results of
independent interest include: (i) Bounds on exponential moments of Besov random
variables in Holder norms, generalizing results in [11, 23, 24], (ii)) Numerical analysis
of elliptic forward problems with fractal coefficient, in particular bounds on the fractal
scale truncation error and on the finite element approximation error, as well as the
impact of numerical quadrature in view of low (Holder) path regularity of the random
coefficients, (iii) a complete MLMC-FE convergence analysis, for estimating the mean
of non-linear functionals of the random solution field.

1.2 Preliminaries and notation

We denote by V' the topological dual for any vector space V and by V<" -)y the
associated dual pairing. We write X’ < ) for two normed spaces (X, ||-[| x), (W, [I-13),
if X'is continuously embedded in ), i.e., there exists C > 0 such that ||¢|ly < C|l¢|lx
holds for all ¢ € X. The Borel o-algebra of any metric space (X, dy) is generated
by the open sets in X and denoted by B(X). For any o-finite and complete measure
space (E, &, ), a Banach space (X, ||-|| ), and integrability exponent p € [1, co], we
define the Lebesgue-Bochner spaces

LP(E; X) :={¢ : E — X] ¢ is strongly measurable and ||¢||Lr . x) < 00},

where

1
lollirn = | Ve le@Iin@n)", p e, o0
esssup, g lo(0)lx, p = 0.
In case that X = R, we use the shorthand notation L”(E) := LP(E; R).If E ¢ R%is
a subset of the Euclidean space, we assume £ = B(E) and u is the Lebesgue measure,
unless stated otherwise. For any bounded and connected spatial domain D ¢ R? we
denote for k € N and p € [1, oo] the standard Sobolev space Wk-P(D) with k-order
weak derivatives in L? (D). The Sobolev-Slobodeckji space with fractional order s > 0
is denoted by W*? (D). Furthermore, H* (D) := W*2(D) for any s > 0 and we use
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the identification H(D) = L2(D). Given that Dis a Lipschitz domain, we define for
any s > 1/2

Hy(D) :=ker(yo) = {¢ € H*(D)| yo(¢) = 0 on 9D}, ey

Here, yo € L(H* (D), H*~'/2(3D)) denotes the trace operator.

Let C(D) denote the space of all continuous functions ¢ : D — R. Forany « € N,
CY(D) is the space of all functions ¢ € C(D) with « continuous partial derivatives.
For non-integer @ > 0, we denote by C%(D) the space of all ¢ € Cl*/(D) with
o — |a|-Holder continuous |« |-th partial derivatives. For any positive, real @ > 0 we
further denote by C*(D) the Holder-Zygmund space of smoothness «. We refer to,
e.g., [25, Section 1.2.2] for a definition. We denote by S(R?) the Schwartz space of all
smooth, rapidly decaying functions, and with S'(R?) its dual, the space of tempered
distributions. Moreover, for any open set O C Rd, D(0O) denotes the space of all
smooth functions ¢ € C°°(0) with compact support in O.

For the finite element error analysis we introduce a countable set $ C (0, co) of
discretization parameters, and denote by & € §) a generic discretization parameter,
such as in the present paper the FE meshwidth of a regular, simplicial and quasi-
uniform partition of the physical domain. We further assume there exists a decreasing
sequence (h¢, £ € N) C $ such that limy_, o, by = 0.

1.3 Layout of this paper

In Sect.2 we introduce the class of random fields taking values in the Besov spaces
B, , which we will use in the sequel to model the logarithm of the diffusion coef-
ficient function. Using multiresolution (‘“wavelet”) bases in BISL o in Sects.2.2, 2.3
we construct probability measures on B, , in the spirit of the Gaussian measure on
path space for the Wiener process, in Lévy-Cieselski representation. The multilevel
structure of the construction will be essential in the ensuing MLMC-FE conver-
gence analysis and its algorithmic realization. In Sect.3 we introduce the linear,
elliptic divergence-form PDE with Besov-tree coefficients. We recapitulate (mostly
known) results on existence, uniqueness and on strong measurability of random solu-
tions. In Sect.4 we introduce a conforming Galerkin Finite Element discretization
based on continuous, piecewise linear approximations in the physical domain. We
account for the error due to finite truncation of the random tree priors, and provide
sharp error bounds for the Finite Element discretization errors, under the (gener-
ally low) Besov regularity of the coefficient samples. Section5 then addresses the
MLMC-FE error analysis, also for Fréchet-differentiable, possibly nonlinear func-
tionals. Section6 then illustrates the theory with several numerical experiments,
where the impact of the parameter choices in the Besov random tree priors on the
overall error convergence of the MLMC-FEM algorithms is studied. Section7 pro-
vides a brief summary of the main results, and indicates several generalizations of
these and directions of further research. Appendix A collects definitions and key
properties of Galton-Watson trees which are used in the main text. Appendix B pro-
vides a detailed description of the FE implementation in the experiments reported in
Sect. 6.
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2 Random variables in Besov spaces
2.1 Wavelet representation of Besov spaces

Let T¢ := [0, 119 denote the d-dimensional torus for d € N. We briefly recall the
construction of orthonormal wavelet basis on Lz(Rd) and L2(’]I‘d) and the wavelet
representation of the associated Besov spaces. For more detailed accounts we refer to
[26, Chapter 1], [27, Chapter 1.2], and to [12, Chapter 5] for orthonormal wavelets in
multiresolution analysis (MRA).

2.1.1 Univariate MRA

Let ¢ and ¢ be compactly supported scaling and wavelet functions in C*(R), o >
1, suitable for multi-resolution analysis in L?(R). We assume that Y satisfies the
vanishing moment condition

f Y)xMdx =0, meNy, m<a. 2)
R

One example are Daubechies wavelets with M := |« € N vanishing moments also
known as DB(|« |)-wavelets), that have support [-M + 1, M] and are in C!(R) for
M > 5 (see, e.g., [12, Section 7.1]). For any j € Ny and k € Z, the MRA is defined
by the dilated and translated functions

Viko() i=¢Q2/x —k), and ¥ 1(x):=¢Q2x —k), xeR. 3)

As ¢l 2@ = 1]l 2@ = 1 itfollows that (Yo.x,0), k € Z) U (2729} x.1). (j, k)
€ Ny x Z) is an orthonormal basis of L*(R).

2.1.2 Multivariate MRA

A corresponding isotropic' wavelet basis that is orthormal in L2(RY),d > 2 may be
constructed by tensorization of univariate MRAs. We define index sets Lo := {0, 1}¢
and £; := Lo\ {(0,...,0)} for j € N. We note that £; has cardinality |L;| = 24 if
J=0,and |L;]| = 2¢ — 1 otherwise. For any [ € Ly, we define furthermore

d
Yk () =292 [T ki (i), j€No, keZd, x e R, )

i=1

to obtain that (v «,1), j € No, k € 74,1 € L) is an orthonormal basis of L2(RY).

1 Anisotropic tensorizations leading upon truncation to so-called “hyperbolic cross approximations” may
be considered. As such constructions tend to inject preferred directions along the cartesian axes, we do not
consider them here.
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Orthonormal bases consisting of locally supported, periodic functions on the torus
T can be introduced by tensorization, as e.g. in [26, Section 1.3]. Given ¢ and ¥, we
fix a scaling factor w € N such that

1
supp(Yw,0,1) C {x e R |Ixll2 < 5}, I € Lo.

With this choice of w, it follows for j € Ny that

supp(¥j+w,0.1) C {x e RY| x|l < 277! } '

Now let K := {k € Z4|0 < ki.....kg < 2/} C 2/T? and note that |K | =
240G +w) Define the one-periodic wavelet functions

PO =) Wik —n), jeNy, keKj, l€Ly xeR,

nez4

and their restrictions to T¢ by

Yh ) =yl (), jeNo, keKj, 1 €Ly xeT (5)

We now obtain for the index set Z,, := {j € No, k € K, [ € L;} that
Vo = (W) GokDET,) (©)

is a L2(Td)-0rthon0rmal basis, see [26, Proposition 1.34]. We next introduce Besov
spaces via suitable wavelet-characterization as developed in [26, Chapter 1.3]. For this
we introduce the set of one-periodic distributions on R? given by

S/per(Rd) — {(p c S/(Rd)| o( —k) = © forall k € Zd},

see [26, Eq. (1.131)]. We distinguish between spaces of one-periodic functions on R?
and their restrictions to T¢:

Definition 2.1 1. For any p € [1, 00) and s € (0, «) the Besov space Bé W (Rd ) of
one-periodic functions on RY is given by

B per (Rd) {(ﬂ c S/per(Rd)

ir sdtw_d per
Z 2< : p)|(‘/”‘//j+w,/<,1)L2('J1‘d)|p<°° .
(j.k,DETy,

7

In case that p = oo, one has

B per(Rd) — {(ﬂ c S/per(Rd)

S+ 2
sup 2 ( 2 )|(§0, wjl'f_:u,kql)LZ(Td)l < OO} .
(j.k,D€ETy

®)

@ Springer



1580 Stochastics and Partial Differential Equations: Analysis and Computations (2024) 12:1574-1627

2. For any p € [1,00) and s € (0, «) the Besov space B;‘),p('ﬂ‘d) on T is given by

(s dtw _d
B;,p(’}l‘d) = i(p € D/(T%) Z 2/11( +%3 p)|(¢, ‘/f§'+w,k)L2(1rd)|p < OO] . (9)

(j.k.DELy

In case that p = oo, we set

BS, o (T9) = {w e D/(TY)

i(s+dtw
sup 21(3 p) >|((p, ¢§+w,k)L2(Td)| < oo}. (10)
(j.k.D€ELy

Remark 2.2 Definition 2.1 may be generalized to define the spaces B), 7" (RY) and
B;’q(Td) with p,q € [1,00] and p # ¢, see [26, Chapter 1.3]. The random fields
introduced in Sects. 2.2 and 2.3 are naturally Bj, p(']I‘d)—valued by construction, thus
we only treat the case p = ¢ for the sake of brevity. By [26, Theorem 1.29] there
exists a prolongation isomorphism

pri? : By (T?) — By (RY), (11)

that extends ¢ € By, (']Td) to its (unique) one-periodic counterpart prl’¢ (¢) €
S p < (Rd) This in turn allows to identify any ¢ € B (Td) as the restriction of
a perlodlc function prl”* (p) € B)H" (R?) to T, We use prl”®" to define (non-

periodic) Besov space-valued random variables on subsets D C T¢ by restriction in
Sect. 3.2.

Definition 2.1 is based on an equivalent characterization of the spaces B}, )" (R?)
and By, (Td) They are often (equivalently) defined using a dyadic partition of unity
(see e.g. [26, Definitions 1.22 and 1.27]): Using the latter definition for BY p (R,
[26, Theorem 1.36(i)] shows that the spaces (7) resp. (8) are isometrically 1somorphlc
to By (R?). As a consequence of the prolongation map prl”*" in (11), the same
holds true for the spaces B », p(Td), see [26, Theorem 1.37(i)].

2.1.3 Besov spaces and MRAs

We define the subspace V41 := span{tﬂfﬂ ke Ky, leLly)C L%(T¢) and observe

that dim(V,,11) = 2¢®+D_ By the multiresolution analysis for one-periodic, univari-
ate functions in [12, Chapter 9.3], it follows that ((wj.’k), J<w, keKj lelj

is another orthonormal basis of V,,, 1. Hence, we may replace the first 24+ basis
functions in (5) to obtain the (computationally more convenient) L> (T%)-orthonormal
basis

- ((wj.,k), Gk, D) qu,), Ty:={jeNo. keKk; leL;}. (12
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Based on (12), we define for s > 0, p € [1, 00), and sufficiently regular ¢ € L2(T)
the Besov norms

1/p
i +i_i
”(p”B;',p(’]l'd) = Z 2117(5 2 1r)|(¢’ w;,k)Lz('ﬂ‘d)lp , (13)
' (j.k.)eTy
and
j(s+4
el gs, () :=( kSlll)pI ZJ(Y 2)I(w, ¥h ) 2| < oo, (14)
! J.k.Dely

By Definition 2.1, it follows that ¢ € B; p(Td) if and only if [|¢|| 4 (1) < 0.
’ p.p

2.1.4 Notation

We fix some notation for Besov, Holder and Zygmund spaces to be used in the remain-
der of this paper. As the (periodic) domain T¢ does not vary in the subsequent analysis,
we use the abbreviations By, := B;,p(']I‘d), C* := C*(T%) and C* := C*(T%) for con-
venience in the following. Furthermore, we will assume that the basis functions in
W, ¥ C C% are sufficiently smooth with Holder index @ > s for given s > 0, and
therefore omit the restriction s € (0, «) in the following. In this case, it holds that ¥,
(and thus W) is a basis of B[S, for p < oo, see [26, Theorem 1.37].

We recall that for any s > O there holds C° = B{_ (see [26, Remark 1.28]), as well
as C' = (¥ fors € (0,00) \ N, and C* C C° for s € N (see [25, Section 1.2.2]).
By (13) and (14) we further obtain the continuous embeddings

d d

B,— B, ifl<p<g<ooands——>r1——,
, p q (15)

BIS,*;)BQO:C’ forte(O,s——i|,
p

with the embedding constants in (15) bounded by one (cf. [27, Chapter 2.1]).

2.2 Besov priors

To introduce Besov space-valued random variables as in [24], we consider a complete
probability space (€2, .4, P). Following the constructions in [4, 11, 23], based on
the representation in (9), we now define Bj-valued random variables by replacing
the L2(’J1‘d)-orthogonal projection coefficients (¢, Wj-, ©) L2(T¢) with suitable random
variables. More precisely, consider for any p € [1, 0o) an independent and identically
distributed (i.i.d.) sequence X = ((le,k)’ (j,k,1) € Ty) of p-exponential random
variables. That is, each X 5 R — Ris A/B(R)-measurable with density
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dp(x) == iexp (—ﬂ) , xeR, cp = / exp (—ﬂ) dx, (16)
K R K

Cp

where ¥ > 0 is a fixed scaling parameter. We recover the normal distribution with
variance 5 if p = 2, and the Laplace distribution with scaling « for p = 1.

Definition 2.3 [24, Definition 9] Let W be the Lz(Td)-orthogonal wavelet basis as
in(12),lets > 0, p € [1,00) andlet X = ((Xz',k)v (j,k,1) € Zy) be ani.i.d. sequence
of p-exponential random variables with density ¢, as in (16). Let the random field
b: S — L*(T?) be given by

—i d_d
b = Y X @V, 0eQ where 7;:=2 (st P), j € Np.
(j.k,)ely
(17)

We call b a B;—random variable.

The random variables b from Definition 2.3 are also referred to as Besov priors in
the literature on inverse problems. The following regularity results are well-known:
Proposition 2.4

1. ([24, Lemma 10], [11, Proposition 1]) Let b be a B;,-random variable for s > 0
and p € [1, 00). Then, the following conditions are equivalent:

(i) ”b”BL < o0 holds P-a.s.;

(i) E (exp (e||b||§;)) <00, £€(0,1);

(iii) t < s L

2. [11, Theorem 2.1] If, in addition, ¥ forms a basis of B; forat <s — %, té¢N,
then it holds

E (exp (e||b|lct)) < o0, €€ (0,%),

where € > 0 is a constant depending on p,d, s and t.

Remark 2.5 Note that B;-random variables as defined above only take values in B;
fort < s — < based on the previous proposition. Nevertheless, we use the notion
B;-random variables in the following, for a clearer emphasize on the dependence of
n;jin (17) ons.

We derive a considerably stronger version of [11, Theorem 2.1] in Theorem 2.11
below, that implies in particular

E (exp (elIbli¢,)) < o0, &€ (0,8),
for any p > 1 and some € > 0. In the Gaussian case with p = 2, this estimate would

be a consequence of Fernique’s theorem, however, we are not aware of a similar result
for arbitrary p > 1 in the literature.
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We recall from [26, Theorem 1.37] that ¥ forms an unconditional basis of B;

(since p < 00), if the scaling and wavelet functions ¢ and  satisfy ¢, ¥ € C* (RY)
for « > ¢ > 0 and the vanishing moment condition (2).

2.3 Besov random tree priors

Taking the cue from [23], we introduce Besov random tree priors in this subsection and
derive several regularity results for this Bj,-valued random variable. We investigate

all results for periodic functions defined on the torus T in this subsection. For the
elliptic problem in Sect. 3, we will later introduce the corresponding B),(D)-valued

random variables on physical domains D C RY with D € T?¢ by their restrictions
from T¢ (cf. Definition 3.6). The random tree structure in our prior construction is
based on certain set-valued random variables, so-called Galton-Watson (GW) trees.
For the readers’ convenience, definitions of discrete trees, GW trees, along with some
other useful results, are listed in Appendix A.

Definition 2.6 [23, Definition 3] Let ¥, s > 0, p € [1,00), X = ((Xi',k)v (j, k1) e
Zy) and (n;, j € Ng) be as in Definition 2.3.

Let T denote the set of all trees with no infinite node (cf. Definition A.1) and let T :
Q — T be a GW tree (cf. Definition A.3) with offspring distribution P = Bin(29, B)
for g € [0, 1], and independent of X. Furthermore, let J7 be the set of wavelet indices
associated to T from (78).

We define the random tree index set I () := {(j, k, D| (j, k) € Ir(w), I € L;}
and

br(w) = Z i X} (@Y, weQ. (18)
(kDeTr (@)

We refer to br as a B),-random variable with wavelet density 8.

We have depicted a sample of a binomial GW tree and the associated set of wavelet
indices Jr for a series expansion in one physical dimension (¢ = 1) in Fig. 1. Recall
that for d = 1 there holds £; = {1} for j > 1.

Remark 2.7 Definition 2.6 actually slightly deviates from [23, Definition 3]. By defi-

.....

spatial regularity or integrability of br. However, in our definition, series (18) has a
natural interpretation as orthogonal expansion of a random function with respect to
the (deterministic, fixed) basis W.

The tree structure in the “active” (i.e., with index in Z7) coefficients in the wavelet
representation of by gives rise to random fractals on T, that occur whenever the tree
T in Definition 2.6 does not terminate after a finite number of nodes. It follows by
Lemma A.4, that the latter event occurs with positive probability if 8 € (27¢, 1]. In
this case the Hausdorff dimension of the fractals is d 4 log,(8) € (0, d], see [23,
Section 3] for further details.
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e=0 (0,0

1 (1,0 2 11

(L1 (2,0) (1,2) (21 (X) (2,2)  (23)

4 / \ / \ N
’ . . . . \

X, X) [(1L,L2) GBhH| X)) X)) X)) X) [221) G6)| (X)

Fig.1 Sample of a binomial GW tree T with offspring distribution P(2, 8) with 8 = 0.5. Each box corre-
sponds to anode n of the GW tree, displayed are all nodes with length [n| < 3. The leftentry in each box is the
noden € T, givenby afinite sequence of integers. The right entry is the node-to-wavelet coefficient map n —

(lnl, 3(21 In © 3(11 | (n)) evaluated at n, that determines the associated wavelet indices (j, k). Starting from

the “root node” o = (), the two children of each node are eliminated with probability 1 — 8, and independent
of each other. Once a node is eliminated (signified by an “(X)”), all of their offspring nodes are eliminated
as well. The remaining “surviving” nodes determine the associated random set of active wavelet indices

via 97 = { (1], 33 03} ) [ e T} = (0,00, (1,0, (1, 1), 2,0, 2.1, 2.3), B, D, 3. 6)).
Note that each n € T is connected to the root node o through their ancestors, as indicated by the solid lines

Examples of realizations of a Bf, -random variable on TZ with varying wavelet density
B are shown in Fig. 2.

To treat elliptic inverse problems with by as log-diffusion coefficient, we detail
the corresponding probability space of parameters. Let (Qy denote the univariate,
p-exponential measure on (R, B(R)) of the random variables X", ! ik with Lebesgue
density as in (16). The product-probability space of the p- exponentlals X is given by
(Q2p, Ap, Q,), where

Q,=R", A,:=Q)BM®), and Q,:=) Q.

neN neN

Now let s > 0 and p € [1, oo) be fixed such that s > %. We define the weighted
£P-spaces

o= {x - (x.’/.,k, (kD) e I\p> eRY| [Ix]ls.p < oo}, (19)
where
1/p
xllsp =1 Y. 2777 ] (20)
(jkDeTy
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Fig. 2 Samples of a Bf,-valued random variable on T2 = [0, 1] with s = p = 2 and wavelet density

B e {%, %, %} (top row, from left to right) and g € {%, %, 1} (bottom row, from left to right). All samples
are based on DB(5)-wavelets and the same array of random numbers, that have been sampled with a spatial
resolution of 2° x 29 equidistant grid points, and the expansion in (18) was truncated at N = 9 levels
of dyadic subdivision (cf. Sect. 4.1). By fixing the array of random numbers, the spatial grid and N, the
depicted “evolution” in the panels highlights the effect of an increasing wavelet density 8. Note that the
case p = 2 and B = | in the bottom right corresponds to a Gaussian prior

Then (¢, ||-|| 5,p) 1 a separable Banach space, for I < p < co. Moreover, we observe
that for X ~ @, it holds

E(XIE) < Y 27PE(X, 1P
(j,k,DeTy

SRS
< cZz—ﬂ”zdf 4-1< cZz < 00,
j=0

j=0

sinces > <, thusQ » is concentrated on £f . We therefore regard (¢4, B(£{), Q,,) as the
probability space of random coefficient sequences X in the expansions (17) and (18).
The set-valued random variable T is a GW tree, and hence takes values in the Polish
space (%, 8z) of all trees with no infinite node. The metric 8z and the associated
Borel o-algebra B(%) with respect to ¥ are stated explicitly in Definition A.2 in the
Appendix. The image measure Q7 of the GW tree T on (T, B(%)) then solely depends
on the parameters 8 and d of the offspring distribution P = Bin(2¢, 8), and is given
in Equation (76) in the Appendix. Hence, the parameter probability space of GW trees
is given by (¥, B(%), Qr). To combine the random coefficients X with the GW tree
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T, we define the cartesian product  := £/ x T and equip Q with the metric

do((x1, t1), (x2, 2)) := [Ix1 — x2ll5,p + Sz (t1, t2).

Proposition 2.8 The space (L2, dg) is Polish with Borel o -algebra given by B(2) =
Bt x T) = B(tY) ® BT).

Proof By Lemma [1, Lemma 2.1] the metric space (¥, §3) with ¢ given in (74) is
complete and separable. Therefore, separability and completeness of (2, dg) follows
by [5, Corollary 3.39]. Moreover, B(Q) = B(¢Y x ) = B(¢!) ® B(T) holds by [5,
Theorem 4.44]. |

We are now ready to define the probability space associated to the £/ x T-valued
random variable (X, T'): Let (€2, A, IP) be the product probabilty space given by

Q=4 xT, A:=B)®B®), and P:=Q,®Qr. (21)

We remark that the product structure of the measure P = Q, ® Qr is tantamount to
stochastic independence of X and 7. It still remains to identify a realization of the
random variable (X, T') with the corresponding random tree prior br. To this end, we
consider the canonical mapping

br: Q— L¥*(TY, o Z TI‘/Xé-’k(w)lﬁj-_’k- (22)
(J.k.Delr(w)

The map br : 2 — L2(T9) is indeed well-defined since [1bT ||L2(Td) < 00 holds due
tos > % Moreover, by is A/ B(LZ(TI‘d ))-measurable, as we show in Proposition 2.10

below. As by is a L2(T%)-valued random variable, we may define the pushforward
probability measure of by via

br#P(B) :=P(b;'(B)), B e B(L*(T%)). (23)

Thus, the associated probability space of Bj,-random variables by with wavelet density

B is
(L*(T%), B(L*(T)), br#P).

Remark 2.9 We know from Proposition 2.4 that b7#P is concentrated on B;, for any

te0,s— 4). A more refined result that concentrates b7 #P on Besov spaces Bfi for
g > 1 with smoothness index t = t(s, d, p, B, q) is given in Theorem 2.11 below.

We recall at this point that we have assumed Holder-regularity ¥ C C* for some
a > 11in Sect. 2.1. For the remainder of this article, we will from now on implicitly
assume that the parameter s > 0 of a ny—random variable satisfies « > s > 0 for the
sake of presentation.
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Proposition 2.10 Let s > %, B € [0, 1], and let bt be a B;-random variable with

wavelet density . Then br : Q — C(T?) and by is (strongly) A/B(C(Td))—
measurable.

Proof Fixatr € (0,5 — %) such that ¢ ¢ N. The second part of Proposition 2.4 then

shows that b7 € C’ holds P-a.s., and thus b7 : Q — C(’H‘d) follows, after possibly
modifying b7 on a P-nullset.

As in Appendix A, we denote by U the set of all finite sequences in N and introduce
the subset Upj, C U with entries in {1, ..., 2‘1} as

Ugin :={neln ef{l,...,2% fori e {1,..., n|}}.

Note that T (w) C Ugin holds P-a.s., since P = Bin(2d, B).Now let 34 ; be as in (77)
and recall from Appendix A.2 that (j, k) € J7(w) if and only if there is n € T (w)
such that (7, k) = (In|, J4,1n)(In])). Hence, we may rewrite the series expansion (18)
as

br(w) = Z anXé,k(w)lﬁﬁ-,k

(j,k)eIr (w) leﬁj

1 1
= D Lwer@n o D Xlupagm i) @Vint 3,0 n)-

nellpin 1eLyy

As T : Q — % is A/B(%)-measurable, it holds that Tiner(y @  — {0, 1} is
measurable for any fixed n € Upj,. Also, the X i ¢ are real-valued random variables

and wj.’ « € C(T¢) by assumption. Thus, by : & — C(T%) is measurable, and strongly

measurable as C(T%) is separable. O

More insight in the pathwise regularity of Besov random tree priors, in particular
with regard to their Holder regularity, is obtained by the following result.

Theorem 2.11 Let by be a By,-random variable with wavelet density B = 2v=4 as in
Definition 2.6 with y € (—o00, d].

1.) It holds that by € L1(LQ; Bg), and hence bt € B; P-a.s., forallt > 0and g > 1
such thatt < s + d;—y — %.
2.) Lets — % >0andt € (0,s — %). Then there is a g, > 0 such that

E(exp <8||b||g,)> <00, ¢€(0,¢p),
In particular, it holds by € L1(Q; C") for any g > 1. _
3.) Letq > 1l and s — % — w > 0. Foranyt € (0,5 — 4 _ w) it holds

P
br € L9(Q; C").
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Proof (1) For given ¢ > 1 and ¢ > 0 it holds by (13) that

jq(t+4—1¢ 1 jqt—4—s+4) 41
||bT||I§;;: Z pJali+5 (,),7?|ijk(w)|q: Z pjali—g—s ")lxj,k(w)lq'
(kDT () (kDeTr (@)

For any given j € N, by Definition 2.6, the number of nodes v(;j) on scale j in the
random tree 7 is binomial distributed (conditional on v(j — 1)) as

v(j) == #k € K;1(j, k, 1) € Iy} ~ Bin29v(j — 1),27 %),

with initial value v(0) = 1. Now let (X ;,, j € No, m € N) be an i.i.d. sequence of
p-exponential random variables, independent of v(j) for any j € N, and recall that
I e L with |[Lo| = 24 and L] = 2¢ — 1 for € N. We obtain by Fubini’s theorem,
Wald’s identity, E(v(j)) = (Zd,B)f = 277 and since E (|Xj,m |‘1) < ooforanyg > 0
that

@4-1)v(j)

o0
io(1—4 g1 d
E(Ibrly, ) =E | Y2750 31Xl | +E(1Xg,0%)
-

m=1

o
= Y et (@7 = Dv()) E(1X)m1%) + E (1X0201%)

j=0
ad . d d vy

< 2dE (|X1’1|q) Z 2](1(’*5*54’;"’?),
j=0

with IE(|X1,1|") < 00. The series converges if t < s + d%y — %, in which case

br € L1(Q; Bfl), and hence br € Bfl holds P-a.s.

2y Now let g9 > g > 1,19 > io and t = 1y — qio, so that Bé% < (' holds
by (15). The embedding follows by a direct comparison of the norms in (13), (14)
with t =19 — qd—o, and also shows that the corresponding embedding constant Cp > 0
is bounded by Cp < 1.

We obtain with Holder’s inequality and analogously to the first part the estimate

a9
1671, gcry = E (Ib718) "

q

q0 a0
<E (IIbTIIB;% )

o0 490
<2WE (X, 0f) | Yo 20O &4
j=0
q
dq q <. d, vy o
=20 E (|X1%)w | Y 200t
j=0
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Now letr < s — % be fixed, and let y € (0, d]. For every fixed ¢ > max(2y (s — % —
t)_l, 1), we choose gq := ¢ to obtain that

q

a0

q Jjqot—s+5 )/2
16714 icry < 2B (1X1,117) Zz

(25)
<29E (1X1119) Zz v
< CE(IX1,119).

with a constant C > 0 that is independent of g. We now define for given ¢ > 0, finite
n € Nand p € [1, co) the random variable

n b Pt k
En(w) = Zw weQ.

k=0

Clearly, E,(w) — exp(el|lbr (a))||g,) holds P-.a.s as n — oo and Inequality (25)
yields, for any n € Nand n), := %|'2y(s — % — )71, that

E(E,) = Zk,E(ann >_C+Z CPkIE<|Xu|P">

kny

n
~ eCP|X | 1|7k
= C+E Z ( |k'l‘1| ) 7

k=n,

where C = C (y,s,d, p,t) > 0. The monotone convergence theorem then shows that
for sufficiently small ¢ > Oandt < s — %, it holds

n
E ~ (eCP|X1,1|P)*
p 9
(CXP(8||bT||Ct)) <C +n11m E E —

k=n,

<C+E (exp(eCP|X1117)) < o0.

(3) The claim for y € (0, d] follows by the previous part. For y € (—00,0], g > 1
andr € (0,5 — % — g), we finally use g = g and 1y =t + g in (24) to obtain that

167 1| Lo (et < CIE(1X1,117) szq(t s+4+1) - .

O
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Remark 2.12  [23, Theorems 4 and 5] state that by € B; holds P-a.s. for all ¥ €
(0,s—y/p),and that by ¢ B;_y/p occurs with probability 1 — pg > Ofory € (0, 4],

where pg is the solution to the equation pg = ((1 — 8) + ,Bp/;)zd (cf. Lemma A.4 in
the Appendix.) We emphasize that Theorem 2.11 significantly extends these previous
results, as we quantify precisely the regularity of b7 in terms of Besov and Holder-
Zygmund norms.

Recall that we may replace the Holder-Zygmund spaces C' in the second part of
Theorem 2.11 by the “usual” Holder spaces C' if t ¢ N (which is not true for integer
t). Theorem 2.11 shows that a wavelet density f = 2¥~¢ < 1 improves smoothness
in B;, as the upper bound t < s + =y _ % is decreasing in y € (—oo, d]. However,
given that y > 0 we may not expect to gain any (pathwise) Holder regularity beyond
r<s— %. This is not surprising with regard to Remark 2.7: by admits an infinite

series expansion on random fractals in D for 8 > 2~¢ with positive probability.
Hence, the local Holder-regularity of b7 on such fractals corresponds to a B;-random
variable b as in Definition 2.3 (with full wavelet density 8 = 1). In case that y < 0,
the series expansion of by terminates almost surely after a finite number of terms.
As ¥ C C?%, this shows that b7 € C% almost surely if y < 0. Furthermore, we
may increase the smoothness exponent ¢ for by € L9(S2; C') to the admissible range
t<s— 4 mneO g large g, we see that essentially the restriction t < s — %
applies as for y > 0. This in turn indicates that the bound

E (exp (2l1B15)) < o0, &€ (0.ep),

from part 2.) of Theorem 2.11 can not be improved to Holder indices t > s — %, even

ify <0.

3 Linear elliptic PDEs with Besov random coefficients

In this section, we first recall well-posedness and regularity results for linear, second
order elliptic diffusion problems with random coefficient. Thereafter, we transfer the

results to a setting with Besov tree random diffusion coefficient by exploiting the
results from Sect. 2.

3.1 Well-posedness and regularity
Let D C Rd, d € {1, 2, 3}, be a convex polygonal domain for d = 2, 3, and a finite
interval for d = 1, with the boundary 9D consisting of a finite number of line or plane

segments. We consider the random elliptic problem to find u(w) : D — R for given
o € 2 such that

—V . (a(@)Vu@)) = f inD, u()=0 ondD. (26)
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The diffusion coefficient a in Problem (26) admits positive paths on D, i.e., a(w) :
D — R.o. Moreover, a is a random variable a : 2 — X, taking values in a suitable
Banach space X C L°°(D). The source term f : D — R is assumed to be a deter-
ministic function for the sake of simplicity, but may as well be modeled by a random
function f : D x Q2 — R. For the variational formulation of Problem (26) we define
H := L*(D), V := H}(D) and recall that ||- ||y : V — Rxq, v > [[Vv]ly defines a
norm on V by Poincare’s inequality. The weak formulation of Problem (26) for fixed
w € Qisto find u(w) € V such that for any v € V it holds

/ a(@)Vu(w) - Vvdx =y, (f,v)y. 27
D

Definition 3.1 The map w — u(w) € V with u(w) the solution of (27) is the pathwise
weak solution.

Existence and uniqueness of pathwise weak solutions are ensured by the following
theorem.

Theorem 3.2 Leta : Q — L°°(D) be strongly A/B(L*°(D))-measurable such that
a_(w) :=essinfyep a(x,w) >0, P —a.s., (28)

and let f € V'. Then, there exists for all w € Q a unique weak solution u(w) € V to
Problem (26). The map u : Q — V is strongly A/B(V)-measurable.

Proof By the completeness of (2, A, P), we may assume without loss of generality
that a_(w) > 0 and a(w) € L% (D) holds for all w € Q2.

Existence and uniqueness of a pathwise solution u(w) now follows for all ® € Q
by the Lax-Milgram Lemma. To show strong measurability of u, we use Lipschitz
dependence of the coefficient-to-solution map: consider two diffusion coefficients
ai,ap :  — L°°(D) that satisfy the assumption of the theorem with lower bounds
ai,—,az,— > 0asin (28) and denote by uj, ur : & — V the associated unique weak
solutions. Equation (26) together with ||v ||%, = ||Vv ||%1 and Holder’s inequality yields
for any fixed coefficients a1, az € L° (D) such that g; _ := essinfep a; (x) > 0 that

luzllv Ny
lar — azllpop) < ———

s )

ly —uz|ly < lar — a2l Loo(D)- (29)

Therefore, the data-to-solutionmap U : S — V, a > u is (Lipschitz) continuous
onthe set S := {a € L*°(D)]| essinf,cpa(x) > 0}. Since the pathwise weak solution

2 If this holds only P-.a.s., we may modify a : 2 — L% (D) ona P-nullset to obtain a strongly measurable
modification @ : @ — L% (D) of a, so that essinf¢p d(x, w) > 0 and a@ € L (D) holds for all w € Q.
In fact, let

Ag = {w € Q| a—(w) <0ora(w) ¢ L®(D)}.

Then P (Ap) = 0 by assumption, and hence Ay € A by completeness of (€2, A, P). Thus, we may consider,
for instance, the modification d(w) := a(@)Lipgag) + L{weay)- It is readily verified that d is strongly
A/B(L*° (D))-measurable, and for all w € Q it holds essinf ,ep d(x, w) > 0 and @ € L™ (D).
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u : 2 — V of (26) may be written as u = U o a, the claim follows with the strong
A/B(L*(D))-measurability of a : @ — L*(D). O

Lipschitz continuity (29) of the data-to-solution map will be essential in deriving error
estimates in Sect. 4 ahead, and also implies strong measurability of random solutions.

Proposition3.3 Let aj,ay : Q@ — L°°(D) be strongly A/B(L°(D))-measurable
such that

a;—(w) :==essinfrep a;(x,w) >0, P —a.s. forie{l,2}. (30)

Then, for every [ € V' exists fori € {1,2} and for all w € Q a unique weak solution
ui(w) € V to Problem (26) (with a in place of a;). There holds the continuous-
dependence estimate

LSy

lur —uslly < lar — azll oo (D).

Proof This follows immediately with Theorem 3.2 and (29). O

From the regularity analysis of deterministic linear elliptic problems it is well
known that H*(D)-regularity of u may be derived for certain s > 1, provided that a
is Holder continuous. The corresponding estimates usually do not reveal the explicit
dependence of constants on a(w) or bounds on the Holder norm ||a(w)||c:. For the
stochastic problem and the ensuing numerical analysis in Sects.4 and 5, however, we
need the explicit dependence for given w to ensure that all pathwise estimates also
hold in in L9(2; HS (D)) for suitable ¢ > 1. To obtain explicit estimates, we follow
the approach from [13, Chapter 3.3] for parametric elliptic PDEs, where regularity
estimates are derived via the K-method of function space interpolation.® One obtains
in particular Holder spaces C” (D) by interpolation ([3, Lemma 7.36]):

C'(D) = [L=(D), W' (D)0, 7€ (0, 1),

3 Recall the K -method of interpolation of two Banach spaces (Ao, |- IIAO) and (A, ||l A ) with continuous
embedding A1 — Ag: their K-functional is defined by

K(a,z; Ag, A1) := inf {lla —ajllay +zllailla,}, a€Ag, z>0.
aj€Ay
For any r € (0, 1) and g € [1, oo] the interpolation space of order r with fine index q is
[Ao. Atlr.q = [a € Aol lalltag,ay1,., <o),

where

1
(J° e 79K @z Ap. AT L) T, g el 00),
sup,.oz " K(a,z; Ag, A1), q = oo.

laltag,A11r 4 =
The set [Ag, A1]r,4 is a (generally non-separable) Banach space.
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To investigate spatial regularity of solutions to (26), we introduce the normed space
Wi={veVlAveH}, |vlw:=Avlx. €1y

Note that v = 0 < ||v|lw = O follows by the maximum principle, since v € V =
H(} (D) has vanishing trace. We formulate regularity results in terms of the interpolation
space

W' =1[V, Wl re€(0,1). (32)
For a concise notation, we further set W! := W in the following.
Lemma 3.4 [13, Propositions 3.2 and 3.5] Leta : 2 — C” (D) C L®(D) be strongly

measurable for some r € (0, 1] such that a_(w) > 0 holds P-a.s. and let f € H.
Then, there is a constant C = C(r, D), such that it holds

C la@)ller )\ "
<1+(—C<D)> )nan. (33)
a_(w) a_(w)

All results from this subsection so far hold under the considerably weaker assump-
tion that D C R is a bounded Lipschitz domain. However, since D is assumed convex,
we are able to embed W in (fractional) Sobolev spaces. This is made precise in the
following Lemma, which is in required for the finite element error analysis in Sect. 4.2.

lu(w)llwr <

Lemma 3.5 LetDbe convex, W' := [V, W], o forr € (0, 1)andlet W' :== W. Then,
it holds that W = W1 — H2(D). Moreover, W — H'0(D) for any ry € (0, r).

Proof By convexity of D, we have that ||[v|| z2(py < Cpllv[lw holds for all v € W,
where Cp only depends on the diameter of D, see, e.g., [16, Theorem 3.2.1.2]. Thus,
W < H%(D) NV follows.

For the case r € (0, 1), we recall that there is Cy > 0, such that [[v] g1 p)
Cyllvlly holds forall v € V by Poincaré’s inequality. Moreover, we have [|w| g2 (p)
Cpllw|w forany w € W,and hence W C H?*NV from the first part. Forv € V C H'!
this yields

IATA

r

||U||[Hl(D),HZ(D)]hC>O =supz inf2{||v - w||H1(D) + Z||w||H2(D)}
>

0 weH
<supz " inf {[[v—wlgip) + zlwl g2y}
750 weW

<supz " inf {Cyllv—wlv + Cpzlwlw}
7>0 weW

<max(Cy, Cp)llv|lwr.

@ Springer



1594 Stochastics and Partial Differential Equations: Analysis and Computations (2024) 12:1574-1627

Hence, W' — [H 1(D), H 2(D)],,Oo. The claim now follows since for any ¢ €
(0, 1 + r) there holds

[H' (D), H* (D), 00 = [H'™5(D), H' (D)1,  — H'7" (D),

1
7

see [3, Section 7.32]. O

3.2 Besov random tree priors as log-diffusion coefficient

To formulate Problem (26) with a Besov random tree coefficient, we assume that
D C T¢. We follow [26, Section 2] and define, for given w € €2, the random element
br(w) : D — Rasthe restriction of a periodic function in B;’f;,er to the domain D. The
restriction ¢|p of any ¢ € S'(RY) to D is in turn given by the element ¢|p € D'(D)
such that

D’(’D)(‘ph)v V)D(D) =g®Y) (o, U0>5(Rd)7 v e D),

where vy € D(R?) ¢ S(RY) denotes the zero-extension of any v € D(D).

Definition 3.6 Let D C T be a bounded, connected domain. Let b7 be given in
Definition 2.6 for p € [1,00), s > 0 and 8 = 2¥~¢ € [0, 1], and let prlP*" :
B p(’H‘d) — By (RY) denote the isomorphic extension operator from (11). Then
we define for any w € 2

br p(w) := (pr1’" br (»))|p,
and call br p a B; (D)-valued random variable.

Remark 3.7 In case that D = T¢, we may readily use the identification by p = br.
Note that br p is periodic in this case, in the sense that there exists an extension
prl?" by p € ByL" (RY). If D C T¢, however, by p is not (necessarily) periodic, but

merely the restriction of a periodic function from the torus T,

Remark 3.8 The same procedure could be applied for general bounded domains
D ¢ T¢, by extending Definition (2.6) from the torus T¢ to a sufficiently large (peri-
odic) domain [—L, L4 for L > 1. This would increase the index-set K ; of wavelet
coefficients by at most a constant factor on each dyadic scale j. However, all regu-
larity proofs from Sect.2 are carried out similar in this setting, with minor changes
to absolute constants. For instance, the admissible range of ¢ in Proposition 2.4 may
become smaller if L > 1, but the smoothness parameter ¢ € (0, s — %) is unaffected.

Therefore, assuming D € T¢ for the sake of brevity does not have any substantial
impact on the following results.

We consider Problem (26), resp. its weak formulation (27), with a(w) :=
exp (br(w)), where br is a B;—random variable with wavelet density 8. That is,
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we model the log-diffusion by a Besov random tree prior to incorporate fractal struc-
tures. With this preparation, we are able to derive well-posedness and regularity of the
corresponding pathwise weak solution.

Theorem 3.9 Let a := exp (bT,p) with by p given in Definition 3.6 for p € [1, 00),
s> 0and B =2 €0, 1], so that sp > d. Furthermore, let f € V'.

(1) Then, there exists almost surely a unique weak solution u(w) € V to (26) and
u: Q — V is strongly measurable.

(2) For sufficiently small k > 0 in (16), there are constants g € (1,00) and C > 0
such that

forqell,q)ifp=1, and
lullLa:vy < Cllfllv < 00 .
foranyq € [1,00) if p > 1.
(3) Letr € (0,5 — %) N, 1], f € Hand W" as in (32). For sufficiently small k > 0
in (16), there are constants q € (1, 00) and C > 0 such that

forq e[l,q)ifp=1and

u wry < C < 00
lullLawry < CIflla { foranyq € [1.00) if p > 1.

Proof 1.) As sp > d, Theorem 2.11 shows that by € C(Td) holds P-a.s. Moreover,
by :  — C(T%) is strongly measurable by Proposition 2.10, and thus in particu-
lar strongly A/B(L%°(T¢))-measurable, since B(C(T¢)) c B(L®(T?)). As br pin
Definition 3.6 is the restriction of ext?®” by to D C T¢, and a = exp o br p, it follows
that, a : @ — C(D), and a is strongly A/B(L*°(D))-measurable such that a_ > 0
holds P-a.s. Theorem 3.2 then guarantees the P-a.s. existence of a unique pathwise
weak solution u(w). Moreover, u :  — V is strongly measurable and Equation (27)
shows that

@)y < v

a_(w)

2.) To show the second part, we fix t € (0, s — %) and ¢ > 1 to see that
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We have used that exp(-) is strictly increasing for the second equality, and that by (x) is
acentered random variable such that by and —b7 are equal in distribution. This implies
in turn that a_ and ||a|| ;o (p) are equal in distribution, which we used in the second
inequality. The last estimate is due to ||br ”Loo(r]l-d) < |lbr|lor forany t > 0.For p =1,
we note that &, in the second part of Theorem 2.11 may be chosen as ¢, = (xC)~!,
where C > 0 is the constant in (25). Hence, for sufficiently small « > 0, we may set
q = €, > lintheclaim.Incase that p > 1, Young’s inequality shows thatforany g >
1 there is an arbitrary small ¢ > 0 and a constant C, = C.(p, q) € (0, co) such that

qlibrller < ellbrlly + Ce.

Thus, we have norestrictionson g € [1, 0o), which proves the second part of the claim.
3.) Let ||-|| denote the Euclidean norm on D. Observe that for any fixed r € (0, 1)
we obtain by Taylor expansion and since exp(-) is strictly increasing that

|exp(br,p(x)) — exp(br p(¥))|
lexpbrD)lerpy = sup b DT + llexp(br. o))
x,yeD, x#y llx — y”

IA

|br p(x) — by D(Y)|
| exp(br p)llL=(D) sup r Tr LA (34)
x,yeD, x#y llx — yll

< exp(lbr pll o) (I1br.Dllcrpy + 1) -
We obtain further for » = 1 that
Il exp(br D) llc1 ) < exp(llbr,pllLo (D)) (||bT,D||C1(5) + 1) : (35)

For any fixed r € (0, s — %) N (0, 1] Lemma 3.4 now shows that

_1 1 q
lulfy@.wry <CIE [a_q (1 ta_’ ||3Xp(bT,D)Hé,(5>> } IF1%

IA

- -1 1 N
CIE |:aq (1 +a_" exp(|br pllL>®) " (IIbT,DIICr@ + 1) ) } I£1%

_ _ _4 q a
<CE [a,"z‘f : (1+a: exp(lbr.pllzee) 277! (nbrﬁpng,@ﬁ))] 1£1%

2 q
<CE [exp<||bT,p||Loc<m>q+T? (ubT,Dn(;,@) + 1)] £ 1 (36)

where we have used (34), (35) in the second step, applied Jensen’s inequality twice in
the third step, and used again that by and —b7 are equal in distribution together with
exp([lbr pllLe(p)) = 1 to derive the third estimate. We may further assume without
loss of generality that ||br bl D) = 1 to obtain with (36) and Holder’s inequality

forgi,q2 > 1 suchthattqi1 +ql_2 =1

1

1
2q a 0497 gy
lull%. g ey < CE [exp (cn (q + 7) ||bT||cr)} E [nbrncc ] 119, GD
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bt ||cr for any » > 0. To bound the Holder-norm ||b7 ||cr in (37), we first consider

the case r < 1. Then, we recall from Sect. 2.1 that C" = C" with equivalent norms,

thus ||br|cr < Cllbr|ler. If r =1, then s — % > 1, and we use the same argument to

where we have also used that [|br,pllLep) < llbrlicr and that [[br pller ) =

derive the bound ||br||cr < ||br |lcr+e < Cllbr|lor+e forany e € (0,5 — 4 _ ).

For p = 1, Theorem 2.11 now shows again that for sufficiently small « > 0, there
are admissible choices ¢, g1, g2 € [1, 00), dependent on r, such that the right hand
side in (37) is finite. The proof is concluded by noting that ¢ € [1, 0o) may again be
arbitrary large in (37) if p > 1, independent of . O

4 Pathwise finite element approximation
4.1 Dimension truncation

To obtain a tractable approximation of b7 in (18), we truncate the wavelet series
expansion after N € N scales to obtain the truncated random tree Besov prior

bry@) = Y X, @y, e (38)

(Jj.k.Delr (@)
J=N

The corresponding diffusion problem in weak form with truncated coefficient for
fixed w € Qis to find uy (w) € V such that forallv € V

/DaN(w)VMN(a)) -Vudx =y, (f,v)v, 39)
where
ay : Q2 — L*(D), o> exp(br.y(w)|p). (40)

Existence, uniqueness, and regularity of u y follows analogously as for u in the previous
section.

Corollary4.1 Let N € N, ay = exp (bT,N|D) with br y be given as in (38) for
pell,o0),s>0andp =277 ¢€|0,1), sothat sp > d. Furthermore, let f € V.
Then the following holds.

1.) There exists almost surely a unique weak solution uy(w) € V to the truncated
Problem (39) and uy : Q — V is strongly measurable.

2.) For sufficiently small k > 0 in (16), there are constants ¢ € (1, 00) and C > 0
such that for any N € N

forqe[l,q)if p=1,and

u . < C r < X0
lunllLa:vy < Cllfllv ! foranyq € [1,00) if p > 1.
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3.) Letr € (0,s — %)O(O, 1land f € H. There are constants q € (1, 00) and C > 0
such that for any N € N

forq e[l,q)if p=1and
lunllza@wry = Cllflla < o0 .
forany g € [1,00) if p > 1.
Proof The result follows analogously to Theorems 2.11 and 3.9, upon observing that
||bT,N(a))||B(11 < ||bT(0))||BgI holds P-a.s. forany t > 0,q € [1,00],and N e N. 0O

The important observation from Corollary 4.1 is that the bounds are independent of
N, which is crucial when estimating the finite element discretization error of u y in the
next subsection. We bound the truncation errors @ — ay and v — uy in the remainder
of this section.

Proposition 4.2 Let a := exp (bT,D) with br p as given in Definition 3.6 with p €
(1,00),s >0,8= 2v=d ¢ [0, 1] and such thatsp > d+min(y, 0). Let by y and ay
be the approximations of by and a for given N € N as in (38) and (40), respectively.

1.) Foranyq > landt € (0,5 — % — W) there is a constant C > 0 such that
for every N € N it holds

_ d | min(y,0)
ts+p+7q )

N

lbr,p — b1 NIDll L9000 D)) = C2 (

2.) Moreover, forany g > 1, e > 0andt € (0,5 — % - %) thereisa C > 0
such that for every N € N it holds

N [_S+i+min(y+8,0)
lla — aN“Lq(Q;cf(ﬁ)) <C2 ( b K )

Proof 1.) Let g9 > ¢, to > % and r = fp — i, so that Bfl% < ('. For any fixed
N e N, we obtain with Holder’s inequality analogously to the proof of Theorem 2.11
the estimate

Ibr.p — b1 N DIl 9.0 D)) = 10T — b1 Nl La(o:0r)
1

<E(lIbr —brl®)"

<E(lbr — br NI,
BY

=
3=

L (41)
d

ad , A,y
Z 2J40(t0_%—3+5+%)

j=N+1

IA

')
_gady v i g dy v
AN =s+5+70) szqo(t s+5+55)

j=1
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Now lett < s — % and y € (0, d] in (41), and choose ggp = max (yN, 2y (s — % —

n~1, q) (for sufficiently large, given N) to obtain that

1

N(t—s—&-i)—&-l - jqo(z_H.i)l ©
”bT,D _bT,N|D||Lq(Q;Ct(§)) < 2 P Zz r)2

/= (42)

f ts+ szts+ 5

The final bound in (42) is independent of gp = qo(/N), which shows the first part of
the claim for y € (0,d]. For y € (—o0, 0], we use go = ¢ in (41) to obtain for any
t € (0, s—p V)that

-

l + + + +
||bT,D - bT,N|D||Lq(Q;ct(§)) =< 2 ’ Zzlq(t g )
< czN(H*Wf). @3)
2.) To prove the second part, we observe that for any ¢ € (0, s — % — w)

there holds

< e TN|D(ebTD brnlp _ 1)””(9 oDy

b p=br.NID

lla aN”Lq(Q :CH(D)) =

=

L TN = Hraq.c @)y

where the last equation follows by independence of by — b7 y and br n. The first
factor in this expression is bounded analogously to [|e?7? | L4(Q:C' (D)) by using the
estimates (34) (resp. (35)), Theorem 2.11 and Holder’s inequality

”ehT’Nb”Lq(Q;C’(ﬁ)) = ”ehT’Nb”Lqm(Q;LOO(ﬁ)) (”bT,N|D||Lt12q(Q;C’(5)) + 1) < o0,
(44)

where ¢q1, g2 > 1 are such that - + L = 1 and the bound holds uniformly in N.
In addition, Taylor expansion ylelgs

|ebr. D=1 NID)X) _ o(bT D=bT . NID)(Y))|

br p—b
|PTP T.NID _ 1”0(5) _ sup -
x,y€D, x#y llx — y”

+ ||ebT.D—bT.N|D — 1l oDy

b —-b — (b —-b
< PPNy sup |(br,p — br NID)(x) — (b1 D — b1 N |D)())]
x,y€D, x#y llx — y”r
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br.p—b
+ b1 2=PTNID o oy |lb7 D — br N DI Lo (D)

br p—b
< [|e?7 27PN Lo ) llbr D — b N Dl 01 )

From the proof of the second part of Theorem 3.9 it follows that [|e?7.2~b7.NID
| La(;L2(D)) < oo is bounded uniformly with respect to N for all ¢ > 1.

Holder’s inequality for py, po» > 1 such that % + ﬁ = 1 thus shows together with
the truncation error in (43) that

b br,p—b
la = anllpaqerpy < NP TP — D)y 0.0

b —b
< Clle" PPN g oo o IbT. D — b7 N 1D a0t D)

_ d |, min(y,0)
N(t—s+G+m0E)

<C2

The claim follows for any ¢ > 0 by choosing p> > 1 so small that min(y, 0) <
p2min(y + ¢, 0). O

Remark 4.3 We emphasize that all estimates in Proposition 4.2 are independent of
D C T, as all uniform error bounds are derived with respect to T¢. Proposition 4.2
shows in particular that for any ¢ > 1 and ¢ € (0,5 — ¢ — %"’0)) thereisa C > 0

p
such that for any N € N it holds
la — anllze@; Loy < C27M.

This estimate is essential to bound the truncation error # — uy of the approximated
elliptic problem in (39), see Theorem 4.4 below. In the borderline case p = 1 with
sufficiently small k > 0 and sp > d, we still recover the slightly weaker estimates

N(r—s+4 _
la —anllpqgq:.ct ) = C2 ( ’ p), la — anllpa@:zomy < C27N  (45)

for sufficiently small g > 1 (depending on ) and ¢t € (0, s — %), independently of y .
This may be seen from by letting p;y — 1 and pp — o0 in the last part of the proof
for Proposition 4.2.

Theorem 4.4 Let u be as in (26) with a = exp (bT,D) and let uy be as in (26) with
ay = exp (bT,N|D) given by (40). Furthermore, let br p be such that p € (1, 00),
s >0 8= 27”‘1_6 [0, 1], and sp > d > d + min(y, 0). Then, for any g > 1 and
te(0,s— % — %”’O)) there is a C > 0 such that for every N € N and it holds

lu — unllLa@v) < €27V
Proof For fixed w € 2 and N € N, we obtain by Proposition 3.3

u(w) —un(@)lly = %Ila(@ — an (@)L (D),
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where ay _(w) := essinfyepan(w, x). Taking expectations yields with Holder’s
inequality

—1 —1
lu —unllLa@;vy < I fllvllaZ Lo llay _lize@lla —anlizes @ L)),
(46)

where g1, g2, g3 > 1 are such that é = Z?:l % and || f |y’ < oo. As in the proof

of part 2.) in Theorem 3.2, we conclude for any ¢; € [1,00) and 7 € (0, s — %) with
Theorem 2.11 that

—
laZ llLa1 @ < llexp(lbr, DllLe@)lLa @) < llexp(llbr el L (@) < 0.

Similarly, it follows for all g; € [1, oo) that

—1
lay _llLe2@) < llexplibr nlle) Lz @) < llexp(lbrlie) e (@) < oo,

where we emphasize that the last bound is uniform with respect to N. Proposition 4.2

and Remark 4.3 show for g3 € [1,00) and ¢ € (0, s — % — %) that

la — anll Lo ;o) < C27V.
This, together with (46), shows the claim, as g3 > ¢ may be chosen arbitrary close to
q,and

-1 -1
la_ Lo @) + llay _llLa@ = € <00

holds for all g1, g2 € [1, 00) with C = C(q1, g2) > 0, and uniform with respect to
N. O

Remark 4.5 In view of Remark 4.3, we note that for p = 1 with sufficiently small
k > 0 and sp > d there holds the slightly weaker estimate

lu — unllzo@:vy < €27V

for sufficiently small g > 1 (depending on «) and t € (0,5 — %), independently

of y. This may also be seen by letting ¢, g2 — % and g3 — oo in the proof of

Theorem 4.4.

4.2 Finite element discretization

The solution uy : 2 — V to Problem (39) with truncated diffusion coefficient is still
not fully tractable, as it takes values in the infinite-dimensional Hilbert space V. Thus,
we consider Galerkin-finite element approximations of uy in a finite-dimensional
subspace of V. Corollary 4.1 provides the necessary regularity of uy, independent of
the truncation index N, therefore we fix N € N for the remainder of this section.
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We partition the convex, polytopal domain D < T9 d e {1,2,3} by
a sequence of simplices (intervals/triangles/tetrahedra) or parallelotopes (inter-
vals/parallelograms/parallelepipeds), denoted by (K )seg. The refinement parameter
h > 0 takes values in a countable index set $) C (0, co) and corresponds to the longest
edge of a simplex/parallelotope K € Kp. We impose the following assumptions on
(KCh)neg to obtain a sequence of “well-behaved” triangulations.

Assumption 4.6 The sequence (K),eg satisfies:

1. Admissibility: For each h € 9, KCj, consists of open, non-empty simplices/paral-
lelotopes K such that

e D= UKEIC;, K,

e K1 N Ky =0 foranytwo K, K> € K, such that K| # K5, and

e the intersection K| N K, for K| # K> is either empty, a common edge, a
common vertex, or (in space dimension d = 3) a common face of K| and K>.

2. Shape-regularity: Let pk in and pk o4 denote the radius of the largest in- and
circumscribed circle, respectively, for a given K € Kj,. There is a constant p > 0
such that

PK ,out
0 = sup sup < 00

heH KeKy, PK,in

Based on a given tesselation K, we define the space of piecewise (multi-)linear
finite elements

__J{v e V]v|rislinear for all K € Ky}, if /Cj, consists of simplices,
B {v € V| v|r is d-linear for all K € K},  if K consists of parallelotopes.

Clearly, V), C V is a finite-dimensional space and we define n;, := dim(Vy) € N.
This yields for fixed w € €2 the fully discrete problem to find uy (@) € V}, such that
forall v, € Vj,

/D (@) Vit 1 (@) - Vordx =y (f s on)v. 47)

Theorem 4.7 Let (ICp)pes be a sequence of triangulations satisfying Assumption 4.6,
and let uy and uy j, be the pathwise weak solutions to (39) and (47). Furthermore,
let N € N, ay be given as in (40) for p € [1,00) and s > 0, such that sp > d, and
with g =27~ € [0, 1].

For any f € H, sufficiently small k > 0 in (16) and any r € (0, s — 4y n (0, 11,
there are constants q € (1, 00) and C > 0 such that for any N € N and If € 9 there
holds

forq e[l,q)ifp=1,and

Uy —u vy < Ch"
lun Nollzo@iv) = foranyq € [1,00) if p > 1.
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Proof Werecallthatay _(w) := essinf,ep an —(w) > 0and obtain by Cea’s Lemma

lan ()|l Lo (D)

lun (@) — upn(@)ly <
an,—(w)

I flly inf Jlun(w) —vpllv.  (48)
v eV

Now first suppose that p > 1. Since f € H, it holds by Corollary 4.1 for any
g > 1thatuy € LI(Q2; W) forr € (0, s — %) N (0, 1]. For0 < s — % < 1, we have

re,s— %), and Lemma 3.5, shows uy € L7($2; H'T"0(D)) for any rq € (0, r).
It hence follows for ro € (0, r) that

inf [uy(w) —vally < Cllun (@)l gren pyh™- (49)
v eV

This is a standard result for first order Lagrangian FEM, see, e.g., [17, Theorems
8.62/8.69] or [9, Theorem 4.4.20]. The constant C > 0 in (49) depends on the shape-
regularity parameter p and on D, but is independent of u y and /. Combining (48) and
(49) shows with Holder’s inequality

1 -
lun (@) = un,n(@)a;vy < ClLflvllanlzsaq: Lo oplay, L@ lun |l Lse: g1+ oy ™

2
= C“aN ”L3q (Q;L%°(D)) ||MN ”L3q (Q;H1+'0 (D))hm

(50)

2
= C“aN ”L3‘7(Q;LD°(D)) ”MN |‘L3’1(Q;W’)hr0
< Ch™.

We have used that ay — and |lay| o (p) are equal in distribution for the second esti-
mate, and Lemma 3.5 in the third line. The last step follows for any g € [1, 00)
by Corollary 4.1 and Proposition 4.2 since p > 1. Moreover, as a further conse-
quence of Corollary 4.1 and Proposition 4.2, the constant C > 0 in the final estimate
in (50) bounded independently of N and h. Since 0 < s — % < 1, we may choose

ro<r<s-— % arbitrary close to s — %.

On the other hand, if s — % > 1l and r = 1, Lemma 3.5 implies that uy €
L4(S; H*>(D)). Estimates (49) and (50) then hold for ry = r = 1, which proves the
claim in case that p > 1.

For p = 1l and giveng > 1, we need to assume in addition that ¥ > 0 be sufficiently

small such that Corollary 4.1 and (45) in Remark 4.3 hold with g replaced 3¢. In this
case, the claim for p = 1 follows analogously as for p > 1. O

In the proof of Theorem 4.7, we obtain exponential moments of power 3¢ by
Holder’s inequality. For the case p = 1, we therefore need approximately that ¥ <
L (up to summation constants) to counter-balance this exponent and obtain ay €
3 (Up p

L39(Q; L°°(D)) and uy € L37(2; W).

Theorem 4.8 Let the assumptions of Theorem 4.7 hold. For any f € H, sufficiently
small k > 0in (16) and foranyr € (0, s — %) N (0, 1], there are constants q € (1, 00)
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and C > 0 such that for any N € N and h € $) there holds

lun — un allzogs ) < Ch forq ell,q)if p=1, and
’ T forany g € [1,00) if p > 1.

Proof The proof uses the well-known Aubin-Nitsche duality argument. Let ey  :=
uy — up , and consider for fixed w € €2 the dual problem to find ¢(w) € V such that
for all v € V it holds

/Dazv(w)Vw(w) -Vvdx =y, (en n(@), v)v. 61V

We need to investigate the regularity and integrability of ¢ as a first step. Lemma 3.4
shows that

C la(@)ler 0\ "
lo(@)llwr < (1+<M> )ueN,h(w)uH. (52)

a_(w) a_(w)

Letr € (0,5 — ;) be fixed. We integrate both sides of (52) and use Holder’s inequality
as in the third part of Theorem 3.9 (cf. Inequahty (37)) to obtain for gg > 1 and

qi,-..,q3 €[1,00) such that 1 = y°7_, L

1
2q0 ar
el fe . wry < CE [GXP ( (% + —) IIlelcr>]

, (53)
92490 772 1
E[Ilbrllcr’ } E [llew 971"

Note that we have again assumed that ||br pl| D) = 1 without loss of generality to
derive (53).

By Theorems 2.11, 4.7 and Proposition 4.2, we now conlude that the right hand
side in (53) is finite and bounded uniformly in N for any go > 1 if p > 1, as the
Holder conjugates ¢, . .., g3 € [1, 00) may be arbitrary large.

For p = 1, we further need that « > 0 in (16) is sufficiently small, so that £, >
gomax(q1(1+ %), qr_z) in Theorem 2.11 and that ¢ > gog3 in Theorem 4.7. Given that
« > 0is sufficiently small, there is forany p > lago > 1 suchthatp € L9(Q2; W").

For the next step, we combine Equations (39) and (47) to show the Galerkin orthog-
onality

/ an()Vey p(@) - Vopdx =0, v, € V. 54)
D

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations (2024) 12:1574-1627 1605

Let P, : V — V}, denote the V-orthogonal projection onto Vj,. Testing with v =
en.n(w) € V in (51) then shows together with vy, = Pye(w) in (54) that

lewn (@I = /D 4y (@) V(@) - Ve p(@)dx 55

< llan (@) l=D)llen n(@) v II(I = Pr)g(@)|lv.

Estimate (55) then yields for g € [1, oo) with Holder’s inequality

lennllLa:m < lanll 3 llennll 3q I = Poll 3 .
L2 (L%(D)) L2 (@) L2 (V)

First, suppose again that p > 1, where ¢ € L9°(Q2; W") holds for any gg > 1.
Proposition 4.2 and Theorem 4.7 yield

lennllLa.my < Ch (I — Pp)oll 3 ,
L7 (V)

where C > 0 is independent of N and A.
Lemma 3.5, ¢ € L9%(2; W), and (49) further show that

len.nllLa:my < CH™0, 1o € (0,r) U {lr]}. (56)

The claim follows as in Theorem 4.7, sincer = rog = lifs—% > l,andrg <r < s—%

may be arbitrary close to s — % otherwise.
For p = 1 and given ¢ > 1 on the other hand, we need to assume that « > 0
is sufficiently small so that ¢ € L%(Q2; W' (D)) for q9 = 374, and that (45) and

Theorem 4.7 hold with g replaced by 37" The claim then follows as for p > 1
from (4.2). O

Bounds on the overall approximation errors with respect to V and H now follow
as an immediate consequence of Theorems 4.4, 4.7, 4.8 and Remark 4.5.

Corollary 4.9 Let the assumptions of Theorem 4.7 hold, let f € H, lett € (0, s — %)
and assume givenr € (0,s — %) N (0, 1]. Then there holds:
1.) For p = 1 and sufficiently small k > 0 in (16), there are constants ¢ = q(k) €

(1, 00) and C > 0 such that for any q € [1,q), N € Nand h € ) there holds
lu —unnllze@vy < CQ™N +n"),
lu = un nllpa:m < CQ™N + 1.

2.) For p € (1,00) and any g € [1, 00) there is a constant C > 0 such that for any
N € Nand h € $ there holds

min(y,0)

N —
lu —unpllLav) < CQ2 ( T >+hr),

min(y,0)

lu —unpllLa:m < C(ZN(_H a ) + h?).
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5 Multilevel Monte Carlo estimation

We consider Monte Carlo estimation of E(W(«)) for a given functional W and u as
solution to (27) with Besov random tree coefficient a. We replace u by a tractable
approximation u y ; to evaluate W (uy ) ~ W(u) and bound the overall error consist-
ing of the pathwise discretization from Sect.4 and the statistical error of the Monte
Carlo approximation.

Assumption 5.1

1) Let6 € [0,1], let ¥ : H?(D) — R be Fréchet-differentiable on H? (D) and
denote by

v : H (D) — L(H(D); R) = (H (D))

the Fréchet-derivative of W. There are constants C > 0, p;, po > 0 such that for
allv € H?(D)

W@ < CA+ ). W' Ol zwemyr < CA+ 0I5 p)- (7)

2.) For g := 2max(p1, p2 + 1), there holds u € L7(R2; V).

3.) (Kn)neg is a collection of triangulations satisfying Assumption 4.6.

4.) Thereareconstantst > 0,r € (0, 1]and C > Osuchthatforg = 2 max(p1, p2+1)
andany N € Nand & € § it holds

lu —un pllLo@vy < CQT™N+ 1), u—unnlla@m < CQ™N +h™).

Remark 5.2 Assumption 5.1 is natural, and includes in particular bounded linear func-
tions W, where p; = 1 and p» = 0. Item 2.) follows by Theorem 3.9 and Item 4.)
by Corollary 4.9, with no further restrictions whenever p > 1. Only in case that
p = 1, k > 0 needs to be sufficiently small to ensure that all bounds hold for
g =2max(py, p2 +1) > 2.

5.1 Singlelevel Monte Carlo

We use Monte Carlo (MC) methods to approximate E(\W(u)) for a given functional
W. To this end, we first consider the standard MC estimator for (general) real-valued
random variables.

Definition 5.3 LetY :  — Rbearandom variableandlet (Y, € N)bea sequence
of i.i.d. copies of Y. For M € N we define Monte Carlo estimator Ey(Y) : Q@ — R
as

1 M
En(Y) =~ > oy (58)
i=1
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As we are not able to sample directly from the distribution of u, we rely on i.i.d.
copies (ug\',) n» 1 € N) of the pathwise approximation uy , from Sect.4. Thereby, in

addition to the statistical MC error of order O(M ~!/?), we introduce a sampling bias
that depends on N and A.

Theorem 5.4 Let M € N, let Ep(V(un.p)) be the MC estimator as in (58), and let
Assumption 5.1 hold. Then, there is a constant C > 0, such that for any M, N € N
and h € ) it holds

IEQU @) = En (¥ un i)l 2@y = € (M712 4270 4 p@=0r)

Proof We split the overall error via

IEY (@) — Ex (Y un i)z < 1BV @) = Ex(Y@)l2@
+IEM (W) — Em(Wun )2
=I1+11I.

To bound 7, we use independence of W (1)@ and W (1)) for i # j to see that

2

M
I’=E (IE(\I/(M)) - % Z \I/(u)(i)>

i=1

M M

= E(W())* — % S EWw)? + % > E(v@ww?)
i=1 ij=1

_ Var(W(w))

M

Assumption 5.1 further shows that

||‘IJ(M)||L2(Q) - Cl + [lull 1201 (Q; HY (D)) - Cl + llull 20 (V)

-1/2
VIV R M2 = M2 =CM,

where we have used that 0 < 1 and u € L1 (2; V).
To bound 71, we use Equation (57) and derive the pathwise estimate

1
|W(u) —W(unnl = ‘/O '+ z(unp — w)u —uy p)dz

1
< | I+ 2y = ) oyl = un o pydz
/0 L(H?(D);R) HY(D) (59)
o A [ | A e

= C (1 1oy + el ) Nt = el o
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By Assumption 5.1, there is a C > 0 such that for every N and every 0 < i < 1 it
holds

||’4N,h||L2<pz+1)(Q;H9(D)) = C||u||L2(02+])(Q;H9(’D)) = C||”||L2(Pz+])(52;v) < 00. (60)

Furthermore, as 6 € [0, 1], we have by the Gagliardo-Nirenberg interpolation inequal-
ity

llu — uN,h”LZ(szrl)(Q;Hé)(D)) <llu—uy h||L2(p2+l)(Q H)” uN,h”iz(sz)(Q;V)
<CQ@7N 4 pC-0ry, (61)
Thus, Holder’s inequality with conjugate exponents g; = 2 zpjl, q2 = p2 + 1 (and

q1 = 00, g2 = 1 for p» = 0) shows that

T < W) — W)l

< C(1+ ”u”L‘IﬂPZ(Q;H"’(’D)) + ||”N,h ||Ll112/72 (Q;HH(D)))”M - uN,h||L422(Q;H9(D))

(62)
= CU + llull 20040 @y it = un pll 202+ (@ o (D))
D @V 4 pe-om)
O
The error contributions in Theorem 5.4 are balanced by choosing
M ~ 22N o j=22-0)r (63)

With this choice, achieving the target accuracy ||E(W(u)) — Ep (Y (uy h))||L2(Q) =
O(e) requires sampling M = O(¢~?) high- ﬁdehty approximations uy , with N =

O(log(g) ) scales and mesh refinement 7 = O(g - 9>f) This is computationally chal-
1eng1ng in dimension d > 2 and for low-regularity problems, i.e., when ¢, r > 0 are
small. To alleviate the computational burden, we propose a multilevel Monte Carlo
extension of the estimator E ), in the next subsection.

5.2 Multilevel Monte Carlo

The multilevel Monte Carlo(MLMC) algorithm was invented by Heinrich [18] to
compute parametric integrals, then rediscovered and popularized by Giles [14, 15],
and has since then found various applications in uncertainty quantification and beyond.

To apply this methodology to our model problem we fix a maximum refinement
level L € N and consider a sequence of approximated solutions uy, j, with (N¢, h¢) €
Nx$Hforl e {1,...,L}. Weassumethat Ny < --- < Npandh; > --- > hp, so that
the error u — up, 5, decreases with respect to the level £. For notational convenience,
we define Wy := W(uy, p,) as the approximation of the quantity of interest W (u) on
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level £, and set W := 0. The basic idea of the MLMC method for estimating E(\W ())
is to exploit the telescopic expansion

L
E(W @) =~ E(VL) =EWL) — E(Yo) = ZE(‘I’z — VY1) (64)
=1

of the high-fidelity approximation Wy . On each level £, the correction E(W, — W,_1)
is estimated by (standard) MC estimator with M, samples. This yields the multilevel
Monte Carlo estimator

L
EY(WL) =" Em,(We — W), (65)
=1
with level-dependent numbers of samples My, ..., My € N. We assume that the
estimators Ey, (Wy — Wy_1) are jointly independent across the levels £ =1, ..., L.

Provided that Var(W, — W,_1) decays sufficiently fast in ¢, we choose M| >

- > M| such that the majority of samples are generated cheaply on low levels
£, while only a few expensive samples for large ¢ are necessary. This entails mas-
sive computational savings compared to a singlelevel Monte Carlo (SLMC) estimator
as in (58), that requires a large number of expensive samples on level L, and does
not exploit the level hierarchy whatsoever. The computational gain of the MLMC
method is precisely quantified under certain assumptions in Giles’ complexity the-
orem ([14, Theorem 3.1]). Given some ¢ > 0, Giles derives the optimal number of
refinement levels L and associated numbers of samples My, ..., M that guarantee
IE(W () —EL (W @) 12(e) < ¢.Thelatter requires exact knowledge of all constants
in Assumption 5.1, and, furthermore, exact knowledge of the cost for sampling one
instance of Wy. As this is not feasible a-priori, we choose a slightly different approach
to determine the MLMC parameters. We retain the optimal order of complexity as in
[14, Theorem 3.1].

Assumption 5.5 Let (Kj)neq be a sequence of triangulations satisfying Assump-
tion 4.6, and assume that iy € § for any £ € N. Furthermore, in view of the multilevel
convergence analysis, we assume that there are 0 < ¢, < ¢ < 1 and hp > 0 such
that

ciho < he <Tihy, €eN. (66)

One sample of Wy = W(up, n,) Withuy, p, € Vp, and ng := dim(Vy,,) = (’)(hzd) is
realized in O(n¢) work and memory.

Remark 5.6 Assumption 5.5 is natural and holds, for instance, with ¢, cxc &~ % if the
mesh Ky, is obtained from /Cp,,_, by bisection of the longest edge of each K € /Cj,_,.
We remark thatin general, it may be hard to achieve ¢~ = ¢, whichis why we imposed
an upper and lower bound in (66). Simulating W, requires O(ny) = O(h;d) floating
point operations per sample when using multilevel solvers for continuous piecewise
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linear or multi-linear elements. We also refer to Lemma B.2 in Appendix B.3, where
we show that the expected cost of sampling by 1 on the associated grid is of order
Oy if p < 1.

Theorem 5.7 Let Assumptions 5.1 and 5.5 hold. For t, r and 0 as in Assumption 5.1,
let e € (0, h(()z_e)r) and select the MLMC parameters in (65) for £ € {1, ..., L} as

202-0)r
Let log(¢) B log(ho)L M, = (<ﬂ) wel,
(2—0)rlog(c)  loglek) hi
Ny = [_wq_ 67)

log(2)¢t
For given L € N, choose the weights wy > 0 to determine M, such that Zle w[l <
Cy < 09, for sufficiently large, fixed Cy, > O independent of L.
Then, there is a C > 0, such that for any ¢ € (0, h(()zfe)r) it holds

IECY ) — EX (Y1)l 20y < Ce.
Proof We use the error splitting
IE(W @) — EX (W)l 120) < IE(W @) — E(YL) 129 + IE(WL) — EX(WL) ] 120)-
We obtain in the same fashion as for the term /7 in the proof of Theorem 5.4 that

IEW @) —EWD) 2@ < W) = VYun, n )l
< C(szNL + h?—@)i’) < Chiz—@)r’

where we have used 27V < h(Lz—e)r by (67) in the last step. To bound the second
term, we expand E(Wy) in a telescopic sum to obtain with (65)

IE(YL) — EF(wp)|?

@ IE(We — We1) = En, (W — e ll72q,

L
(=1
L
=Y M7= W70 g
=1
The first equality holds since the MC estimators Epy, (W1), ..., Ep, (W — Wp_1)
are jointly independent and unbiased in the sense that E(Wy — W,_1) = E(Epy, (V¢ —

W,_1)). The triangle inequality and the estimate (62) (from the proof of Theorem 5.4)
then further yield

L
IE(WL) = EX (WD) 2y <2 ) M, [u\w — W) 72 + W @) — w_lniz(m]

=1
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L
<C ZMZ_I [2—2t1w + h?<276)r 42Nt h?(_Zfe)r]
(=1
L
<c Z wz—1hi(279)r7
(=1

where we have used Assumption 5.5 and the choices for My and N, in (67) in the
last step. As Zle w[l < Cy < oo is bounded independently of L, we conclude
with (66), L as in (67), and 0 < ¢, < cx < 1 that

IE¥ @) — EX (W)l o) < ChY ™" < C(ekh) 0"

= log(cx)
log(@x) (17 , )(270)r
< Cebscpy K < Ce.

O
The computational advantages of the MLMC method are precisely quantified in the
next statement. Therein, the choice of w plays a key role and depends on the relation

of variance decay and cost of sampling on each level.

Theorem 5.8 Let Assumptions 5.1 and 5.5 hold, and let ¢ > 0. Given t,r and 6 and
e >0, set L, My and Ny as in Theorem 5.7 and choose the weight functions

ol if2Q2—0)r >d
we=1{L if2Q—-6r=d, Lefl,...,L},
g§C2(276)r7d)(L7(3)/2 ifZ(Z _ Q)r <d

where 1 > 0 is an arbitrary small constant. Then, the MLMC estimator satisfies
IE(W ) — EX(WL)ll 2y < Ce.
with computational cost Cyrpyc for € — 0 of order

O(™?) if22—-0)r >d
Cuime = 10 2log(e)®)  if2Q—60)r=d
OE T if202— 0)r < d.

Proof Since cx- € (0, 1), it holds in each scenario 21?:1 w[l < C for a constant
C > 0, and uniform with respect to L. Therefore, we conclude by Theorem 5.7 that

IE(W W) — E* (WLl 12(q) < Ce,
and it remains to derive the complexity in terms of €.
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Assumption 5.5 implies that 77, < hec\ ™" ho. We obtain with (67) that
MK — [‘C_IC(Z—L)2(2—0)V w€1 . (68)

Let Cy denote the work required to generate on sample of Wy. As hy > gf%ho, it holds
that

= O(dim(Vy,)) = O(h;?) < Cepe™ (69)

Since we generate M, independent W, — W,_; on each level (and also generate inde-
pendent samples across all levels), the overall cost of the MLMC estimator is with (68)
and (69) bounded by

L
Curmc =Y _ Mi(Co+Cp1)
(=1

L

—L)22—6 — —d(—1
<CY TP (g + 1Y)
(=1

L
¢
< CQEL2(279)r Z (QZK(27€)r7d> wy.
=1
Now first suppose that 2(2 — 8)r — d > 0. Since ¢ € (0, 1), the ratio test for sum

convergence shows that for any ¢ > 0 we obtain the uniform bound (with respect
L eN)

L
¢ ¢
Z <£’2C(2—9)r—d) wp < Z (gzlc(z—e)r—d) 2+ < oo
=1 £eN
On the other hand, if 2(2 — 8)r — d = 0, there holds with w, =
L
Z( 2Q2-0)r— d) wy — 12
=1
Finally, for 2(2 — 0)r — d < 0, it follows that there is a C > 0 such that

L L
¢
Z (glzc(z—e)r—d) wp = gILC(Z(z—e)r—d)/z 29%2(2_9”_{1)/2 <Ce L(2(2 0)r— d)

=1 =1
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Altogether, we obtain that there exists a constant C > 0 independent of L such that
e e if202 — 0)r > d,
Curme < C {2012 if22 — 0)r =d,

Q;ELZ(Z_O)rQé(Z(Z_Q)r_d) it2Q2 —0)r <d.

1
With L from (67) it follows that g,’e = 0@ hy 1) for ¢ — 0. This shows the
following asymptotics for the e-cost bounds as ¢ — 0

O(e™?) if22 —0)r > d,
Curmc(e) = 1 O(e2log(e)?) if22—0)r =d,
O T 22— 0)r < d.

m}

Remark 5.9 The asymptotic complexity bounds for ¢ — 0 are of the same magnitude
as in [14, Theorem 3.1] and [10, Theorem 1], but only require knowledge of the
parameters r, t and 6, and not on further absolute constants. From Theorem 5.4, the
SLMC estimator requires for given ¢ > 0 a total of M ~ &~2 samples with refinement

1 .
parameters satisfying 27V ~ h?=9" ~ ¢ Hence, h = O(¢@0) and, assuming
availability of a linear complexity solver such as multigrid, the computational cost

d
per sample is bounded asymptotically as O(dim(V},)) = O(h~?%) = O(¢~ @97). The
total cost of the SLMC estimator to achieve g-accuracy is therefore

Csime(e) = O™ ) > Cyrmc(e), ase — 0. (70)

Consequently, under the stated assumptions, MLMC-FEM achieves a considerable
reduction in (asymptotic) e-complexity, even in low-regularity regimes with 2(2 —
O)r <d.

Incasethat2(2—6)r > d, the assumption that Epy (W1), ..., Ep, (W —Wp 1) are
independent MC estimators is not required to derive the optimal complexity Cps 1y =
O(e72). Instead, setting w, = ¢2(11 is sufficient to compensate for the dependence
across discretiation levels. This could be exploited in a simulation to “recycle” samples
from coarser discretization levels in order to further increase efficiency. We refer, e.g.,
to the discussion in [7, Section 5.2].

6 Numerical experiments

We consider numerical experiments in the rectangular domain D := T? = (0, 1)2
and use the constant source function f = 1. For the spatial discretization we use
bilinear finite elements that may be efficiently computed by exploiting their tensor
product-structure, see Appendix B.2 for details. The initial mesh width is given by
hy = % and we use dyadic refinements with factor ¢ = ¢ = % to obtain a sequence
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Table 1 Parameters values for the random tree Besov priors in the numerical experiments

Parameter values s 4 K B t s — % MLMC complexity for 0 = 1
“smooth Gaussian” 2 2 1 % 1 1 0(8_2| log(¢) |2)
“rough Gaussian” % 2 1 % % % O™
8
“p-exponential” 2 % 1 % ?T % O™ 3)

of tesselations (Kj,, h = 27%hg, £ € N) that satisfies Assumption 4.6 for the MLMC
algorithm. We further use midpoint quadrature to assemble the stiffness matrix for each
realization of the diffusion coefficient. The resulting quadrature error does not domi-
nate the FE error convergence from Theorems 4.7 and 4.8, as we show in Lemma B.1
in the Appendix. For given N and a rectangular mesh K, we evaluate by n at the
midpoint of each K € K, as described in Appendix B.3.

We investigate different parameter regimes of varying smoothness for the diffusion
coefficient, the values and resulting pathwise approximation rates r and ¢ as in Corol-
lary 4.9 are collected in Table 1. In all experiments, we build the random field b7 resp.
br, N based on Daubechies wavelets with five vanishing moments (“DB (5)-wavelets”),
with smoothness ¢, ¢ € CU17T(R) (see [12, Section 7.1.2]). We consider the L2(D)-
norm of the gradient as quantity of interest (Qol), with associated functional given
by

1/2
v H' (D) — [0, 00), ur—)(/ |Vu|2dx) ,
D

so that Assumption 5.1 holds with 6 = 1.

Given 6, r and ¢, we prescribe target accuracies ¢ = 21§, Ee{5...,9 and
select, for given ¢ > 0, the MLMC parameters as in Theorem 5.7. The maximum
refinement level is denoted by L, and the corresponding estimators by EL¢ Wr,).
We sample nyp = 28 realizations of EL¢ (W1,) for every ¢. As reference solution,
We USE Nyef = 24 realizations of EZLref (\I/L,_ef) with parameters adjusted to achieve

Eref :=27" 1 We report for prescribed ¢ the realized empirical RMSE

nmr Nref 2\ 2
RMSE(e) = | — Y [ EX (W) (i) — D EMI (W, ) (o))
nML 7 Nyref =

All computations are realized using MATLAB on a workstation with two Intel Xeon
E5-2697 CPUs with 2.7 GHz, a total of 12 cores, and 256 Gigabyte RAM.

We start with the “smooth Gaussian” case from Table 1. A sample of the dif-
fusion coefficient and the associated bilinear FE approximation of u is given in
Fig.3, where we also plot the (average) CPU times against the realized RMSE. As
we see, the realized error is very close to the prescribed accuracy ¢, which cor-
responds to the error estimate from Theorem 5.7. Moreover, the empirical results
are in line with the work estimates from Theorem 5.8, as is seen in the right
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Fig.3 Sample of a Besov random tree prior/log-diffusion coefficient b7 (left) and the corresponding finite
element approximation of u (middle) for the “smooth Gaussian” case in Table 1. Coefficient and solution in
the figures have been sampled on a grid with 29 x 29 equidistant points, and wavelet series truncation was
after N = 9 scales. Fractal structures in the log-diffusion caused by the wavelet density § = % are clearly
visible in the left plot. The realized RMSE vs. computational complexity is depicted in the right plot, the
curve shows the predicted asymptotic behavior of O(s*2| log(e)lz), as indicated by the dashed line

[~=CPU time
- O(RMSE2|log(RMSE)[?)

102
realized RMSE

plot of Fig.3, since the computational complexity is (asymptotically) of order
O(e 2| log(e)*).

Next, we decrease the parameter s to obtain the “rough Gaussian” scenario from
Table 1. A sample of the diffusion coefficient and the associated bilinear FE approx-
imation of u is given in Fig.4. Compared to Fig. 3, we now see more detailed, sharp
features in the diffusion coefficient, due to the slower decay factor of the wavelet basis.
Average CPU times vs. realized RMSE are given in Fig.4. Again, the realized error
is of order O(e), and the computational times are asymptotically of order O(¢ %), as
expected from Theorem 5.8.

Finally, we investigate the ““p-exponential” scenario from Table 1, where we use a
heavier-tailed distribution of X 1]  and increase the wavelet density to 8 = %. We use
a standard Acceptance-Rejection algorithm to sample from the p-exponential density
for p = 1.6. A sample of the diffusion coefficient and the associated bilinear FE
approximation of u is given in Fig.5. We observe that the variance of coefficient
and solution is increased, compared to the previous two examples. This is indicated
by the larger bars of the confidence intervals in the right plot of Fig.5. The a-priori
accuracy has been scaled by a factor of three in this plot, for a better visual comparison
of realized and prescribed RMSE. Although absolute magnitude and variance of the
realized RMSE have increased, we still recover in line with Theorem 5.8 the asymptotic
error decay of order O(¢), together with CPU times of order 0(8_%).

Our experiments show that sharper features in the prior model are achieved by
decreasing either s or p. We emphasize that the asymptotic complexity depends on the
differential dimension s — < as indicated in Table 1,the latter essentially corresponds
to the parameter r in Theorem 5.7. Consequently, the effect of lowering p on the
overall regularity is more pronounced in as the physical dimension d increases.

7 Conclusions

We have developed a computational framework for the efficient discretization of linear,
elliptic PDEs with log-Besov random field coefficients which are modelled by a mul-
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Fig.4 Sample of a Besov random tree prior/log-diffusion coefficient b7 (left) and the corresponding finite
element approximation of u (middle) for the “rough Gaussian” case in Table 1 Coefficient and solution in
the figures have been sampled on a grid with 29 x 29 equidistant points, and wavelet series truncation was
after N = 9 scales. The diffusion coefficient exhibits sharper features, as compared to the smooth case
Fig.3. The realized RMSE vs. computational complexity is depicted in the right plot, the curve shows the
predicted asymptotic behavior of o™

—4=CPU time
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Fig.5 Sample of a Besov random tree prior/log-diffusion coefficient b7 (left) and the corresponding finite
element approximation of u (middle) for the “p-exponential” case in Table 1. Coefficient and solution in
the figures have been sampled on a grid with 29 x 20 equidistant points, and wavelet series truncation after
N = 9 scales. We still recover the predicted asymptotic error of order O(e) with computational work of

8
order O(e™ 3)

tiresolution in the physical domain whose coefficients are p-exponential with random
choices of active coefficients according to GW-trees. The corresponding pathwise dif-
fusion coefficients generally admit only rather low path regularity, thereby mandating
low order Finite Element discretizations in the physical domain. We established strong
pathwise solution regularity, and FE error bounds for the corresponding single-level
Monte Carlo-FEM algorithm. The corresponding error vs. work bounds for the multi-
level Monte Carlo algorithm follow then in the standard way. We emphasize again
that higher order sampling methods seem to be obstructed by the GW-tree structure
which has recently been identified in [23] as well-suited for modelling diffuse media
such as clouds, fog and aerosols. The presently proposed MLMC-FE error analysis
for Elliptic PDEs with (log-) Besov random tree coefficients will imply corresponding
complexity bounds in multilevel Markov Chain Monte Carlo sampling strategies for
Bayesian Inverse Problems on log-Besov random tree priors, as considered for exam-
ple in imaging applications in [4, 11, 19, 24]. Details on their analysis and computation
will be developed elsewhere.
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A Galton-Watson trees

We provide some basic concepts of discrete trees, give a formal definition of Galton-
Watson trees, and record a result on their extinction probabilities. The presentation
follows [1, Section 2], with modified notation where necessary.

A.1 Notation and basic definitions

LetU := Unzo N be the set of all finite sequences of positive integers, where o := ()

denotes the empty sequence, and we use the convention N° = {o}. For any n € U,
let |n| denote the length of n, with |g| := 0. For n,m € U, we denote by nm the
concatenation of two sequences, with the convention ng = on = nforalln € U.
There exists a partial order, called the genealogical order, on U: we say that m < n,
whenever there is a ng € U such that mny = n. We say that m is an ancestor of n
and write m < n if m < n and m # n. The set of all ancestors of n is denoted by
Ay ={meldm=<n} CU

Definition A.1 [1, Section 2.1] A tree t is a subset t C I/ that satisfies

e pct,

o Ifnet, then A, Ct,

e For any n € t, there exists £, (t) € Nog U {oo}, such that for everyn € N, nn € t
if, and only if, 1 < n < K, (t).

We denote the set of all trees by T. Let [t| € N U {oo} be the cardinality of the
tree t € To, and introduce the set of all finite trees by %o := {t € T||t| < 00}. The
set T is countable. The integer K, (t) represents the number of offsprings in t at the
node n. The set of all trees without infinite nodes is a subset T, and denoted by

Ti={te T| Rn(t) <ocoforallnet.} 71
For n € t, the sub-tree Gy (t) of t above node n is defined as:

Gn(t) := {m e Ul nm € t}. (72)
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We also need the restriction functions t, : ‘¥ — %, n € No which are given by
6 (t) = {net|n| <n} (73)

With these preparations, we are in position to define metric and associated Borel
o-algebraon ¥.

Definition A.2 [1, Section 2.1] Let
Sz Tx T —[0,1], (t,t) > 27 suplneNofm®=t ()} (74)

Furthermore, define the o -algebra

BX) =0 (U U t;‘(rn(t))> =0 (U Jtts=t.t) < 2—"}) . (75

teTneN te¥T neN

By [1, Lemma 2.1], (%, §) is a complete and separable metric space. The countable
set of all finite trees T is dense in X: for all t € ¥, we have t,(t) — tasn — oo in
(%, §). Further, d< is an ultra-metric (see [1, Section 2.1]), hence t;l (¢, (t)) is the set
of open (and closed) balls with center t and radius 27" [1, Section 2.1] with respect
to §. By separability, B(¥) coincides with the Borel o-algebra on %, that is generated
by all open sets on (%, §5). Given a probability space (2, A, P), we then call any
A/B(%)-measurable mapping T : Q — ¥ a T-valued random variable. This allows
us to formalize Galton-Watson trees:

Definition A.3 (Galton-Watson(GW) tree with offspring distribution P) A T-valued
random variable T has the branching property if, for any n € N, conditionally on
{ko(t) = n}, the sub-trees &((T), ..., &,(T) are independent and distributed as the
original tree 7.

Now let P be a probability distribution on Ny, i.e., a probability measure on
(Np, B(Np)). A T-valued random variable T is called a Galton-Watson(GW) tree
with offspring distribution P if T has the branching property and if £, (T") ~ P.

According to [1, Equation (12)], the distribution Qp of a GW tree T, restricted to
the set of finite trees, is given by

Qr(T =t) = [PRa(1), teTn, (76)

net
where the product on the right hand side is finite.
A.2 Random wavelet trees and extinction probabilities
Now we consider again the d-dimensional torus T¢ with wavelet basis ¥ as in (12). To

relate the nodes of a GW tree to the wavelet indicesin Zy = {j € Ng, k € K, | €
L}, we assume that 7" is a GW tree with offspring distribution P = Bin(24, B) for
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some B € [0, 1]. For a given realization T (w) and node n € T (w), we identify the
length of n with the corresponding wavelet scale via j := |n| € Ny. Further, since P
is binomial, there are at most 2% nodes n of length j in T (w). Each of these nodes
has j entries in {1, ..., 27}. We assign an integer to all n € T (w) with |n| = j via the
bijection

j
Tig (20 5129 e 14y 200 — ),

i=1

On the other hand, we assign for any {1, ..., 2/} anindex in K; = {0,...,2/ —1}¢
via

2L 2 - K, n*—>(max(n—zf("*”,O)modzi) o

i=1,...,

which yields a one-to-one mapping
Jaj 2% S KL nes (jg,,j ojj,,j) (). 77)

Thus, each n € T(w) corresponds to a unique pair of indices (j, k) via n
(In, Jfl‘lnl o 3(1“n| (n)). Collecting the pairs (j, k) for all nodes in T yields the random
active index set

I = | (|n|, 3 © Jb,ln‘(n)) C {j € No.k € Kj). (78)

nel (w)

Then, only wavelets with indices Zr (w) := {(j, k, | (j, k) € Ir(w), l € L;} C Tw
are “activated” in the series expansion of a sample of b7 in Definition 2.6.

Itis then of course of interest whether the GW tree T terminates after a finite number
of nodes, in which case J7 is finite, or if 7 has infinitely many nodes. In the latter case,
br exhibits fractal structures on T¢, in areas where the wavelet expansion has infinitely
many terms. Let the extinction event of a GW tree T be denoted by E(T) := {T € %p}.
The extinction probability of GW trees are quantified in the following result:

LemmaA.4 [], Corollary 2.5/Lemma 2.6] Let T : Q — X be GW tree with offspring
distribution P and let ¢ ~ P.

1. If P(0) = 0O, then Q7 (E(T)) = 0,

2. If P(0) € (0, 1) and P(0) + P(1) = 1, then Q7 (&(T)) = 1,

3. If P(0) € (0, 1), P(O) +P(1) < 1, and E(¢) < 1, then Qp (E(T)) =1,

4. If P(0) € (0,1), P(O) +P(1) < 1, and E(¢) > 1, then Qp(E(T)) = q € (0, 1).
Here q is the smallest root in [0, 1] of the equation E(q°) = q.

Lemma A.4 does not require a Binomial offspring distribution, but remains true for
arbitrary distributions P on No. Moreover, we conclude thata GW tree T with offspring
distribution P = Bin(2¢, B) generates finite wavelet expansions via J7 P-a.s. if and
only if B € [0,279].
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A.3 Parametrization of binomial GW trees

Recall that (%, d<) is polish, but not normed. The product parameter space RY x T
of the Besov random tree prior is thus not a Banach space, which is in turn a key
assumption for Bayesian inverse problems. However, it is possible to obtain suitable
parametrizations for GW trees with binomial offspring distribution, by exploiting the
connection to the continuous uniform distribution on (0, 1).

Let T be a GW tree with with offspring distribution P = Bin(2d, B) for g € [0, 1],
let Qy := [0, 11V, and denote by Py the univariate uniform distribution on (0, 1) with
density fy(u) = Lye,1)) (). We equip ¢ with the countable product-o -algebra
and product measure, given by

Ay =) B0, 1)), and Qy := (X)Pu. (79)

neN neN

respectively, consider the probability space (R, Ay, Qp), and a sequence U :=
(Ujk, j €N, k € K;) of ii.d. uniform random variables defined on (¢, Ay, Q).

Let j € N, and consider the wavelet index (j, k, /) € Zy. By (77), there is a unique
node n of length [n| = j associated to (j, k) for k € K; via (j, k) = (|n], 3421,|n\ o
35’ In| ) = (J, jfl,j o Jé’j (n)). Recall that A, is the set of ancestors of n and note that
foreachi < j — 1, there exists a unique ancestor m; € A, of n with length |m;| =i.
We further introduce the notation m; := n for convenience. By independence of the
elements in the sequence U we obtain that

QuneT)=Qymyy_1€T, Ujx <P
= QU(m\nlfl eT, Uj’jﬁ’joj(]j.j(n) <8

= . < .~ <
Qu(mp 2 €T, U]—l,ﬁii_loj}j’j_l(mw,l) =B U],Jdvjcﬁ}i_j(n) =B

=QW 32 o)y =P Ujz o3l o =P

J
1_[ ,PU(U"ij,i"j(li.i(mi) =P
i=1

B

Hence, we may parametrize T, i.e., the random index set Zr, by the equivalence

(U, kD) elr(@) < Ulﬂ,ziv]oﬂflj,l(ml)’ T U./'*lqj(zj,jq"jfli,jf](mifl)’ Uj~3z21.j°jz]i.j(") =h
(30)

for each (j, k,1) € Zg with j > 1. Equation (80) hence shows that the parameter-
to-prior map of a BY-random variable with wavelet density B as in (18) is given
by
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O.DN xRN » B, Ux X Y gXh v LGanezrwy. (8D
(j.k,)ely

In particular, the parametrization with respect to U € (0, 1)N is discontinuous,
obstructing higher-order quadrature methods in the parameter domain, such as Quasi-
Monte Carlo.

B Finite element approximation

This appendix collects details on the (standard) implementation of the pathwise FE
discretization from Sect. 4. In particular, we analyze the quadrature error arising during
matrix assembly, describe an assembly routine based on tensorization for bilinear finite
elements on T2, and comment on the efficient evaluation and sampling cost of ay .

B.1 Finite element quadrature error

Let 4 > O be the FE meshwidth and let {vy, ..., v,,} be a suitable basis of Vj,. As
UpN = Z:li | i;v; for a coefficient vector u, problem (47) is equivalent to the linear
system of equations

Au, =F. (82)
Forany i, j € {1, ..., ny}, the entries of A and F are given by
A= /DaN(w)Vvi -Vvjdx, and F; =y (f,v)v, (83)

and have in general to be evaluated by numerical quadrature. Thereby, we commit a
variational crime in the assembling of A and F. As a,, resp. a is of low regularity, we
have to make sure to choose an appropriate quadrature method, that does not spoil the
convergence rate of the finite element approximation. It turns out that the midpoint rule
is sufficient for (d-)linear elements, as we show in the remainder of this subsection.
We restrict ourselves to the quadrature error analysis for the stiffness matrix A for
brevity, the corresponding analysis for the load vector F is carried out analogously. We
denote for any simplex/parallelotope K € K, its midpoint or barycenter by x3 € K.
Furthermore, we define the piecewise constant approximation ay of a, given by

ay(w,x) =an(w,x¥), x €K, K € K.
As we consider piecewise (d-)linear finite elements, approximating A;; in (83) by

midpoint quadrature on each K is equivalent to solving the following discrete problem:
Find uy j,(w) € V}, such that for all v € V it holds

/DﬁN(w)VﬁN,h(w) ~Vupdx =y, (f, vn)v.
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There exists a.s. a unique solution uy , (w) and the quadrature error is bounded in the
following.

LemmaB.1 Let the assumptions of Theorem 4.7 hold. For any f € H, sufficiently
small k > 0in (16) and anyr € (0,s — 4) N (0, 1], there are constants g € (1, 00)
and C > 0 such that for any N € N and };7 € 9 there holds

lunn —unnllravy +h " llunp —un nllraay < Ch"

forqg ell,q)ifp=1, and
forany g € [1,00) if p > 1.

Furthermore, if s — % > 1, the statement holds forr = 1.

Proof There exists a.s. aunique solution# y 5 (w) and the distance to u x , (w) is readily
bounded with Proposition 3.3 by

IS llvr

an(@)an (@) lay (@) —an(@)lrom).  (84)

lun.p(@) —unp(@ly <
Theorems 2.11 and Proposition 4.2 show thatay € L34(Q; C'(D)) forallzt € (0, s—%)
and g > % For p > 1, we may again choose any g € [%, o0), for p = 1 we have

q € [%, q), where ¢ > 1 for sufficiently small « > 0. This yields for g € [1, g) with
Holder’s inequality

— 2 —
lun.n —unnllLa;v) < C||aN’_||L34/2(Q)||aN - aN||L3q(gz;L0<>(D))
2 in(r,1

< Cllan,~ 1173 lan |l 3o @iy A™ P

<Ch".

To prove the error with respect to H, we recall the duality argument from Theo-
rem 4.8: Let ey , := un, — un,, and consider for fixed w € €2 the dual problem to
find ¢(w) € V such that for all v € V it holds

[ ax@9g@) - Vudx =y, v @) vlv.
D
Analogously to the proof of Theorem 4.8, we derive the pathwise estimate

len.w @)1 < llan @)L= len.a@)lvIid — P)@@)llv.

Provided sufficiently integrability if p = 1, we find that ||uy » — Uy pllLa@; ) <
Ch*. O

Note that r in Lemma B.1 is identical to r in Theorems 4.7 and 4.8. Hence the quadra-
ture error does not dominate the finite element convergence rate. We further emphasize
that Lemma B.1 holds for arbitrary piecewise (multi-)linear elements, regardless if we
use simplices or parallelotopes to discretize D.
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B.2 Bilinear finite element discretization

We focus on the rectangular domain D = T = [0, 1]% in this subsection. It is
convenient to use a spatial discretization based on bilinear finite elements. Let therefore
h = 1/n for an € N and consider the nodes X; := ih,i € {0,...,n}. Then E; :=
{xo0,...,x,} C [0, 1] defines an equidistant mesh of T'. A rectangular tesselation
of Ky of T? is then given by the (n + 1)?2 grid points E% = {(x;, X1, 02 €
{0,...,n}} C T%. Let

|Xi — Al

qb,-(x)::max{o,l— }, xeR, iel0,...,n}

be the one-dimensional hat function basis at the nodes in Ej. Then, the space of
bilinear finite elements corresponding to E% resp. KCp, is given by

Vi, := spanp{¢;, ® ¢i,, i1,i2€{l,...,n—1}}.
The dyads in the tensor product basis coincide with the pointwise products

bi, ® iy (X) 1= @i, (x1)i, (x2), x € R

Note that dim(V}) = (n — 1)% due to the homogeneous Dirichlet boundary conditions.
Now leti,j € {l,...,(n — 1)2} be indices such that v; = ¢;; ® ¢;, € V), and
vj = ¢j, ®pj, € Vi The entries of the associated stiffness matrix A € R~D* =D
are given by

Ajj = /TZ an (@, )V ($i; ® ¢i))(x) - V(g ® ¢j,)(x)dx. (85)

We approximate the entries of A by midpoint quadrature on each square in XCj,, which
may be realized by replacing a in (85) by a suitable piecewise constant interpolation
at the midpoints as in Appendix 1. Let the midpoint of each square K = [X;;, X;;+1] X
[Xiy, Xiy+1] € Kp be givenby x¥ = x;’f’iz = (X}, +%, f,-z—i—%)foril, ire{0,...,n—
1} and define

ay(,x) :=ay(@,x];), x € [Xi,Xi+1] X [Xiy, Xip11].

i1,02

With indices i, j as above this yields

Aij = /Tz an @)V (i, @ ¢ir)(x) - V), ® ¢jp)(x)dx
~ /1;2 an(@)V(¢i, ® ¢iy)(x) - V(dj, ® ¢j,)(x)dx

Xij+1 [ Xig+1
=/, ’ an(@)V(gi, ® ¢i,)(x) - V(¢j; ® ¢j,)(x)dx

ip—1 Xip—1
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Xy Xiy

/ /

:ClN(CUsX;?_L,'Z_l) b ¢jdxr | Gidpdxa
Xip—1 Xip—1
f,‘ f,'

/ /

+ ¢l1¢]1dxl ¢i2¢j2dx2
le 1 xlz 1
/ / fiz

¢, ¢5dxt | didjdxz

Xiy—1

Xip+1

+an (v, xi,?,iz—l) ﬁ

X,’l

Xi

Yi]Jrl 2 ;L
+ [ pndpdx | ¢4, dx
X

Xip—1

Yi X12+1
Fan(@. 2 ) [ 8,8, dxi / Gbnds
X

Xip—1 in

Yi X12+1 ;L
+ ¢ll¢j1dx1 / ¢i2¢j2dx2
Xi

i

lefl in
)T[1+1 x12+]
+an (o, x7) ;) / ¢’11¢11dx1/ Gir @ j,dx2
Yil x,2
Xij+1 Xip+1 L,
[ pngnan [ 60
X,‘l x,-2
We define the matrices S and M via
1 .
fil ) ) Evl ] = ‘]19
Sivji =  ¢pdpdxi=\—73, h=h+1
Xji—
-1 0, else,
h L.
Eil Z’ 1 = .]17
M i = |  ¢idjdxi,=15 L=j+1
il 0, else.

’

n — 1}, and observe that

foriy, j1 € {1,

T Xij+1 . T Xij+1

Sil,jl = Sj|,i1 2/; ¢i1¢j1d'x1’ Mil,jl M]],l] :‘/; ¢il¢jld‘x1’
Xiy Xiy
This yields
Aij=an(,x;"_y ;) Siy, i Miy j, + My S0y, )

T
+aN((1) xll ir— 1)(Sl1 J1 12 2 + Mi] 7 Si2 12) (86)
+an(o, xil—l iz)(sil lelz 2 + 1\/Ill J1 12 jz)
T T
+ i1, JISlZ JZ)

+an(w, x” lz)(Sll J1 lz y2)

and we only obtain a contribution to A; ; if iy — jil, iz — j2| < 1. Hence, the
representation in (86) may be used for an efficiently assembly of A.
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B.3 Evaluation of ay

To assemble A via (86) it still remains to evaluate ay (w) = exp(by (w)) at the quadra-
ture points in E%, or, more generally, at the d-dimensional grid EZ = ®;i:1 g, C
[0, 1]9. We recall that

bry@= Y X @yl oeQ.
(k. Delr(w)

J=N

The tensor-product representation of 1//} i € L%(T?) given in (5) and (4) then shows

d
4
bra@x)= Y X5 (@27 Q) Vrwk i (X)

(J.k.Delr (@) i=1

J=N

d
dj
= Y X @27 [[¥iswranG), xeT
(J.k,DeZr(w) i=1
J=N

We define the vectors v/; ;1) = 2%¢j+w,k,,l(i)(f)|fes € R" and finally obtain

d
brv@. | ez = Y mXj@ ¥k € R
" (GkDeIr () i=1
J<N

Therefore, it is sufficient to evaluate the scaled and shifted functions v; x ;) on the
one-dimensional grid Ej,, the values of by, resp. ay, at the d-dimensional grid EZ are
then obtained by tensorization. Evaluating v/ ¢ ;i) eventually requires to approximate
the fractal functions ¢ and  at a discrete set of points. This is feasible to arbitrary
precision with the iterative Cascade algorithm, see, e.g., [12, Chapter 6.5]. Using
J € N iterations in the Cascade algorithm yields approximate values of ¢, ¥ at 27
dyadic grid points, which are then interpolated to obtain piece-wise linear or constant
approximation of continuous ¢ and v interpolation. The resulting error is of order
0Q 7%y if ¢,y € C*(R) witha € (0, 1]. Consequently, we use Jy := [%] on each
level in the MLMC algorithm to match the midpoint quadrature error in Lemma B.1.
The cost of sampling b7 x on a uniform, dyadic grid is quantified in the following.

LemmaB.2 Let hy =2~ “*V for ¢ € Ny, let B, := ®{_ &), C [0, 1] ford €N,
and let Cyample denote the random cost (in terms of work and memory required)
of sampling b y with respect to the grid Eze. Then, there is a constant C > 0,
independent of hy and N, such that

hy'(N+1) ifp=1,and

ECsame _C —
(Campe) = hy ifB e, 1).

Proof Given that v and ¢ are evaluated at the 2°T! e N grid points in &), ,» we need

41
to calculate 2¢ — 1 tensor products of scaled and translated vectors V; x, 1) € R,
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Recall from the MRA in Sect. 2.1.2 that tensorization yields 2/¢ one-periodic
wavelet functions 1//1  on each scale j € No. Moreover, the support of Wl ik has

diameter bounded by 2-4U+1=%) in T for fixed index (j, k, [) € Ty, where w € N
is a scaling factor that only depends on the choice of ¢ and .
Hence, the number of grid points lying in the support of 1#;, & 1s given by

|Supp(1/f§+w’k) N Ei@' S z_d(j+l_w)2d(l+1) — 2d(l—j+w)‘ (87)

Now we also fix a realization (T (w), X (w)) of the random tree T and the coefficients
X.If (j,k,1) € ZIr(w), we multiply the corresponding 2¢¢=/+*) grid points with
the coefficient X l ¢(@). Otherwise, if (j, k, 1) ¢ Zr(w), there is no contribution to
br () from th1s 1ndex

Summing over all non-zero contributions and grid points thus requires computa-
tional cost of

Coampre <2 3, 210 =2 3 Lgrnerren2’.

(j.kDelr () (J.kDely
J=N j<N

Since P = Bin(24, B), it readily follows that P((j, k,1) € L) = B7, which in
turn shows

N
]E(Csamp]e) =2 Z 24i (2d — l)ﬂjzd(l_j‘f‘w)

j=0
24wt (24 — ;YN + 1) if =1, and

=< dw+lnd _1y . )
L if g € (0,1).

O

Remark B.3 Lemma B.2 shows that for given 8 € (0, 1), the expected cost of sam-
pling by 7 is bounded by Ch[d uniformly with respect to N € N. Thus, the condition
that a sample of uy, 5, may be realized with (expected) work (’)(h;d) from Assump-
tion 5.5 is indeed justified. On the other hand, we note that C = C(d, 8) — 00 as
B — 1, resulting in a possibly large hidden constant within the asymptotic costs in
Theorem 5.8. However, if we choose the error balancing N o< |log(h,)| according
to (63), we still recover the only slightly worse complexity bound of O(hzd [log(he)])
per sample in the limit 8 = 1.
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