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Abstract

We consider linear elliptic equations in divergence form with stationary random coef-
ficients of integrable correlations. We characterize the fluctuations of a macroscopic
observable of a solution to relative order %, where d is the spatial dimension; the
fluctuations turn out to be Gaussian. As for previous work on the leading order, this
higher-order characterization relies on a pathwise proximity of the macroscopic fluctu-
ations of a general solution to those of the (higher-order) correctors, via a (higher-order)
two-scale expansion injected into the “homogenization commutator”, thus confirm-
ing the scope of this notion. This higher-order generalization sheds a clearer light
on the algebraic structure of the higher-order versions of correctors, flux correctors,
two-scale expansions, and homogenization commutators. It reveals that in the same
way as this algebra provides a higher-order theory for microscopic spatial oscilla-
tions, it also provides a higher-order theory for macroscopic random fluctuations,
although both phenomena are not directly related. We focus on the model framework
of an underlying Gaussian ensemble, which allows for an efficient use of (second-
order) Malliavin calculus for stochastic estimates. On the technical side, we introduce
annealed Calderén—Zygmund estimates for the elliptic operator with random coeffi-
cients, which conveniently upgrade the known quenched large-scale estimates.
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1 Introduction
1.1 General overview

Let a be a random coefficient field on R? that is stationary and ergodic and satisfies
the boundedness and ellipticity properties

la(0)&| < |&], &-a(x)E = Mg, forall x, & € RY, (1.1)

for some A > 0, and denote by (€2, F, P) the underlying probability space. Given a
deterministic vector field f € CX° (Rd)d, we consider the random family (Vu)e~0
of unique Lax—Milgram solutions to the rescaled problems

~V-a(:)Vu, =V - f inRY, (1.2)

where the rescaled coefficients a(;) vary on the “microscopic” scale ¢, and we study
“macroscopic” observables of the form fRd g-Vu, withg € C* (R4)4 deterministic.
Qualitative homogenization theory [34,45] states that almost surely fRd g Vu, —
fRd g-Vuase | 0, where Vi solves the (deterministic) homogenized equation

—V-aVi=V-f inR?,

and the homogenized coefficients a € R*4 are given by ae; = E[a(Vy; + ¢;)] for
1 <i < d, in terms of the corrector ¢;, that is, the unique (up to a random additive
constant) almost sure solution of the corrector equation,

—V-a(Vg; +¢)=0 inR?, (1.3)

in the class of functions the gradient of which is stationary, centered (thatis, E [Vg;] =
0), and has finite second moment. In other words, the field-flux constitutive relation
Vw, — a(;)Vwe is replaced on the macroscopic scale by the effective relation
Vw — aVw.

A well-travelled question in homogenization is to further characterize the oscilla-
tions of the solution u.. As expected from formal asymptotics, the so-called two-scale
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expansion1 (1 + e@i(;)Vi)u precisely captures the oscillations of u, to order O (¢)
(in dimension d > 2), in the sense of

|V (e — (1 + i (VD) || 2 ga ey = OE)-

This expansion has a natural geometric interpretation: by definition (1.3), the corrector
@; defines the correction of Euclidean coordinates x +— x; into a-harmonic coordinates
x = X +@i(x),

—V-aV(x;i +¢;) =0,

so that the expansion (1 + eg; (3)V;)u amounts to locally correcting the homoge-
nized solution # in terms of oscillating @-harmonic coordinates. Such expansions are
naturally pursued to higher order: while the (centered) first-order corrector ¢ = ¢!
is characterized by the property that (1 + ¢; V;)¢ is a-harmonic for all affine func-
tions £, the (centered) second-order corrector ¢ is characterized by the property that
for all quadratic polynomials g the expansion (1 4 ¢; V; + (pfj Vizj)ci fully captures the
oscillations imposed by the heterogeneous elliptic operator —V - aV in the sense of
—V-aV(1+¢;Vi+ (pizj Vl.zj )g being deterministic (see Sect. 2 for a precise statement).
The second-order two-scale expansion (1+¢e¢; (;)V; + 529"1‘2]' (;)Vizj)ﬁg then captures
the oscillations of u, to order 0(82) (in dimension d > 4), where ﬁg is a proxy for a
solution to the generically ill-posed higher-order homogenized equation

—V . (@+ea?vy))VU>=v-f inR?,

in terms of the second-order homogenized coefficients [lize jo= E[a(Vgoizj + pje j)].
In other words, the effective field-flux constitutive relation Vw — aVw is refined to
its second-order version Vw +— (a + e&fv,-)vw. The proxy ﬁg for a second-order
homogenized solution can e.g. be chosen in form of ﬁg := it + ei? with % solving

—V.(@Vi*+a*vvii) =0 inRY

Such a description of oscillations of u, via higher-order two-scale expansions is clas-
sical in the periodic setting [11]. It also holds in the random setting for large enough
dimension and for decaying enough correlations [9,24] (cf. [3,20,22] for the first-
order level): under appropriate mixing conditions, higher-order expansions allow to
capture oscillations up to the critical order O (¢%/2) (with a logarithmic correction in
even dimensions). The limitation is due to the fact that, in the random setting, not
all higher-order correctors are well-behaved: ¢” can be chosen stationary with finite
moments only for n < % Precise statements and short proofs are included in Sect. 2
below in the Gaussian setting.

While periodic homogenization boils down to the description of oscillations of u,
stochastic homogenization in addition means studying the random fluctuations of the
macroscopic observables fRd g - Vu,. It was recently shown [25] that the centered

I we systematically use Einstein’s summation rule on repeated indices.
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rescaled observables ~4/2 fRd g - (Vu, — E[Vu,]) converge in law to a Gaussian.
Note that this does not enter the above theory of oscillations since accuracy there is
precisely limited to order O (¢?/%). We may naturally look for a finer description of
this convergence by means of a two-scale expansion. As observed in [25], however,
the limiting variance of £ ~4/2 fRd g - Vu, generically differs from that of £ ~/2 fRd g
V(1 + egi(;)Vi)u, which shows that two-scale expansion cannot be applied naively
when it comes to fluctuations. In [19], we unravelled the full mechanism behind this
observation by means of the so-called homogenization commutator, which led to a
new pathwise theory of fluctuations in stochastic homogenization (in agreement with
the pathwise heuristics in [25]). More precisely, fluctuations of Vu, were shown to
coincide with fluctuations of a suitable deterministic (Helmholtz) projection of the
corresponding homogenization commutator, which behaves like a Gaussian white
noise on large scales and for which the two-scale expansion is accurate at leading
order. In the present article we explain how this result naturally extends to higher
order in parallel to the known theory of oscillations: we obtain a full characterization of
fluctuations of e ~4/2 fRd g Vug toorder O (e4/?) (with again a logarithmic correction
in even dimensions). The main emphasis is on unravelling the suitable higher-order
commutator structure.

The homogenization commutator can be viewed as a commutator between large-
scale averaging and the field-flux relation; on first-order level it takes the form

ElVwe] := (a(3) — @) Vw,.

This expression first appeared in [5] (see also [7]) and is particularly natural since H-
convergence for (1.2) (cf. [39]) is precisely equivalent to weak convergence of E,[Vu,]
to 0 (cf. [19]), thus summarizing the whole qualitative homogenization theory. This
convergence property is the mathematical formulation of the Hill-Mandel relation in
mechanics [27,28] and can further be made quantitative [19]. For a higher-order theory,
we need a higher-order extension of the commutator. In view of the second-order
effective field-flux relation Vw — (a + 8[11-2V,-)Vu"1, the second-order commutator is
naturally defined as

E2[Vw,] = (a(;) — @ — £a?V;)Vu,,

and a higher-order Hill-Mandel relation can indeed be formulated in these terms (cf.
Lemma 3.3 below). Note that w, +—> E; [Vw,] and Eg[sz] are viewed as first- and
second-order differential operators, respectively. Next, we define suitable two-scale
expansions of these homogenization commutators. For the first order, we inject the
first-order two-scale expansion of w, into & ; [V-] and truncate the obtained differential
operator at first order, thus defining the following first-order standard commutator,

22 (V] := Vi (@(;) — &) (Vi (;) + e0).
Similarly, injecting the second-order two-scale expansion of w, into Eg[V] and trun-

cating the obtained differential operator at second order, we define the following
second-order standard commutator,
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B2 VD] := Vith (a(z) — @ — a3 V) (Ve (2) + ¢)

+eVid ((a(;) —a —ea?V)) (Ve (O + pi(Dej) — @ (Vo (2) + ei)>.

The standard commutators w +—> E;’l [Vw] and Eg’z[Vli)] are first- and second-order
differential operators, respectively, with e-rescaled (distributional) stationary random
coefficients. These stationary differential operators are viewed as intrinsic quantities,
with coefficients given by suitable combinations of correctors and of their gradients.
The above definitions are efficiently summarized in the form

29 [Vil(x) = L[V + &g (5) V)T ] (x),
B VDI(x) = EZ[V(1 4 £0i(H)Vi + 297 () V) T2 ] (x),

where TX1 w and szli) denote the first- and second-order Taylor polynomials of w at the
basepoint x, respectively. Note that these quantities are centered: E[Eg’"[vw]] =0
for n = 1, 2 and any smooth deterministic field w.

Pursuing these constructions to higher order, our main result is threefold and is
summarized as follows, under appropriate mixing conditions:

(i) Up to order O(£%/?) in the fluctuation scaling, the fluctuations of Vu, are deter-
mined by those of the corresponding higher-order commutators; cf. Theorem 1(i)
below.

(ii) Up to order O(sd / 2) in the fluctuation scaling (with a logarithmic correction in
even dimensions), the two-scale expansions of the commutators are accurate:
the fluctuations of the commutators are equivalent to those of the corresponding
standard commutators; cf. Theorem 1(ii). This fully extends the pathwise theory
of [19] to higher order.

(iii) The standard commutators are approximately local functions of the coefficients a.
This allows to infer a quantitative characterization of their limiting covariance
structure, as well as a quantitative central limit theorem (CLT); cf. Theorem 1(iii)—
(iv). Similarly as for the coefficient field a itself, while at first order the scaling
limit is given by a Gaussian white noise, corrections converge to derivatives of
white noise.

1.2 Main results
For simplicity, we focus on the model setting of a Gaussian coefficient field, in which

case a powerful Malliavin calculus is available on the probability space, substantially
simplifying the analysis. More precisely, we set

a(x) = ao(G(x)), (1.4)
where G is some R¢-valued centered stationary Gaussian random field on R con-
structed on a probability space (2, F, P) and where ag € Cf(R" ydxd jg such that

the ellipticity and boundedness assumptions (1.1) are satisfied. We use scalar notation
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a(’), ag for derivatives of ag. In addition, we assume that the Gaussian field G has
integrable correlations: more precisely, it has the form G = ¢g * &, where & denotes
«-dimensional white noise on R? and where the kernel cp: RY — R¥*X is chosen
even (that is, co(x) = co(—x) for all x) and satisfies the integrability condition

/ (sup |co|) dx <1, (1.5)
R4 \ B(x)

where B(x) is the unit ball centered at x. The covariance function of G is then given
by ¢ := c¢g * co and satisfies fRd (sup B(x) lc])dx < 1. The case of non-integrable
correlations could be treated similarly, but it would lead to different scalings, cf. [16].
Our main result is as follows.

Theorem 1 Consider the above Gaussian setting with integrable correlations (1.5)
and set .= [%], that is, the smallest integer > %. Forall1 <n < ¢, letu]} and v} be
the nth-order homogenized solutions of the primal and dual equations, respectively,
as in Definition 2.7 below, and let the nth-order homogenization commutator &7 and
its standard version Eg'" be as in Definitions 3.1 and 3.4. Then the following hold for

all0 < e < 4.

(i) Reduction to commutators: Forall f, g € C° (Rd)d, 1<n<¥ and p < oo,

d d
Np(gZ / g- Vug — 877/ Vl_)g : Eg[vué‘]) Spvf’g Sn’
R4 R4

1
where Np(X) :=E[|X —E[X]]”]7.

(ii) Two-scale expansion of commutators: Forall f, g € C2° (Rd)d, 1<n<¢and
p < 00,

_d - — -
Np(s 2 / & (BiVuel = cz’"[wg’l)) ot € 1dn (),
R

where
e n < ¥,
" an(d) = { e7lloge|? : n = € and d even, (1.6)
8% :n=4{andd odd.

(iii) Local covariance structure: Further assume that [ga |y|*|c(y)ldy < 1. There
exists an (m +4)th-order tensor Qy,,,, for all UK L k> 0withl +k +14+k =
m < € — 1, such that for all g, Vw € Cgo(Rd)d and 1 <n </{, setting

n—1
Qg Vil =Y &" Y Q0O /Rd V'g@ V've @ Vig® ViV,
m=0 U k' 1,k>0
U'+k' +1+k=m
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where O denotes the complete contraction of tensors of the same order, there
holds

d
2

Var [5_ /d g EZ’"[VID]} - Qleg, VID]‘ e € than(2).
R

(iv) Normal approximation: For all g, Vi € C&° RHY and 1 <n <4,

)ﬁn(n—l)

d
d e2|log ¢|([log | log?|log &
dN<e—5/ 8'52”"[Vu7]> <.a llog el(| dg |log*|log ]
R Var[e72 [pa g - B¢ [Vw]]

where we have set
X-E[X X-E[X
dp(X) == W2 (—[1]N> +dtv (—[1]/\/’) .
Var [X]? Var [X]2

where W» (+; N) and dtv (-; N) denote the 2-Wasserstein and the total variation
distances to a standard Gaussian law, respectively.

In the estimates above, the notation <, (with parameters y) stands for < up to a
multiplicative constant C,, > 1 that only depends on d, A, ||aplly2~, and on the
parameters y, through an upper bound on suitable (weighted) Sobolev norms of y if
y is a function. &

Choosing n = ¢, we are thus led to an intrinsic description of the fluctuations
of macroscopic observables f]Rd g - Vu, — E[Vu,]) with accuracy I (with a
logarithmic correction in even dimensions), that is, up to the square of the CLT order.
In particular, non-Gaussian corrections are only expected beyond that order.

Corollary 1 With the assumptions and notation of Theorem 1, forall f, g € C° (R4,
in terms of the intrinsic quantity

X2(g, f) = g% /Rd Vol - (B2 Val] - B[22 Vil]]),

there holds for all p < oo,

1 1
_d o pp d loge|? : d even,
E[(e 2/Rdg-(Vug—]E[Vug])—Xa(g,f)) ] prg €2 X {|1 gel v

and, under the non-degeneracy condition Qoo © [ra(VU ® Vi)®2 £ 0,

- —¢11 d
d(X2(s. f)5 QUVIL VA1 N) Sy e lloge|*(loglloge)™,  (17)
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where d (-; -) stands for the sum of the 2-Wasserstein and the total variation distances,
where N denotes a standard Gaussian random variable, and where

<&

. 1 {d(d—Z) . d even,

84 SV d+1d—1):dodd.

Another question that one may formulate concerns the description of fluctuations
of higher-order correctors—although this is somewhat artificial since only combina-
tions of correctors in form of two-scale expansions are intrinsically relevant. As briefly
described in Remark 3.6, the proof of the above main result can be adapted in a straight-

forward way to also describe the fluctuations of 8”’%<p” (;) and g9 Ve't! (3) with

accuracy O(e?) foralln < £ — 1 (with a logarithmic correction in even dimensions).

Outline of the article

In Sect. 2, we start by recalling the theory of oscillations in stochastic homogenization
in terms of higher-order correctors and two-scale expansions. Section 3 is devoted to
the definition and elementary properties of higher-order homogenization commuta-
tors, including the (easy) proof of item (i) of Theorem 1 as well as the statement of
quantitative higher-order Hill-Mandel relations. Next, we turn to the rest of the proof
of Theorem 1, which is based on the following three main ingredients.

e Malliavin calculus: In the present Gaussian setting, given a random variable X,
a Poincaré inequality holds in the form Var [X] < CE [||DX||%] (cf. [15,29]),
where the Malliavin derivative DX encodes the infinitesimal variation of X with
respect to changes in the underlying Gaussian field G and where || -|| ¢ is the Hilbert
norm associated with the covariance structure of G. Similarly, the approximate
normality of X can be estimated by the size of D?>X with help of a so-called
second-order Poincaré inequality [14,43]. With these functional analytic tools at
hand, we are thus reduced to estimating infinitesimal variations of the quantities of
interest with respect to G, thus somehow linearizing the dependence on G, which
is then particularly amenable to PDE methods. On a more technical level, rather
than using ad hoc derivatives with respect to the coefficient field as in previous
works in stochastic homogenization, we use here the full power of the Gaussian
Malliavin calculus. Relevant definitions and results are recalled in Sect. 4.

e Representation formulas: In view of applying the above tools from Malliavin cal-
culus, we consider the infinitesimal variations of the quantities of interest, for
which we establish suitable representation formulas. This requires a good under-
standing of the algebra behind higher-order correctors and commutators, and is
performed in Sect. 5.

e PDE ingredients: It remains to estimate the infinitesimal variations of interest from
their representation formulas. Based on the large-scale Lipschitz regularity theory
for a-harmonic functions as developed in [5-7,21], we introduce in Sect. 6 a new
annealed Calderén—Zygmund theory for linear elliptic equations in divergence
form with random coefficients. This constitutes an upgrade of the quenched large-
scale Calderon—Zygmund theory of [3,4,21] (see also [31] for a direct approach);
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it happens to be particularly well suited for our purposes in this article and is of
independent interest.

Finally, with these three ingredients at hand, we turn to the proof of items (i), (iii),
and (iv) of Theorem 1 in Sects. 7-9, respectively.

Notation

e We denote by C > 1 any constant that only depends on d, A, and ||ag|| y2.. We
use the notation < (resp. =) for < Cx (resp. > éx) up to such a multiplicative
constant C. We write >~ when both < and 2 hold. We add subscriptsto C, <, 2, o~
in order to indicate dependence on other parameters. If the subscript is a function,
then it is understood as dependence on an upper bound on suitable (weighted)
Sobolev norms of the function.

e The ball centered at x of radius r in R? is denoted by B, (x), and we simply write
B(x)ifr = 1.

e For a function fand 1 < p < oo, we write [ f],(x) := (fB(X) | £1P)YP for the
local moving L?” average, and similarly [ f]oo(x) := sup B(x) [ f1.

e For a kth-order tensor 7 we define for any fixed indices iy, ..., i,
Symy, i, Tiy iy = Z Tig 1y oo
. JESk
with Sy denoting the set of permutations of the set {1, ..., k}. Although this nota-

tion may seem redundant at this point, it will prove very useful in the sequel.

e For r € R we denote by [r] the smallest integer > r and by [r] the largest
integer < r. For r,s € R we write r V s := max{r, s} and r A s := min{r, s}.
We set (x) = (1 + |x|2)1/2 for x € R?, and (V) denotes the corresponding
pseudo-differential operator.

2 Higher-order theory of oscillations

In this section, as a prelude to the study of higher-order fluctuations, we describe the
classical higher-order theory of oscillations in stochastic homogenization in terms of
two-scale expansions, including some new results and shorter arguments. We start by
recalling the definition of higher-order correctors, homogenized coefficients, fluxes,
and flux correctors as motivated by formal two-scale expansions (e.g. [11,30]). A sim-
ple iterative way to view this definition is as follows: for n > 1, assuming that the
previous correctors ¢!, ..., ¢" ! are well-defined as centered stationary objects, the
next corrector gradient V" is the unique centered stationary object that is charac-
terized by the property that for all nth-order polynomials g the corrected polynomial
F'[ql:=q+) ;_, (pf‘l ik VK . captures oscillations of the heterogeneous operator

i1...0g
in the sense that V -aV F"[q] is deterministic. In that case, there must hold [cf. (2.9)]

n—1
—_— —k k-1 -
V.-aVF'[g1=V- (Z ailu.ikivil...ik_i) Vg,
k=1
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which in addition characterizes the higher-order homogenized coefficients a, ...,
a" ! next to the first-order one a! := a. In other words, the higher-order correc-
tor expansion F”'[-] precisely intertwines the heterogeneous elliptic operator with its
higher-order homogenized version. Note that the above only characterizes the sym-
metric part Sym; ; ¢;, ., of correctors, which is indeed the only relevant quantity
in view of two-scale expansions. It is however convenient to define correctors with a
suitable non-symmetric part in such a way that the corresponding fluxes can be written
in terms of skew-symmetric flux correctors, which is a well-known crucial tool in view
of error estimates (e.g. [30, p. 27]). As stated below, in contrast with the periodic case,
only ¢ := (%] correctors can be defined, with the £ — 1 first of them being stationary;
this number would be further reduced in the case of coefficient fields with stronger
correlations (e.g. [9,20]).

Definition 2.1 (Higher-order correctors) Given £ := f%}, we inductively define the
correctors (¢")o<n<¢, the homogenized coefficients (@") 1<, <¢, the fluxes (¢")1<n<¢,
and the flux correctors (6")o<n<¢ as follows:

e ¢¥:=1landforall 1 <n < ¢ we define ¢" := ((pf’l._'in)lf,»l,_”,-nfd with Q"zﬂl...in a
scalar field that satisfies
—V-ave! =V (g} =0Tl e,).

i1.dp—1 i

Ve ., stationary, E [|V(pl’7]min|2] <oo, E[Ve! . ]=0.

p
For n < ¢ we can choose ¢" itself stationary with E [(p"] = 0, while forn = ¢
we choose the anchoring (pz(O) =0.

e Foralll <n < {wedefinea” := ((_l:.ll
given by

)15,'1’__,,,'%15[1 with ﬁlr'llmin—l the matrix

wln—1

a . e, =Ea(Ve! , +¢'} e, @2.1)

i1...0p—1

e Forall 1 <n < ¢ we define ¢g" := (qinl...i,,)liils~~~»in5d with ql”l
given by

in the vector field

n . n n—1 n—1 ) -n
4, i, ‘= avVy; ; + (ay; — 0, )ei, — a;

i1.in—1 i1...0p—1 11,“1',1_16!',17
where the definition of @ and the normalization of ”~! below ensure E [q"] =0.
e oV :=0andforall 1 <n < ¢ we define 6" := (0] i <ir....ip<d With o' . a
skew-symmetric matrix field that satisfies

— Ao/
1

— n n __ n
ig =V X iy s VO =iy s

Vai'f_"l-n stationary, [E [|V‘7i’:...i,,|2] <00, E [V‘Ti?...i,,] =0,
with the notation (V x X);; := V;X; — V;X; for a vector field X and with the
notation (V- Y); := V;Y;; for a matrix field Y. For n < £ we can choose o itself
stationary with £ [o”] = 0, while for n = £ we choose the anchoring at(0) =0.
<&
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We first state that the above definition of higher-order correctors indeed makes
sense. This easily follows from [9, proof of Proposition 9 and Lemma 12] together
with Lemma 7.1 below in the considered Gaussian setting (see also [3,20,21]), and
the proof is omitted. Note that the optimal stochastic integrability (that is, the optimal
constants ¢;’s below) is not required in our analysis, hence is not addressed here.

Proposition 2.2 (Higher-order correctors [3,9,20,21]) All the quantities in Defini-
tion 2.1 exist and are uniquely defined. In addition, there exists a sequence (c,)o<n<t
of positive numbers with cy = % such that forall 0 <n < fand 1 < p < oo,

la"| <1, E[[Ve"1F]? S p™ ", E[l¢"150)]7 +E[[6"15(0)]? < p™pan(x),

where in line with (1.6) we have set

1 n<d,
Hd.n(x) = log%(Z + |x]) : n = £ and d even, &
1+ |x|2 “n = andd odd.

For later reference we also state the following result on the fluctuation scaling
of correctors, showing that higher-order correctors have stronger correlations hence
worse fluctuation scalings, as first emphasized in [24].

Lemma 2.3 (Fluctuation scaling of higher-order correctors) For all g € C2° (RY),
O<n<{f—1,andl < p < o0,

1
E[)/Rdg(x)(w”*]’w”’a”)%)dx}p}p Sp et "lghll o

La+2i (Rd)

If a is replaced by the pointwise transpose field a*, we write (¢*")o<n<¢,
@ " 1<n<t> (") 1<n<e, and (6*")g<y<¢ for the corresponding objects. While it
is well-known that a*! = (a@')*, the following lemma extends this relation to higher
order.

Lemma 2.4 (Symmetries of homogenized coefficients) Forall 1 <n < 0,2
Symil...in (e/ : a;ll...inflein) = (_1)n+1 Symil...in (ein : ‘_lj;:l...infzeinfl)' (22)
In particular, if a is symmetric and if n is even, there holds

. .ol . —
Symil...in+| (eln+l ail...infle’n) =0. <&

Remark 2.5 The proof of Lemma 2.4 proceeds by letting the successive inverse oper-
ators (V - aV)~ V. defining (Vo", " “migrate” to the test function a in the

2 Forn = 1 the notation @™ ej,_, stands for a*!

T ej, and we use a similar unifying notation through-
ey

out in the sequel.
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definition (2.1) of @". Using the algebra of correctors, a full migration precisely leads
to the dual expression @a*” and proves the relation (2.2). Rather stopping this migration
argument at an intermediate step, we obtain forall 1 <m <n < ¢,

Symg, . (ej 'ler'll...i,, e’n) = (=t Sym;

E[w*ﬁz’"ﬂ ave! ™"

i1...0p Jinedpn—m+1

*,m n—m—1
— Q.. . e; -a e .
goflnn-ln—m+2 In—m+1 (pl] dp—m—1 l"’m:l

Note that this turns into (2.2) form = n — 1. We deduce for n = 2m + 1 odd,

Sym;,

i1...Ip

(Ej ’ ‘_1;114..1',,,161}1) = (_1)m+1 Syn’li| L ]EI:VQO* ] : avwm—‘rl

Jin.im+2 edm+1

*,m m
(pji,,...ierg Cimyn " a(pi] wdm €yt :I ’

and for n = 2m even, further using the algebra of correctors to symmetrize the
expression,

Symil..jn (ej azl dp— 1eln)

= 0" Symy g, B(VO 0 i) @ i

Jln-lm+2 (p]ln~~-1n1+3 Im+2

*,m . m m—1 .
TPy ipgn Cimt1 “(V‘Pil...im + ‘pil...im,lelm)]'

This shows that @” can be defined in terms of correctors (Vo' !, ¢*) with s < L%J
only. This simple observation was independently made in [1, Theorem 3.5] (see also
[47, Lemma 5.2.6]) and has the following striking consequence: Choosing a peri-
odization in law a;, of the coefficient field @ and recalling that the periodic Poincaré
inequality ensures that all the correctors ¢} are defined as stationary objects so that
all the corresponding homogenized coefficients a’; are well-defined, the above com-
putation entails that Sym; ;. (&’Il‘;il...inqein) has a limitas L 1 oo foralln < d if
d is odd and for all n < d if d is even. This partially solves a weak version of the
Bourgain—Spencer conjecture [12,33] as stated in [17, Section 4.2]. Refinements in
this direction are postponed to a future work. <

We turn to the accuracy of two-scale expansions in the homogenization regime.
Given f e L?>(R?%)?, we consider the unique Lax—Milgram solution Vi, of the
rescaled elliptic PDE (1.2),

~V-a(:)Vu, =V - f inR7.

Standard two-scale expansion techniques [11] formally suggest
Ze g011 lk(E‘ k ~~ik08n + 0(8n+1)’
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where U, I satisfies the nth-order homogenized equation
<Zek af o Vil l)vf}g =V.f inR% (2.3)

The effective field-flux constitutive relation Vw +— aVw is thus refined into the
higher-order relation

Vu)l—)ZSk lak VAVARLERET (2.4)

@iy i1eeik—1

which includes dispersive corrections. However, Eq. (2.3) is ill-posed in general for n
even and a suitable proxy needs to be devised (cf. also [32]). We start by introducing
a notation for two-scale expansions.

Definition 2.6 (Higher-order two-scale expansions) For 0 < n < ¢, given a determin-
istic smooth function w, its nth-order two-scale expansion F/'[w] is defined as

Felw] —Ze g[)11 lk )Vlkl lku_)

At the level of gradients, we similarly define for 0 <n < ¢,

U-lk+1

EVD] = ) e (Voith 4ol e )G VL . S

In particular, note that the quantities VF/[w] and E7[Vw] are related as follows:
forall0 <n < ¢,

VF![w] = Ef/[Vw]+&"¢} ; VV] W, (2.5)

where all coefficients of E}[Vw] are stationary. We turn to the definition of a suitable
proxy for the ill-posed higher-order homogenized equation (2.3). For later reference
we simultaneously consider the dual equations.

Definition 2.7 (Higher-order homogenized equations) Given f,g € CX (R4, Tet
Vu, and Vv, be the unique Lax—Milgram solutions of the rescaled elliptic PDEs

~V-a(;)Vu, =V -f, —V-a*(:))Vv,=V.g inR’ (2.6)

For 1 < n < £, we define the corresponding nth-order homogenized solutions
n n
—no._ k—=1~k  =n ._ k—1+~k
T P T S
k=1 k=1
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where Vii! = Vit and V3! = V4 are the unique Lax—Milgram solutions in R of the
first-order homogenized equations,

—-V-.-aVi=V.-f, —-V.-a*Vi=V.g,

and where for 2 < n < ¢ we inductively define the nth-order corrections Vu" and
V" as the unique Lax—Milgram solutions in R¢ of

i1.0k—1

n
~Vv.avi"=v.y a , vvkL otk
k=2

n

. AAU . —x,k k—1 ~n+1—k
V.a*vi' =V ail‘..ik,lvvz‘l.‘.ik,lv . <&
k=2

With the above notation, the main result from the higher-order corrector theory in
stochastic homogenization takes the following guise. For ¢ = 2, it is a straightforward
consequence of the definition of higher-order correctors and of the corrector estimates
of Proposition 2.2. It extends [3,9,20,22] to higher order and completes [24, Theo-
rem 1.6] up to the optimal order with finer norms. For n = ¢, the obtained maximal
accuracy is 0(s4/?) (with a logarithmic correction in even dimensions), indicating
that the study of fluctuations goes beyond the theory of oscillations.

Proposition 2.8 (Accuracy of higher-order two-scale expansions) For all f €
CXMRHY, 1 <n<tandl <q<p<oo

1
E[H [V (e — F![ﬁﬁ])]zyyfq(Rd)]" Saop & an () |1l Flos|| Lo gay-
2.7

<
2.1 Proof of Lemma 2.3
The resultis easily obtained based on Malliavin calculus and on the annealed Calderén—

Zygmund theory of Sect. 6. More precisely, for 0 < n < ¢ — 1, we start from
Proposition 4.1(iii) together with (4.2) in the form

1
E U / g (Ve " o™ p} !
Rd

1

n+1 n n 2 g '

Sp E [ g (VD¢"", D", Do )] ,
R4 Rd 1

and the conclusion follows after e-rescaling from the estimates of Lemma 7.1 on the
Malliavin derivatives of higher-order correctors. O
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2.2 Proof of Lemma 2.4

As explained in Remark 2.5, the argument consists in letting the successive inverse
operators (—V - aV)~!V. defining the correctors (V¢", ¢"~!) migrate to the test
function a in the definition of the homogenized coefficient

= —1
a;ll.“inflein =E I:a(vwlnll,, + (0:'/:.“!-”_]@[”)] :

Taking into account the particular algebraic structure of the correctors, a full migration
precisely leads to the dual expression @a*” up to additional terms involving higher-
order flux correctors, which disappear when taking the symmetric part. We split the
proof into two steps.

Step 1. Migration process: proof thatforall 1l <m <n < ¢,

E I:V(pjl,m s,m—1 n—1 ]

n .o ! . )
Jm avwil...in gojl...jmfle]m a(pll.“l,l,leln

=-E I:V(p*’m-"_l ! avwl’l—l - q)*’m €i, a(p'rlj.zin—Zeitz—l]

J1---Jmin i1.dp—1 J1eeJm tn 11

*,m—1 o n—1 *,m . n—2 .

—E [e"n "0t gt CinPit iy T P Cin "’n...infze’ﬂ—l] SEACE
We abundantly use the properties of higher-order correctors (cf. Definition 2.1). The
equation for ¢", in conjunction with the stationarity of all involved objects, and the

skew-symmetry of o}/ f_}ni] yield

*,m *, M —1 -1
E I:V(pjljm ' aV(plnllﬂ:I = ]E I:_V(p]l]m ’ (a(pll;’l‘--in—l - 0i’f~-<in—l) ei”:|

_ _ ®*mo n—1 . *,m o n—1 .
_EI: V('Djlmjm a(pilmin—lel”dl_(pjlmjm(V ° ) elnil’

i1...0p—1

hence, using the equation V - 6" ! = ¢"~! and the choice E [go*’"] =0,

*,m n _ _ *,m . n—1 . *,m o n—1
E I:Vgofl/m aV(pi]"'i”:I B EI: V(p./'lv--jm a(pil"-in—lel" + g0j1---jmel” av"oil

weln—1

*,m . n—2 . kM . n—2 .
+(pjl~--jmel" a(pilmin—Zel”71 nglmjmel" O—ilmin—Ze[”’le.

We focus on rewriting the second right-hand side term. Using the equation for ¢*"*+!

and the skew-symmetry of oj*lm e W€ find

*,m o n—1
El:wjl»--jmel” “Vwilv..infl]

_ _ *,m—+1 n—1 . *,m n—1
- E[ V(pjlmjmin avwil---infl el" O-]l]m Vgoil---infljl
./1~~~jmin i1.dp—1 i1..dp—1 in

=F [—V(p’f’m‘H cavel L (v o) ot b ] ,
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hence, using the equation for V - o*™ and the choice E [¢"~!] =0,

1
E I:(p;kl mj eil‘l av(pn ln 1]

_ _ *,m+1 n—1 n—1
- EI: V(pjl-“jmin V(p win—1 + V(pjl /m (pll dp— lel”
*,m—1 n—1 *,m—1 n—1
+ (p wedm—1 Cijm * ¢l| dp— ]el’l - UJ Jm—1"Jm ’ (p win—1 l"]’

and the claim (2.8) follows.

Step 2. Conclusion.
For 1 < n < ¢, the definition of @ and the equation for ¢*! yield

n—1

—n L *,1 n
ej-a; ; €, = —E[V(pj '“V‘Pil.,.i —ej-ag; le,”].

wip—

Iterating identity (2.8) then leads to

s*,n—1

. L (_1\" *,n . _ . X
€j ai]...i,eln—( ly E[V(pji,,...ig “V‘/’zl Piip...izCi2 aell]

Z *l n—Il—1 #0141 n—Il-2 .
+ Z( 'E I:e,” 1 O i Cint10 Py iy T Py Cinet 'ail---in—l—ze’””":l'

By skew-symmetry of a bty and o 21 , for all [, we deduce
- , 1
Symil...i” ej- a:l] dp— 1 = (- 1) Symll i E [vﬁuji,r,lmiz ! aV(pu (p;kl" i3 €y * aeil:l ’

hence, using the equation for ¢! and the definition of a*"

Sym;, ;. ej-a; ; e, = (=1t Sym;, ; E [ei, -a* (Vo' L+ ol )]

11.ln 11...lp Jin...i2 Jin...i3" 12

= (—1)"*! Sym, ai' . e,

Loy G0 Qi iy
and the conclusion follows. O
2.3 Proof of Proposition 2.8

We focus on the case ¢ = 1 and drop it from all subscripts in the notation, while the
final result is obtained after e-rescaling. We split the proof into two steps.

Step 1. Equation for F,,[w]: proof that for all w € C2° (Rd) andn > 0,

_ k—1 _
V-aVF'[w] =V <Za” vV} le)

’ ((“‘/’il‘..in - Ori...‘in)vvzn‘ i 11’)‘ 2.9

1--ln
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We argue by induction. The claim is obvious for n = 0. Now, if it holds for some n > 0,
we deduce

n
+lr=7 —k k—1 —
V-aVF" ' [w] = V- (Zail.‘.ik 1vvt1 dg— 1w>

V-(@g! ; —ol' IVVE )+ V-aV(e!Th Vit @), (2.10)

g011 dpgl et

The definition of Uﬁﬂ.nﬂ (cf. Definition 2.1) yields

" +1 +1 -
V. ((a(ptlﬁ..‘in - 11 1n)vvln| .n w) = ((V Gzrll tn+1)vin1...i,,+1w)
+1 +1 +1 -
-V (aV(p;llminJrl Vinl--‘in+1 ) + v ( :’ll I VVlnl -in w)

Hence, using the skew-symmetry of G”J“]n“ and decomposing

V((p{l+l n+1 IZ)) n+1 n+1

n+1 n+1 -
Vo, w biy.. At Ueintl

i1 01eedngl S PERE F RN A

)

we obtain

& ((a(pinl.‘.i,l - 11 dn )Vvlnl i lI)) =V ((awﬁl» _O'i’]ltl' )VV_"‘H lI))

leln41 In+1 I1.lptl
n+1 n+1 ~n+1 n -
-V av((pi1...in+| Vi]...in_H ) +V- ( i1...In Vvtl n w)

Injecting this into (2.10) leads to the claim (2.9) at level n + 1.

Step 2. Conclusion.
Letn > 1 be fixed. Applying (2.9) with w := " and subtracting the Eq. (2.6) for u,
we obtain

—V-aV(u— F"[i"])
n
~k k—1 -~ _
=V <f+zai1-»-ik1 Vzl k1 n) +V'((a(pin1---in - 11 ln)v lnl dn ”n)
k=1
(2.11)

We now examine the equation satisfied by " = ) j_, i*: summing the defining
equations for (ﬁk)lfkfn (cf. Definition 2.7), we find

n n
on 1 k-1 Sl +1—k
-V.a'vVu"=V.f+V. (Zailmik 1VV” dpe 12” )’
k=2

1=k

or equivalently,

n n n
~k k—1 -n __ ~k k—1 ~]
—Vv: (Zail---iklvi1-~~ik—1> Vi =V f=V- (Zail---ik lvvll k-1 Z u ) :
k=1

k=2 I=n+2—k
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(This is to be compared with the formal ill-posed Eq. (2.3).) Inserting this into (2.11)
yields

n
k 1 ~
-V aV(u o F”[u ] (Zall g 1 ll k-1 Z u)
I=n+2—k
'((a‘pil...in - l1 i) )VVI"1 i L_tn). (2.12)

An energy estimate and the corrector estimates of Proposition 2.2 then imply for all
p < 00,

1
E [HV(u — F"[a"]) Hfz(Rd)]” Sp Itan V" 2

n n
+2 2 Vil

k=2 I=n+2—k
2n—1
k
Sp D MianVE Fll2gays
k=n

where the last estimate follows from the weighted Calderén—Zygmund theory for the
constant-coefficient equations defining (#*);<x<,. The conclusion (2.7) in L*(RY)
follows after e-rescaling. (Note that for the sake of shortness in the statement the
norms of ka forn < k < 2n — 1 are replaced by the norm of (V)Z”_1 f, which is no
longer scale invariant.) The corresponding result in L4 (R?) for general 1 < ¢ < 00
requires to replace the energy estimate for (2.12) by some L? theory, as provided e.g.
by Theorem 6.1 below; details are omitted. O

3 Higher-order homogenization commutators

As discovered in [5,19], the homogenization commutator & ; [Vu,] = (a(;) —
a')Vu,, which takes the form of a commutator between large-scale averaging and the
field-flux constitutive relation, plays a key role in the study of fluctuations in stochas-
tic homogenization. Indeed, while the two-scale expansion of the solution Vi, is not
accurate in the fluctuation scaling [25], the expansion of its commutator = ;[Vug] is
accurate [19]. The leading-order fluctuations are then governed by the standard homog-
enization commutator, that is, the commutator of the corrector field, Eg'l[Vﬁl] =
(a(z)— a' ) (V(pi1 (3)+e)Vi i!. For higher-order fluctuations, a suitable higher-order
correction of the homogenization commutator & 2E[Vu <] is defined as follows.

Definition 3.1 (Higher-order homogenization commutators) For 0 < n < ¢, given a
random function w, its nth-order homogenization commutator E7[Vw] is the (distri-
butional) random vector field

. . k=1k k=1
QZ[VU)] = <a( ) — ZE A i 1V11 dj— 1>VU). ©
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This definition is natural in view of the higher-order effective field-flux con-
stitutive relation (2.4). Note that the symmetries of the homogenized coefficients
(cf. Lemma 2.4) and an integration by parts lead to the following duality relation
for all smooth and compactly supported random functions w, w’,

/Rd Vu' - E!NVw] = /Rd EMIVW]- Vw. 3.1

Similarly as for the first-order commutator [19, (1.8)], we state that the higher-order
fluctuations of the field Vu, are determined by those of the higher-order commutators.
While at first order we have the exact relation [pg &+ (Ve —Vit) = [pa V- EllVu,],
this does no longer hold at higher orders due to the choice of a proxy for solutions of
the generically ill-posed higher-order homogenized equations (2.3) (cf. (3.4) below).
A corresponding formula can be deduced for the flux a(;)Vu,. This key principle
corresponds to item (i) in Theorem 1.

Proposition 3.2 (Reduction to commutators) Forall 1 <n < { and p < oo,

d _
N, (5—2 / g -Vu, —e~ / vy - EZ[VME])
R4 R4

Sp € IV D gl s gy 1 f s ey -

[N

where we recall the notation Np(X) = E [IX —E[X] |1’]%. <&

Next, we wish to emphasize that the above definition of the higher-order com-
mutator E7 leads to a higher-order Hill-Mandel relation (e.g. [51] in the mechanics
literature). First recall that the first-order commutator E;[Vug] = (a —a)(;)Vu,
was a natural quantity to consider in [5,19] since the very definition of H-convergence
[39] is equivalent to the weak convergence of & é [Vu,] to 0, which is the mathemat-

ical formulation of the classical Hill-Mandel relation [27,28]. Interestingly, this can
be made quantitative: a direct computation for the solution of (2.6) yields

ej- BN Vus] = —evk((a*go;"l —or) (@) ex - Vu, +<pjf'l(;)fk) + Vel f,

where the right-hand side is checked to be of order O(¢) in a weak norm if d > 2.
This property extends to higher order as follows.

Lemma 3.3 (Higher-order Hill-Mandel relation) For all feC2°(R4)? and 1<n<¢,
€j EZ [VMS] = (_E)HV?]...i" ((a*(p;(tz:l“.i”_l - O‘;i.:l...i,,_l)(si)ein : Vuf‘ + (pjl?:l.“in_l (g) fln)

n—1
+ 3 (Vo + Lo )G ), (3.2)
k=0
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hence, for all g € CfO(Rd)d and p < 00,

No( [ 200901) Sy et (ean " ehizar + 1l g o W Bz

AL (RY)
<&

Finally, the relevant higher-order two-scale expansion of the higher-order commu-
tator E7[Vu,] takes the form E"[Vu}], where the so-called standard commutator
B¢ "[V-]is the nth-order d1fferent1al operator with e-rescaled (distributional) station-
ary random coefficients that is obtained by inserting the nth-order two-scale expansion
F['[-]into the commutator E7[V-] and by truncating the obtained differential operator
at order n. In other words, the standard commutator Eg°"[V-] is the nth-order lin-
ear differential operator characterized by E2"[Vg] = E![V F}'[g]] for all nth-order
polynomials g. This is efficiently expressed as follows.

Definition 3.4 (Standard higher-order homogenization commutators) For0 <n < ¢,
given a smooth deterministic function w, we consider its nth-order Taylor polynomial
with basepoint x,

Tli(y) = D) + %

1<|a|<n

vV (x),

where we use standard multi-index notation, and the nth-order standard homogeniza-
tion commutator E9°"[Vw] is then defined as the (distributional) random vector field

22 Vil(x) = B [VFNTB])(x) B S [ENVT H]] ).

(Henceforth by a slight abuse of notation we similarly define E"[ H] as in Definition 3.1
even when H is not a gradient field.) <&

This definition ensures E [Eg’"[vw]] =0forall0 <n </{and w € C?O(Rd).
Note that 22" [Vw]in general differs from B[ E} [Vw]] whenevern > 1, even though
EXVT!w](x) = E}[Vw](x). An explicit formula is as follows.

Lemma 3.5 (Explicit formula for 83") For all w € C?O(Rd) and1 <n <V,

EX"[Vw] = E'[E"[Vw]]

n—1 n—1 k+s—n
k gkt s+l -
+ Z € (Symll ik Yy Ak Z &' Z < > 11+1 g V;l s+l w
k=1 s=0 =0
l +1 .
x Vu ”((thjl Js+1 + ¢;1-»-jse./:+l)(g)>' <
Remark 3.6 While Proposition 3.2 reduces higher-order fluctuations of the field Vu,

to corresponding fluctuations of its higher-order homogenization commutator, we
briefly argue that fluctuations of higher-order correctors can similarly be reduced to
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fluctuations of higher-order standard commutators. A simple adaptation of the proof
of Proposition 3.2 yields for0 <n < £ — 1,

d _ d _
N,,(ez/ g-Eg’[Vw]—e’f/ Vi - ””[E"[Vw]]> Sporg &
R4 R4

Inserting the formula of Lemma 3.5 and the definition of E} (cf. Definition 2.6), the
expression on the left-hand side can, after straightforward computations, be rewritten
as follows,

s—%/ g E'Vi]—e 2 /Rd Vi . ENE V]l
_ng_j/ 811 Js+1(f 8- (V(p;:LIJvH +¢jl---./'sej5+l)(é)
— et /Rd Vi - ESN VD, (3.3)
in terms of
e = evy et 3 ()5 )

k=1 r=0
(Sym k+l ) (er )(Vk r V‘Y-+l< w).

itedi @iy iy f.dr Il JleeJs41

If we wish to describe only first-order fluctuations, we may replace T,"*(f, g) by
gVt and Vv7 by Vv, and use Lemma 2.3 to estimate the remainder, to the effect

of
N, (8_

hence, recalling Definition 2.6 and taking differences, forall0 <n < ¢ — 1,

[STEW

d
/dg'E?[va—sv/dwE°"[Vw]) S &
R R

—1-4 —1 :
Np <€n i /]Rd g Vfl ' (V(pz.--jn + g0;11---J'rl—1ef"')(g)
g% /d Vo (EQ"[Vw] — 80" 1Ww])> Spogw €
R

This characterizes the first-order fluctuations of Sym; ; (V' ot @ i jn ,€j,) in
terms of (differences of) standard commutators. Note that fluctuations of the latter are
easily jointly characterized by repeating the analysis of Sects. 8 and 9, and are seen
to converge to suitable linear combinations of derivatives of Gaussian white noise.
From here we may inductively infer first-order fluctuations of Sym; <p;-‘1m in for
all n < ¢ — 1, while corresponding higher-order fluctuations are similarly extracted
from (3.3). &
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3.1 Proof of Proposition 3.2

We focus on the case ¢ = 1 and drop it from all subscripts in the notation, while the
final result is obtained after e-rescaling. We split the proof into three steps.

Step 1. Proof of

/“g.vM_/wvm.f::/ V" - E"[Vu]
R¢ Rd

/ (Z Z at, vk 11k1~').w. (3.4)

k=2 j=n+2—k

Testing equation — V-a* ' V! = V. g with u and testing equation —V-aVu = V- f
with v", we find

/ g-Vu—/ Vo' f = | (a*Vi" —a*'vi') - v
R4 R4 R4

Noting that the definition of E"[Vu] (cf. Definition 3.1) together with (3.1) yields
after integration by parts

=n _=n _ — %,k k 1 "
/R(,VU '“[Vu]_/ < le lkl lluikl ) Vu,

we deduce
/ g-Vu—/ Vo' f :/ Vi - B"[Vu]
R4 R

/ <Za, vi-l a”—a*~‘w‘).w.
- 1 ll--lk—l

Decomposing v" := Z?:l #/ and using the defining equations for (&/),< j<n (cf. Def-
inition 2.7) in the resumed form

n n+l—k
V. Z Z at. vvkl 5i—v.avlvg!,
1-k—1 .. lkl
j=

the claim follows.

Step 2. CLT scaling: for all g € C°(R),

1
E[( /]R dg~<w—E[Vu]>)"} <p lghllsga I R2llsgray < N8l I s ey

This result is classical [18,20,37]. A short proof based on Malliavin calculus and on
the annealed Calderén—Zygmund theory of Sect. 6 is easily obtained as in (7.9); details
are omitted.
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Step 3. Conclusion.
Since f]Rd V" - f is deterministic, the identity of Step 1 yields

1

ER/ g'(V”_E[V“])—/ Vl_)"'(E”[Vu]—E[E"[Vu]])YT

R R

< atk k=1 =) an
I
k=2 j=n+2—k

Applying the CLT scaling result of Step 2 and the Calderén—Zygmund theory for the
constant-coefficient equations defining (%) <k<n, this expression is estimated by

2(n—1)
k
Sp D IVFlILagay | £l gay-
k=n
and the conclusion follows after e-rescaling. O

3.2 Proof of Lemma 3.3

We focus on the case ¢ = 1 and drop it from all subscripts in the notation, while the
final result is obtained after e-rescaling. We split the proof into two steps.

Step 1. Proof that forall 1 <n < ¢,
j En[vu] - ( 1)nvlri In <( *907[:1 dpo1 O‘;?ln-ninfl)ei" - Vu + g04>/x'<ljfl---’.nfl 'fln)

k k+1
+ Z( Y if.. lk( ;klltlk +]lk>0(,0m e~ 1e”‘) f)’ 35

which coincides with (3.2) after e-rescaling.
First, by Lemma 2.4, the nth-order commutator can alternatively be written as

e; - E"[Vu] = a*ej - Vu —Z( DEIVETL @ L e V). (3.6)

ifef—1
k=1

It remains to show that forall 0 <n < ¢,

* *,
a ej M = ( l)nvlri n <( *§0/l:l dp—1 o O‘jiln-nl.nfl)ein ' VM)
k— l
T Z( 1) ’l ’k 1((p]ll - lv avu)

k—1 k
+Z( DEIvEL (@5 L e Vu), (3.7)
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while the result (3.5) indeed follows after injecting the equation —V - aVu =V - f
*,k

and writing <pm iV -f=V. (‘Pm m 1f) - (pm et - f. We prove (3 7) by

induction. It is obvious for n = 0 (recall that for n = 0 the notation a*¢’; i l”_lein

stands for a*e j)- Assume that it holds for some n > 0. In order to deduce it at level

n + 1, it suffices to prove that
n EE N /] *,n )
Vitoin ((“ Ciivevin_y — O—jil‘..in,l)eln : V“)

= -yl ((a*<p”fz"+.1 - cr’.":”+.l)e1 . Vu)

if...inl Jil.-in Jil.-In

+ Vi

i1...In

(go“f’,nﬂ V-aVu)+ V!

Jiledn i]...0p

@t e V). (3.8)

Jiteip—1 " In
The equation for V - g*ntl (cf. Definition 2.1) yields

n x kn *, 1 . n *,n+1
Vll .n (( (pjll dp1 O—jil...iy,,l)eln : VI,U) Vll .in ((V ' O'jil...l'n) : VIU)

L v/C (V<p”fz”+.1 .an) + Vi (l_lﬂf"w—'1 e, - Vw),

i1...0n Ji1.edn Ji1.in—1

and the claim (3.8) follows from the skew-symmetry of o;l"ti

Step 2. Conclusion.

For g € CX (R%)4, combining (3.5) with the energy estimate ||Vu|| L2(RY) <
Il f ll.2gay and with the corrector estimates of Proposition 2.2, we find for all p < oo,

1
pl7
EU/ g~E"[Vu]‘ ] Sp ”l/vd,nvng”LZ(]Rd)||f||L2(Rd)
1
k1 k k P
+ Z]E |:‘/ V(pjll ik ]lk>0(p;i1mik71eik) 'fvilmikgf‘ ]

In order to optimally estimate the last contribution, we must exploit stochastic can-
cellations in form of Lemma 2.3, which yields after e-rescaling, forall 1 <n < ¢,

o, ]
E ‘ g - Bp[Vug]
R4

] Sp gnﬂd,n(%)

n—1
<||,U«d nV" 8l | F L2 ey + kX; I/ vigll (W))

Since £ — 1 < %(d — 1), using Holder’s and Sobolev’s inequalities in the form

vk <
o max_ s g]zHLMk &y = o K 107120 T2y IV gIILk(Rd)
S Tl lgl g
the conclusion follows. O
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3.3 Proof of Lemma 3.5

First note that, given a linear differential operator O of order m, say O[w] =
Yo P,l.‘l ik (x)Vj?l AL the characterizing property of the Taylor polynomial yields

mAn

O[T w](x) = Z L OV ), 3.9)

which amounts to truncating the differential operator O at order n. Now observe
that E7[E][V-]] is a linear differential operator of order 2n — 1 with (distributional)
stationary random coefficients. Composing the explicit definitions of E] and E!
(cf. Definitions 2.6 and 3.1), we obtain

ELEIVRI] = (a(3) — _I)E”[Vu_)]

_ k—1=k Z H—l s+1 -
ZS @iy iy n lk 1 € Pii.ccjsi +<p]1 Jselvﬂ)( )Vn s W
k=2

Hence, relabelling k¥ — 1 as k in the second right-hand side contribution, using the
symmetry in iy, ..., Ik, and expanding the multiple derivative Vik.. by using the
general Leibniz rule,

Lk

EL[EZ[VW]] = (a(3) — a')E}[Vw]
n—1 n k

sl + 0
- Z (Symtl L 11 lk SY Z ( > ll+1 -k jl --js+1w
k=1 s=0 1=0
I +1 s :
X vll A ((ﬂs#”ijl s+l + (p;l.-‘j.vej”')(g))' (3.10)

Now applying (3.9) to the definition of E2"[Vw] (cf. Definition 3.4) together with
the above formula for E2[EZ[Vw]], we are led to

20" (VD] = (a(:) —a")E'[Vd]
n—1 k k
k+1 k—1 s+1 -
- ZE Symn g 11 g ZE Z <l>vil+l-~~ikvjl~~-jf+1w
pr s=0 I=k+s+l-n

1 +1 .
X Vi,.. lz<(]ls¢"V(p;1 s+ +(pj'1-~-jxe/f+l)(§)>'

Comparing this with (3.10) yields the conclusion. O

4 Reminder on Malliavin calculus

In this section, we recall some basic definitions of the Malliavin calculus with respect to
the Gaussian field G (e.g. [36,42,44] for details). For simplicity, we focus on the explicit
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description of the Malliavin derivative on a simple dense subspace of random variables
(cf. R hereafter), where it is seen to coincide with the formal L?-gradient with respect
to G. Next, we give a precise statement of the different tools from Malliavin calculus
that will be used in the sequel. We emphasize that the reader should not be intimidated
by the somehow abstract appearance of the theory: for our application to stochastic
homogenization all (averaged) quantities of interest happen to be Malliavin smooth,
and their Malliavin derivatives are systematically computed by duality arguments so
that in the end everything is expressed in terms of the (explicit) Malliavin derivative
of the coefficient field a itself.

The Gaussian random field G can be seen as a random Schwartz distribution, that
is, as a random element in S’(Rd)’( . Indeed, for all ¢1, 4 € CZ° (Rd)" , we define
G(&1), G(&2) (or formally fRd Gy, fRd G {) as centered Gaussian random variables
with covariance

Cov[G(&1); G(&)] = // S1(x) - elx — y) La(y) dxdy.
R4 x R4
We define §) as the closure of C2° (R%)¥ for the (semi)norm

1115 = (¢1. &) g, (L1, 82)g = // S1(x) - c(x —y) a(y)dxdy. (4.1)
R4 x R4

The space ) (up to taking the quotient with respect to the kernel of || - || ) is a separable
Hilbert space. Under the integrability condition (1.5), it obviously contains L?(R¢)¥
and there holds

2 < 2
1Sl < /Rd[C]1~ (4.2)

In view of the isometry relation Cov [G(¢1); G(&2)] = (&1, £2) ¢, the random field G
is said to be an isonormal Gaussian process over ).

Without loss of generality, we work under the minimality assumption F = o (G),
which implies that the linear subspace

R = [g(G(;“l), o GE))neN, ge COMM), ¢, ..., 5 € c?(Rd)K} CLA(Q)

is dense in L(£2). This allows to define operators and prove properties on the simpler
subspace R before extending them to L?(2) by density. For r > 1 we similarly define

’R,(f)®r) = {Zl{/ixiin eN, Xi,.... X, €eR, ¥1,..., ¥y, 6f)®r] CLz(Q;fjg’r),

i=1
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which is dense in L2(9;56®’). For a random variable X € R, say X =
g(G(&1), ..., G(&n)), we define its Malliavin derivative DX € LZ(Q; ) as

DX = ZCi 0ig(G(&1), ..., G(&n))s 4.3)

i=1

which coincides with the formal L? gradient of X with respect to G. For an element
X € R(H®) with r > 1, say X = Z;l:l ¥i X;, the Malliavin derivative DX €
L2(Q; H®0+D)isdefinedas DX = Y '_, ¥; ® DX;. For j > 1, we iteratively define
the jth-order Malliavin derivative D/: R(H®") — L2(Q; H®+)) for all r > 0. For
all r, m > 0, we then set

X 152 (s0r, 7= (X, X)pmaser,
m

(X, V)pnagery =E[(X.Y)ger ]+ > _E [(DjX, DfY)ﬁ®<r+,~>] :
j=1

we define the Malliavin—Sobolev space D™2($®") as the closure of R(5®") for this
norm, and we extend the Malliavin derivatives D/ by density to these spaces.

Next, we define a divergence operator D* as the adjoint of the Malliavin derivative
D and we start with its domain: for r > 1, we set

dom (D™ 2(q ger)) = {X € L2(2, $®):3C < oo such that
E[(DY, X>ﬁ®’]2 =< CE[HYH%@(,_U] forall Y € D'2(Q; 5§®(’—1))},

and forall X € dom (D*| 2(q. ¢er)) We define the divergence D*X € L2(Q; H®r—D)
by duality via the relation

E[(Y,D*X)gee-1] = E[(DY, X)ger] forallY e DM2(H¥0D). (4.4

One can show that dom (D*|L2(Q;5’J®f)) > DI2(H®) (e.g. [44, Proposition 1.3.1]).
Combining the Malliavin derivative and the associated divergence, we construct the
so-called Ornstein—Uhlenbeck operator (or infinite-dimensional Laplacian)

L := D*D,
which is an essentially self-adjoint positive operator. The explicit actions of D* and £
on R are easily computed (e.g. [42, p. 34]): for X € R(H®"), say X = Z?:l Vi X;,
we have LX = 27:1 ¥ LX;, while for X; = g(G(¢1), ..., G(&)),

n

LX; =Y GE)dg(GEn).....GE) — Y () tk)s 07 8(G QD). ... G(&n)).

j=l1 Jk=1
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In particular, a direct computation (e.g. [42, p. 35]) leads to the crucial commutator
relation

DL = (1+L)D. (4.5)

In addition, one checks that £ is shift-invariant. While the positivity of £ ensures that
the inverse operator (1 + £)~! is contractive on L?(), it is easily checked to be also
contractive on L”($2) for all p > 1 (cf. e.g. [38, Proposition 3.2]). Although we focus
here on the explicit description of operators on their core R, the action of D, D*, L
on general L? random variables are naturally described in terms of their Wiener chaos
expansion (e.g. [42,44]).

Based on the above definitions, we state the following proposition collecting various
useful results for the fine analysis of functionals of the Gaussian field G. Item (i) is
classical [15,29,40], as well as item (iii) (e.g. [8] and references therein). Item (ii) is
well-known in the discrete Gaussian setting [26] (cf. also [38,50]). Item (iv) in total
variation distance (and similarly in 1-Wasserstein distance) is a consequence of Stein’s
method: it was first obtained in the discrete setting by Chatterjee [ 14], while the present
Malliavin analogue is due to [41,43] (of which we give a slightly different formulation
here). The corresponding result in 2-Wasserstein distance is different and is due to [35].
Note the particular role of the so-called Stein kernel (DX, (1+£)~"' DX) & initems (ii)
and (iv). A short proof is included in “Appendix A” for the reader’s convenience.

Proposition 4.1 [14,26,29,35,41,43]
(i) First-order Poincaré inequality For all X € L2(Q),

Var[X] < ]E[||DX||%].

(ii) Helffer-Sjostrand identity For all X, Y € D'2(Q),

Cov[X:Y] = ]E[(DX, (1 —i—[,)’lDY)g,]. (4.6)

(iii)) Logarithmic Sobolev inequality For all X € L2(),

Ent[Xz] = E leogx—z < 2E[||DX||2]
’ E[Xz] - L
hence in particular, for all p > 1,

E[IX —E[X1’] < @p+ D' E[IDXIY]

(iv) Second-order Poincaré inequality For all X € L%(Q) with E[X] = 0 and
Var [X] =1,
1

W (X: M)V dpy (X; A) < 2 Var [(DX, (+ E)’IDX)ﬁ]j

1
3

1
= 3E[10%x15, | E[Ipx1§ ]
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where W» (-; Ny and dtv (-; N) denote the 2-Wasserstein and the total variation
distance to a standard Gaussian law, respectively, and where the operator norm
of DX is defined by

ID*X |lop = sup (DX, ®¢ ) gen. (4.7)
..0'eH
Izllg=1¢"lIg=1
<&

Remark 4.2 Malliavin-type calculus has also been successfully developed in some
non-Gaussian settings, to which most of our conclusions could thus be extended. For
instance, in the case of an i.i.d. discrete random field G := (Gy) .z, a correspond-
ing calculus is based on the so-called Glauber derivative D, X = E[X | G,] — X
(e.g. [19]). Another important example is that of a Poisson point process & on
R, in which case the Malliavin derivative is chosen as the difference operator
DX () = X U{x}) — X(E\{x}) (e.g. [46]). %

5 Representation formulas

As recalled in Proposition 4.1 above, tools from Malliavin calculus allow to linearize
the dependence on the underlying Gaussian field G and reduce various subtle questions
about quantities of interest to the estimation of their Malliavin derivative, that is, of
their local dependence with respect to G. In this spirit, the key ingredient for items (ii)
and (iii) of Theorem 1 consists in suitable representation formulas for the Malliavin
derivative of higher-order commutators.

e Locality of higher-order commutators
The key property of homogenization commutators for fluctuations is their
improved locality with respect to the coefficient field. While this was first dis-
covered at first order in [19] (see also [5,23,25]), formula (5.1) below indicates
that the higher-order commutator E7[Vu,] behaves like a local quantity at the
level of its Malliavin derivative up to a higher-order error O (¢"). More precisely,
the formula takes the form

n—1
k=0

FO5 i) ) Da)Vus) + O,

where the main right-hand side terms are indeed local in view of D,a =
a)(G(z)) 8(- — z), and where the error can be checked to be of order O(e") in
L% (£2; $) when integrated with a smooth test function. While the full formula (5.1)
below is given for simplicity for ¢ = 1, the e-scaling is transparent by counting
the number of derivatives that fall on test functions. The proof consists in exploit-
ing the algebraic structure of higher-order correctors and commutators in order to
make this clean local structure appear.
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Since the standard commutator 2" [Vw] is obtained by applying E7[V-] to the
two-scale expansion F/'[Vw] whenever w is an nth-order polynomial, we may
deduce a corresponding formula (5.2) for its Malliavin derivative,

ej - DEX"[ViD]

n—1
k1 k . . _
= 2 DEVE L (Vopth + o3 ) () DaG)ELIV) + 0.
k=0

In view of Proposition 4.1(ii), this improved locality property provides a simple
access to the higher-order characterization of the asymptotic covariance structure
of large-scale averages of commutators, cf. Sect. 8.

e Accuracy of the two-scale expansion of higher-order commutators:
Comparing the formulas for Malliavin derivatives of the commutator E7[Vu,]
and of its standard version E2"*[Vw], and choosing w = u! the homogenized
solution, we find for the difference,

ej - D(E[Vue] — EQ"[Vil]) = O(e")
n—1

k kx7k k41 k . . -
+ Z(_l) £ Vi]...ik ((V(p.?ilmik + (p;(ilnikflei")(g) ’ Da(;)(vus N Eg[vug]))’
k=0

where we exactly recognize the higher-order two-scale expansion error Vi, —
E?[Vu?], which is known to be of small order O (¢") in view of Proposition 2.8.
This constitutes the core of the proof of the higher-order pathwise result, cf. Sect. 7.

We turn to the precise statement of the representation formulas. These are understood
in a weak sense: when integrated in space with a smooth test function, the quanti-
ties in consideration are indeed Malliavin smooth and the formulas make sense after
integrations by parts (see also Lemmas 7.1 and 9.1).

Proposition 5.1 (Formulas for first Malliavin derivatives) Let ¢ = 1 and drop it from
all subscripts in the notation. For all 1 < n < £ there holds for any random function
w with V - aVw deterministic,

n
- kx7k k41 Jk
ej - DE'Vw] = Y (~D'VE (L VOliTL + 03k 4, e) - Davu)
k=0
+ (_l)nvlr;ln <(a*(p;<l::l---infl - O.;i’ln---infl)e[” ’ VDU)), (51)

and also, for any smooth deterministic function w,

n
e DEV] = Y (~DVE  (Lin Vo3t + 67K ei) - Da E"(Vi])

Q1.0 Ji1-dk
k=0

n n—1 k+s—n k
k—1 1 -
- 2 :(_l)k 2 : Z (l)(vil+l---ikvleru-js+l w) vill---il
k=0

s=n—k =0
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*,k+1 *,k +1 g
X (Symilmik (Il]@énv(pjl] k7 + (pji]...ik_leik) Da(vgaj] Js+1 + ¢;1~..jsejx+1)>

(- 1)”2 Z () [T UARII ) I

s=0 [=s+1

, 1 !
(Sym“ n ((a*(p;:’ dno1 G;‘kiln---infl)ei") ’ D(Vgﬂjl—‘_ s+l +('0]Y'1~~j; elﬂl))' 5.2
In particular,
ej . D(En[vu] _ Eo,n[vﬁn])

n
k~x7k Jk+1 _
= Z(—l) Vi...jk((]lkaénvwf,l ir +¢,,1 i €ic) - Da(Vu — E”[Vu”]))

n—1 k+s—n i |
S S () Vi

s=n—k
*,k+1 +1
x (Symil“'ik (]l]#”v%ll ik + (lel g 1e’k) Da(V(pé Js+1 + ('0]1 Jve]”l))

+<—1>"v;z...,~ (@it =il e, - D(Vu = E"[Vi"))

n s+1 -n I
+(=D Z Z( > 141 lnvjlmjerlu )Vilmil
s=0 [=0
*,1 s+1
x (Symil'“i" ((a*(pjilmin 1 Jl] din— 1) ’") (V(p;1~-~js+1 +¢;1---fsej“+l))'
(5.3)

<&

In view of the approximate normality result of Theorem 1(iv), the second-order
Poincaré inequality of Proposition 4.1(iv) requires to further estimate the second Malli-
avin derivative of higher-order standard commutators, and we establish the following
formula. Although some of the terms are proportional to D?a, hence display an exact
locality, some others unavoidably take the form DaDV', hence are only approxi-
mately local. This is due to the nonlinear dependence of the solution operator on the
coefficient field, and is the reason why some logarithms are lost in the convergence
rate to normality in Theorem 1(iv), cf. Sect. 9.

Proposition 5.2 (Formulas for second Malliavin derivatives) Let ¢ = 1 and drop it

from all subscripts in the notation. For all 1 < n < {, there holds for any smooth
deterministic function w,

ej - D*E>"[V]

= Z( l)k ik <(]1k "V(p;kl:{-i_lll‘ + (,0/“ - lelk) ' Dza En[VII)])
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n—1  k+s—n
1 - 1
- Z( D* Z Z () i1 lkvjlfvjs+lw) Vi

s=n—k

*,k+1 *, 2 +1
x (Symil---ik (]lk#‘V(pjll i T (pjilu-ikfle"k) D a(Vq)jl Js+1 + §0]1 Jsefv+1))

+ 22( DA (ke Vil + 05k en) - Da DE"Vid])

Ji1dg Jiledk—1

n—1 k+s—n
k 1 - 1
e B3 () v

S=n— k —
k41 +1
X (Symilu-ik (]lk?é”V(p;il ik + (p]ll - 1el’<) + Da D(V(p;] Js+1 + (pjl JceJV+1))

+ = 1)n2 Z () (141 lnvjl—"-_}js+l )Vlll dp

s=0 I=s5+1
% kN *,1 Y. n2 s+1 s .
(Sym“ ln ((a g0]!1 dp—1 ajil-~-in—1)el”) D (V(p./l---./s+l +(pjl~~~jxe/S+l))’

5.1 Proof of Proposition 5.1

We split the proof into three steps.

Step 1. Proof that for any random function w with V - aVw deterministic there holds
forallO0<n <¢,

k Jk+1 k
€j- "[Vw] = Z( DV i.. !k( ]lk¢”V(p711 g +(p;<i1~-ik—1eik) ’ Dan)

+ 0V (@ = ot e, VD). (54)

We argue by induction. The result is obvious for n = 0 (recall 20[Vw] = aVw,
cf. Definition 3.1). Assume that it holds for some n > 0. In order to deduce it at level
n—+ 1, we appeal to the alternative definition (3.6) of the commutator, so that it suffices
to prove

atot" *,1 L
l1 ln( (p]ll dp—1 _O-jiln.in,l)eln VDU))
n+1 x xn+1 *,n+1 n+1 *,n+1
_V’l ln l(( (p]ll din " Fjitein Jer - VDw) th znl(gpjil...inel ' Dan)
n #,n+1 n *,n+1 .
+ Vi (Ve DavVw) + V) L (aT e, - VDw). (5.5)

The definition of o*"*! (cf. Definition 2.1) yields

Vi (@l =0 e, - VDw) = V! ((v- oy VDuw)

i]...dp g0/11 dp—1 JU1-ln—1 i1..0p J’l -In

(ajl'erl] i, - VDw).

=V (Ve avDw) + V),

i1...0n Jit...d i1...0p
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*, n+l

Then using the skew-symmetry of O i in

form

and the equation D(V - aVw) = 0 in the

*,n+1 *,n+1 *, +1
Vgoﬂ?l -aVDw =V - ((pﬂ? . aVDw)+<p]l" V- DaVuw

+V. ((p* "‘H DaVw) — Vo' Davuw,

Jil...in Jil...in

the claim (5.5) follows.

Step 2. Proof that for any random function w with V - aVw deterministic and for any
smooth deterministic function w there holds forall 0 < n,m < ¢,

ej - DE”[Vw — E"[Vw]]

kxgk k1 k _
= Z(_]) V” ik( ]lk7$”V(pjll ik + gojfil...ikfleik) ’ Da(vw - Em[Vw]))

m  k+s—m—1 k
+Z(_1)k2 Z <l>(v£:|l.--ikvjl~h )Vlll .y

s, k+1 *,k
Symil...ik (ILk?é"V(p/tl Ry +(pji1...ik,leik) Da(Vga]l Js +(P“ Js—1 ]s))

X
—~

+( 1)nvlr; n <( *(p;kl? dno1 O’Jikiylrfninfl)ei” ’ D(Vw - Em[va)])>
m  n4s—m—1 n
-l X - 1
+ (D" Z Z (l>(vs+1min V;l~--jxw) Vi1--.i1
s=1

*,1 *,1 —1
X <Symi1..in (( *('0111 dinet — Ojiyein 1) l’l).D(qujl---Js +¢;| Js—1 /S))

n—1 m  k4+s—m—1 k
k k—I s l
+ Z(_l) Z <l>(vil+|...l‘kv]‘1n Js ) Vll -
k=1 s=1 =0
— s, k+1
(Symll g (a;il...ikfleik) ’ D(V(pfl -Js + g0]1 Js—1 ]5)) (56)

where we recall that by a slight abuse of notation we similarly define E"[H] as in
Definition 3.1 even if H is not a gradient field.

Letn > 0 be fixed. We argue by induction on m. For m = 0, the result (5.6) coincides
with (5.4) (recall E°[Vw] = 0, cf. Definition 2.6). Now assume that (5.6) holds for
some m > 0 and let us deduce it at the level m + 1. Given a polynomial g of order
m + 1, noting that V2§ vanishes, identity (2.9) ensures that V - aV F"*+1[g] is
deterministic. We then apply (5.6) with w = F"*1[7] and w = . Abundantly using
that V"*17 is constant and noting that identity (2.5) together with the definition of
E™ yields

VF" gl — E™[Vg] = E"T' V4] - E™[V4]

m+1 m+1 =
( Pt ccjm +(p]| jmeJM+1)Vj1mjm+1q’
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this leads to

.. =N m+1 m . m+1 ~
ej DE'[VGST S O gnCina IV d
_ k m+1 k
Z( ]) V imi 4 )V Tk
*,k+1 +1
x ((]lk#,V(pm Ak +(p]ll k- 1e”<) Da(V(pm Jm+1 +¢;rll-~fmejm+1))

n
k
k m+1—s s k+s—m—1
+ Z(_l) Z <k +5—m— 1)(Vik+xm~ lkvjl ]rq) Vi]ml‘kJrmefl
k=0 s=1

k l k s—
X <Sym ik (]lk;ﬁnV(p* + + gg* . eik) . Da(VgofllA +¢;1~-{js—lej5))

Ji-. JU - Tk—1
+1 -
+(— 1)"(vm i +lq) v
*,1 ok +1
x <(a*g0jil‘~~in—l - ]ll ln—])ei" ' D(Vga;’:]m-%—l + (p;';]me]m+l))
m
n n m+1—s s ~ n+s—m—1
+ (_1) ; (l’l + s —m — 1)(Vin+s—m~-~in VJlJAq) Vl.1~~~in-%—s—m—1

* *, s—1
(Symll .in ( *gojl:z dp—1 ajiln...infl)ei" ’ D(V(pjljs + g0;l~--js—lejs))
k +5s—m— 1 Ups—m --Tk /l/sq ieedkts—m—1
k=1 s=1
—x,k+1
X (Symil...ik (ajil.i.ik_1e"k) ) D(V‘pn Js +‘p11 Js—1 /s)>

Note that both sides of this identity depend linearly on the (constant and deterministic)
symmetric tensor V1. Hence, we may replace it by the (deterministic) symmetric
tensor V"1, to the effect of

m—+1 -
JleeJm+1

.. pmn m+1 m .
ej - DE"[VeITL  + ¢ i €]V

n

_ k m+1 k
- (=D (le Jm+1 )Vil~~~ik
k=0

Jk+1 k +1
X ((ﬂk#”vwf i T (p;flll-uik—leik) ' Da(V(p;'l'mij + (p;?;mjmejm“))

Jip.ig

k
k m+1—s s - k+s—m—1
+ Z( D Z <k +s—m— 1)(Vikﬂm.‘.ik Vi ®) Vi

s, k+1 *,k —1
X (Sym- ik (]lkinijih.ik + (pjil...ik_leik) : D“(V‘/’jl...js + qj;l..‘js_]ejs))
+( 1)n (Verl ) Vn

JleeJm+1 i1...ip

* %1 *,N . m+1 m .
x <(“ Ot i = ity i - DV L+ i)
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m
n n m+1—s s - n+s—m—1
+ (_1) Z (l’l +s5s—m— 1) (Vi’“rxfm'--in VJ]JVw) vil"'inﬂ'*’”*l

s=1

*, 1 *, 1 s—1

x <Symi1-~in ((a*(pji1-~~in—l - Uji1~.-in—1)ei'l) ’ D(V(pjl---js + (’0;|~--js—1ejf))

n—1 m

k !
k m+1—s K - k+s—m—1

+ Z(_l) Z (k s —m— l)(vik+s,n...ikvjl-~-j.rw) Vil---ik#r—m—l

k=1 s=1

S gkl o) D(Ve! s=l e 5.7

KA SYMG i (ajil.‘.ik,lglk)' ( @iy js +‘Pj1,‘.j5,leh) . (5.7)

By definition of E” and E" (cf. Definitions 2.6 and 3.1) together with Lemma 2.4,
using the general Leibniz rule, we find

ej - DE"[Vw — E"'[V]]
Jleeme1 JUeejm+1

=e¢j-DE"[Vw - E"[VW]] —¢; - E”[(Vgﬂ’"“ + w;ﬁ’___jmejmﬂ)va Jj]

.. DEn _m 11 _ ... n=" m+1 mo m+1 -
_ef DE [Vw E [V'LU]] eJ DE [V¢j|...jm+1 +(pjlu..]mejerl]vj]...jm+1w

n—1 k—1
k
k k—1 m+1 - 1
+ Z(_l) Z <Z)(Vi1+1---ik Vj1~~~jm+1 w) Viieir
k=1 0

=

—x,k+1 . m+1 m .
X (Symil---ik (“jil..,ik,]elk) : D(V‘/’jl...jm+l + ‘/’jl...jmejm+|))-

Injecting identities (5.6) and (5.7) into this equality, using again the definition of E™
(cf. Definition 2.6) and the general Leibniz rule in the forms

n

kx7k k41 k -
Z(_l) vilmik ((1k¢"V(p;i1...ik + (p;h...ikfleik) ’ Da(Vw - E" [Vw]))
k=0

n
k41 k _
= 3 EONE (Ve + 03k i) - Da(Vw — E™4(Vii]))
k=0

n k
k
k k—1 m—+1 - 1
+ Z(_l) Z <l>(vi/+1mik Vj1~-jm+1w) Vi
k=0 =0

*,k+1 *,k +1
x (Symil'“ik (]lk#nijil---ik + (pjil-<-ik—leik) ’ Da(V(p;rll--Ajerl + gozf,ll-n]'znej””rl))’

and
Vi (@ = o, )e - D(Vw — E"Vi)))

i]...In Jitin—1

= (—1)"V"

i1...In

(€451 e Dl - 105

jiln-in—l
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n
n n n—I m+1 - /
+ (_1) <l>(Vil+1...ikvj1...jm+1w) vi|...i]
=0

*, 1 *, 1 +1
(Symll n ((a*go]ll dn—1 o‘jil-‘-infl)ei") (V(p;rll Jmt1 + (p;rf]m ejm+| ))’
(5.8)

and recombining the terms, the result (5.6) follows at level m + 1. For instance, the
increment of the first triple sum over (k, s, /) splits into three contributions,

n m+1k+s—(m+1)—1 n m k+s—m—1

22 X Xl X

k=0 s=1 =0 =0 s=1 =0
n k

m
Z]lv:m+l Z]ls m+1 Zz]ll:k—q—s—m—l-

k=0 =0 k=0 k=0 s=1

Step 3. Conclusion.
Applying (5.4) yields (5.1). We now turn to (5.3) and first note that by definition of
E" (cf. Definition 3.4) and by (2.5) we have

(E"[E"[Vi"]] — E>"[Vi"])(x) = E'[E"[V@" — T}a")]](x),
so that by definition of E” (cf. Definition 2.6) and by (3.6) we obtain
ej - (E”[E"[Vﬁ"]] — E®"[Va"])
n—1 k+s—n
_ k s+1 i 1
B Z( D Z Z ( > 11+1 lkvjlmjerl ) Vll Al
s=0
k41 +1
(Sym” Ik (ajilnjk—leik) ’ (V(p;I g T %1 Jsek“))

We now apply D to this identity, add (5.6) with m = n, with (w, w) replaced by
(u, u™), and with s replaced by s + 1, and so obtain (5.3). Finally, (5.2) follows by
subtracting (5.3) (with (4, u") = (w, w)) from (5.1) and inserting the formula for
DE"[Vu"] already used in (5.8) for m = n. O

5.2 Proof of Proposition 5.2
The conclusion follows by repeating the proof of Proposition 5.1, taking advantage
of the same algebraic identities, but now further keeping track of the mixed term in

D*(aVw) = aVD*w +2DaVDw + D*a Vuw. o
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6 Annealed Calder6n-Zygmund theory

In this section, we establish the following new annealed Calder6n—Zygmund estimate
for linear elliptic equations in divergence form with random coefficients. This con-
stitutes a useful upgrade of the quenched large-scale Calderon—Zygmund estimates
of [3,4,21]. The merit of (6.2)—(6.4) below is that the stochastic LY norm is inside
the spatial L” norm; while there is a tiny loss in stochastic integrability, the spatial
integrability is as in the constant-coefficient case.

Theorem 6.1 Consider the Helmholtz projection T := V(V -aV)~'V -a. There exists
a %-Lipschitz stationary field r > 1 on RY such that for all h € C°(R?; L>®())?

and 1 < g < p < oo there holds

4

(Lol m o) o (L, 00T 4)

6.1)

where By (x) := By, (x)(x). In addition, in the Gaussian setting with integrable cor-
relations (1.5), the stationary random field r, satisfies |E [exp(%rf )] < 2 for some
C >~ 1. In particular, forall 1 < p,qg <ocoand( < § < %,

(L 1 (i1
||[Th]2||Lp(Rd;Lq(Q)) Sp’q ) (PA‘I/\Z PVQVZ) |10g8| |‘1 l’l ||[h]2||Lp(Rd;Lq+8(Q)).
(6.2)

<

We shall also make use of the following consequence of this annealed estimate for

the corresponding Riesz potentials. As opposed to the above, this can alternatively be
deduced from the annealed Green’s function estimates in [37].

Corollary 6.2 Consider the Riesz potentials U, , = VA~le and U, := V(V -

aV) e -a with |e| = 1. Forall h € CCOO(Rd; LX@Q)? and 1 < p,q < oo with
— > 1,

IUe ohbollypgaiocay Sp 1AL 2 : ©3)
e L7 (R4;L1(2)) p LIH{[) (R4;L4(Q2))

and forall 0 < § < %

O R B ol_1
Iehlaluogooa Spq 87070 flogo1o s MRl g (64)

<&
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6.1 Proof of Theorem 6.1

Our argument is based on a multiple use of the following version of the Calderén—
Zygmund lemma due to Shen [48, Theorem 2.1] (cf. also [49, Theorem 2.4]), based on
ideas by Caffarelli and Peral [13]. For a ball B, we set B = B(xp, rp) and abusively
write B := B(xp, arg) fora > 0.

Lemma 6.3 [13,48] Ler 1 < py < p1 < 00, Co > 0, and f,g € LPONLPI(RY).
Assume that for all balls B C R? there exist measurable functions fB.oand fp1 such
that there hold f = fpo+ fp.1 on B and

B 1

(]i|f3,o|l’°)” < Co<][c lgm)”

€L

1
(][ IfB,ll‘m)PI SC()(][ |fB,1|p0)p0.
&5 5
0
Then, for all py < q < p1,
1

(/Rd |f|q>é SCo.p0.q.p1 (/]Rd |g|q>5. &

Combining this lemma with the quenched large-scale Lipschitz regularity the-
ory due to [6,7,21] leads to the following quenched large-scale Calder6n—Zygmund
estimate. This slightly shortens the proof of [4] and [21, Corollary 4] (cf. also [3,
Section 7]).

Proposition 6.4 (Quenched large-scale Calderén—Zygmund estimate) There exists a

stationary random field ry as in the statement of Theorem 6.1 such that for all h €
CXRY; L Q)% and 1 < p < oo,

P ,17 4 117
(L) ae) o ([ (f, ) )
RY N J B (x) R4 N J By (x)

where we recall the notation By(x) := By, (x)(x). <&
Before proceeding to the proof, we state the following useful properties of averages
on the family of balls { B.(x)}, cg«. The pointis that these balls have aradius that varies

with their center x.

Lemma 6.5 For any measurable function f on R?, the following estimates hold.

(1) Forall balls B C RY with rg > %r* (xp), we have

funsf (f, i) (©5)

@ Springer



Stoch PDE: Anal Comp (2020) 8:625-692 663

hence, in particular,

/Rd 1f] ~ /Rd (]i*(x)m)dx. (6.6)

(ii) Forall balls B C R¢ and xo € B withrg < %r* (x0), we have

(f,. )’ < £ 71)" dx, 67

hence, in particular,

Fons o (4 i) (©8)
By (x0) 5B *J Bi(x)

<&

We may now proceed to the proof of Proposition 6.4, which amounts to com-
bining the quenched large-scale Lipschitz regularity theory of [6,7,21] together with
Lemma 6.3.

Proof of Proposition 6.4 As in [21, Step 1 of the proof of Corollary 4], the random
field r, is chosen as the largest %-Lipschitz lower bound on the so-called minimal
radius defined in [21] (what is denoted here by r, thus corresponds to the notation rx
in [21]). We split the proof into two steps.

Step 1. For all balls B C Rd, decomposing Th = Vwpg o + Vwp, 1 with
— V-aVwp o=V (ahlp), —V.-aVwp;=V- (ah]lle\B), (6.9)

we prove forall 2 < p < oo,

1

<fB (]i*(x) IVuuz;,oF)azx)é < (]iB (]i*(x) |h|2)dx)2,
(e < o)

We start with the proof of (6.10), and we first consider the case rp > %r* (xp). An
energy estimate on the equation for wp o yields

/ IVwg of* 5/|h|2, (6.12)
R4 B
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hence, combined with (6.5) and (6.6),

F(f  wvwnoP)ax < i [ (£ vwnoP)ix
B NJB.(x) R N J By (x)
sfursf (F we)ax,
B 2B By(x)

which proves (6.10). Next, we consider the case rp < A—I‘r*(xB). For xo € B, using
the %—Lipschitz property of r, in form of |By(x9)| =~ |Bs(xp)|, using the energy
estimate (6.12), and applying (6.8) (with xo and B replaced by xp and %B), we find

F o vunl SB[l f WP (f )
By (x0) B By (xp) 3B VB

2
(6.13)

(The choice of %B in the right-hand side does not matter here and is only made for
later reference.) Integrating this estimate over xo € B, the conclusion (6.10) follows.
We turn to the proof of (6.11), which is a consequence of quenched large-scale Lip-
schitz regularity theory, noting that wp 1 is indeed a@-harmonic in B. It is obviously
sufficient to prove for all xg € 11—2 B,

][ Vwg > < ][ (][ |Vw3,1|2)dx. (6.14)
B, (x0) B\

If r,.(x0) = 17, this follows from (6.8) (with B replaced by {5 B). Let now xo € 15 B
be fixed with ry(xg) < %rB. Since the ball B(xq, r«(xg) + 1—121"3) is contained in

%B, where wp | is a-harmonic, the quenched large-scale Lipschitz regularity theory
(e.g. [21, Theorem 1]) implies

][ Vs P < ][ Vgl < f Vws. P
By (x0) B(x0,r+(x0)+1578) 1B

2
Since for r, (xg) < _%r p the %-Lipschitz property of ry yields r. (xp) < ry(xo)+ %r B <
2r g, the conclusion (6.14) follows from (6.5) (with B replaced by %B).

Step 2. Conclusion.
Combining (6.10) and (6.11), and applying Lemma 6.3 with

1 1
m=2zpzoe fw=({ mhP)" eo=(f wmp)"
By (x) By (x)

fro=(f ol soaw= (£ vwsap)’

5 (X)
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we conclude for all 2 < p < oo,

(/Rd <]i*<x> |Th|2)gdx);) S (/Rd (ﬁ*m Ihlz)gdx>;'z

A standard duality argument allows to deduce the corresponding result for 1 < p <2
(e.g. [21, Step 7 of the proof of Corollary 4]). O

We need two additional ingredients for the proof of Theorem 6.1. The first is a
deterministic regularity result for a-harmonic functions. It follows e.g. from [10, proof
of Lemma 4], but a short proof is included below for the reader’s convenience.
Lemma 6.6 If w is a-harmonic on a ball B, there holds

(f vwp) )’ $ £ 1vul o

2

The second ingredient is needed to pass from statements on averages at the scale r
to corresponding statements on unit scale. This can be done at no loss in the spatial,
but a small controlled loss in the stochastic integrability.

Lemma 6.7 Let the stationary random field ry satisfy E [exp(%rf)] < 2 for some
C>~1 Foradll f € C?O(Rd; L®(Q))and 1 < q < p < o0, there hold

() forallr > g,

(LA ) T o)
oo (5= DT ([ Rl )
@ii) forallr < q,
(/RdE[(]i*<x> |f|2)2}qu>”
2o (G-) G0 (L En) )

where we have set L(t) := log(2 + %). <&

’E\'—

With these ingredients at hand, we turn the proof of Theorem 6.1. The argument
is based on a second application of Lemma 6.3 starting with the quenched large-scale
Calderén—Zygmund estimate of Proposition 6.4.
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Proof of Theorem 6.1 Let r, be chosen as in the proof of Proposition 6.4 above. We
split the proof into two steps.

Step 1. For all balls B C R4, decomposing Th = Vwp o+ Vwp 1 as in (6.9), we
prove forall 1 < g <ooand 1 < p; < o0,

(el o) o) <o (L[ 0 o)
(£l (f 7o)’

1

e"“

1 1
T : g 7
)" S (7o) Jor)
~ B By (x)

(6.16)

We start with the proof of (6.15). It suffices to show

' '
][(][ |VwB,o|2) dx <, ][ (][ |h|2) dz, 6.17)
B B (x) 6B By (x)

since the conclusion (6.15) then follows by taking the expectation. First consider the
casergp < ‘—11r>k (xp). Integrating (6.13) over xo € B yields

]i (]i*(x) |VwB,0|2>%dx Sq (7[13 (]i*(x) |h|2)dx)%. (6.18)

2

The claim (6.17) follows from this estimate together with Jensen’s inequality if ¢ > 2,
but a different argument is needed if ¢ < 2. For xo € %B, since the condition
rp < ;llr* (xp) and the %—Lipschitz property of r, imply rp < %r* (x0) + 6i4r3, hence

rg < 1r.(xo), it follows from (6.7) (with B replaced by % B) that

3 1
(]i*(m) |h|2)2 s éB (]i*(x) |h|2) dx.

Combined with (6.18), this leads to (6.17) by Jensen’s inequality. It remains to consider
the case rp > %r* (xp). Applying Proposition 6.4 (with g playing the role of p) to the
equation for wg o yields

2 % 2 %
[Vwg ol dx < / ][ 1z|h| dx. (6.19)
/Rd <]€3*(x) ) ! Rd ( By (x) )

For x € B, the balls B,(x) and B are disjoint whenever |[x — xp| > r.(x) 4+ rp. Since

the condition rp > ‘l‘r* (xp) and the %-Lipschitz property of r,. imply

re(x) +rp < ro(xp) +rp + §lx — xp| < Srp + glx — xpl,
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we deduce that B, (x) and B are disjoint whenever |x — xg| > 5rp + %lx — xp|, that
is, whenever |x — xg| > 6rp. This implies

/Rd (]i*(x) 13|h|2)%dx < /63 (]{W) |h|2)%dx

so that the claim (6.17) follows from (6.19).

We turn to the proof of (6.16). For 2 < g < oo, taking the %th power of (6.14), using
Jensen’s inequality, and taking the expectation, we easily obtain (6.16). In order to
conclude for all values 1 < g < oo, it suffices to establish the following improved
version of (6.14): for all x¢ € ﬁB,

1 1
(f |VwB,1|2)2 < ][ (f |VwB,1|2)2dx. (6.20)
By (x0) B By (x)

If re(xg) > éi’B, this already follows from (6.7) (with B replaced by 2143) Let now
Xo € 24B be fixed w1th r«(xg) < rB Slnce wp.1 is a-harmonic on B and since

the ball B (xo, r«(x0) + 55 rB) is contalned in 7 B, the quenched large-scale Lipschitz
regularity theory (e.g. [21, Theorem 1]) implies

1 1

1 1 1
(£ 1vwnat?)’ < (f Vunal)' 5 (£ vwniP)”
B.(x0) B(x0.r«(x0)+ 24 75) iB

I

and Lemma 6.6 (with B replaced by %B) then leads to

1
(][ |VwB,1|2)2 Sf [Vwg 1].
By (x0) 1B

2

Since for ry(xg) < %rB the é—Lipschitz property of ry yields ry(xp) < ry(xo) +
ﬁrg < 2rp, the conclusion (6.20) follows from (6.5) (with B replaced by %B) and
from Jensen’s inequality.

Step 2. Conclusion.
Combining (6.15) and (6.16), and applying Lemma 6.3 with

1

474 % :
l<po=g<pi<oo, f(x) :E[(][ |Vw|2) } , gl = [ ][ 1| ] ,
B (x) B (x)
g1 1
fB,()(x):E[<][ |Vw3,o|2)2]", fB,l(x>=IE[( Vus.i?) }
By (x) .

we deduce forall 1 < g < p < o0,

(LA T o (LA w9 o)
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which is the main stated result (6.1). It remains to post-process this result by rewrit-
ing both sides of the inequality: combining (6.1) with the different bounds stated in
Lemma 6.7, and noting that for ¢ < p there holds (5 - —)+ + (— — —)+ q/]\2 — ﬁ,
the conclusion (6.2) follows for g < p, while the correspondlng result forp <gqis
deduced by duality. O

6.2 Proof of Corollary 6.2

For d > 1, appealing to the integral representation

y
Ue,o8(x) = C/ —ge 8 —ydy,
R [Vl

the triangle inequality yields

E[[g]](x — y)]‘fl v
”[Ue,og]ZHLI’(Rd;L‘I(Q)) S (/Rd (/Rd |y|7dy> dx)

and the result (6.3) follows from the Hardy-Littlewood—Sobolev inequality. Next,
writing U, = Ta™! U, .a, the estimate (6.4) follows from the combination of (6.2)
and (6.3). O

6.3 Proof of Lemma 6.5

We start with the proof of (i), and thus let rg > 1r.(xp). For |x — z| < r.(2), the
%-Lipschitz property of r, implies [x —z| < %r* x)+ % |x —z|,hence |x —z| < ry(x),
and similarly | B, (x)| =~ | B«(z)|. These observations lead to the lower bound

/(][ |f|)dx=/ |f(z)|</ de)dz
2B NJB.(x) d 28 |By(x)]

1

lx—zl<i n@ |2Bﬂ B*(z)l
Z/w'“”'(/zs 1B, ()] > / V&g o

(6.21)
Since ry(xp) < 4rp, we note that for all z € B the ball %B* (z) is included in
B(xp.rp + +ry(2)) C B(xp.rp + ri(xp) + 45r5) C 2B,

and (6.5) follows. The upper bound in (6.6) is a consequence (6.5) with rp 1 00, so
that it remains to establish the lower bound. For that purpose, we write again

/Rd (]i*m |f|)dx = /Rd If(z)l(/Rd —H'Tz&’;l@” dx)dz.

Since for |x — z| < ry(x) the & g-Lipschitz property of r, implies r,(x) = r(z), the
last integral in bracket is < 1, and the desired lower bound follows.
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We turn to the proof of (ii). By Jensen’s inequality, it suffices to establish (6.7). Let
xo € Bwithrg < zllr* (xp). Noting that for all x € B the ball B, (x() is contained in
B(x, r«(xo) + 2rp), we find

3 1
(]i*(xo) |f|)2 s ]{; (]i(x,r*(xo)Jrer) |f|)2dX.

The ball By, at the origin can be covered by N =~ 1 balls of radius rg. Denote
by (z,-)lN: | C By their centers. The collection (B(z;, r«(xo) — VB)),N: | then covers
By, (xo)+2rp - By subadditivity of the square root, we may decompose

N

1 1
) sf (A 1)’ dx
(]i’*(xo) B Z B(x+z;,r«(x0)—7p)

i=1

1

N
2
<y f(f 1) dx,
i=1 B B(x+zj,r«(x0)—rp)

hence, noting that z; + B C 5B for all i,

3 1
<~7i*(xo) |f|)2 s ]éB <~7i(x,r*(x0)_r3) |f|)2dx.

For x € 5B, the %-Lipschitz property of r, yields
re(x0) = rp < r(x) + glx = x0| = rp < r(x) + 375 — rp < ri(x),
and (iii) follows. O

6.4 Proof of Lemma 6.6

By scaling and translation invariance, we may assume that B is the unit ball at the
origin and that fB w = 0. Choose a smooth cut-off function ¥ with x = 1in %B and
x = 0 outside B. Caccioppoli’s inequality yields

([ vowr) = ([, ewup)

1

* (/Rd VxPhwl)” < (/Rd |Vx|2|w|2)%. (6.22)

Sobolev’s inequality combined with Poincaré’s inequality (with vanishing boundary
condition) then implies for some suitable p = p(d) > 2,

@ Springer



670 Stoch PDE: Anal Comp (2020) 8:625-692

1

([, xup)” < (/Rle(xw)lzﬂxwlz); < ([, vawr)’

(6.22) 1

20122
< ([, warr). (6.23)

Choosing g := 22—:; and writing y = £9, we deduce by Holder’s inequality,

1 1 p -2

([ vxlr)’ < ([ ertor)’ = ([ e ml)
Rd Rd R4

71

< ([ ey L) S wa) ([ )

hence, by Young’s inequality,

(/ xRl /|w|

Injecting this into (6.22) and using Poincaré’s inequality (with vanishing mean-value),
we conclude

</53'V“"2>; < (/ IV Gaw) ) : /|w| < / V.

as desired. O

D=

6.5 Proof of Lemma 6.7
Step 1. Proof of the upper bound (i).

Let ] < g < p < oo. We start with the following deterministic version of the claimed
upper bound: for all R > 1 we have

(/Rd]E[(]iR(x) |f|2)g]sdx>p S Rd(‘}_b*</RdE[[f]§]5>;. (6.24)

If ¢ > 2, Jensen’s inequality on ¢ — 13 yields

( ][Bm)| f|2)% < ( ]iR(x)[f]z)g < ]iR(x)[f]Z. (6.25)

If ¢ < 2, covering the ball Bg by N ~ R balls of radius % with centers (zi)lN: | C
By _ 1 such that min;4; |z; — z;| > %, it follows from the discrete ¢2—£9 inequality
that
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g N N q
(/BR(x) |f|2> (Ev/B%()VFZi) |f|2) = ; (/Bl (x+zi) |f|2>
N

7d / 1,
g]{%ﬂ»(/mn'f' v s Z By () ]

and hence, since the balls (B 1 (x + zi))lN: | are disjoint and included in Bg(x),

q
([ ey <[ i (6.26)
Br(x) Bpr(x)

These two estimates (6.25) and (6.26) lead to

q
2

IA IA
-Q ~.

(/RdE[(]iW)'f')g]g )’l’ ng<;é>+(/RdE[][BR(x)[flz]s )

and the claim (6.24) follows from Jensen’s inequality on ¢ tg.
We turn to the proof of (i). Conditioning with respect to the value of r,(x) on dyadic

L
scale and using Jensen’s inequality on 7 +—> 77 with ) o2 271d8 ~ §=1 we find for
0<é<1,

forl () T

&\m

00 g7
2\ 2
g/ E[Z£2"—l<r*(x)<2”“—l<][ | /] ) :|
R4 =0 Byny1(x)
00 g%
_ 2
5/ E[Zz "dar*(X)dB]lzﬂfl<r*(x)§2”+171(][ | /1 ) }
Rd I Bypy1(x)
P i 474
1-2 ds(L—1 2
S.; 8 q Zzn (q )/ E|:]12”1<r*(x)§2"+]1(][ |f| ) :|
n=0 R an+l(x)

Taking advantage of the %-Lipschitz property of r,, we can rewrite

q
/ E[(][ |f|2)2}
R4 By (x)
1=2 o~ nds(2—1 ik '
ot B (] ) o
o R4 Ber»l(X)
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and applying (6.24) with R = 2"*! then leads to

/Rd]E[(][B*(x) |f|2)g]gdx <s'a i(znd”)(‘;_5>++5<$—})> /Rd

n=0

P
E[Ton-1_gep, <on2[f13]7 .

Hence, for r > g, using Holder’s inequality and the moment bounds on the stationary

Fx,
LA, ]

oo r—q 4
S/Slig Z(zndp)(éf%)++5($*%)ﬂ;u[r*Zzn—l_2:|p rq / E[[f]g]é
R4
n=0
ey rg \(GoDerG-p) 12
S () Bl

where in the last estimate we used ), (2’“’)%’2'"19 <a.d 07%. Optimizing %9’5 in
0 < 6 <1 through § = (log é)_l yielding ~ log é, the desired upper bound follows.

Step 2. Proof of the lower bound (ii).
Let1 <r < p < oo. We start with the following deterministic version of the claimed
lower bound: for all R > 1 we have

1

</Rd]E[(fBR(x)|f|z>5]fdx);’ > R_d(%_%”(/Rd]E[[f]g]g)ﬁ' 627)

If 2 < r < p, using the discrete £"—¢? inequality and the discrete £7—¢" inequality,
we indeed find

,/Rd E[(]ik(x) |f|2)%]gdx > de(é,'_)/RdE[]ik(X)[f]g]fdx

2 &P [ BB
Rd

If r <2 < p, the triangle inequality in L7 (Bgr(x)) and the discrete £7—¢? inequality
lead to

r

LA, e [, sy

~dp(3—7) r
2 kD [ B[]

S
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Finally, if r < p < 2, using again the triangle inequality in L% (Bgr(x)) and Jensen’s
2

inequality on 7 — ¢ 7, we obtain

LA VT2 L, o [

This proves the claim (6.27) in all cases.
We turn to the proof of (ii). Conditioning with respect to the value of 7, (x) on dyadic

scale and using Jensen’s inequality on ¢ > t7 with Y 27148 ~ §=1 we find for
0<é<l,

, < :
/RdE[[f]E]r S /RdE[Z2"d‘sr*(x)d8]12n_1<r*(x)52n+1_1[f]E(X)i| dx
n=0
P > 4 P
Smr Yy oD /Rd E Lo, oy<mtt 1 [F15(x0)] 7 dx
n=0

Applying (6.27) with R = (2" — 2) Vv 1 and taking advantage of the %-Lipschitz
property of r,, we deduce

/ E[[f]z]
]Rd - - B

Hence, for ¢ > r, using Holder’s inequality and the moment bounds on r,, and
proceeding as for (i),

/R E[1f1]"

[ g
< 817— (zndp)(z_p)++5(*— )]P r Z 2'1 1 T / ]EI: ][ |f| 2]
Z [ Rd By(x) )

n=0

s () [<f3(x)|f|z)z]f:

Optimizing in 0 < § < 1 yields the desired lower bound. O

S

|f|2)5] dx.

«(X)

r
q

7 Proof of the higher-order pathwise result

In order to establish the accuracy of the two-scale expansion of higher-order com-
mutators (hence, the higher-order pathwise structure), we appeal to the representation
formula (5.3) established in Proposition 5.1 and the conclusion easily follows from
the following estimates on the Malliavin derivative of higher-order correctors.
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Lemma?7.1 Let T, U, and U, , denote the operators defined in Theorem 6.1 and
Corollary 6.2 with a replaced by its adjoint a*. For all g € CSO(R‘J; L) and
0<s<¢t-—1,

2 2 2
Js(g)? = / [/ g-aVDws“] +/ [/ g-aDws] +/ [/ g-Das]
R4 R4 1 R4 R4 1 R4 R4 1

N
N Z Z ||[U~kTﬁg]2([V‘Ps+l_k]2+[‘Ps_k]2)}|i2(w)’ (7.1)
k=0 Bef0.1}

where UX denotes any product of the form Uy ... Uy with U; € {U,,, Ue; o}1<i<a for
all j, and where we implicitly sum over all possible such products. Furthermore, for
all§ > 0and?2 < p < oo,

1
Plr <
E[@"]7 Spo Mgl o oo (1200

Proof Denote by J; | (g)z, Js,z(g)z, and J; 3 (g)2 the three left-hand side terms in (7.1),
hence J;(g)?* = J;,1(8)* + Js.2(8)* + J5,3(g)%. We split the proof into two steps.
Step 1. Proof that for all g € C?O(Rd; LOO(Q))" and0 <s <{-—1,

Js1(8) S s 2(Tg) + s 3(Tg) + [Tl (Ve ' b + [9° 1) | 2 gy (73)
Js2(8) = Js-11(Ug), (74)
Js3(8) S Js—1(Ueg) + [1Uegl2 (19" 12 + 9"~ 12) | 2y - (7.5)

We start with (7.3). Taking the Malliavin derivative of the equation for ¢**! (cf. Def-
inition 2.1) and testing it with (V - a*V)~!V . (a*g), we obtain by definition of
Tg=V(V-a*V)"'V. (a*g),

+1
= ‘/]Rd Tg- aVDZ(pisl”_l.J+1
SITe@I(1Vet @l +1e) . @)

i].ds41
N N
+ ‘/ Tg -a Dz(pil.‘.iseiﬁrl + ‘/ Tg ' DZUi]...i;eis+l )
R4 R4 '

+1
‘ /]Rd 8" aVDZ(pisl---iHl

where for the first right-hand side term we used that by definition (1.4) the Malliavin
derivative of a takes the form

D.a = ay(G(2)) 8(- — 2). (7.6)

The claim (7.3) follows by applying (fRd (fB(x) ~dz)2dx)% to both sides of the esti-
mate. Next, by definition of Ueim g=V(V- a”‘V)_l(e,-SJrl -a*g), we find

‘~/Rdg ’ aDZqofl...iseix+l = ‘/]Rd Uel'ﬁ-lg .aVngpf]-,.is ’

@ Springer



Stoch PDE: Anal Comp (2020) 8:625-692 675

so that (7.4) follows directly. We turn to (7.5). Writing g = AA™!g, integrating by
parts, and using the Malliavin derivative of the equation for Ao* (cf. Definition 2.1),
we find

‘/ 8- Dzaii...iseix+l = ‘/ (ViAilgi)eiSJrl : quiyl...is
R4 R4

+ ‘/ (Vi A7 'g) e Dogf
R4 ‘

s

and the claim (7.5) follows from taking the Malliavin derivative of the definition of
¢* and writing VA~ lg; = Ue; o8-

Step 2. Conclusion.
Using the notation introduced in the statement, Step 1 yields for all g €
CERY Lo @)Y,

J5(8) Sp Js—1U.9) + J,—1(U.Tg) + [[TgL(IVe ™ 12 + [¢"12) | 2
-1
+ [(lUogl2 + [UsTgl2) (IVe' ]2 + [0 ' 12) ||L2(Rd)~
Since by definition TU = U and TU, = U,, the decomposition (7.1) follows by

induction. Next, combining (7.1) with the corrector estimates of Proposition 2.2, we
find for all g € C°(RY; L®(Q))4,0<s <€ —1,2< p < oo,and § > 0,

1 K
]E[Js(g)p]p rSP,B Z Z ||[U.kTﬁg]Z”LZ(Rd;LerB(Q))»
k=0 Be{0,1}

where the anchoring in s = 0 follows from (7.3) because of Jy 2 = Jo 3 = 0 in view
of ¢° = 1 and 0® = 0. Here we have used that for a stationary ¥ we have by the
triangle inequality in LZ (£2) and Holder’s inequality,

1 )
p(p+d) ]m

E[ Vel | = 1Weligiay < B[S €2t -
Now, for0 <s <{—1,2<p <o00,0<k <s,8¢€{0,1},and s > 0, we apply the
bound of Corollary 6.2 k times and the one of Theorem 6.1 once, increasing at every
application the stochastic integrability by k%, to the effect of

ko pB <
“[U T g]z”LZ(Rd;Ler&(Q)) ~P,S ”[g]z”Ld-z%—%k(Rd;LP*’za(Q))’

given that the restriction £ < s < £ — 1 indeed ensures % > 1, and the conclusion

follows. o

With these estimates at hand, we may now turn to the proof of Theorem 1(ii), that
is, of the higher-order pathwise result.
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Proof of Theorem 1(ii) Let 1 < p < oo. The starting point is the L? inequality of
Proposition 4.1(iii) together with (4.2), in the form

1

_ _ 2p|2p
0 = E[(/ g (E"[Vul - E°-"[W”1)—/ g E[2"[Vu] - 2" (V"] ]
R4 R

< —n —o,n —n 2 b #
< E[(/Rd[/Rdg-D(n [Vu] — E°"[Vid ])]1) ] .

Inserting identity (5.3) of Proposition 5.1, integrating by parts in the z-integral to put
derivatives on g and ", using (7.6), and using the corrector estimates of Proposi-
tion 2.2, we deduce forall 1 <n < ¢,

n
Q Sy Z “Mdvk[vkg]OOHL“(Rd) “ [V” - En[Vﬁn]]z”U‘(Rd;L“p(Q))
k=0
n n—1 k+s—n

2220 2 I V(T gy

k=0s=n—k [=0

1 1
2\ P12 2\ P72
[ T (Lo
R4 Rd 1 Rd Rd 1
n—1 s 1
2\ P12
2:1,s +1 .
* e |:</]Rd I:/Rd SJ'1~~J's+1 ’ D(V(pjlmj.w—l + (pjl---./'A'eJS*l)]l) :| 77
0

s=0 =

where we have set

1._ gn PPN &N )
S =V, i.8j (a Ciitvin_i Ujil...in,l)etn’
21,5 ol ~on—l s+1 ~n % kN _kn .
Si i = Vi (gjvil“.“invjlu.jsﬂu )Symllmln ((a Pjiy.in Ujil.‘.i,,_|)e’n)'

We separately treat the different right-hand side terms in (7.7). First, from equa-
tion (2.12), formula (2.5), the annealed Calderén—Zygmund estimate of Theorem 6.1,
and the corrector estimates in Proposition 2.2, we obtain

[[Vu = E" V"], | s a0 )

n n
Sp Manl V' i oo llsgey + Y Y IVEE agey.  (78)
k=2 Il=n+2—k

Second, recalling the notation 7 = V(V - a*V)*1 V - a* from Theorem 6.1 and using
the equation for u in the form —V -aVD,u =V - D.aVu, we find
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7 1
: N\ sy —1 ol 2\
E[(/Rd[/RdS -VDu]1> ] —IE|:</Rd[/RdT((a) S)-aVDuL) ]
1
1%
N —
R4

< 1T (@)™ YL L+ g a0 @y ITVUL | s sy 20 g2

hence, using Theorem 6.1 to bound the operator T and to estimate Vu, and applying
the corrector estimates of Proposition 2.2, we deduce

1
2\ P12
E|:</Rd [/]Rd Sl ~VDM]1) :| 517,8 ||[S1]2||L4(Rd;L4P+5(Q))”[f]2||L4(]Rd)

S Mtanl V" glooll s e ILF T2l -

(7.9)
Third, decomposing
n—1
- k+1 k k+1 -
D.E"[Vi"] = Z (Dot + Dl yei) Vi il
k=0

applying (7.2), and using the corrector estimates of Proposition 2.2,

1
2\ P12
1, nrw N k+1 i
E[(/Rd [/Rds pEVE ]]1> } o Z”[S v h”LMk (REL2PH(Q))

k=0
n—1
Sps k; [anlV" eV i Voo || g

Fourth, applying (7.2) and using the corrector estimates of Proposition 2.2,

n—1 s ) N 2]])
E S D(V'T! s )

Z: |:</ [/ Sjl-..js+l ( Pt 'fﬂjl‘..jxej_m):ll) :|

=0

1 s
Sp H [Sh

s=0

3
|

LT (R4;L2PH (Q))

Il
- o
=
II

S«
|
=

Sra 20 [an[ V'V @] ag

“
Il
=}

Collecting the above estimates on the right-hand side terms of (7.7), we see that
all of them are bilinear in g and f. Crucial for us is their scaling in the underlying
lengthscale, which has three origins: the (total) number of derivatives (to be counted
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negatively), the spatial integrability exponent p (to be counted in form of 4, and the
weights g, (cf. Proposition 2.2). For instance, in view of (7.8), the first right-hand
side term in (7.7) has scaling < Lt Han(L) = L5 d.n(L), where L stands
for the lengthscale, because Vii' has the same scaling as V/~! f (cf. Definition 2.7).
Let us take the last term as a second example: the scaling of its (s, /)-contribution
is L_("'HH'% Han(L) = L_""'%ud,n(L). In fact, all terms have a scaling at most
L‘”+% a.n(L), which after e-rescaling (L = ¢~1) turns into the desired estimate. O

8 Proof of the convergence of the covariance structure

Combining the representation formula (5.2) of Proposition 5.1 with the Helffer—
Sjostrand identity of Proposition 4.1(ii), we establish Theorem 1(iii), that is, the
convergence of the covariance structure of the higher-order standard homogenization
commutator.

Proof of Theorem 1(iii) Combining the Helffer—SjGstrand identity of Proposition 4.1(ii)
with the representation formula (5.2) tested with g € C2° (R4, we obtain, using (7.6)
and recalling that (1 + LZ)’l has operator norm < 1,

Var [/ g- a°’"[vw]} _E [(S, a1+ ﬁ)—lsm] '
R4

< 2E[||S||%]%E[||R||g]z +E[IRI]. @.1)

where we have set
S@) : Z VE 081 @ (L Vel + o3k L e) (@) - ap(G ) E"VDI().

and

n n—1 k+s—n
k==t T3 (oL 90

s=n—k

k+1 )
X Symu En (ﬂk¢”ijn+tk —l—(p]” k- 1e’k)(z) aO(G(z))(Vgps-H +¢;1-»».is615+1)(z)

JleJs+1
n n—l s+1 —
+(=D Z Z( D ( )/]R .. ll(gfvl1+1 lnvjl Js+1w)
s=0 [=s+1
*,1 *,1 +1
x Symll Jdn ((a*(pjll dp—1 _0111 Lip— 1) ’n) -D (VQD;I sl +(pj'1...j_¢ej.y+1)'

Appealing to the definition of E”[Vw] (cf. Definition 2.6), to (4.2), and to the corrector
estimates of Proposition 2.2, we find
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1 n

1 n—1
E[ISI3]" S 30 [ranl V*glool V' e | 2 g
k=0 =0

and similarly,

1 n n—1 k+s—n

E[IRIZ]" <> 2 2 Jrast¥' ¥ D
k=0 s=

n—k =0

1

- 21, s+ 272

+ Z Z E / [/d S5 DV el Jse/Y-H)]l ,

s=0 [=s+1
in terms of

S2;l,s - v! ( st IZ))S m ((a* wn g e )
JteJs+1 ° ] gtendn Lo Js+1 ymy, i, ity ines i1 ) €in

Then applying (7.2) and again using the corrector estimates of Proposition 2.2, we
deduce for all § > 0,

1 n n—1 k+s—n

E[IRIZ] 55> D Z 0 19" (V1 0) oo |2,

k=0 s=n—k [=0
n—1
SZIS
+y Z IES™ 0l 2 s,
s=0 [=s5+1

n n—1 k+s—n

S S Jral V' @V D) g

k=0 s=n—k [=0

n—1
1 n+s+1-1 -
+ YX(:) l%;] ”/Ld n Vi(gV )] ”L%(Rd).

As in the proof of Theorem 1(ii) (cf. Sect. 7), it is easily checked that these expressions
in (g, Vw) have the desired length scaling, hence lead to the claimed error estimate
after e-rescaling.

Now that the right-hand side of (8.1) is properly estimated, we turn to a suitable
decomposition of E [(S, 1+L)"! S);J]. Inserting the definition of E”[Vw] (cf. Def-
inition 2.6) into S, using the definition (4.1) of the scalar product in ), expanding the
product, and focusing on terms of order e with k < n — 1, we write

n—1

’E (S, A+07"S)5] = D Lirrswn
LU k,k'=0

* // @ =V g @IV D@V 8@ VT BG)
R xRA 1l j]mjkurl

JleeJik1
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Uk 1Lk /
< B |:Tj’ii...i,/,j{..,j;, O a+o” TJlI R (Z)i| dzdz
n n—1
S DY Tnrskewzal a1V g1tV Blos | 2 gy [ 140,00V 2100 1V Blos [ 2 g
1,'=0k,k'=0

where we have set
Lk L #0141 *,1 N k+1
Tiivjon = (]ll?é"V(pm i/ +¢ji|..-i1718”) ay(G) (Vo T +¢11 Jke/k+1)

1 1
Combining this with (8.1) and with the above estimates on [E [|| S||%] 2andE [|| R ||%] 2

and appealing to the stationarity of T] N
shifts), we deduce after e-rescaling,

n—1
Var |:8_% / K ”[Vw]] - Z g™ Z
R4
m=0

(recalling that £ commutes with

LU k,k'>0
1+ +k+k'=m
v , K+l = o k+1
X //]Rded c(y) V,-ii__,-]/,gj (z+ey) Vj]’...j,i,ﬂw(z +ey) V”___”gj(Z) V}] Jk+1w(Z)
— n 1
E[ i, O T DT Gy <0>] dyde| Snpg €' nan(;).

Appealing to the boundedness of (1 + £)~! and to the corrector estimates of Propo-
sition 2.2 in the form

Uk Ly
|E[Tj/ii-~i,'/j1’..ij,§, O A+L)” ]ll AL Jk+1(0)]| S L

the conclusion follows after Taylor-expanding v gj(z+e y)V"/Jrl w(z+¢ey) to order
&"~™ with the integrability assumption fRd [y|*ley)|dy < 1. O
9 Proof of the normal approximation result

In order to establish the asymptotic normality of the higher-order standard homog-
enization commutators, we combine the representation formula of Proposition 5.2
with the second-order Poincaré inequality of Proposition 4.1(iv). We then need the

following version of Lemma 7.1 for the estimation of second Malliavin derivatives of
higher-order correctors.

Lemma 9.1 Forall¢ € CP(RY), g € CPRNHY, 0<s<l—1,and p > 1,

Ki(g,¢) = ‘/ C(x)é(y)(/ g aVny(le)dxdy'
R4 xR4 R4

+‘ / cem( / g.aD§y¢s)dxdy‘
R4 x R4 R4
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2 s
| [ cooro( [ e 03t axay

N
SIEleol? 2 D0 > WPl (Ve ™ ™0 + 10" 0) | Lo o
L=t @®RY) 120 gef0,1)

N
e loo 2@y Y Y. k(2@ ap(G) U T ),
k=0 B{0,1}

where the notation is taken from Lemma 7.1. <&
Proof Denote by K 1(g,¢), Ks2(g, ¢), and K 3(g, ¢) the three left-hand side terms
in the claimed estimate, hence K (g, ¢) = K.1(g,¢) + Ks2(g,8) + K.3(g, ¢). We
prove that for all g € C®(R?; L®(RY))4, ¢ € C(RY),0 <s <€ —1,and p > 1,

Kon(8.0) S Ka(Tg. ) + Ko 3(T8. £) + 1€ loolly 2y s (£ (@) 1 (G)*Tg)

FElol? 5 (Ve b + [0 12) [Tl [y ray ©.1)
L7—T (Rd)
K;2(8.0) = Ke—1.1(Ug. 0), 9.2)
K308, 0) S Kem1(Uog, ©) + 11 Tooll 2y Js—1 (¢ (@) ™' ag(G)*Usg)
FElol? 5 (Ve L + 19"~ 12) Wog e L ga)- 9.3)
LP-T(R9)

These estimates combine to

K20 S Y (Ks_l(U.Tﬁg,g)
Be{0,1}

kel 20 (V0 + [0 L) Tl + (19T + [* L) VTP gL
LP’I(R‘{)

L7 (R4)

e Tool 2y (45 (6@ 7 ap(G)* Tg) + Jx_l(;(a*)“aé(G)*UoTﬁg))).

Noting as in the proof of Lemma 7.1 that TU = U and TU, = U,, the conclusion
follows by induction.

Let 0 < s < £ — 1. We start with the proof of (9.1). Taking the second Malliavin
derivative of the equation for @**1 (cf. Definition 2.1), we find

-V aVD,% o =V ((aD)%yw;...is - D0} )eis+1)

Vil s 'yl ..y
+V. (DXa(VD.Vgoisi.lil‘Jr] + D,V(pfl.”i; eis+l)) +V. (D,Va(vaw;i,liHr] + quofl...ix eierl))
+V - (DLa(Vg L el i)

Tpedgtl
Testing with (V - a*V)~!V . (a*g), recalling the definition of 7', and using (7.6) and
D2 = af(G(x)) 8(- — x) 8(x — ), 9.4)
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we find after integration against ¢ ® ¢,

2 s+l
‘/Rded €(x)§(y)(/Rdg ~aVny<p,~l_.,,~m)dxdy‘

2 2
< /Rdx]Rd g“(x){(y)(/Rd Tg- (“ny‘pivl...i,c — nyafl...ilv)em,) dxdy’

~

i].dgtl

+ /Rd 1E(I ‘ /Rd (Tg - ap(G) (VD) + Dwal...iseix+1)‘dy

+ /R ERITER (V9" T + 10°T), 9.5)

and the claim (9.1) follows from Holder’s inequality. Next, (9.2) follows from the
definition of U. We turn to (9.3). Writing g = AA~!g, integrating by parts, and using
the equation for Ao® (cf. Definition 2.1), we find

2 s )
‘/Rdedf(x){()’)(/Rdg.nyGil_.vise,Hl)dxdy'

NP AV P
/RdedC(x)g()’)</Rd(VlA g ei,, nyq,]mlx)dxdy’

<

+ ‘ /]Rdx]Rd §(x)§(y)(/Rd(V,-x+lA—1gi)ei . D)%yqivlmis)dxdy"

Hence, by the definition of ¢* to which we apply D)%y, we obtain an analogous structure

as in (9.5), and the claim (9.3) follows. O
With these estimates at hand, we now turn to the proof of Theorem 1(iv), that
is, of the normal approximation result for the higher-order standard homogenization

commutators.

Proof of Theorem 1(iv) We split the proof into two steps.
Step 1. Proof that forall 8 < p,g <ocoand 1 <n <,

1
4 73
op

}/Ld,k[vkgvﬁl Wleo ”LP(Rd)

E [H D? /Rd g B V]

n n—l1
DRI

k=0 s=0

k+s—n

+ Z |}/Ld,k[Vl(8Vk71+s+la))]00”Li’(Rd))
=0

n n-l s m(m+1)

+22 ) pre(plogp) ¥

k=0 s=0 m=0

p
1.2d+mp (Rd)

<||Md,k[vkgvs+] Wloo| _a
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k+s—n
1 k—l+s+1
+ Y |raxlV'eV w)]""”LﬂJrrwRﬂ’))

=0

n—1 n

C Vl Vn—l+3+l— i
+ B franlV 6V L

In order to not overestimate the logarithmic correction in the final result, we have to
be specific here on the p-dependence; however, this is only necessary in the leading-
order terms (that is, in the first two terms). Let 1 < n < £. Applying the representation
formula of Proposition 5.2, using (7.6) and (9.4), inserting the definition of E}[Vw]
(cf. Definition 2.6), and ordering terms by the number of Malliavin derivatives on a,
we find

D? /Rdg~ 2O V] = Uj + Us + Us, (9.6)

in terms of

Up(x,y) i=8(x —y) S'(x),
Us(x,y) := ffz(x, ¥) + Ua(y, x),

Us(x,y) = ZSZS jon @) - Dy (V(p”l + @5 i) (),

Js+1

2 s+1
Us(x, y) - Z/ s Xy (Vgo;l--~js+l +¢j’1..4jsejx+l)’

where we identify the operators U; with their kernels and we have set

n n—1
s+1 -

' o= 30 (Vhes %5, 9)
k=0 s=0

k+s—n &

k—1 71 k—1 s+1 —

- Z (l)( D th tl(glviu-]~~ikv_i1~~]'.\-+1w)>

1=0

K+1 +1
x Symilmik (lk#”iju i +¢]z| g ]elk) aO(G)(vw;l s+ +¢j| jyejwl)

n

SJZ‘IZ-S--J}H = Z <(V11 i 8i V;i-l-jwl i})

k=0
_kfn k (DRI (VT L )
i i1 \8J 11+1 i Vg W
=0
x Sym;, . (Lesen V'L 4 ey )a(G)
iy k#n (p/ll Lk (pjll Ldp—1 Sk )40 ’

n
R o n+ll n—l s+1 -
Sjlmjxﬂ T Z <l>( D th - (g/ Vll+l .in vjlm.i.s-ﬂw)

I=5+1

% kI *,1 )
X Symzl i ((a (,0]” dn—1 70/’1‘1...1‘,1,])6’”)’
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with the implicit understanding that the contribution of Zﬁg " vanishesifk < n—s.

We analyze the three right-hand side terms in (9.6) separately and we start with Uj.
Decomposing the covariance function as ¢ = cg * ¢ so that || ||s = ||co * ¢ “LZ(R‘J)’

the definition (4.7) of the norm || - ||op is equivalent to
1Uillop = sup ‘/ (co* &)(x) Ui (x, y) (co* &) (y) dxdy|.
151 2y =18l 2 gay=1" /R xRY

9.7)

For p > 4, inserting the special form of U (x, y) = §(x — y) S!(x) and noting that

2
the discrete £72—¢2 inequality and the assumption (1.5) imply
<
l[co * ;]oo”LpzﬁP(Rd) S leo * ;]oo“]}(]]gd) = ”C”Lz(Rd)’ (9.8)

we get
1Ullop S NS Tl e

hence,

1 1
4 P
E[IUi15]" = E[10115,]7 S 1S Nl @er@)-

By definition of !, appealing to the corrector estimates of Proposition 2.2, we deduce

1 n n—1
E[I0115]" S 20D pte (| rasl VgV il
k=0 s=0
k+s—n
+ Y [rarl V' @V D) |y )-
=0

LP(Rd)

We turn to U,. By symmetry, it suffices to estimate the norm of U2. From (9.7) and
ll[co * ;]oo”]}(]Rd) <I¢ ”Lz(Rd)’ we see

2

102012, < sup /[/ 02<x,-)c<x)dx}.
168 Toolly 2 gty =1 /RY L/R? 1

Taking the expectation and arguing by duality, we find
1

E[10:05])" 5 s M), ©9)

¢ ]oo ‘|L4(Q;L2(Rd)):1
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where

5 273
M@) = E[/ [/ Uz(x,-)g‘(x)dx] ] .
Rd Rd 1

Let € C (R?; L*®(£2)) be fixed with ||[Z]eo L4012 (rdy = 1. Noting that Jensen’s
inequality yields

”[C]OOHLZ(Rd;LZ(Q)) = ||[§]oo||L2(Q;L2(Rd)) = ||[§]oo||L4(Q;L2(]Rd)),

and that the discrete £#—¢? inequality gives

1[¢ oo ||L4(Rd;L4(Q)) 5 ¢ ] ||L4(Q;L2(]Rd))a

we deduce by interpolation, for all 2 <r < 4,
||[§]oo||L’(Rd;L'(Q)) S ||[§]oo||L4(Q;L2(Rd)) =1 9.10)

By definition of U and by Lemma 7.1 in the form (7.1), we get

n—1 s

M@ S Y Y Y urtP (@) e (Ve ! T + 10" ) |2 a2 oy

s=0 m=0 Be{0,1}

and the corrector estimates of Proposition 2.2 yield for all p > 1,

n—1 s
M@ S Y Y o Y [urTP (@ es™ )], 2 (9.01)

5=0 m=0 Bel0,1} L2RELPT ()

For p > 2, applying m tir;les the bound of Corollary 6.2 and once the one of Theo-

p 1 .. s
rem 6.1 w1th 8= + AT G=hp=y ~ pn order to pass from the stochastic integrability

2p — to 2, we obtain the following,
p—

n-l s m(m+1)

M@©) < “n(plog® p) 2L S* Rl .
0 S Y Y po(plogp) g SF Ll ST
s=0 m=0
where the exponent W of plog? p comes from the large prefactors in Corollary 6.2

and Theorem 6.1 and is due to the successive deviations of spatial integrability from 2.
Holder’s inequality together with (9.10) yields for p > 8,

IES*Tall 2 I 13 TS ISZ Tl ap
L+m (R4 LP=2 () P=F R4 LI (@) L2030 (RASLP (R))

< IS 1ol
L 2d+mp (R4, LP(Q))
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By definition of $%*, using the corrector estimates of Proposition 2.2, we conclude

1

- m(m+1)

B[00, Zzpc’mplogp & Zp
s=0 m=0
<||ud,k[vkgv‘“wloo|| ap
1.2d+mp (Rd)
k+s—n
+ ) larl V'@V D) ol g ) 9.12)
L2d+mp(Rd)

=0

It remains to analyze Usz. For p > 2, we first appeal to the definition of U3 and to
Lemma 9.1 (with p replaced by g) in the form

[, et dndy|
R4 x R4

n—1 s

S eleol Y3

”* RY) 520 k=0 e(0,1)

[[UF 77 (@)~ s ) L (Ve '+ 1™ B) [ g )

n—1 s

+ ||[§]oo||L2(Rd) Z Z Z Js—k ({‘(a*)_la(/)(G)*U.k Tﬂ((a*)_lS‘a’;‘Y))_
s=0 k=0 Be{0,1}

From (9.7) and (9.8), we deduce

n—1 s

1Usllop S D3 7 J[UFT# (@) 7' 8%)], (Ve 1 + [9° 1) 2 oy

s=0 k=0 B€{0,1}
n—1 s

+Y3 3 sup Jia(e@) T ag(G) UFTE (@) 71 SP)).
5=0 k=0 pef0,1} I¢1eoll 2y =1

Taking the L*(€2) norm and using the corrector estimates of Proposition 2.2 in the
first right-hand side term, and arguing by duality as in (9.9) and repeating the proof
of (9.12) for the second right-hand side term, we obtain for all 8 < p < oo,

1 n—1 s

E[10s1h)" 5 00 2 IV (@S ™)L, 4 iy

s=0 k=0 Be{0,1}

N

YT Y YO (@ s

dp .
2d+ d.
5=0 k=0 B(0,1} m=0 L=rme (RELP ()
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A multiple use of the annealed bounds of Theorem 6.1 and Corollary 6.2 then leads
to

1 K

1 n—1 s—k
E[1031%]" o oD D MS¥ Rl a

5=0 k=0 m=0 L2FFETmP REL ()

n—1
Sp 2 IS¥ |
s=0

dp :
L2457 (RY;L2P ()

By definition of $3*, using the corrector estimates of Proposition 2.2, we conclude

1

1 n—1 n
E[IUsl5]" <r 22 2 lranl¥' (9" )] e
§=0l=s+1

Gathering the above estimates and replacing p by ¢ in the estimate for U?, the claim
follows.

Step 2. Conclusion.
By scaling, the conclusion of Step 1 yields forall 8 < p,g <occand 1 <n < ¢,

1 n n—l1
-d 2 =o,n N R _ 4_d 1N\ k+s cr+cs
B TR W D » e

k=0 s=0
n n—1 s
d_ 2 _ m(m+1) d_2d
FETTT YN Y nas(DETT p e (plog p) A+ Cae T pan (e,
k=0 s=0 m=0

hence, choosing p = |loge| and ¢ = 8 Vv 4d, and recalling that ¢y = %

1
473 Lo
e_gE[HDz/ng . EZ’"[VU_)]HOP] Sre 8%|log8|(|loge|log2|10g8|)2""(" b,

In terms of X} := e % fRd g - B9"[Vw], we now apply Proposition 4.1(iv) in the
form

1

i 1
E[102x214 ) ELIDX214 ]
Var [X7]

dyv(Xy) <

Inserting the above estimate on || D%x ¢ llop and noting that the proof of Theorem 1(iii)
yields E[| DX” ||‘5%] <s.¢ 1, the conclusion follows. o
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gram.
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Appendix A. More Malliavin calculus

In this appendix, we include for completeness a short, essentially self-contained proof
of Proposition 4.1.

Proof of Proposition 4.1 We split the proof into four steps.

Step 1. Proof of (i).

In terms of the Ornstein—Uhlenbeck semigroup e~ (e.g. [44, Section 1.4]), we may
write

Var [X] = — / oK [(e*"X)Z] dt
0

where Mehler’s formula (e.g. [44, (1.67)]) indeed ensures that IE[(e_’EX)2] —
E[X]? as r 1 oo. Computing the derivative in 7 yields

9]

Var [X] = Z/OOE[(e*tEX)[,(e”CX)] dt = 2/ ]E[||De*’EX||f§] dt,
0 0

hence, appealing to the commutation relation (4.5) in the form De ™% = ¢~"e™'£ D,
o0
Var [X] = 2/ e’zzE[He’tLDXH%] dt,
0
and the positivity of £ leads to the conclusion,
o
Var[X] < 2/ UE [||DX||§J] dt = E [||DX||%] :
0

Step 2. Proof of (ii).
Let X, Y € DY? with E[X] = E[Y] = 0. First note that the Poincaré inequality (i)
implies that the restriction of £ to L2(Q)/(C = {U € L3(Q) : E[U] = 0} isinvertible.
In particular, there exists Z € L2($2) such that ¥ = £Z. By definition of the adjoint
D* (cf. (4.4)), we then find

E[XY]|=E[XLZ]=E[XD*DZ]| =E[(DX,DZ)s]. (A.1)

Appealing to the commutator relation (4.5) in the form DY = DLZ = (1+ L)DZ,
we conclude

E[XY]=FE [(DX, (1 + E)’IDY)S;,] .
Step 3. Proof of (iii).
Similarly as in Step 1, in terms of the Ornstein—Uhlenbeck semigroup e *£, we may

write
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Ent[Xz] — /O T E [(e—fﬁxz) 1og(e—fﬁxz)] di

00 00 D 7tﬁx2 2
/ ]E[(Ee”ﬁXz)log(wa%] dr = / E{M} dr,
0 0

e tLX2

hence, by the commutation relation (4.5) in the form De™'£ = e~'e~'£ D,

00 e_tﬁDXZ 2
0 e 1LX2

Appealing to Mehler’s formula for the Ornstein—Uhlenbeck semigroup e '~ (e.g. [44,
(1.67)]), the Cauchy—Schwarz inequality leads to

le“DX?||3 = 4lle " “(XDX)|F < 4(e7"FX?) (e EIDXI),
so that the above becomes

o0
Ent[Xz] < 4/ e*2f1E[e*‘5||DX||§§] dt < 2E[||DX||_26],
0

which proves the logarithmic Sobolev inequality. Next, higher integrability is deduced
by integration as e.g. in [2, Theorem 3.4]: we write

1 P 19
]E[|X|2P]”—IE[X2]=/ —ZE[|X|2q]q Ent[|X|2q]dq,
1 9q
so that the logarithmic Sobolev inequality implies
1 1 1
B[ixPr]” —E[x*] <2 [* B [1xPe] E[101x1915 | dg
1 9

p L
2 [“E[1xP]" B [1x PV DXIE | da
1

1

p 1
<2 ["s[ipx1¥]" da < 205 [1px1]"
1

and the conclusion follows from the Poincaré inequality (i).

Step 4. Proof of (iv).
Let X € L2(Q) with E[X] = 0 and Var [X] = 1. For & € L>(R), we define its Stein
transform Sy, as the solution of Stein’s equation

Sp(x) = x8p(x) = h(x) — E[h(M].
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As in Step 2, there exists Z € L2(2) such that ¥ = £Z. We then compute
E [h(X)] - E[h(M)] = E[S},(X) = XS,(X)] = E[S},(X) — (D*DZ)Sy(X)].,

and hence, integrating by parts and using (A.1) in the form E [(DZ , DX) g)] =
Var [ X] =1,

[E[h(X)] = E[h(M]| = [E[S,(X)(1 = (DZ, DX)s)]|

< ISyl Var [(DZ, DX) s ]? . (A2)

Noting that [|S} [l < 2]l (e.g. [42, Theorem 3.3.1]) and taking the supremum
over all 1 € L®°(R), we deduce

drv (X; V) < 2Var[(DZ, DX)g]>.

Noting that for 4 Lipschitz-continuous there holds ||S;l e < \/g 1A || (e.g. [42,

Proposition 3.5.1]), we can deduce a similar bound on the 1-Wasserstein distance. The
corresponding bound on the 2-Wasserstein distance takes the form

1 1

Wr(X: Ny <E [|(DZ, DX)g — 1|2]j = Var[(DZ, DX)g]" ;

its proof is of a different nature and is based on an optimal transport argument in
density space (cf. [35, Proposition 3.1]).

It remains to estimate the variance Var [(DZ , DX) 53]. For that purpose, we apply the
first-order Poincaré inequality (i) in the form

Var[(DZ, DX)g] < E [||(DZZ, DX)s + (DZ, D2X)5||%] .

Noting that the commutation relation (4.5) leads to DX = (1 + £)DZ and D*X =
(2 + £)D?*Z, we deduce

Var [(DZ, DX)5] < E[ (DX, (1 + 07" + @+ £7)px) |12 ]
1 1
7

<e[ip2xit, | B[+ o7 v e+ o ox|L]

Noting as in [38, Proposition 3.2] that (1 + £)~1and 2+ £)~! have operator norms
on L*(2) bounded by 1 and %, respectively, the conclusion follows. O
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