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Abstract

We consider the stochastic Navier—Stokes equations in T with multiplicative white
noise. We construct a unique local strong solution with initial datain L?, where p > 5.
We also address the global existence of the solution when the initial data is small in
L?, with the same range of p.
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1 Introduction

In this paper we address the global well-posedness of the stochastic Navier—Stokes
equation (SNSE)
du(t,x) = vAu(t, x)dt — P((u(t, x) - Vul(t, x)) dt +o(u(t,x))dW(), (1.1)

V-u=0, (t,x)€(0,00) x T, (1.2)
u©,x) = up(x), xeT?, (1.3)

on the 3D torus T3 = [0, 1]3, where V - ug = 0 and fT3 uo = 0. Here, u is the
velocity field of a stochastic flow, v is the viscosity, and P is the Leray (also called
Helmbholtz-Hodge) orthogonal projection onto the mean zero divergence-free fields.
The stochastic term o (#)dW (¢) denotes an infinite-dimensional and possibly degen-
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erate multiplicative white noise which is understood in the Itd sense. Note that in the
formulation (1.1) the pressure term has been eliminated by utilizing the projector P.

The stochastic forcing driving the Navier—Stokes equation represents a perturbation
during the flow evolution and thus the SNSE may be argued to be a realistic model
for fluids. Consequently, much effort has been devoted to studying its well-posedness;
cf. [4,9,21,22] for results on mild solutions of the SNSE with Lévy-type jump noise,
and [1,5,6,19] for results on mild formulation subject to white noise. The existence
of a global L? martingale solution to the SNSE with Stratonovich noise in R* was
proven in [18], and the existence of a martingale solution in L8/4 (0, T: L*), where
d = 2, 3, was shown in [2] for the SNSE with noise that is colored in space.

There are fewer available results on the existence of strong (pathwise) solutions,
and most were established in a Hilbert space setting. For example, within the Hilbert
setting, [17] proved the global existence of a strong solution for the 2D SNSE with
additive white noise. Also, Flandoli [7] proved the result in the 3D case. For the SNSE
with multiplicative noise, Fernando and Sritharan showed in [10] the existence of a
global strong solution in a 2D unbounded domain in a Hilbert space, while in [12]
Glatt-Holtz and the third author established the existence of a maximal strong solution
in a 3D bounded domain by assuming the H' regularity for the initial data. In [14],
Kim proved the existence with a large probability of a global strong solution to the
SNSE with non-degenerate noise, assuming smallness in H* (R?).

Inspired by results on the deterministic Navier—Stokes equation in L” Banach
spaces [8,13], we aim to find a global L? strong solution to (1.1)—(1.3) in three space
dimensions. We show that a unique solution exists for small initial velocity. To be
precise, we prove

P(ty = 00) = 1 = C,' M~ Ell|uo]3],

where Ty = inf{r > 0 : |u(¢)||, > M} and u evolves in L? (2, C([0, Ty), L?)).
Note that we do not impose any structural assumptions on the multiplicative noise,
allowing it to be degenerate. In [3], Barbu and Rockner obtained the existence and
uniqueness of a global mild solution in L? (3/2 < p < 2) to the vorticity equation
associated with the SNSE. They worked with a convolution-type finite-dimensional
noise and small initial vorticity. The convolution structure is needed for obtaining a
commutative Cy noise operator, which is essential for transforming the vorticity equa-
tion into a random equation. Also, in [11], Glatt-Holtz and Vicol used multiplicative
and linear noise to treat the 3D stochastic Euler equation.

As has been shown in many existing results, a major obstacle when seeking global
solutions is a combination of a multiplicative noise and the convective nonlinearity
(u - V)u. To overcome this difficulty, authors usually introduce stopping times of
ascending u-norms to, in a sense, linearize this term in a specified function space. The
stopping time argument proves to be a powerful tool for obtaining the local existence,
but showing the non-degeneracy of these stopping times is a major problem. In this
paper, we truncate the noise and (u - V)u at |lul|, = &o at some level 69 > 0 (not
necessarily small). We first use a stochastic heat equation (SHE) with additive noise
(see [20]) to obtain the global solution to the truncated SNSE. Then we establish the
existence of a local strong solution of (1.1)—(1.3) by sending o — oo along integer
values and utilizing pathwise uniqueness. Finally, we fix §o > 0 sufficiently small and
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estimate the probability distribution of e’ |ju|| Z for a small @ > 0. We show that (1.1)
agrees with a truncated SNSE for all time on a large part of the probability space if
the initial velocity is small, obtaining thus a global solution to (1.1)—(1.3).

Working in a function space of low regularity imposes several challenges. First, we
need to obtain a global L? solution to the SHE and then adapt it to the truncated SNSE.
Considering that [20] only provides a W2 solution to the SHE (cf. [20, Chapter 4])
and the W™ P estimate obtained in [20] does not support the L? convergence of
approximating solutions, we extend [20] to obtain an L? a priori estimate for the
SHE. Next, the regularity of the drift function in this L? estimate must be strictly
less than LP?, because the drift corresponds to (¢ - V)u when one relates the truncated
SNSE to the SHE in the fixed point argument, and (« - V)u is less regular than u itself.
We utilize the dissipative term to make such an estimate possible. But at a cost, the
use of the dissipative term generates a non-linear term |V (Ju|?/?)|?, which prevents
convergence in the strong topology. Hence, we resort to the weak lower-semicontinuity
of Hilbert space norms and fulfill the requirement of passing the limit for this term
(cf. Lemma 4.4 below). The third difficulty is due to the structure of (# - V)u and the
introduced truncation. To overcome this, we apply the fixed point iteration twice. The
main trick is to introduce a square of the cut-off, which allows us to treat the difference
via a special splitting (cf. (5.19)—(5.20) below). Note that a high-regularity truncation
on the SNSE is required by the iteration, while a low-regularity norm is preferable for
showing the convergence of the iterated solutions. Overall, we can obtain convergence
when p > 5. It would be desirable to obtain our theorems in the range p > 3 and for
p > 3 for small data (as in [13] in the deterministic case), but this remains open (for
the case of additive noise, see however [19]).

We note that all the results also apply to the Stratonovich noise under some modifi-
cations on the assumptions on the noise. When interpreted in the Stratonovich sense,
(1.1) has an equivalent It6 formulation

du(t,x) = vAu(t,x)dt — P((u(t, x) - Vu(t, x)) dt

—i—% Tr(Do (u(t, x))o(u(t, x)))dt + o(u(t, x)) dW(t).

By assuming that o and Do are bounded and globally Lipschitz in L?, all the results
and proofs apply without change.

The paper is organized as follows. In Sect. 2, we introduce the notation and prelimi-
naries on stochastic calculus. In Sect. 3, we state our assumptions and the main results.
Theorems on the SHE are collected in Sect. 4. The global existence and uniqueness
of a strong solution to the truncated SNSE is established in Sect. 5, where we also
obtain the local existence of solutions up to a stopping time. The global existence of
solutions for small data is obtained in Sect. 6.
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2 Notation and preliminaries
2.1 Basic notation

Let T € (0, 00). For a scalar function u = u(z, x) on [0, T) x T2, we denote its partial
derivatives by d;u = du/dt, and d;u = Jdu/dx;. Also, we denote its gradient with
respect to x by Vu = (01u, ..., dqu).

We use C*°(T?) for the set of infinitely differentiable functions on T and D’ (T?3) for
the space of distributions (C°°(T?))’. Note that we have C*°(T3) C LP(T?) € D'(T?)
for 1 < p < oo. The usual L” norms are denoted by | - | .

The m-th Fourier coefficient of an L! function f on T is defined as

Ffm) = f(m) = f3 Fe imE gy meZ?,
T

and the corresponding Fourier series (Fourier inversion) of g at x € T? is

F o) = Y gm)e™ ™,

meZ3

Recall that F can be extended to P’ (T?) and F~'F = Id on D'(T?). For s € R and
f € D'(T?), we denote

Js‘f(x) — Z (1 +47T2|m|2)x/2f"(m)e2ﬂim~x’ x € T?}

meZ3

and R .
an(x) — Z |m|Sf(m)627Tlm~x, x € TS

meZ3

We define W* 7 (T?) to be the class of functions f € D'(T?) such that
I flls.p =T fllp <00, seR,  p>1

For the L? based spaces, we abbreviate H* (T3) = W*2(T3). Recall that there exists
a positive constant C independent of f such that

1
o llsp = 1fllp + 19°fllp <Cliflls,ps  s20, 1<p<oo.

The Leray orthogonal projection P is defined by

d
P mimyp —~ .
(Pu) ; (m) :1;:1 <5jk—|’;17> a(m), j=12,....d. 2.1
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Using the Riesz transforms

9 1
Ri=——(—=A)"2, '=1,2,...,d,
; ax,-( ) J

the Eq. (2.1) for P may be rewritten as

d
(Pu);(x) = Z(ajk +RiROuk(x), j=1,2,....d,
k=1

from where

d
(I =Pu) ;) = — Z RjRpup(x), j=1,2,....d.
k=1

For convenience, we write
Wol ={Pf:feWwW"P} (2.2)

As usual, C represents a generic positive constant, whose value may increase from
line to line, with explicit dependence indicated when necessary. We consider p fixed,
so C is allowed to depend on p without an explicit mention.

2.2 Preliminaries on stochastic analysis

Let (2, F, (F1)i>0, P) be a complete probability space with an augmented filtration
(Fi)r=0 generated by a cylindrical Brownian motion W. We assume that W is an
‘H-valued process for some real separable Hilbert space H, which may be infinite
dimensional. Choosing a complete orthonormal basis {ex}(>1 for H, we formally
write W(t, w) = > ;. Wi(t, w)ex, where {Wy : k € N} is a collection of mutually
independent 1D Brownian motions.

Let ) be another real separable Hilbert space. Denote by 12 (H, Y) the set of Hilbert-
Schmidt operators from H to ), i.e., G € 12(H, ) ifand only if G is a linear bounded
operator mapping from H to ) such that

dim H
Gl yy = D 1Gel3 < oo,
k=1

In our context, ) denotes either R or R?, and | - || ;2 1s used interchangeably for
I - l2¢1,ry and [| - [[;2 (3¢, rey When there is no risk of confusion. Note that any operator

in I2(H,)) is compact and 12(H,)) is a separable Hilbert space endowed with a
scalar product
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dim 'H
(A.B)pgryy = »_ (Aer. Ber)y, A Bel’(H.)).
k=1

Next, by the Burkholder-Davis—-Gundy (BDG) inequality, for G € [>(H,))) and

1 <p<oo,
s P t 5 r/2
<CE / Gl dr> .
o] e[ ([ 10

E| sup
s€[0,7]

Using this fact and letting (J* f)ex = J*(fex), we introduce Banach spaces

WP = {f: T — I>(H,)) : fex € WP (T?) for each k, and

‘vam@ww<wk

with respect to the norm

I/p
N
uﬂmw—(/nffmww ) ,

fors > 0and 1 < p < o0. Also, WP is abbreviated as 7. Letting (P f)ex =
P(fek), where P is the Leray projector, we have P f € WP if f € W*P. Define
Wel ={Pf:feW"P}

We assume for (1.1) that o maps Wsol into WSO] , where Wgol was introduced in (2.2),
and that it maps the set of mean zero fields onto itself.

3 Assumptions and main results

We seek a strong (pathwise) solution to (1.1)—(1.3) in L? (T3) for p sufficiently large.
Here, we say a solution to a stochastic partial differential equation (SPDE) is strong
if, almost surely relative to the given stochastic basis, it satisfies the SPDE in the
distributional sense and it evolves in the designated function space (cf. [11,12,15] and
references therein). This notion demonstrates a pathwise behavior rather than a law
property, which distinguishes it from the martingale solution whose probability law
fits the equation.

Suppose o and g are (I*(H, R))-valued operators, namely, o and g have d com-
ponents and each component is /?(H, R)-valued. Let A be an operator that is usually
unbounded and

t t

u(t,x) =uo(x) + | (Au(r,x)+ f(r,x))dr + / (0 (u(r, x) + g(r, x)) dW(r),
0 0

3.1
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ad-dimensional stochastic evolution partial differential equation on (2, F, (F7)s>0, P).
Different notions of solutions are defined as follows.

Definition 3.1 (Local Strong Solution) A pair (u, 7) is a local strong L? solution
to (3.1) if T is a positive stopping time P-almost surely, the stochastic process u is
adapted with respect to F;, it belongs to L”(€2; C([0, T A T'], L?)), and satisfies

t
(u(t), @) = (ug, @) +/ (Au(r) + f(r), ¢)dr
0 (3.2)

1
+ /0 (a(u(r)) + g(r), ¢) dW(r) a.e. (¢, w),

for all ¢ € C(T?).

In our applications below, the term (Au(r), ¢) is interpreted using integration by
parts.

Definition 3.2 (Maximal Strong Solution) A pair (1, t) is a maximal strong L?
solution to (3.1) if there exists an increasing sequence of stopping times t, with
T, 1 T a.s. such that each pair (u, t,,) is a local strong solution,

Tn
sup ||u(r)||§+/0 A3|V(|u(t)|”2>|2dxdr<oo,

0<t<t,

and .
sup [lu()l; +/0 /T IV (u(@)IP)P? dxdt = oo,

0<t<t

onthe set {t < T}.

For the local existence, we assume

3 3 1/p
D lei)le =Y (fT los )17 dx) <C(ul,+1 33
i=1

i=1
and

3
Z lloi(u) — oi (V)llLr < Cllu —vllp. (3.4)
i=1

The following statement is the main result on the local existence of strong solutions.

Theorem 3.1 (Local strong solution up to a stopping time) Let p > 5 and uy €
LP(2; LP). Then there exists a unique maximal strong solution (u, t) to (1.1)—(1.3)
such that

T
E| sup ||”<S~>IIZ+/0 Z/TS|3j(|Mj(S,x)|p/2)|2dxds < CE[lluoll} + 1],
J

0<s<t
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where C > 0 is a constant depending on p.

The theorem is proven at the end of Sect. 5.
In the next statement, we address the global existence of solutions, for which we
impose, in addition to (3.4), a superlinearity assumption

3
> o lLe < eollullp, (3.5)

i=1
where ¢ > 0.

Theorem 3.2 (Global strong solution for small data) Suppose that (3.4) and (3.5) hold
with €y € (0, 1] sufficiently small. Let (u, t) be the solution provided in Theorem 3.1.
For every € € (0, 1] there exists § > 0 such that if

Ellluollp] < 8, (3.6)

then
Pr=00)>1—¢.

The proof of Theorem 3.2 is given in Sect. 6.

4 Stochastic heat equation on the torus

In this section, we prove the global existence of an L? solution to the stochastic heat
equation

du(t,x) = Au(t,x)dt + f(t,x)dt + g(t, x) dW(z), 4.1)
u,x) = up(x) as., xeT? 4.2)

on [0, T] x T4, where d € N. The functions u, up, f,and g are assumed to be scalar
valued and have mean zero in x. The white noise W was introduced above, the drift f
is a predictable process evolving in W19, where the range of ¢ is stated below, the
noise coefficient g takes values in lz(H, R), and uq is Fp-measurable.

Using the terminology in [20], the Eq. (4.1) is super-parabolic. Also, the a
priori estimates for Theorems 4.1.2 and 4.1.4 in [20] remain true on the torus
without change. Thus if ug € L? (; W), f € LP(Q x [0, T], W), and
g € L”/(Q x [0, T],W”"p/) for some m € N and p’ > 2, then there exists
u € LP(2 x [0, T]; Cyeax W™P') satisfying (4.1)~(4.2) in the sense of (3.2). If
in addition (m — k)p’ > d, then u has a version that belongs to Cg’k([O, T] x T9)
P-almost surely. This conclusion of global existence relies on a high regularity of the
forcing term f, which needs to be relaxed to apply to the stochastic Navier—Stokes
equations.
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Theorem4.1 Let2 < p < coand 0 < T < oo. Suppose that ug € LP (2, LP(T%)),
f e LP(Q2 x [0,T], W= 14(T?)), and g € LP(Q x [0, T, LP(T%)) have x-mean

zero (w, t) a.s., with
dp

S < p, 4.3
prd—2 1P (4.3)

providedd > 2, or 1 < q < pifd = 1. Then there exists a unique maximal solution
u e LP(2; C([0,T], LP)) to (4.1)—(4.2) such that

T
E[sup ||u<z,~)||§+f / |V(|u(r,x>|f’/2)|2dxdr}
0<t<T 0 JT¢

T T
< CE[||uo||Z+/O 107, ds—i—/o Ig&)IL, ds],

4.4)

where C > 0 depends on T and p.

Recall that we use the notation
I, = /T 18t 12 ¢ gy A5

Introduce the standard convolution function p € Cg° (R?) such that supp p C {x €
R?: |x| < 1} and fRd p(x)dx = 1. Assume also that p is nonnegative and radial. Set
pe =€ p(-/e).

The next lemma is needed when approximating the forcing term in (4.1).

Lemma4.2 Let g € (1,00). If f € W=L4(TY), then f % pc — f in W=14(T?) as
e = 0.

Proofof Lemma 4.2 The mapping S = —A + [ is a Banach space isomorphism
S: wha(Tdy - w—14(T?), which commutes with the convolution operator. Thus
the statement follows by applying S to (S~ ) % pc — S~ f in Wh4.

Remark 4.3 Note that the above proof implies that if f € LP(Q x [0, T], w—Lay,
then f % pc — fin LP(2 x [0, T], W—149).

The following lemma is essential when passing to the limit in the inequality (4.4).

Lemma4.4 Let p > 2. If
uy, — uin LP(Q; L*°(0, T], L?)) asn — oo
and
V(u,(w,t, x)|'"/2) are uniformly bounded in L*(Q x [0, T], L?), 4.5)
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then

T T
1iminfE|:/ / |V(|un(w,z,x)|1’/2)|24xdz}EE[/ / |V(|u(w,t,x)|p/2)|2dxdzj|.
n—oo 0 'ﬂ‘d 0 'ﬂ'd
(4.6)

Proof of Lemma 4.4 First, there exists a subsequence {u,, }xen of {u, }nen such that

T T
limE[/ / |V(|u,,k(w,t,x)1’/2)|2dxdt:|=limianE|:/ / |V(un(w,t,x)|P/2)|2dxdt:|.
k 0 Jrd n 0 Jrd
.7

Observe that, by (4.7), it suffices to prove (4.6) for a subsequence of {u,, };. For
simplicity of notation, relabel {u,, }x as {u,},. Passing to a subsequence, we may
assume that |u,|P/> — |u|P/? a.e.in @ x T¢ x (0, T), and thus, by the Dominated
Convergence Theorem, we get

|un|P/? — [u|P’? in L*(Q x [0, T1, L?).
By (4.5), we may pass to a subsequence and assume that
V(|un(w, t, x)|P/?) — g weakly in L>(Q x [0, T], L?) as n — 00,

for some g € L2(§2 x [0, T1], L2), which also implies

T T
liminfE[/ / |V(|un(w,t,x)|1’/2)|2dxdr]zEU f |g|2dxdti|,
n—o00 0 Td 0 Td

by the weak lower-semicontinuity of the Hilbert space norm. In order to obtain (4.6),
we only need to prove that g and V(|u|”/2) agree as elements in L2(Q x [0,T], L?).
To establish this, let ¢ € C*° (Td ) be arbitrary. Then, forall j =1, ..., d, we have

(8- ) =1im(3; (unl?/?). ¢) = —lim(jun|”/?, 8;0) = (ju|P’. 8;9) = (3;(1ul?/?). ¢).

where (-, -) represents the inner product on LZ(SZ x [0, T1, L2). Thus we obtain that
g(t, ) and V(|u(r, w)|P/?) agree in L>(T¢) (1, w)-a.e.

Proof of Theorem 4.1 Denote uy = ug * pe, f© = f * pe, and g¢ = g * pe. By
Young’s inequality, we have uf) € L”/(Q; W’”’f’/), f€e Ll’/(Q x [0, T, W”’*I’/), and
g € LP (9 x [0, T], W™P") form € Ny and 2 < p’ < oo. Note that u§; — uq in
LP(Q, LP), f€(t,-) — f(t,-)in LP(Q x [0, T], W~19), and g¢(r, ) — g(t,-) in
L?(Q x [0, T],IL”) as € — 0. Now, consider

du(t,x) = Au(t,x)dt + f€(t, x)dt + g°(t, x) dW,, (4.8)
u®(0, x) = uf(x) as. (4.9)
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Clearly, assumptions of Theorem 4.1.4 in [20] are fulfilled. Therefore, there exists
u¢ € LP(Q x [0, T], W™P) satisfying (4.8)—(4.9) in the sense of Definition 3.1. By
Corollary 4.1.4 in [20], u€ has a modification that belongs to Cg’" ([0, T1 x T%) PP-
a.s.if m > n 4+ d/p. We shall choose m sufficiently large and use the continuously
differentiable modification of u€.

Applying the 1td formula to £(y) = |y|P with y = u€(¢, x), we get

t
WO = Gl + p /0 W12 () (A () + 1<) dr
t
+p f | () [P~ 2u (r) g€ (r) dW,
0

pp—1) [ _
+ = /0 € P28 gy -

We integrate both sides of the equation in x and apply the stochastic Fubini theorem
obtaining

t
lus Oy = lugllh + p/O /Td Iue(r)lpfzue(r)(Aue(r) + f€(r)) dxdr
t
+ p/ / lu ()P~ 2u (r) g€ (r) dxdW, (4.10)
0 J1d

(p—1 [ .
+%// € (P2 g ()% doxdr
0 JTd

For the dissipative term, we have

4(p—1
p | WP Audx = —p(p— 1) | w€1P72 VP dx = _Hp=D IVIu€ P72 dx.
Td Td P Td

4.11)
It then follows from (4.10) and (4.11) that
4(p —1 !
o+ 22 [ 9P dndr
P 0 JTd
!
< ||u6||§ + p/o /w |u€(r)|1’*2uf(r)f€(r) dx| dr
(4.12)

(-1 [ .
+%// € (1P~ 1g¢ ()% dxdr
0 J1d

+p

t
/ / € (P24 () gE (r) dxd W,
0 J1d

= u§lh + 11 + I + L.
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With ¢’ = q/(qg — 1), we have

t t
IISC/ IFEl =1, N 1P~ 20y g drsc/ IFE =1 (N 17720 |+ IV (€ 1P ~2u) ) dr,

0 ’ 0
(4.13)

where, recall, we allow C to depend on p throughout. Since de u¢ = 0, we have, as
in [16], a Poincaré type inequality

u1P2us < CIV U 1P 2u) |l (4.14)
when p, ¢’ € (1, 00). In [16, Lemma 3] the inequality
vl Ml < CUVuIP~ Dy (4.15)

was proven for v such that fT3 v = 0, but the same proof works (by means of a
contradiction argument) for (4.14) as well. By (4.13) and (4.14), we get

t
I < c/ £ -1 g IV (1720 g dr (4.16)
0
Now, note that

IVQuIP=2ulgr < Clu PPV Qe P2 < P2 v aueP) ],

—-2)/2 -2
= Clu I 2NV Q€ 1P g = Cllue PP 200 19 (e 1P2)]2,
4.17)

where 1/F +1/2 =1/q’,i.e.,
1 1 1
-+ - = —. (4.18)
roq 2

(The assumptions on the exponents p and g imply g > 2.) It is easy to check that the

condition (4.3) gives

r(p—2) 2d
< <

2_ 3
p d-—2

when d > 2. By the Gagliardo-Nirenberg inequality and (4.15), with p — 1 and ¢’
replaced by p/2 and 2 respectively, we have with w = |u€|?/? the inequality

lwlizp-2p < Clwlly I Vwll,
where « = d(1/2 — p/r(p — 2)), and thus using (4.17), we get
— 1- -2 1 -2
IV Q172U g < Clllue P15 =020 o que P2 e @.19)
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From (4.16)—(4.19), we thus obtain

t
1— -2 1 -2
hscf €Nt g € (P28 P22 g (€ 2y ST P22 g
(; P (4.20)
<5 [ IV B dr ot sup G+ C [ dr
0 0

0<r<t

with § > O arbitrarily small, where we applied Young’s inequality in the last step.
Next, for the term [ in (4.12), we write

n=tw=D /t/ 1 ()P~ 2 g€ ()1 dxdr <8/, ||u€(r>n”dr+cls/t g€ (NP, dr .
2 o Jrd 2 =k p o L?

Finally, we consider the last term in (4.12). Using Minkowski’s integral inequality, we

have
) 1/2
dr)
12

T
£ (/
0
B T 2 1/2
<E (/ (/ |||uf(r)|"‘2uf(r)g€(r)||,zdx) dr)
0 Td

f | (r) 1P~ 2u (r)g€ (r) dx
Td

B 1/2

! 2
=K (/ (/ |u€(r)|l’—1||g6(r)||,zdx> dr)
0 Td
: ! 1/2
L ||ue(r)||5/z</ (/ '“6(’>|”‘2llgf<r>||%zdx) dr) }
| rel0.7] 0\

4.21)

where we abbreviated [2 = [2(H, R). Therefore,

T 2 1/2
E / dr

0 2

T 1/2
<E| sup ||uf(r>||5/2(f (f |u6(r)|p_2||g6(r)||122dx> dr)
rel0,T] 0 Td

1 T
—E| sup [[u()l} +CE[/ / |ue(r)|p—2”g5(r,x)||122dxdr}
8p | relo.1] 0 Jrd

i € P ! € P
1 E| sup [[us(M)p |+ CrE g (r, X)), dxdr |,
p rel0,T] 0 JTd

/ | (r) [P~ 2u (r)g€ (r) dx
Td

IA

IA
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where we used Young’s inequality in the last step. Note that the far right side is finite
by (4.1.21) in [20]. Thus, from the BDG inequality, we get

t
E| sup ff |u€ (r) [P~ 2uc ,
tel0,T]1J0 Td

1 T
< 4—E[ sup IIuE(r)Ili} + CE [/ gL, dr} :
14 ref0,7T] 0

(4.22)

Now, setting § in (4.20) to be sufficiently small, taking the supremum over ¢ € [0, T']
on both sides of (4.12), and then computing the expectation, we obtain

1 t
E[ sup (||uf(r>||§+—// |V<|u€(r>|"/2>|2dxdr>}
tel0,T] pJo Jmd

1 T
< EE [ sup ||lf(r)||5] +Ellluglip] + CE [/0 remnry, + I|g€(r)||£p)dr:| :

rel0,T]
which implies

T
E[ sup ||u€<t>||§} < 2E[||uf]|§] + CE [/0 <||ff(r)||f_’1,q+||gf(r)||£p)dr}

tel0,7T]
(4.23)
and

T
iEU / |V(|u€(r>|P/2>|2dxdr}
2p 0 d

1 T
54E[ sup [lu¢ (r>||”]+ E[||uo||,,]+cm[/0 (||ff<r>||’i],q+||g€(r>||{i,,>dr]

rel0,T]

In summary,

E[sup lu€lIh + / / IV(Jus (r)|P/%)? dxdr}
t€l0,7T]

=<CE [I|M6||§ +/O reen?,, + Ilge(r)llﬂp)dr] .

(4.24)
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Note that the derivation of (4.23) does not depend on €. Thus, we may apply the same
procedure to u€ — u€ and obtain

E| sup [[uc(t) —u )]}
t€[0,T]

T
=CE [Iluf) —ug Il +/0 Ufee) = FEONE, +1gcr) — g (r)Ilﬂp)dr] .

Since each u€ belongsto L” (€2; C([0, T], L?)) and they convergein L? (2; L*°([0, T,
LP7)), they have a limit in L?(2; C([0, T'], L?)), and there exists a subsequence u®"

which converges to that limit in L°°([0, T'], L?) almost surely. We denote this limit

by u and we now prove that it is a strong L? solution to (4.1)—(4.2). Since

t t
W (1), ) = (ul, &) + /0 (AU + (). @) dr + fo @), ) dW,, (& w)-ac.

for all ¢ € C®(T¢) and all € > 0, by the Holder inequality and the dominated
convergence theorem, we have

W (1), ¢) — (ug', §) — (1), $) — (uo, ¢)

and

t t
/0 (U (), AB) + (f&(r). ) dr — /0 (). AD) + (), $)) dr

for a.e. (t, w) as n — 00. By the BDG inequality,

E|: sup :|
tel0,T]
T 1/2
< CE[(fo 16 () — (). DI dr) }
T 1/2
< cz&[(/ (/ I8 (r) — g(M)I7: dx) ||¢||%dr) }
0 Td

T 2/p 1/2
< Cllgl2E (/ (/ ||gf"<r>—g<r)||,’;dx) dr>
0 Td

T
= Cli¢lE [/0 g (r) — g (Ml d"} ,

1
/0 (8 (r) — g(r), ¢)dW,
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which converges to 0 as n — oo. This implies that for a further subsequence, which
we still denote by u*, we have

t t
/O (& (). @) AW, "= /O (@), ) dW,, (1, w)-ace.

Using Lemma 4.4 and letting n — oo in (4.24), we obtain (4.4).
Suppose uy, uy are two strong L? solutions to (4.1)—(4.2). Then v = u; — us
satisfies

dv(t,x) = Av(t, x) dt,
v(0,x) =0 as.
on [0, T] x T¢. Then v = 0 P-a.s.

For convenience we also state the vector-valued version of the previous theorem.
Thus, consider (4.1)—(4.2) on T but with u, f, g, and ug being RP-valued, where
D e N. Then, under the assumptions of Theorem 4.1, we have

0<t<T

D .1
E| sup ||u(r,->||§+ZfO /W|V(|u,-<r,x)|"/2>|2dxdt
j=1

T D T
<CE ||uo||,’i+f0 ||f(r,->||€1,qdr+2/0 /T g (s 1 gy ey At
j=1
(4.25)

5 Stochastic truncated Navier-Stokes equation

From here on, we restrict our considerations to the space dimension 3, although all
the statements can be adjusted to any dimension d > 2. Also, with a constant §p > 0
which is not necessarily small, denote by ¢: [0, c0) — [0, 1] a decreasing smooth
function such that ¢ = 1 on [0, §¢p/2] and ¢ = 0 on [y, 00). In addition, we assume

C
lp(t1) — @(t)] < %IH —nhl, t,>0.

We consider a stochastic Navier—Stokes equations on [0, 7] x T3, truncated by this
function, which reads

du(t,x) = Au(t,x)dt — g0(||u(t)||p)273((u(t, x) - Vul(t, x)) dt

+ o)l ))?o (u(t, x)) dW,,

.1
V-u(t,x) =0, SR

u(0, x) = uo(x) as., x e T3,
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where o is (I2(H, R))3-valued, ug € LP(2; LP) is Fo-measurable with p > 5, and
V - up = 0 with fw updx = 0 a.s. assumed throughout. Our goal in this section is to
find the unique global solution for (5.1) by applying a fixed point argument.

We note that the reason for the square in the two factors containing ¢ (||lu ()|l ) in
(5.1) is the splitting (5.19)—(5.20) (and similarly (5.26)—(5.27)), which assures that
every term is linearized either by matching u™ with ¢ or u=1 with =D,

Theorem 5.1 Let p > Sand ug € LP(2; L?). For every T > 0, there exists a unique
strong solution u € LP(2; C([0, T1, L?)) to (5.1) such that

T
E1 sup ||“(S~)||?+Zf0 /WIV(Iuj(s,x)lp/z)lzdxds < CE[lluoll5] + Cr.
- :

0<s<T
(5.2)
In order to solve (5.1), we use the iteration
du™ — Au™ dt = —(|u™ | e VP (@D VDY dr
+ o™ eV o @Dy aw,,
(5.3)
vV.-u™ =0,
u™(0) = ugp as., x € T3,

where u® is the strong solution to

du®(t, x) — Au© (2, x)dr = 0,
V. u(o)(t, x) =0,

u®, x) = up(x) as., xeT.

Utilizing the results from the previous section, we conclude that u O ecpr (R; C([0, T,
LP)) and

T
E| sup IIM(O)(I,-)||§+Z/ f |V(|u5_0)([,x)|17/2)|2dxdt < CE[””O”Z]-
j 0 T3

0<t<T
5.4
We need to prove that at each step n, there exists a unique solution u™ €
LP(2; C([0, T], L?)) to (5.3), which is uniformly bounded in a manner consistent
with (5.4). Thus we first consider the equation

du — Audt = —g(lull eV )P (v - VIv)dt + o(lull pelvlp)o (v) dW;,
V-u=0,

u(0, x) = uyg, a.s., X € ’JI‘3,
(5.5)
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where v is divergence-free and satisfies

T
J

0<t<T
(5.6)
In order to solve (5.5), we employ the iteration procedure
du® — Au™ dt = —p([u” "Vl e vl )P (@ - V)v)dt
+o(u"lpevl o @) dW,,
(5.7)
V.u™ =0,
u™(0) = up, a.s., x € T3,

for v which is divergence-free and satisfies (5.6). Note that # in (5.7) is not the same
as in (5.3).

We shall prove the existence by obtaining an exponential rate of convergence for
the fixed point iteration, for both (5.7) and (5.3), and then claiming that a sequence of
random variables converges to zero a.s. if their expectation approaches zero rapidly.
For this purpose, the following auxiliary result is essential.

Lemma 5.2 Let &, be a sequence of nonnegative random variables such that E[&,] <
n", forn € N, where n € (0, 1). Then, &, — 0 almost surely.

Proof of Lemma 5.2 Denote the probability event {® € Q : &,(w) > 1/m} by Al If
&, (w) does not converge to zero as n — 00, then w € Up?_| N~ | U2 A}, For each
fixedm € N,

o0 oo
D OP(AY) <m Y El&] < oo,
n n
and thus P(lim sup,,_, ., A}}) = 0 by the Borel-Cantelli Lemma. Hence,

P(UpL; M2y Ui, Af) = lim P(lim sup A7) =0,

n—oo
completing the proof.

Remark 5.3 This conclusion can be extended from expectation and the probability
measure to integration with respect to any finite measure. In particular, we could use
the integration on 2 x [0, T'] with respect to the product measure.

For convenience, we abbreviate

o™ =o(lu™],), neN,
o0 = o(Ivllp),

for the rest of the section. The next lemma asserts uniform boundedness of u™, which
is needed in the fixed point argument.
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Lemma54 Let p > 5, n € N, and T > 0. Suppose uyp € LP(2; LP) and
assume that for each n € {1,2,...,k — 1}, there exists a unique solution u™ ¢
LP(Q; C([0, T1, LP)) to the initial value problem (5.7), where v and u'™ satisfy
(5.6). Then for n = k, the initial value problem (5.7) also has a unique solution
u® e LP(Q; C([0, T1, LP)), and moreover,

0<t<T

T
E | sup ||u(k)(t,~)||§+2/(; /;p |V(|”§k)(t’x)|p/2)|2dxdt SCE[HMOHS]-FCT
F 3
(5.8)

Proof Letn = k. We apply Theorem 4.1 (cf. the inequality (4.25)) to the equation

du” — Aul" dt = —p" Vo, (P((v - V)v)) ; di

(5.9)
+¢" Vo,o;()dW,, j=1,2,3.

We write the first term on the right side of (5.9) as
- Z 0" Do, d; (P(viv))j dt.
i
In order to apply (4.25), we need to estimate
T T
CE [ / le"Dpyvivllg ds} <CE [ / 0" Doyl IvlI} ds}
0 0

T T
<CE [ / go<"—”gov||v,~||£’||v||§ds} < C5{E [ f go<"—”<pv||v,-||£’ds]
0 0

(5.10)
where 3
p
< < 5.11
il “4=P (.11
and
I 1 1
— 4 - = —.
r I g
For the last inequality in (5.10) we require
l<p (5.12)

and then use ¢y ||v ||§ < Cég ¢y. In order to bound the last expression in (5.10), we also
need r < 3p. When we consider below the differences of iterates (cf. (5.21)—(5.23)
below), we however need a stronger inequality

r<p. (5.13)
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For the sake of exposition, we fix the exponents at this point as
g=Q@p+mno)/(p+1andr=1=2q.
The parameter ng > 0 is chosen so that

3
ptio _ P (5.14)
p+1 2

which is possible when p > 5. It remains to estimate the last term in (5.9) (cf. (4.25)),
ie.,

T T
E[/O fw ||(p("—1)¢ug(v)||l’;(H’Rd)dxdsi| < CE [/0 oo (Ivllh + l)ds} < CT,

using sub-linear growth of the noise (3.3), and we obtain (5.8).

Lemma 5.5 Let p > 5 and suppose that ug € LP(2; LP). Then there existst € (0, T]
such that the initial value problem (5.5), where v satisfies (5.6), has a unique strong
solution u € LP(2; C([0, t], L?)), which satisfies

0<s<t

1
E1 sup ||“(S")||§+Z/O [ﬂq|v(|uj(&x)|p/2)|2dxds < CE[lluoll}] + C:.
- :
(5.15)

Proof of Lemma 5.5 We employ the fixed point argument on the iteration (5.7). The
difference z™ = u®*+D — 4™ satisfies

dz{" — Azl dr = Zaf,/dt+g/th, j=1.2.3, (5.16)

where

fiy = =" =" gy (Piv);
and

gi = (9" — 9" D)gy0;(v)dW,.
In addition to (5.16), we have

V. Z(n) _
ZM0)=0 as., x eT.
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Note that

C
1 1 -1 -1
R L A ey e e P S L 19

(5.17)
Now, we apply (4.25). The second term on the right side of (4.25) is estimated as

13 B C " )
CZEUO 1™ — ”)wuvivllé’dS] < E [/0 rllz" 1)||,’§||v||£’||u||;’ds]
i 0

t
<CE U ||z<”—”||’;ds] < Crﬂz[ sup ||z<"—”||§]
0 s€[0,7]

where we used (5.12) and (5.13) in the second inequality. For the last term in (4.25),
we estimate

t t
P (n=1)pP
CEUO /T ) ||g(s,x)||,2(H,Rd)dxds}SCSOE[/O Iz ||pds}

t
< CsE |:f IIZ("l)IISds} <CtE |: sup ||z(”1)||§dsi| .
0 s€[0,1]

This concludes the proof of existence of a fixed point for (5.5) on [0, ¢] in Lf,L?OLf
if + > 0 is sufficiently small. It is standard to adapt the contraction argument above
to the proof of uniqueness, and we omit the details. We denote this unique fixed
point by u. Observing the exponential rate of convergence, we apply Lemma 5.2 and
obtain <p(||u(") ®llp) — elu@®)|p) fora.e.-(w, t). Then, by applying the dominated
convergence theorem, we obtain that « is indeed a solution to (5.7). Thus, (5.15) holds
by Lemma 4.4.

Proof of Theorem 5.1 Consider the iteration (5.3), i.e.,

du™ — Au"™ dt = —(p(”)<p("71)73((u(”71) . V)u("fl)) dt
+ o™ =D g (=D gy,
vV.u®™ =0,

u™(0) = uo, a.s., xeT?

on (0, T] x T3. First assume that T is a sufficiently small constant as determined in
Lemma 5.5 above; at the end of the proof, we extend the solution to the full range
by the pathwise uniqueness. Lemma 5.5 implies the existence of a unique maximal
solution ™, which satisfies

T
JE[ sup (™, ~>||£+Zf0 fT3 |V<|u§”)<t,x>|”/2)|2dxdz} < Cr.3 + CE[Juoll}].
i

0<t<T
(5.18)
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In order to apply the fixed point technique, we consider the difference

p® = ) ),
for which

dv™ — Av™ g5 + ((p("+1)(p(")77((u(") . V)u(")) _ (p(")(p(ﬂfl)fp((u(nfl) . V)u(nfl))) ds
— ((p(”Jrl)(p(n)o(u(n)) _ (p(n)‘p(nfl)a(u(nfl))) AW,

V.o =0,
V™ (0) =0 as.

We rewrite the first equation as

dvi" — AvVdr =0 fijdt +g;dW,,  j=1,2,3,
i

where

fij — _¢(n+l)¢(n) (P(ul(n)u(n)))j + (p(n)(p(n—l) (P(ul(n—l)u(n—l)))j
=~ ("D — oMY P @M u™)); — ™ (™ — DY P @ u™));
— M =D PRIV M)) ;=D (P 1Dy =Dy
YRR AR

(5.19)
and
g = §0(n+])¢(n)0j (u(”)) _ (p(n)go("fl)aj (u(nfl))
— go(ﬂ)(@(n-&-l) _ (p(n))aj (u(n)) + (p(n) ((p(”) _ (p(”_l))o’j (u(")) 520,
+ (ﬂ(n)(p(n_l)(Uj (u(n)) _ Gj(u(n—l))) ’
1 2 3
=g§-)+g§-)+g§-).
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We first apply (4.25) to all the terms on the far right side of (5.19). Now, choose the
exponents ¢, r, and [ as in (5.11)—(5.14). Regarding the first term in (5.19), we have

T T
E[ / (A ds} SCZE[ / (@D — )P ()P uu™ ] ds}
0 ; 0

C T
< SE o™ 5@ )P ™ N ™17 ds
55 0

T
< C8JE U ™5 ds}
0

(5.21)

by

c
@D — | < =
80

C C
D = | < S = u ), = e,
do do

as in (5.17), and where we also used (5.12) and (5.13) in the last inequality in (5.21).
Asin (5.21), we have

T T
E U If® ||5,’ds] < CSVE [/ ||v(”_l)||1;dsi| . (5.22)
0 0

Similarly,

T T T
EU ||f<3>||5ds]+1EU ||f(4)||5ds}§C6{,’1E[/ ||v<"”||§ds]
0 0 0

(5.23)

Summarizing (5.21), (5.22), and (5.23), we get

T
E[/ ||f||§ds} SCaOT]E[ sup ||U(n1)||£:|+C50TE|: sup ||v<">||5]
0 5€[0,T] s€[0,T]

Next, we turn to the three terms in (5.20). For the first one, we have

T
(1 P
C]E |:\/0 \/’]?[‘d ”g (Sa X)HIZ(H’Rd) d'dei|

T
<CE [ / / L@@ — ") llo IR gy g dxds:|
C ' T ' (5.24)
= gE [ fo @" )P ™5™ 15 + 1) ds]

T
< Cs,E [ / ||v<">||5ds} ,
0
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and similarly,

T T
CE UO fd 18® 52 P 3¢ dxds] +CE [/0 /Td 18 s, 3 ¢ ey dde}
T
< CyE [/ ||v<"—1>||§ds} :
0

We may summarize (5.24) and (5.25) as

(5.25)

CE |;/ / llg(s, X)HIZ(H Rd) dxds:| = Cs, TE |:Y€5[1(1)pﬂ Hv(”_l) |$:| +Cs, TE |: sup ”v(n)|z:| .

s€(0,T]

Therefore, we obtain the existence of a fixed point # of (5.1) in Lf)L?OLf on
[0, %], where t* € (0,T) is a sufficiently small constant. Since each u™ e
LP(2; C([0, %], L?)), sois u. By Lemma 5.5,

W (5), $) = (o, $) + /0 W), Ap) dr
+ Z/O ((p(n)(p(n_l)'P(u;-n_l)u(”_l)), 3j¢) dr
/(g()(”) Do @Dy, ¢)dW,, (s, w)-ae.,

for all ¢ € C°°(T?3). The exponential convergence rate and Remark 5.3 imply that
e(lu™ ) p), el D)) — @luls)l,) for ae. (s, w). Together with the
divergence free condition, the Holder inequality, and the dominated convergence the-
orem, we get

fo W) ApYdr Y /0 (@M IPU U ) ,0) dr
J

N /0 (u(r), AB) + (@*Plun}), $)) dr

for a.e. (s, w) as n — oo. Also, by the BDG inequality and assumptions on o,

sup -
s€[0,1%)

12
t*
<E ( f (™o~ “a(u<"—”)—qozo(u>,¢>||,22dr)
0

/(w(rz) (n— l)o_(u(n—l))_
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Moreover, the right side goes to zero exponentially fast as n — oo. This implies

n—o00

f (@M Do @Dy, ) aW, 12 / (Pow), $)dW,, (5, 0)-ac.
0 0

Letting n — 00, we obtain that u solves (5.1). On the other hand, the inequality (5.2)
follows by using Lemma 4.4 on (5.18). This completes the existence.

To prove the uniqueness, suppose that (5.1) has two strong solutions u,v €
LP(2; C([0,t*], L?)). Then w = u — v satisfies

dw — Awdt = —(p2P((u - Vyu) — 2P ((v - V)v)) dt + (pZo W) — ¢2o (v)) dW,,
V.-w=0,
w(0) =0, a.s.

on (0, *] x T3, where ¢, = o(llvllp) and @, = @(||ullp). As before, we write the first
equation component-wise as

dwj — Awjdt =Y 8 fijdt + g;dW,,  j=1,2.3,
i

where
fij = =0n(Pwiw) ; + 93 (P(iv))
= —@u(@u — @) (P(uiu))j — ¢upy(P(wiun)); (5.26)
— Queu(P(iw))j — @u(9u — 9u)(P(viv))
and

g = ¢2oj(u) — ¢lo;(v)

(5.27)
= ou(pu — Qov)gj(u) + @u(pu — ‘Pv)o'j (V) + Qupy (Uj (u) — Uj(v))~

We now show similarly as above that

t* t*
E| sup [w]’ sCEf \f12ds |+ CE / / lg(s. Ol oo dxds
|:se[0,t*] g 0 ! o Jra P(H.RY)

SCSOt*E[ sup llwlli]

s€[0,1%]

and obtain the pathwise uniqueness by setting t* sufficiently small. Thus, we have
obtained a unique strong solution of (5.1) in L”(2; C([0, t*], LP)).

Now, we turn to the global existence. First, note that the deterministic time
t* > 0 from above does not depend on the initial data. Now, let T > 0 be arbi-
trary and let n* be a positive integer such that T /n* < t*. Denote t; = iT /n* for
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i €{0,1,...,n*}. Applying the existence and pathwise uniqueness inductively on
[#,ti+1],i € {0, 1, ..., n*}, we obtain a unique strong solution to (5.1) on [0, T'] and
(5.2) holds.

Proof of Theorem 3.1 For n = 1,2, ..., denote by u™ the solution of the truncated

SNSE (5.1) with §o = n. Also, introduce the stopping times

(@) inf {r > 0: [u™(t, 0|, = n/2}, if [u" (0, )|, <n/2,
w) =
! 0, if [|u™ (0, W)l = n/2.

By uniqueness, the sequence is non-decreasing a.s. and u™ = 4™ on [0, T, A T,].
Lett = lim, t, AT.Then, P(r > 0) = 1. Also, for any integern € N, defineu = u®
on [0, t, A T]. It is easy to check that (u, 7) satisfies all the required properties.

6 Global solutions and energy decay

The truncated stochastic Navier—Stokes equations reads

du(t,x) = Au(t, x)dt — (p(||u(t)||p)277((u(t, x) - Vu(t, x)) dt
+ o(lu®)l )0 (ut, x)dW,,
V-u(t,x) =0,

u(0, x) = up(x) as., xeT?

6.1)

on [0, 0o) x T3 with div ug = Oand ng ug dx = Oa.s. Note thatin the previous section,
we have proved the global well-posedness of this initial value problem. Recall that
80 > 0 and that ¢: [0, c0) — [0, 1] is a decreasing smooth function with ¢ = 1 on
[0, 80/2] and ¢ = 0 on [§p, 00). In addition, we assumed

C
lp(t1) — @(2)] < %m —nl, t1,>0.

We shall set §g > 0 sufficiently small. Note that when |[u||, is below 8¢ /2, the initial
value problem (1.1)—(1.3) coincides with this cut-off model. Hence, an estimate of the
likelihood that ||u|| , exceeds §p/2 determines the time of existence for the solution to
(1.1)—(1.3). The next result is essential for estimating that likelihood.

Theorem 6.1 Let p > 5. Then the global solutionu € LP(2; C([0, c0), L?)) to (6.1)
satisfies

s€[0,00)

E[ sup e flu(s)ll}, + /0 e‘”zIIV(Iui(s)I”/z)II%ds}SCE[Iluollﬁ], (6.2)

provided a, 8o, €9 > 0 are sufficiently small constants.
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Recall that the constant €y > 0 is in the condition (3.5).

Proof Let T > 0. Applying the 1t6-Wentzel formula to F;(t) = e% ||ui(t)||§, for a
fixed i € {1, 2, 3}, we obtain

d(e i ()lIp) = ae™ lui ()l dt + e d(||u; (D)) (6.3)

Utilizing the Itd expansion in the proof of Theorem 4.1 (cf. (4.12)) and (6.3), we have

4p—1) (!
e”’||ui<r>||£+M / o / IV (s (9)1P/)]2 dxds
= Jluoillh — p f g2 / lui|P2u; (P(u - Vu); dxds
+p/ as 2/ lui 1P 2uio; () dxdW,

-1 t

=D / gt / il P2 o3 (@)1 dxds +a / ¢ llui ()15 ds.
2 0 T3 0

(6.4)

Now, choose ¢, r, and [ as in (5.11)—(5.14) and 7 as in (4.18). By integration by parts,
we have

as 2

pe o

/ 14y ()17 23 (5) (Pt - Vyu)s dix
'JI‘3

= pee? (Y] fT 05 (i ()1 2ui () (PG ju)); dx
—~ Jx

< Ce @ |V (Jui () 1P )12 ot | P22 17 a1 e
< C80e™ oIV (Jui ()P 2 i | P22 7 a1l

using ¢||lu]| , < do in the last step. As in the proof of Theorem 4.1 above, we get

‘ / pesp? / | ()17 2u; (5) (P (u - Vu); dxds

, ; 65)
<o [ e S IVQu@PPIGds + sy [ e lu) i ds.
0 i 0

where § > 0 is arbitrary and where ¥ > 0 is a constant depending on p. Note that
the first term on the right side may be absorbed in the dissipative term if § > 0 is
sufficiently small. Also, by using the Poincaré type inequality

1017212 < CIV(IP)ll2, (6.6)
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for v such that de vdx = 0, as in (4.15), the second term in (6.5) may also be
absorbed if §¢o > 0 is sufficiently small. Regarding the fourth term in (6.4), we use the
superlinearity assumption on the noise (3.5) and obtain

p(p—1) _
ey A N )IP o)1 dx < Cege® ot llus)llp.

This term can be controlled in the same way as the last term in (6.5). Likewise, the
last term in (6.4) may also be absorbed in the dissipative part if @ > 0 is sufficiently
small constant (independent of p). Combining the estimates above and absorbing the
second, fourth, and fifth terms on the right-hand side of (6.4), we arrive at

1 | R
5e“’||u[<t)||5+§ /0 SNV (Jui ()73 ds

t
< i O+ p '/0 /qu e @ |ui ()17~ 2ui (5)0i () dxd W

since4(p — 1)/p > 1/2. Hence,

T
E|: sup eatllui(t)||5:| +]E|:/ eaSIIV(|u,-(s)|P/2)”%ds}
0

te[0,T]

< 2E[llu; (0)[I5] + C,E [ sup
t€l0,7T]

t
/ e‘“'(pz/ [u; ()P 2u; (s)oi () dxd W i|
0 T3
6.7)

For the last term in (6.7), we apply the same approach as in (4.21)—(4.22), except that
we use the assumption (3.5). We thus obtain

t
./E“S‘PZ/ luti ()17~ 2w ()07 (u) dxd W
0 T

T
} < Cs6oE [ / e“%o2||u(s>u,€ds] :
0

Using also (6.6), by taking €g > O sufficiently small, the right-hand side may be
absorbed in the left side of (6.7). Therefore,

CyE| sup
1€[0,T]

T
E [ sup e Jlu(s)p + / vy ||V<|ui<s>|1’/2)||%ds} < CE[luol|p],
s€l[0,T] 0 i
and (6.2) follows upon sending T — o0.

Now, we are ready to prove the main theorem on the global existence of solutions
for small data.
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Proof of Theorem 3.2 Let €y, 8p, a > 0 be as in Theorem 6.1. Assume that (3.6) holds
for some 6 > 0. By Markov’s inequality, we have

8o C Cs
P{ sup e“llu@®)lh > =] < —Ellluollh] < —.
) 80

1€0,00) 2

The assertion is then obtained by choosing § > 0 sufficiently small.
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