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Abstract

Positive recurrence of a d-dimensional diffusion with an additive Wiener process,
with switching and with one recurrent and one transient regimes and variable switching
intensities is established under suitable conditions. The approach is based on embedded
Markov chains.
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1 Introduction

Let us consider the process (X;, Z;) with a continuous component X and discrete one
Z described by the stochastic differential equation in R?

dX, = b(X;, Z)dt +dW,, t>0, Xo=x, Zo=z, (1

for the component X, while Z; is a continuous-time conditionally Markov process
given X on the state space S = {0, 1} with positive intensities of respective transitions
Mo1(x) =: Ao(x), &A10(x) =: A1(x); here the variable x signifies a certain (arbitrary
Borel measurable) dependence on the component X ; the trajectories of Z are assumed
to be cadlag; the probabilities of jumps for Z are conditionally independent given the
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trajectory of the component X (see the precise description in what follows). Denote

b(xso)zb—(x)v b(-xvl):b-‘r(x)v
o i=supro(x), Ag:i=infro(x), Ap:=supAi(x), A;:=infij(x).
X,z X,Z X,z X,z

It is assumed that
0<XigAr <AgVA < o0 2)

These conditions along with the boundedness of the function b in x suffice for the
process (X;, Z;) to be well-defined. A rigorous construction of the system (X, Z) of
this type may be given by the SDE system

dX; =b(X;, Z)dt +dW,;, t >0, Xo=x € RY,
dZ; = 1(Z; = 0)dn? — 1(Z, = Ddn!, Zo€{0,1}, (3)

where thi, i = 0,1, are two Poisson processes with intensities 1;(X;), i = 0,1,
respectively. More precisely,

T =Ty

where ﬁ,i,i = 0, 1, are, in turn, two standard Poisson processes with a constant
intensity one, independent of the Wiener process (W;) and of each other, and the time
changes

t
fs i) :=/ r(X)ds, i=0,1,
0

are applied to each of them, respectively.

By virtue of the assumption (2) the equation between the jumps only concerns the
diffusion part of the SDE (3), for which it is well-known since [13] that the equation
has a pathwise unique strong solution. The jump moments are stopping times with
respect to the filtration (F; = }}W’”O’”l , t > 0), and the position of the system after
any jump (X, Z;) is uniquely determined by the left limiting values (X;_, Z;_):

Xe = Xeo, Zy = 1(Z;_ =0).

After any such jump, the diffusion part of the SDE is solved starting from the position
X until the next jump, say, 7/, of the component Z, and the moment of this next
jump is determined by the trajectories of 7{,0 and (or) of n,l and by the intensity
Lz, (Xs), s < 7'. Since there might be only a finite numbers of jumps on any bounded
interval of time, then pathwise (and, hence, also weak) uniqueness follows on [0, 00).
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Therefore, the process (X, Z) exists and is markovian. Its (quasi-) generator has a
form

Lh(x,z) = %Axh(x, 2) +b(x,2)Vih(x,2) + 1 (x) (h(x,2) — h(x, 2)),

where 7 := 1(z = 0) (that is, Z is not a z, the other state from {0, 1}).
For any ¢ > 0 fixed let us define the function

v(s, x,z) = Es,x,zf(Xta Z:).

The vector-function v(s, x) = (v(s, x, 0), v(s, x, 1)) satisfies the system of PDEs

v (s, x,0) + Lov(s,x, 0) + Ao(x) (v(s,x, 1) —v(s,x,0) =0, v(,x,0) = f(x,0),
vg(s, x, 1)+ le(s, x, D)4+ A1(x) (v(s, x,0) —v(s,x, 1)) =0, v, x,1)=f(x,1),

where
;1 . .
Ll:EAX+(b(xvl)avx>v l=091~

Due to the results of [12, Theorem 5.5] (see also [7]), its solution is continuous in the
variable s for any bounded and continuous f. Hence, the process is Feller’s (that is,
Ey ;h(X;) is continuous in x and, of course, bounded for any & € Cp, and any ¢ > 0).
Since the process is Markov and cadlag, then it is also strong Markov according to the
well-known sufficient condition.

The SDE solution is assumed ergodic under the regime Z = 0 and transient under
Z = 1. We are looking for sufficient conditions for positive recurrence of the strong
Markov process (X, Z;). Such a problem was considered in [2] for the exponentially
recurrent case; for other references see [1, 5, 8, 11], and the references therein. Under
weak ergodic and transient conditions the setting was earlier investigated in [15]
for the case of the constant intensities 1o, A1 (i.e., not depending on x). In [9] and
[10] other interesting results about the transience and recurrence for diffusions with
switching were established; in particular, examples were given of conditions under
which the solutions of the SDEs on the half line with reflection with two transient
“pure” regimes are recurrent, and, vice versa, where the solutions of the SDEs with two
recurrent “pure” regimes are transient. Here we tackle the case of a combination of one
transient and one recurrent regime. In the case of [15] the lengths of intervals between
successive jumps of the discrete component were all independent and independent of
the Wiener process. In the general case under the consideration in the present paper
they are not independent of W via the component X, and, hence, not independent
of each other. This difficulty will be overcome with the help of certain comparison
arguments.

The paper consists of the sections: Introduction, Main result, Auxiliaries, and Proof
of main result.
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2 Main result

Theorem 1 Let the drift b = (b, b_) be bounded and Borel measurable, and let there
existr—,ry+, M > 0 such that

0<AigAr <AgVA <00, 4)

xb_(x) < —r_, xby(x) <+ry, Vix|>M, (@)
and

2r->d & AQ2r— —d) > rQry +d). 6)

Then the process (X, Z) is positive recurrent;, moreover, there exists C > 0 such that
for all My large enough and all x € R? and for z =0, 1

E. .ty < C(2+ 1), (7

where
Ty, i=1nf(t > 0 | X;| < My).

Remark 1 On the basis of the theorem 1 it may be proved that the process (X;, Z;)
has a unique invariant measure (see [4, Sect. 4.4]), and for each nonrandom initial
condition x, z there is a convergence to this measure in total variation when ¢ — oo.
We leave a rigorous presentation of this claim till next publications for a wider class
of models.

3 Auxiliaries

Denote [|b]| = sup, , [b(x, 2)|. Let My > M (the value M; will be specified later).
Let

To:=inf(t >0: Z, =0),
and
0<To<Ti <Th<...,
where T,, for each n > 1 is defined by induction as
T, =inf(t > T,—1: Z7, — Z7,— #0).
Let

t:=inf(7, > 0: |X7,| < My).
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To prove the theorem it suffices to evaluate from above the value E, .t because
v, < T.Lete > 0,9 < 1 be positive values satisfying the equality

rQry+d+e) =qr2r- —d —e) 8)

(see (6)). In the proof of the theorem it suffices to assume |x| > M.

Lemma 1 Under the assumptions of the theorem for any § > 0 there exists M| such
that

T
max | sup Ex,z(/ 1( inf |Xs|§M)dt|Z0:O),
|x|>M; 0 O=s=t

Ty
sup EX,Z(/ 1( inf |XS|§M)dt|ZO=1) < 4. O]
|x|>M; 0 O<s<t

Let us denote by X f, i = 0, 1 the solutions of the equations
dXi =b(X!, i)ydt +dW,, t>0, X|=nx. (10)
Proofoflemma 1 Let Zy = 0; then Ty = 0. We have,
ProX: =X, 0<t<T)=1,

due to the uniqueness of solutions of the SDEs (1) (or (3)) and (10) and because of the
property of stochastic integrals [6, Theorem 2.8.2] to coincide almost surely (a.s.) on
the set where the integrands are equal. Therefore, we estimate for any |x| > M with
z=0:

T T
E,.. (/ 1(inf |X,| < M)dt|Zo = o) :Em/ 1(inf X0 < M)dr
0 0<s<t 0 0<s<t

9] o0
=Ex.z/ 1(t < T1)1( inf |X§)|SM)dl=/ Ey 1(t < T1)1( inf |X?|§M)dt
0 O<s<t 0 O<s<t

o]

10
V’°=>°/ Ey.1(t < T)1( inf |X°| < M)dt+/ E,.1(t < T)1( inf |X°| < M)dt
0 O<s<t O<s<t

1o
o0

fo
5[ E, . 1( inf |X9) SM)dtJr/ E..1(r < Ty)dt
0 O<s<t

1o
o0
< 1oP, . ( inf X% < M)+ / exp(—hot)dt.
0<s<ty 0
Let us fix some 7y, so that

to > —Ap " In(2y8/2).
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Then
o0
/ e 20sds < §/2.
0]

Now, with this 7y already fixed, by virtue of the boundedness of b there exists M| > M
such that for any |x| > M we get

0P ( inf X0 < M) <s/2.
0<s<tgy
Similarly, the bound for the second term in (9) follows if we replace the process X 0
by X! and the intensity Ao by A;. O

Lemma 2 If M is large enough, then under the assumptions of the theorem for any
|x| > My foranyk =0, 1, ...

Exe(XFy n01Z0 = 0, Fry) < B o (XFy 1 Z0 = 0, Fry)
— 1t > )E(Tok+1 AT — Tk AT1Zo =0, Frpyp ) ((2r— — d) —€) (11)
< Ev: (X3 001Z0 =0, Fry) — 1t > Ty ' (2r— —d) — €), (12)

]EX,Z(X%zk+2Af|ZO = 1’ ‘FTZIH—I) = Exﬁz(X%2k+1AT|ZO = 1’ fT2k+l)
+ 1(t > Dok DETop2 AT — o1 ATlZo = 1, Fry  )(Qr— +d) +€) (13)
< Eee(X nelZ0 = L Py ) + 10 > TuaDA (@re +d) 400, (14)

Corollary 1 If My is large enough, then under the assumptions of the theorem for any
x| > My foranyk =0,1, ...

2 2
EX’OXT2k+1/\T o EX»OXTzk/\T
< —=Eyol(t > To)Ex 0(Tok+1 AT — Tox AT|Fy)((2r— — d) —€)

= —Eyo0(Tus1 AT —Tox AT ((2r— —d) —€)
~Eol(t > T)hg (2 —d) —e),

IA

and

2 2
]EX’IXBHMT B Ex,lXTzkH/\T
SEu1l(t > Tk 1) Tk AT — Top1 AT)(Q2r— +d) +€)
=Ey1(Top2 AT — Topp1 AT)(Q2r— +d) +€)

<Eeil(t > Tug)dy (Qry +d) + ).
Proof of lemma 2 1. Recall that Ty = 0 under the condition Zy = 0. We have,
Djy1 =inf(t > Tog : Z; = 1).
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In other words, the moment 74| may be treated as “7 after 75;”. Under Zg = O the
process X; coincides with X ? until the moment 7. Hence, we have on ¢ € [0, T1] by
1t6’s formula

dX7 = 2X,dW, = 2X,;b_(X,) +d)dt < (—2r_ +d)dt,

on the set (|X;| > M) due to the assumptions (5). Further, since 1(|X;| > M) =
1 —1(]X;| < M), we obtain

T AT
/ 2X:b_(X;)dt
0

Tint TiAT
=/ 2X:b_(X)1(|X,| > M)dt -i-/ 2X:b_(X)1(|X,| < M)dt
0 0

IA

TiNT TiNT
—2r_f 1(X,| > M)dt +/ 2MIBIL(X,| < M)dt
0 0

T AT TiAT
- —2r,/ 1dt +/ QMIb|| +2r ) 1(1X,| < M)dt
0 0

IA

TinT TiAT
—2r_/ 1dt + M| b|| +2r_)/ 1(1X,| < M)dt.
0 0

Thus, always for |x| > My,

T AT
E, . / 2X,b_(X,)dt
0

TinT

T AT
< —2r_Ex,Z/ 1dt + QM |b| + 2r_)Ex,Z/ 1(X;| < M)dt
0 0

Ti AT

TiAT
_ —2r_E/ 1dt + QM|b|| + 2r_)1Em/ 1(X,] < M)dt
0 0

IA

TiAT T
—2r,E/ 1dt + QM |b]| +2r,)Ex,Z/ 1(X,| < M)dt
0 0

IA

TiAT
—2r_E/ 1dt + @M ||| + 2r_)s.
0

For a fixed € > 0 let us choose § = Xale/(ZMHbH + 2r_). Then, since |x| > M;
implies 71 A T = T7 on (Zp = 0), and since

Aol < By ol < g, (15)
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we get with z =0

T AT

T .
E, . X2 —x%<—(Qr_ —d)Em/ dt +7, '€
0

— A5 4
=—Qr —d)By . Ti+ 3y € < —hy (2r_ —d) —e).

Substituting here x by X7,, and writing E, . (:|Fr, ) instead of Ey . (-), and multiplying
by 1(t > T»t), we obtain the bounds (11) and (12), as required.
Note that the bound (15) follows straightforwardly from

o0

o0
ExoT; = / Py o(T) = 1)dt = / Ey oPeo(T) = | FX )i
0 0
o0 t o0 t
:]Ex,O/ exp(—/ AO(X?)ds)dt 5/ exp(—/ Aods)dt
0 0 0 0

o0
= f exp(—thg)dt = Ay,
0

and similarly

[o¢] t
By 0T = / E.0exp (— / AO(X?)ds> dt
0 0

00 r_ 00 _ .
z/ exp(—/ Aods)dt :/ exp(—tio)dt =Xy .
0 0 0

2. The condition Zp = 1 implies the inequality 7y > 0. We have,
Dogt2 = inf(t > Tog41 2 Z, = 0).

In other words, the moment T>;4> may be treated as “Tp after Tox+1”. Under the
condition Zy = 1 the process X; coincides with X tl until the moment Ty. Hence, we
have on [0, Tp] by 1t6’s formula

dX? —2X,;dW, = 2X,b,(X,)dt +dt < 2ry + d)dt,
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on the set (|X;| > M) due to the assumptions (5). Further, since 1(|X;| > M) =
1—-1(X;| < M), we obtain

Tont
f 2X:bi(Xy)dt
0
Tont ToAT
- / 2X,by (X)1(1X,| > M)dt + / 2X,b4 (X)1(1X,] < M)dt
0 0
Tont Tont
< 2r+/ 10X, | > M)dt+/ IMIBII(X| < M)di
0 0

Tont T AT
= 2r+f 1d1 +/ QMb — 2r)1(X:| < M)dt
0 0

Tont Tont
< 2r+f 1dt+2M||b||/ 1(1X:| < M)dt.
0 0

Thus, for |x| > M, and with z = 1 we have,
Tont
Ex,z/ 2th+(Xt)dt
0

<2riEy . /
0

Tont TinT
- 2r+1Ex,Zf 1dr + 2M||b||Ex,zf 1(X,| < M)dt
0 0

ToAT

ToAT
1dt + 2M||b||Ex,Z/ 1(1X:| < M)dt
0
ToAT To
<2r,E,, / 1dt + 2M|bE, . / 1(X:| < M)dr
0 0

Tont
< 2r+Ex,Z/ 1dt +2M b5
0

For a fixed ¢ > 0 let us choose § = Al_le/(ZMHbH). Then, since |x| > M; implies
To At = Ty on the set (Zy = 1), we get (recall that z = 1)

To
Ev X7 0p — X7 < Qry + d)Ex,zf dt + 1 e
0

= Qry + B To+ A1 e < A7 (Qre +d) +6).

Substituting here X7, ,, instead of x and writing E, ,(-|Fr,,,) instead of E, .(-),
and multiplying by 1(tr > T»r41), we obtain the bounds (13) and (14), as required.
Lemma 2 is proved. O

Proof of corollary 1 is straightforward by taking expectations.
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Lemma 3 If My is large enough, then under the assumptions of the theorem for any
k=0,1,...

EX’Z(X%2k+2A‘[|ZO =0, ‘7:T2k+l) = Exﬁz(x%zk_'_l/\‘[lzo =0, ‘7:T2k+l)
H1(T > Top4 DEx,: (Tog42 AT = Top1 ATlZo = 0, Frpp  N(Cry + 1) +6))
(16)
< Bae(XFy 120 = 0, Fry ) + 1T > Toy DA (Q2rs + 1) + €), (17)

and

Exo(Xy el Z0 = 1, Fry) < Ba s (X7, 00120 = 1. Fry)
+1(t > To)Ey ;(Toky1 AT — Top AT|Zo =0, Fpyp)) (18)

—1
< Ex,z(X%"zkAt|ZO =1, Fr) — 1t > Tary (2r—-—1)—€). (19)

Corollary 2 If M| is large enough, then under the assumptions of the theorem for any
k=0,1,...

2 2
EstXT2k+2AT - EstXT2k+1AT

<Eyol(t > Tokg1) Tohs2 AT — Topg1 AT)(QRry +1) +€)
=Eyo0(Ton2 AT =Tkt AT(Q2ry +1) +¢€)
< Eeol(t > Toug)A] (Qry + 1) +6),

and

2 2
EX’IXT2k+l/\T _EXJXTzk/\T
< Eu11(m > Do) (Tog+1 AT — Tok A T)
—1
< —Ex11(r > Topry (2r— —1) —€)).
Proof oflemma 3 Let Zy = 0; recall that it implies Ty = 0. If T < Thk1, then (16)

is trivial. Let T > T¢1. We will substitute x instead of X7, for a while, and will be
using the solution X! of the equation

dX} =b(X!, dt+dW,, t>T, Xp =Xr.

For M large enough, since |x| A |X7,| > M; implies 7> < 7, and due to the assump-
tions (5) the double bound

1(X7,| > M) Exy 1 X300 — XF00)

< 1(X7| > M) Exy (T — T(Qry +d) +€))
< +1(1X7,| > M) Gy H(Qry +d) +€))
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is guaranteed in the same way as the bounds (13) and (14) in the previous lemma. In
particular, it follows that for |x| > M

Exr 1 XFyne = Xiag) < V(X7 | > M) Exy 1(Ta AT = Ti AT(2r 4 +d) +€))
= +1(IX7,| > M)A @y + d) + €)),

since |X7,| < M; implies ¢ < T} and IEXTI,]XZ - X2 = 0. So, on the set

. ThAT TinT
|x| > M| we have with z =0

Ex,z(EXTI,IX%z/\r - X%l/\r)
< Ec 11X | > M) (Exy 1 (Ta AT =Ty AT)(2ry +d) +€)

< Ex:10X7 | > MGy (@ + D +€) < A7 (@ry +d) + o).
Now substituting back X7, in place of x and multiplying by 1(z > T>x41), we obtain
the inequalities (16) and (17), as required.

For Zp = 1 we have Ty > 0, and the bounds (18) and (19) follow in a similar way.
Lemma 3 is proved. O

Proof of corollary 2 is straightforward by taking expectations. O

Lemma 4 Under the assumptions of the theorem for any k =0, 1, ...

1t > Tor )Exq,, 1 (T2 AT = Topg1 AT) Z 1T > Ty DAy
and

1t > To)Bxy, o(Takpt AT — Tk AT) < 1(T > Ty,
Proof oflemma 4 On the set t > T4 we have,
Expy, 1 (T2 AT = Topt AT) =Expp 1(Taksr — Taesn) € A7 47D

Similarly, on the set T > Ty

Expy, 0Tkt AT =T AT) =Exy o(Tourn — o) € [0, 2571,
Onthesets T < Tox41 and T < Ty, respectively, both sides of the required inequalities
equal zero. Lemma 4 follows. O
4 Proof of theorem 1

Consider the case Zy = 0 where Ty = 0. Since the identity

n—1

tAT =1 ATo+ Y (T AT) = (T AT))

m=0
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we have,

n—1
Ex:(t ATy =Ey ;T ATo+Ey; Z((Tm+l AT) = (Tn A T)).

m=0
Due to the convergence 7;, 1 0o, we get by the monotone convergence theorem
o0
Ey .t =Ey Tt ATo+ Z Ey,: (Tn+1 AT) = (T A T))

m=0

o
=Bt ATo+ Y B o(Tagt AT) — (T AT))
k=0

+ Y Ee (T AT) = (Topg1 AT). (20)
k=0

By virtue of the corollary 1, we have

Er (Tt AT =T AT) = (- —d) =7 (B Xy ne = BrecXiyne)

Tokt1/nT Ty AT

Therefore,

2 2
IE)CyoxszJrz/\f —-4X

m
<(@ry+d)+6)Y Eo(Tura AT — Touq1 AT)
k=0

m
—(@r-—d)— €)Y By o(Toar1 AT— T AT)
k=0

=Y (—(@r- —d) =BTt AT =Tk AT) 7
k=0

+(@ry +d) + OBy 0(Togi2 AT — Top1 AT)) .

By virtue of Fatou’s lemma we get

m

X = (2r-—d) =€) Y (Bao(Tor1 AT —Tok AT)
k=0
m

—(@ry+d)+ €)Y By o(Tora AT — Topg1 AT). (1)
k=0
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Note that 1(t > Tor41) < I(t > Ta). So, Pro(r > Toky1) < Pro(r > Top).
Hence,

MEx0(Tokg1 AT =T AT) — AEr 0(Tok2 AT — Topy1 AT)
= 20Bx,0(Tok1 AT — Tox ATI(T > Tap)
= MEx 0(Tok+2 AT — Top41 A T)I(T = Tok41)
= *oEy0l(t > D) Exy, (Tok41 AT — Tk A T)
— A Exol(® > Ty DExyp, (T2 AT = Torg1 AT)

_ —1 _
> 70 01(t > Ty — MErol (T > Ty DA}
=E;ol(t > Tor) — Ex0l(r > Taxy1) = 0.

Thus,

AQ
Exo(Tokg2 AT —Topp1 A T) < )L_]Ex,O(T2k+1 ANT =T AT).
Ay

Therefore, we estimate
m
(@ri+d)+€) Y Ero(Taa AT — Topp1 AT)
k=0

7o
< (@ry+d) +0)5= ) Eeo(Tort AT—Tok AT)

m
=q(@r-—d)— €)Y By o(Tur1 AT =Ty AT).
k=0

So, (21) implies that
m
> (o —d) =€)y (Bro(Tas1 AT — T AT)
k=0

m
—(Qry+d)+e) ZEX,O(T2k+2 AT =Tyt AT)
k=0

v

(A=) (@r-—d) =€) Y (Bro(Tarp1 AT — Tk AT)
k=0

1—g¢q “
— (@ —d) =€) ) (B p(Top1 AT =T AT)

k=0

v

1 _ m
+ =L@+ d) + )Y Ero(Tusa AT — Togr AT
2q k=0
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1 —
Denoting ¢ := min < T (ry +d) + o), Tq (2r_ —d) — e)), we conclude

2q
that
2m
x? > CZEX’O(T](+] AT =Ty A T).
k=0

So, as m 1 oo, by the monotone convergence theorem we get the inequality

oo
Z]EX,O(Tk+l AT —TiAT) < 52
k=0

Due to (20), it implies that

Ey 0t <c 'x2, (22)

as required. Recall that this bound is established for |x| > M, while in the case of
|x] < M the left hand side in this inequality is just zero.

In the case of Zp = 1 (and, hence, Ty > 0), we have to add the value E, . Tp satisfying
the bound Ex 1Ty < Al_l to the right hand side of (22), which leads to the bound (7),
as required. Theorem 1 is proved. O

Remark 2 The results of the paper may be extended to the equation

dX; =b(X;, Z)dt +o0 (X, Z)dW,, t>0, Xo=x, Zo=z2, (23)
with a Borel measurable o under the assumptions of the existence of a strong solutions,
or of a weak solution which is weakly unique (because the strong Markov property
is needed), in addition to the standing balance type conditions replacing (5) and (6)

(while (4) is still valid): a(x, z) = oo ™*(x, z) and

2xb(x,0) +Tr(a(x,0)) < —R_, 2xb(x,1)+Tr(a(x,1)) <+R., V|x|>M,
(24)

with some R_, R} > 0, and
MR- >Ry, (25)

where the definitions of A; and Ao do not change. The proofs will now involve the
diffusion coefficient and will use the assumptions (24) and (25), but otherwise will
remain the same as in the case of the unit diffusion matrix.

Data availability Data sharing is not applicable to this article as no datasets were generated or analysed
during the current study.
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