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Abstract

Semilinear stochastic partial differential equations on bounded domains Z are con-
sidered. The semilinear term may have arbitrary polynomial growth as long as it
is continuous and monotone except perhaps near the origin. Typical examples are
the stochastic Allen—Cahn and Ginzburg-Landau equations. The first main result of
this article are L”-estimates for such equations. The LP-estimates are subsequently
employed in obtaining higher regularity. This is motivated by ongoing work to obtain
rate of convergence estimates for numerical approximations to such equations. It is
shown, under appropriate assumptions, that the solution is continuous in time with
values in the Sobolev space H 2(2') and Ez—integrable with values in H3(2"), for any
compact 2’ C 2. Using results from L”-theory of SPDEs obtained by Kim (Stoch
Proc Appl 112:261-283, 2004) we get analogous results in weighted Sobolev spaces
on the whole . Finally it is shown that the solution is Holder continuous in time of
order % - % as a process with values in a weighted L7-space, where ¢ arises from the
integrability assumptions imposed on the initial condition and forcing terms.
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1 Introduction

The aim of this article is to obtain L”-estimates and regularity of solutions to the
semilinear stochastic partial differential equation (SPDE)

du; = (Lo + fi(ur, V) + f)dt + " (Mfu; + gf)dWS on [0,T]x 2

keN (D
uy=0on 09, up=¢ on 9,
where
d d d d_
Liu :=Zaj(2a;"8,-u)+Zb§8,-u+c,u and MFu .= Zo}kaiu—i-ufu.
j=1 i=1 i=1 i=1
()

Here 2 is a bounded domain in RY and W* are independent Wiener processes. The
coefficients a and o are assumed to satisfy stochastic parabolicity condition (and thus
our equation is non-degenerate). Moreover all the coefficients a, b, ¢, o and p are
assumed to be measurable and bounded, f = f;(w, x, r, z) is measurable, continuous
in (r, z), monotone in r except perhaps around the origin, Lipschitz continuous in z,
bounded in x and of polynomial growth in r (of arbitrary order). The forcing terms f°
and g are assumed to satisfy appropriate integrability conditions. A typical example of
equation fitting this setting is the stochastic Ginzburg—Landau equation. In this case

fr)y=—rl*?r, a>2.

To obtain higher interior regularity we will have to impose further regularity assump-
tions on the coefficients. To obtain regularity up to the boundary (in weighted Sobolev
spaces) we will also need to impose regularity assumptions on the domain. The assump-
tions will be formulated precisely in further sections.

The main aim of this article is to obtain regularity results for the solutions to the
SPDE (1). This is motivated by ongoing work to obtain rate of convergence estimates
for numerical approximations to such equations. For a semilinear equation it is natural
to consider the term f := f(u, Vu) + f° as a free term in an appropriate linear SPDE
and to use established methods and theory to obtain regularity for this linear SPDE.
Due to uniqueness of solutions to (1), see Lemma 1, we then get the same regularity
for the semilinear equation (1). However, for the theory of regularity of linear SPDEs
to apply, we need to show that the new free term f satisfies appropriate integrability
conditions. This would typically mean at least L?-integrability. Since the semilinear
term in (1) is allowed to have arbitrary polynomial growth, it is clear that we need to
obtain L”-estimates for solution to (1) with p > 2 sufficiently large. Note that if one
attempts to do this using Sobolev embedding theorem then one immediately runs into
restrictions on the combination of dimension of & and the growth of the semilinear
term.
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The main novelty of this article is in allowing arbitrary dimension of & and growth
of the semilinear term, see Theorem 1. This is achieved by using the monotonicity
property of the semilinear term and a cutting argument to obtain the required L”-
estimate. Once these have been established we then obtain new spatial regularity
results for the SPDE (1), these are both interior regularity and up-to-the-boundary
regularity in weighed Sobolev spaces, see Theorems 2 and 5. Finally we have a new
time regularity result (in weighted space again), see Theorem 6. These effectively
say that under appropriate assumptions the SPDE (1) has two additional derivatives. It
seems however that our method does not allow one to obtain arbitrarily high regularity
(even for equation with smooth data and coefficients), see Remark 5 for explanation.
Nevertheless, raising the regularity twice is enough to find the rate of convergence of
various numerical approximations using the techniques from e.g. Gyongy and Millet
[9].

Regularity of solutions to linear PDEs has been studied intensively, see e.g. Evans
[4], Gilbarg and Trudinger [8] for elliptic PDEs, LadyZenskaja et al. [20] for parabolic
PDEs and references therein. Regularity results for linear elliptic and parabolic PDEs
in Holder spaces can be found in Krylov [16]. Regularity of solutions to SPDEs has
been an area of active interest for quite some time and here we point out some of the
main results. Regularity of solutions to linear SPDEs on the whole space has been
proved in Rozovskii [23]. On domains with a boundary the situation is much more
involved and one cannot expect the same regularity up to the boundary as in the interior
of the domain, see e.g. Examples 1.1 and 1.2 in Krylov [18]. After this observation
two approaches to dealing with boundaries emerge: one is to quantify the loss of
regularity near the boundary using weighted Sobolev spaces. These allow oscillations
and explosion of the spatial derivatives of the solution near the boundary. The other
approach is to side-step the problems created by the boundary by restricting the class
of equations under consideration by imposing additional restriction on the noise term
near the boundary (effectively disallowing stochastic forcing near the boundary), see
Flandoli [S]. Weighted Sobolev spaces have also been employed, in the context of
LP-theory for linear SPDEs, by Kim [14]. Unsurprisingly, there are fewer results for
nonlinear SPDEs. Kim and Kim use the L?-theory in [12] and [13] to obtain regularity
for quasilinear SPDEs where the coefficients are uniformly bounded. Current results in
Gerencsér [7] show that for a class of SPDEs, including (1), there exists some Holder
exponent such that the solution is Holder continuous in space up to the boundary with
this exponent. For interior regularity of a class of quasilinear equations associated with
the “p-Laplace” operator see Breit [1]. For SPDEs with drift given by the subgradient
of a quasi-convex function and with sufficiently regular noise Gess [6] proves higher
regularity and existence of (analytically) strong solutions. All the aforementioned
work on regularity of nonlinear SPDEs has been done using the variational approach.
For results obtained in the semigroup framework we refer the reader to the work of
Jentzen and Rockner [11] and references therein. Regularity results for quasilinear
PDE:s of parabolic type can be found in [20]. However, the results are obtained under
the restrictions on the combination of dimension of & and the growth of the nonlinear
term. Thus, to the best of our knowledge, our results are new even for deterministic
semilinear PDEs with monotone semilinear term.
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The article is organised as follows: Sect. 2 is devoted to the proof of Theorem 1
which gives us the desired L”-estimates for the solution to semilinear SPDE (1). In
Sect. 3, we first prove interior regularity for the associated linear SPDE, see The-
orem 3. We then use the results on interior regularity of the linear SPDE to prove
Theorem 2. In Sect. 4, we prove regularity results up to the boundary and time regu-
larity in weighted Sobolev spaces using L?-theory from Kim [14]. The main results
and required assumptions are stated at the beginning of each section.

2 [P-estimates for the semilinear equation

Let T > Obe given, (2, .#, (%#;):el0.1] P) be astochastic basis, & be the predictable
o-algebra and W := (W;)s¢[0,7] be an infinite dimensional Wiener martingale with
respect to (% )¢ef0,17, 1.€. the coordinate processes (W,k)ze[o,T], k € N are indepen-
dent .7, -adapted Wiener processes such that WX — W¥ is independent of .7 for s < t.
Further, let 2 be a bounded domain in R? with Lipschitz boundary. We use standard
notation for Lebesgue-Bochner and Sobolev spaces. In general, if X is a normed linear
space then we will use | - |y to denote the norm in this space. There are exceptions: if
x € R? then |x| denotes the Euclidean norm. For Lebesgue and Sobolev spaces over
the entire domain 2 we will omit the dependence on Z. Soe.g.if h € L?(Z) then we
will write |h|p» for |h|pp(g). If h € LP((0, T); LP(2)) then we use ||A||.» to denote
the norm. Throughout this article C denotes a generic constant that may change from
line to line.

Letn € {0} UN and fix constants K > 0, > 0, « > 2 and p > «. We assume the
following:

A-1Foranyi, j =1, ..., d,the coefficients ai, bt and care rpal-valued, P x B(D)-
measurable and are bounded by K. The coefficients o' = (a’k),fil, n= (uk),‘:il are
0?-valued, & x %(Z)-measurable and almost surely

d
2D P+ Y P <K Viel0.Tl.xe 9.
i=1 keN keN
A-2 Almost surely

d
y 1 ; .
> (a0 - 5 > oo 0)sE; = kgl Vi€ l0.T]x € 7.6 € RY,
ij=1

keN

A-3 The function f = fi(w, x,r,7)is Z x B(2) x B(R) x A(R?)-measurable, it
is continuous in (r, z) almost surely for all # and x. Furthermore, almost surely

r =) (e, r 2 — file, 1 2) < KIr — P2,
| fi(x,r,2) — f;(x,r,z’)| <Kl|z-7|,
lfiGe,r, ) < KA+ et
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forallt, x,r,r', z,7.

A4 ¢ € LP(Q, Fo; LP(2)), 0 € LP(Q x (0,T), Z; LP(2)) and g € LP(Q x
0,7), 2, LP(Z; £2)).

Remark 1 Without loss of generality, we may assume that almost surely forall 7, x and z
the functionr — f;(x, r, z) is decreasing. If not, then (1) can be rewritten by replacing
fi(x, r, z) with ft(x, r,z) = fi(x,r,z) — Kr and ¢;(x) with ¢;(x) 1= ¢;(x) + K,
where using Assumption A - 3, f is decreasing in r.

Further, we may assume that almost surely for all # and x, f;(x, 0, 0) = 0. Other-
wise, we can replace f;(x,r,z) in (1) by f,(x, r,z) = fi(x,r,z) — fi(x,0,0) and
£2by FOG) = OG0 + fi(x,0,0).

Definition 1 (L2-Solution) An adapted, continuous L%(2)-valued process is said to
be a solution of stochastic partial differential equation (1) if

(i) dt x P almost everywhere u € L*(Z) N HO1 (2) and

T
IE/O (luelSa + Iu,@&)dt < oo,

(ii) almost surely for every ¢ € [0, T] and & € C;°(2),

t

U, &) = (. £) +/O (Ly(uy) + f (s, Vaty) + 0, E)ds

t
+Zfo (&, M¥(ug) + gHdwt.

keN
The following theorem is the main result of this section.

Theorem 1 If Assumptions A-1 to A-4 hold, then there exists a unique solution u to
(1) and

T
E sup |u,|€p+IE/ /|Vus|2|us|f’—2dxds
0<t<T 0 9

3
= CE(1917, + 115, + llglel?) ),

where C = C(d, p, K, «, T).

The rest of Sect. 2 is devoted to proving Theorem 1 but we give a brief outline of
the proof here.

1. We replace the semilinear term f by truncations f™, depending on some m € N,
chosen in such a way that that the monotonicity is preserved and f” are bounded.
By standard theory of stochastic evolution equations we obtain ™ which are
solutions to the SPDE with f replaced with f™.
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2. We now wish to get the estimate (3) for these u™ (uniformly in m). If we were
allowed to apply It6’s formula directly to » — |r|” and the process u}"(x) and to
integrate over & then (3) for u™ would follow from A-1, A-2 and A-3.

3. Since, of course, this is not allowed we instead consider an appropriate bounded
smooth approximation ¢, to r — |r|” and use the 1t6 formula from Krylov [17].
We then establish an estimate similar to (3) but for ¢, (1) instead of |u""|” and with
the right-hand-side still depending on m but independent of n. See Lemma 2. This
allows us to take the limit 7 — oo and to use the monotonicity of r = f;" (x, r, z)
to obtain (3) for ™. See Lemma 3.

4. The final step is then to use compactness argument to obtain u as a weak limit
of (u™);eN, see Lemma 4, and the usual monotonicity argument to show that u
satisfies (1). Fatou’s lemma will then yield (3) for u.

Before proceeding with the proof of Theorem 1, we observe the following:

Remark2 Assumptions A-1 and A-2 imply, after some computations using Holder’s
and Young’s inequalities, the existence of a constant K’ depending on K, d and « only
such that almost surely for all # € [0, T] and w, w’ € H(} (9),

2
ALgw + £, w) + 3 IMfw + g7 + klwlyy, < K/[|f,°|iz + [lgile2] ;2 + |w|iz]
keN

and

2Liw — Lew', w—w') + Y [Mfw — Mfw'|3, + klw — w5, < K'lw—w'|},.
0
keN

Lemma 1 (Uniqueness) The solution to (1) is unique in the sense that if u and u both
satisfy (1) then

]P’(sup|ut — |y = 0) —1.

t<T

Proof Let u and u be two solutions of (1) in the sense of Definition 1. Then,
t

=iy = [ (o) = L) + Fulu Ve = £ Vi) ds
0

' (4)
+Z/ (M) = MEGy)) aw
keN 0

almost surely for all + € [0, T']. Using Remark 1, Assumption A-3 and Young’s
inequality, we get

(filur, Vug) — filig, Vitg), up — ity)
= (filur, Vuy) — fius, Vug) + fi(ur, Vug) — fi(ig, Vig), up — i) 5)

= \2 =12
= IV —u)ly + Nlug — ]y

M|
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Using the product rule and applying It6’s formula for the the square of the norm to (4),
see Gyongy and Siska [10] or Pardoux [22, Chapitre 2, Theoreme 5.2], we obtain

—-K" =12 —-K"” =12 =12
d(e My = wnl2,) = K [dlug — 3, = Kl = 2, de]

= K [(2<L,<u,> — L) + folus, V) = filG, Vi), u, — i)

+ 3 IME ) = ME GO — Ky — 12 ) de ©)
keN

Y 2w — it M (uy) — M,k(ﬁ[))dW,k}
keN

almost surely for all # € [0, T']. Substituting (5) in (6) and using Remark 2, we get

t
My =i =23 [ e M) — M)W
0
keN

implying that right hand side is a non-negative local martingale (and thus a super-
martingale) starting from O and hence for all ¢ € [0, T'],

—K't — 2
Ele™ " \u, — ;2,1 < 0.

Thus forallt € [0, T'], we get P(Ju; —uy |iz = 0) = 1 which, along with the continuity

of u — it in L?(2), concludes the proof. O

Having proved uniqueness we start preparing the proof of Theorem 1. For m € N,
consider the truncated function

filx,—m,z) ifr<-m
f[m(-xvrvz): ﬁ(xvrvz) lf_mfrfm
fitx,m, 2) if r >m,

and the equation

du} = (Lo + " @', V) + [Dde + > (Mfu + gHd W),
keN (7
u’ =0 on 0%, uy =¢ on Z.

For each m € N, using Assumption A-3, f"(x, r, z) is bounded and hence (7) can
be viewed as a SPDE on the Gelfand triple H}(Z) — L*(Z) — H~'(2) and all
the conditions for existence and uniqueness of solution in [19] are satisfied. Thus (7)
has a unique L2-solution in the sense of [19, Definition 2.2].

We now prove an estimate similar to (3) for the solutions of (7). We will do this by
applying the Itd formula from Krylov [17] similarly to Dareiotis and Gerencsér [3].
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To that end we need to consider the functions

|r|P if [rl <n
nP=22LZD (1| — )2 4 pnP= (|| —n) + 0P if |r] = n.

Gu(r) :{

We now collect some key properties of these functions. We see that ¢, are twice
continuously differentiable and

n ()| < Clx[?, 19, (0)] < Clx|. |} (x)| < C
where C depends on p and n € N only. Further, for any r € R,
$n(r) = 1|7, @(r) = plrlP72r, @) — p(p = DIr1P™? ®)
asn — oo and
$n(r) < Clr|?, ¢,(r) < ClrI”~", ¢ /() < Clr|P2, ©)
where C depends on p only.

Remark 3 For any r € R we have

@) |rg, (M| < pn(r),
(b) 172, ()| < p(p — Du(r),
(©) |, (1> < 4pg) (r)u (r),

r_ r_
(d) |, ()72 < [p(p — DIP2$a(r).
These inequalities along with Young’s inequality imply, for any € > O,

() ("¢, ™M) < Cepu (M),
(i) |u™>p ™) < Coy(u™),
(i) Y0, dum gl (™) < € (™) Vi + Cpy (u™),
1 1
(iv) 1f2¢, ™| < CIf2l) ™12 [pn (™2 < C| 1P + Cgulu),
o) [fm @, Vu™el )] < ClFm @, Vu™) ) ™2 (¢ ™12 < ClfM" ™,
Vu™)|P + Cyp(u™) < C|fs(—m, Vu™)|? + C, (u™),
(Vi) 1851720, ) < Copu(u') + Clgsl

where the last inequality is obtained using Holder’s inequality and C depends only on
d,pande.
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Using Theorem 3.1 from [17], we get that almost surely

/ ®n (u;n)dx
9

t d
=/ ¢n(u6")dx+2/ / (ZO‘SIkaiMT + ukum +g§)¢;(u§1)dxdwf
7 keN’0 77 gy
t d
+/ / (ZbgaiuT +csuld + U, Vul) + f50)¢;l(u’sn)dxds
077 g
t d
—/ / Z as’ diul oy (w9 jul dxds
o J7,52

1 [ o . P
+5[o /@Z‘Z(’s’ i + pbul + g¥| ¢y (wdxds.

keN i=1

foranyt € [0, T]andn € N. Thususing Assumptions A-1, A-2 and Young’s inequality
for any € > 0, we obtain almost surely

/ Go(u)dx < f Gl dx + A"
9 9

t d
+/0 /9 (Do piou + o + £ Vil + £0) iy xds
i=1

t
- f / K| Vu™2p) w™)d xds
0 JZ

t
[ (v + cluc + Claaf o dxds,
0 Jg

(10)

for any ¢ € [0, T] and n € N. Here the generic constant C depends only on d, K and
€ and

¢ d
=Y /0 /Q (D oot + pubult + g ) (i rdxd W
7 =1

keN

is a martingale.
Further, using Burkholder—Davis—Gundy’s inequality, Remark 3(c) and Holder’s
inequality, we see that
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E sup |.4""]
0<t<T

T d
ik k
sl [ ([ [t suter +al
k i=1
T d
ik k k
sCE(fO Z(/@]Zoﬁ: 01!+ +8
k i=1

N\'—‘

o)

1

2¢£{(u§”)dx / ¢n(uf;’)dx)ds>2
9

(#n@enm) d

which, using the same steps as before, in particular Remark 3 points (ii) and (iv), gives

E sup |.""
0<t<T
1

T 2
e [ ([ (v i) opaas [ onaax)as)
0

SCE< sup /¢n(u, )dX/ f IVM @y ) + n () + |57 ]dde)z

0<t<T

JE sup / ¢ (u}")dx+CE / / 165 P )+ )+ g | | s

a 2 0<t<T
(1D
Lemma 2 Ifu™ is the solution to (7), then
t
E sup |u)'l}, —i—E/ / |Vu§”|2|u§"|p_2dxds
0<i<T (12)

< CE(1617, + Cu + 1010 + lgl2 12, ).

where C = C(d, K, x, p) and C,, := EfOT S5+ Im*P=Vdxds are constants.

Proof From (10) and Remark 3(iv),(v) and Assumption A-3, we get

Ef dn(udx + IE/ / [Vul'| ¢n(um)dxds < CE/ ¢n(ug)dx + Cpy
9

—HE/ / |fS0|deds+CJE/ / |gs|52dxds+C/ E/ bu(U™)dxds
0 J2 0 J2 0 9

t
< CEIC;"+C/ E/ n (U )dxds,
0 9

where C = C(d, p, K, €) and

t 1
m :/ |¢|de+Cm+/ / |fso|pdxds+/ / |gs|gzdxds.
2 0 J2 0 J2
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Applying Gronwall’s lemma, we obtain for any ¢ € [0, T']

t
IE/ dn(U™M)dx —HE/ / IVu™ 2! w™dxds < CEK" (13)
9 0 Jg

where C = C(d, p,K,k,T).
Further, taking the supremum over ¢t € [0, T'] in (10), using the same estimates as
given above and then taking expectation, we get using (11)

E sup /qb,,(u;”)dx

0<t<T J2

t
fCE/ Gn(ui)dx +E sup / / Frwl, vul g, (udxds
9 9

0<t<T JO

T T T
+CE/ / |fS0|pdxds+CE/ / |g5|52 dxds+c/ E/ ¢n (U)dxds
0 Jg 0 9

T
+ 18 up /¢n(u;")dx+c1[«:/ /9[|w;"|2¢,;’(u;")+¢n(u;")]dxds
0 0

2 0<t<T

T
< CE/ $n(uidx + CCpy + CE/ f |fO1Pdxds
9 0 9
T
+ CEf f [Igslgz + ¢n(uf)] dxds

+ IE sup fd)n(u )dx—i—CE/ /|Vu |¢> (uldxds

2 0<t<T

<CEKT} + = ]E sup / ¢n(u;")dx < oo
0<t<T

where C does not depend on n and m. Thus, we have

E sup / b ' )dx—i—E/ / VU™ P¢) (u™)dxds < CEK < oo,
0<t<T

where C = C(, p, K,k,T). Now we let n — oo and apply Fatou’s lemma to
complete the proof. O

We can now use Lemma 2 and the monotonicity of r — f/"(x, r, z) to obtain an
estimate for u}", where the right-hand-side no longer depends on m. Let

t
%f,;:/ |¢|de+/ f (A7 + 18517, ] dxds.
9 0 J2

Lemma 3 Ifu™ is the solution to (7) then there is C = C(d, p, K, «, T) such that

T
E sup |u;"|’L’,,+1E/ / |V 2 |u™" P2 dxds < CEH#7. (14)
0<t<T 0 9
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Proof From (10) and Remark 3(iv), we get

t
E / bn(™)dx + ~E f / VU™ 2! (™ )dxds
7 2 Jo Jo
t
<CE /9 fuu)dx +E /0 f@[f;"(u;",wg"m;,(u;">+|f§’|"]dxds

t
+CE[ f (18515 + ¢u ()] dxds.
0Jo

where C = C(, p, K, k).
Taking limit n — oo and using Lebesgue’s dominated convergence theorem in
view of (12), (8) and (9), we get

t
IE/ lu™|Pdx + p(p — 1)%1&/ f |V 2™ P2 dxds
< CEJi/t—i—pE/ / ™ P72 f W™, Vu™yu dxds +CIEJ/ / lu™|Pdxds.
0J2 0JI

Using the fact rf;"(r,0) < O forany r € R,m € N, ¢ € [0, T], Young’s inequality
and Assumption A-3, we get

t
p]E/O f@ |u§"|p_2fs'"(u§", Vulul'dxds
t
= PE/ / P2, VY — £, 0) + £, 0)|udxds
0 Jg

t
le/ / |usm|1’*2[§|fsm(u§",wg1) — £ @, 0) + Clu™2]dxds
0 J2

t t
< EE/ / W™ |P=2| V™ Pdxds —i—C]E/ / ™ |Pdxds
4 Jo Jo 0o Jo

Substituting this in (15) and then applying Gronwall’s lemma, we obtain for any
te[0,T]

t
Ef |u;"|de+E/ f [Vu™ 2 |u™ P~ 2dxds < CEX;
9 0 JI

where C = C(d, p, K, k,T).
Further, taking the supremum over ¢ € [0, T] in (10), using the same estimates as
given above and then taking expectation, we get using (11)
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E sup /q&n(u;")dx

0<t<T J9

t
§CIE/ ¢n(uy)dx +E sup / / Frwl, vulhe (uldxds
) 9

0<t<T JO

+C]E/ / L7+ 18510 + ¢n ()] dxds

+ E sup /dbn(u )dx+CIE/ /|Vu |¢> '(ulhdxds,

2 0<r<T

where C does not depend on n and m. Taking limit n — oo using Lebesgue’s domi-
nated convergence theorem and using (13) along with the steps as above, we get

E sup |u |Pdx < CET + E sup / lul"|Pdx
0<t<T 0<t<T

and hence the lemma. O

To complete the proof of Theorem 1 we need to take the limit, as m — oo in (14)
and to show that (1) has a solution. To that end we obtain the following result.

Lemma4 There is a subsequence of (m) denoted by (m') and an adapted pro-
cess u such that u € L(Q2 x (0,T), 2; L%(2)) N L2 x (0,T), Z: Hol(@))
and almost surely u € C([0, T]; L*(2)). Moreover, there exists fle L%(Q X
0,T), 2; L&1(9)) such that
W —u in LYQ % (0,T), 2; LY2)) N L2 x (0, T), 2, H&(@)),
@ Vuy— £ in LaT(Q % (0, T), 2; La-1(9)),
L@™)—~L@) in L}(Qx (0,T), 2; H"'(2)),
M@u™)—~M@) in L*(Q x 0,T), 2; (X(L*(2))).

Finally for all t € [0, T],

u,—uo—}—/(Lu + f! —i—f)ds—}—Z[(Mku + ¢hdwk as.

keN

and
t 1
e 2 =|w|iz+2/ <Lsus+fs°,us>ds+2/ () ds

+2Zf (MFug + g5, u )de+Z/ |M¥uy + gk12, ds.

keN keN
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Proof By Lemma 3, we have u”™ € L*(Q x (0,T), Z;LY%(2)) N L*(Q x
0, 7), &, HO1 (2)). Moreover, using Assumption A-3 and (14), we have

T T
Ef f L™ ™ (x), V™ ()| 7T dxdt < KE/ f(1+|u;"(x)|)“dxdt
0 9 0 9
(16)
<C+CE sup / luf" (x)|%dx < o0.
9

0<t<T

Thus, f™ ™, Vu'™) € La1(Qx (0, T), 2; La-1(2)) such that (14) and (16) holds
for each m € N with a constant independent of m. Since these Banach spaces are
reflexive, there exists a subsequence (m’) (see, e.g. Theorem 3.18 in [2]) such that

W™ —vin L%(Q x (0, T), 2; L*(2)),
W =7 in L2(Q x (0, T), 2; H}(2)) and
@, Vu™ = £ in La1(Q x (0, T), 25 La-1(9)).

Moreover, the operators L and M are bounded and linear and hence map a weakly
convergent sequence to a weakly convergent sequence. Thus, we have

L@™)—~L(®) in L*(2 x (0,T), 2; H~(2)) and
M@u™)=M @) in L}(Q x (0, T), 2; *(L}(2))).

Note that for any adapted and bounded real valued process n; and & € C(°(2), we
have

T T T
E/o nr(vz—ﬁz,é)dt=E/0 ﬁz(vz—bt;nag)df‘i‘E/O n Gl = 5, E)dt — 0

as m’ — oo. Since C3°(2) is dense in L*(Z) and HO1 (2), we have the processes
v and v are equal dr x P almost everywhere. Further, the Bochner integral and the
stochastic integral are bounded linear operators and hence are continuous with respect
to weak topologies. Again, we have

T !
E /O nGl )i
T ’ t ! !’
=1Ef0 nt(<u6",s>+f0 (L™ + 17+ £9, £)ds

t
+Z/O (& ME + ghrdwk)ar.

keN
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On taking limit m’ — oo, we get

T
E/O (v, §)dt
T t
=5 [ w0+ [ (Lot 1+ 2. 00ds

1
+ 3 [ 6 b+ ehyaw ar

keN
for any adapted and bounded real valued process 1, and & € C{°(2). Since C(°(2)
is dense in L*(2) and HOl (2), we have
t t
v = +/0 (Lyvs + f/ + fOds + Z/O (M*v + ghydwk
keN

dt x [P almost everywhere. Using Itd formula for processes taking values in inter-
section of Banach spaces from Gyéngy and Siska [10], there exists an L*(Z)-valued
continuous modification u of v which satisfies above equality almost surely for all
tel0, T]. O

Remark 4 For y € L*(Q x (0, T), 2; L*(2)) N L*(2 x (0, T), &; H} (2)), we
have

W, V) = f(, V)

in La1(Q x (0, T), 2; L#1(2)). Indeed, by definition of f™', as m’ — 0o

S W (), V() = fi(Ws(x), Vi () VYoo, s, x.

Moreover |f;”/(r, 2)| < |fs(r, z)| and due to Assumption A-3,

T « T
Ef | fs (s, Vs ()| "4 ds < CE/ / (1 + II/fS(x)l"‘)dxds < 0.
0 Leo-l 0o J2

Therefore we may use Lebesgue Dominated Convergence Theorem to obtain

T
lim E/O /@ L5 (s (), Vs () — fs (¥ (), Vs (X)) | =T dxds

m’'— o0

T
= E/O /@m!i_r)noo LS (s (), Vs () — S (P (x), Vg (x)) | Tdxds = 0.

Proof of Theorem 1 In order to show the weak limit u obtained in Lemma 4 is indeed
the unique solution of SPDE (1), it remains to show that /' = f(u, Vu) which can
be shown using the monotonicity argument as below.
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Define for each w € L*(2) N HO1 (2),s € (0, T) and k € N, the operators
Asw = Lyw + £ and Bfw := M*w + g~
Then for any w, w’ € L¥(2) N H& (2), we have using Remark 2

2(Aw — Aqw’,w — w')+ Y |Bfw—Bfw'[7, < —klw — w7, + K'lw —w'[7,.
keN 0
(17

Considery € L*(Qx (0, T), Z; LY(2))NL* (2 x (0, T), Z; Hy(2)). Then using
Assumption A-3, Remark 1 and definition of f”*, we have

S @, vy — 7 s, V), u" = ) <0 (18)

almost surely for all s € [0, T']. Moreover using Young’s inequality and Assumption
A-3, we have almost surely for all s € [0, T']

20 (Ws, VU )= FI (s, Vi), ull =) < 6|V @ =) 25 + Clul™ — 2.
(19)

Define K” := K’ + C, where K’ and C are as in (17) and (19) above. Then using the
product rule and It6’s formula, we obtain

E(e 5" u,12,) — E(luol2,)
t
= B[ [ (2 + o)+ 3 1Bl = Kl ) s

keN
(20)

and

t
B(e " 32) ~ Bug ) = B[ [ e (200 £ 0 a0
0

, , @1)
+ 3 BRI R — Kl |§2)ds]
keN

forallz € [0, T].
We now need to re-arrange the right-hand side of (21) so that we can use the
monotonicity assumptions. We have
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t
E[/O kK S(2<Asuf;“ ol vy ) + S B R — Kl |L2) ]

keN
t
=IE[/ e’K//5<2(ASuS — AW, u™) 4 2(As, u™) 4+ 2(Au — Aty Ys)
0

+2 f’”’(u?’,Vum’)—fm’(ws,ws) W —rg) +2 f’"’@/fs,ws) u™)
2L W VU = f W V) W)+ Y [ BEu By 1= > BRI,
keN keN

1230 (Bl BE) = K[ = vl — 1l + 26 ) |)ds |

keN

(22)
Using (18) and (19), we have
20 @ VUl = F (s V), ul = )
=20 W, VU )= 7 (Y, Vi)

1 s, VUl )= £ (s, V), Ul — )
< k[VE" = )P + Clu — g2,

and hence using (17) in (22) together with (21), we obtain for all ¢ € [0, T']

E(e™ X" 12,) — E(uf'12,)

t
< B[ [ K (2tacp ) + 2000 — Ak )
0
F20fM (W, Vi), ™) 20F @ VU™ ) — 7 (s, Vi), W)
= Y IBEY R 2 ) (Bhu BE) 4 K s - 26 )] )ds |

keN keN

Now, integrating over ¢ from 0 to T, letting m’ — oo and using the weak lower
semicontinuity of the norm, we obtain

T
EI:/O (eiK t|ut|iz - |u0|i2)dt]
T /
< limianE[/ (X 2y — g Iiz)df]
m’'— o0 0

T t
< JE[/ / o K's (Z(Asdfs, Us) 4+ 2(Agtts — Ay, Us)
0 0
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F2(fs(Wsa V) ) + 20F] = (s, Vo). ) — > 1B

keN

+2 ) Blug, BEW) + K" 143 = 205, 9)] ) dsdl
keN
23)

where we have used Remark 4 in last inequality. Again, integrating from 0 to 7 in (20)
and combining this with (23), we get

T pt
EI:/(\) /(‘) eiK S(z(AsMs - Asw57 Us — ws) +2(fs/ — fS(WSv sz)’ us — ws>

+ D OIBE = BEusl2, = K lug — w3, )dsde] < 0
keN

which on using (17) gives

IE[/OT fof o—K's (2<f; — [y (s, Vi), uty — %))dsdt] <o (24)

Letn € L*((0,T) x 2;R), ¢ € C°(Z), € € (0,1) and let y = u — en¢. Then
from (24) one obtains that

T t
E[ fo fo 2ee™ XS (1 = filus — ens, Vg —enSV¢),nS¢)dsdt] <0.

Dividing by €, letting € — 0, using Lebesgue dominated convergence theorem and
Assumption A-3 leads to

T t
IE[/ / 2e K Sy (f] = fy(us. Vus),¢>)dsdt] <.
0 0

Since this holds for any n € L*((0, T) x Q, #;R) and ¢ € C;°(Z), one gets that
f(u, Vu) = f’ which concludes the proof.

Further, taking m — oo in (14) and using the weak lower semicontinuity of the
norm, we obtain the following estimates for the solution of (1)

T
E sup |u]},+E / / \Vug)?|us|P~2dxds
0 9

0<t<T

T

< liminf [IE sup |u’,"|{p +IE/ / |Vu;”|2|usm|1?—2dxds]
m—>00 0<t<T 0o Jg

= CE(1917, + /15, + gl 17, )-

O
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3 Interior regularity

In this section, we present the results on interior regularity of the solution to SPDE
(1). The main result is stated in Theorem 2. The idea is to prove the result for the linear
SPDE first and then use it along with the L”-estimates obtained in Sect. 2 to prove
Theorem 2. We do not claim the result for the linear case to be new, however we could
not find such result in literature in sufficient generality.

To raise the regularity of the solution one needs the given data to be sufficiently
smooth. Thus, we assume the following condition on the coefficients before stating
the main result of this section.

A-5Foranyi, j =1,...,d,the coefficients a'/, b’ and c and their spatial derivatives
up to order n are real-valued, & x %(Z)-measurable and are bounded by K. The
coefficients ! = (a”‘),fi = (,uk),fil and their spatial derivatives up to order n
are £2-valued, & x %(Z)-measurable and almost surely

d
YYD I @+ Y ID P < K

i=1keN|y|<n keN |y|<n

for all t and x.
For A, B subsets of R? let dist(A, B) denote the distance between A and B. Further,
for £ = 1, 2 define

TU=E[ Y DY+ Y IDY 01+ Y D7 gl

lyl<t ly|<e—1 lyl<t

2002 0)2a—2 200-2
+ 1682 101 + gl e

Theorem 2 Let Assumptions A-2 to A-4 hold and u be the solution to (1). Fix some
open 9" @ ' @ P such that dist(2',09) < 1 and dist(2",02') < 1.

() If Assumption A-5 holds with n = 1, and if $ € L*(Q, Fo; H(2)) and
g€ LXQ x (0,T), Z; H (Z; €?)), then

ueC(0,T], H(2)) as.and u € L*(2 x (0, T), 2; H*(2')).

Moreover, there is C = C(d, T, K, k) such that

T
E sup |8[ut|iz(@,)+Ef0 |8iu,|%{l(@,)dt§Cdist(@/’ aNT (25)
T

0<r<
foralli =1,...,d.

(ii) Further, in case the semilinear term f does not depend on z, if Assumption A-1
holds withn =2, if p € L>(, Fo; H*(2)), [0 € L2 (Q x (0, T), 2; H (2))
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and g € L2(Q x 0,7, &, H2(@; Kz)) and if almost surely
10, fi (e, )| < K(1+[rD*™2 and |0; fy(x,r)| < KA+ [r)*™" (26)
foralli=1,...,d,t €[0,T],x € P and all r € R, then we have
ueC(0, T, HX(2") as.and u e L*(Q x (0,T), 2; H(2")).

Furthermore, there is C = C(d, T, K, k) such that

T
E sup |0;0us]%2, —|—]E/ 10:0us| oondt < Cdist(2",09') 17
Ogth R CZ0) 0 RN 27

+ Cdist(2”,092") > dist(2', 02) > T"
foralli,j=1,...,d.

One can obtain regularity results up to the boundary in appropriate weighted
Sobolev spaces using results from Krylov [18] along with the L?-estimates obtained
in Theorem 1. However, obtaining the similar results for the linear equations using
LP-theory is more useful. We will discuss this in Sect. 4.

As mentioned before, we will first get the results for linear equations. So, we
consider the following linear stochastic evolution equation:

dv; = (Lyv, + f)dt + Y (Mfv, + ghdWf on [0.T]x 2, (28)
keN

where the operators L and M k are defined in (2). As can be seen in what follows, one
can raise the regularity to any order for the linear equation by assuming the given data
to be sufficiently smooth. Thus we make the following assumption on initial data and
the free terms and then state the result in Theorem 3.

Let n > 0 be an integer.

A-6 Assume that vy € L?(Q2, Zo; H(2)),g € L>*(2x (0, T), Z; H(Z; £*)) and
feL*(Qx(0,T), 2; H" 1 (2)).

Theorem 3 Assume that v is a continuous L*>(2)-valued adapted process such that

ve LXQ x(0,T), P; H(2)), and it satisfies (28). If Assumptions A- 2, A- 5 and
A- 6 hold, then for all open 9’ € 2,

v e C(0,T], H'(Z) as. and v € L*( x (0, T), 2; H""1(2'))

We will prove Theorem 3 via Lemmas 5 and 6. In Lemma 5, we first prove the
special case n = 1.

Lemma5 Assume thatv € C([0, T]; L2(2)) a.s., v is adapted and satisfies (28) and
moreoverv € L2(Q2x (0, T), 2; H (2)). If Assumptions A-2, A-5 and A-6 hold with
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n=1,thenthereisC = C(d, T, K, k) such that
2 r 2 2 2
E supT|3ivt|L2(@/) + E/O |3,-v,|H1(@,)a’t < Cdist(2',02)~ [E/Q Vo |“dx

0<r<
T
+E/ /9[le,|2+|]‘;|2+|v,|2+Z|ng|2]dxdt]
0 7

keN
(29)
foralli =1,...,d and all open 9" € P such that dist(2’', 09) < 1.

Proof Let ¢ = dist(Z’', 87). We consider a cut-off function n € C§°(2) which is
1 on &' and such that n < 1 and |9;n| < C{‘l fori = 1,2,...,d. Define the
Ith-difference quotient,/ € {1, 2,...,d}, by

1
(SIhu(x) = E(Tlh” — u)(x), x e R?

where Tlhu(x) = u(x + hep) is the shift operator and the step-size h satisfies 2|h| <
dist(supp n, 82). From (28), we get

d(n8fv) = ndf (Lyv, + fidt +n Y 8] (Mfv, + gHd W}
keN

Applying It6’s formula for the square of L?-norm, we get

dn8fvil32 ) = 208) (Lyve + f), 8] vi)dt + 27y (n8) (M{ve + gf), ndj vi)d Wf
keN

+ D Ind) (Mf v, + )72 dt-
keN

It follows from the definition of & lh and linearity of d;, that the two operators commute.
Thus, using integration by parts and the formula

8! (vw) (x) = 8Mv () T w(x) + v(x)8f w(x)

we get,

t
/n2|5l’1vt|2dx=/ n2|5;‘v0|2dx+2/ / 18! (Lyvs + f5)8) vsdxds
9 9 0 Jg

t
+ .4 + Z/O /j 72180 (M*vs + ¢5)Pdxds

keN G0)

t a
=10—2/ / n* Y ad 0;(8v) ;81 vs) + I + L+ I+ A + I
0oJo [T
Jj=1
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where,

Iy :=/ |8, v0|2dx

I _—2// 25, J0; (T v5)0; (8 v )dxds,

ljl

L _—4/ / Z stay 0 (T/'vy) + ayf ;8 vy) |08/ vydxds

i,j=1
t
I =2 /O /j nz[Z{S?b; 0; (T/'vy) + b1 8] (3;vy))
i=1

+ SIth TlhvS + ¢ 81}'1)& + Sffs]élhvsdxds,

—Z//n]Zs? 0, (T vg) + 87 1k T

keN

Q

dxds

+Za’k8(81 v) 4 uk 8 4 8l gk
i=1

and
= 22/ / N8 (MEvs + g5)8) vedxd W),
keN

Now, we see that

d
2
I4—Z// |:Z G’ka(T,v)—l-BlusTlhvs
=1

+2[Zah ik g, (T ) + 80k T, vs][Zo’ka 8hvy) + kst + 6! gS:I
i=1

+‘ Zo'ka (8l vg)+uk 8l vg+8tt gk i|dxds< > ok 81 8vg) o 88l ve)+ia

i,j=1

where

Z/ / {(d+1>2|6’1 FP10:(T v P+ (d + D8] 1k T g

keN
d

+2Za” k0 (T vg) of 8(6,vs)+228h 9 (T ) ik 8l
i,j=1 i,j=1
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+2 Z 81 oik 8; (1] vg) 87 &* +2Zo’ka (81vg) 8k T v,
i,j=1 i=1

+281 Ms Tl Us /’LA 61 vy + 281 MA Tl Us 6[ gA

ik 8 vgl? + 187 8517 + 220”‘ 01 (8 v5) uk 8 vy
i=1

d
+2) ik 01 (8] vy) 87 gk + 21k 8] v 8] gY:| dxds
i=1

Substituting this in (30), we get

/ %188 v 2dx
9

t d
<Iy+1I —2/ / "y [a § ot f"]a (81'vy) 8; (81 vy)dxds
0o Jz .=
i,j=1

keN
+ L+ B+ A+ L

which on using Assumptions A-2, A-5 (with n = 1) and Young’s inequality for an
€ > 0 gives

t
/n2|3;'u,|2dx§/ n2|5lhv0|2dx—2/</ / n* V(8 vs) [*dxds + A"
9 9 0 J2

, d
C
+/0 /j > [eK i (T vo) P+ eKlndi (5 v) P+ 198}, ] dvds
i,j=1

(3D

s |

t C d
+// [28,f381vs+—2|8(T1v3)
0 7,

i=1

d
+C Y 18/ gk 1> +€Ck Y1018 vo) 2 +—|5, Vs | :|dxds.
keN i=1

Now extending 7, f, g and v to R by setting them to 0 on R? \ 2 and using the fact
that suppn C 2 and supp(Tl_hn) C 2 for our choice of i, we get
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f 0’ 8] fs 8] vydx = / n* 8 fi 8] vedx
9 R4
1 1
2 h h 2 h
I/Rd’? ZT[ fsalvsdx_‘/RdTI EfS(Slvsdx

1

- s 8 vgdx

1
= [ oty st tuods = [
R R 32)

1o

= /R | st[T, "(n*8lug) — (980 vs) |dx

=— / £ 87 P 8fvgydx = — / fs 87" 8 vs)dx
R4 9

_ 1
se/ 5 h(’?25,hvs)|2dx+—/ 1 2dx
2 €Jg

where last inequality has been obtained using Young’s inequality.
Since 12 8;‘ vy € H'(2), using the relation between difference quotients and weak
derivatives (see e.g. [4, Ch. 5, Sec. 8, Theorem 3]), we have

/ 18,7 (% 81 vy) Pdx = f
9 M

1

157 (P 81y Pdx < € /@ VGP 8y Pdx
n)

for some constant C and .@lh (n) :=suppn U supp(Tlhr;) U supp(Tl_hn) € 2. Substi-
tuting this in (32), we get

1
/ 0”8 fs 8/ vedx < €C / V(0 8]'vy)Pdx + — / | fsPdx
2 2 €Jg
_ 2 h h 2 1 2
=eC [n° V(5 vs) +2n Vn & vs|“dx + . | fs]7dx (33)
9 7

_ 1
sec/ V(8] v)Pdx + eCp 2/ |(7751hvs)|2dx+—/ | fslPdx.
2 2 €Jg

Similarly,

/n2|T/’vs|2dx=/ n2|T,’1vs|2dx=/, 177" ug | Pdx scf |vg |2 dx
2 IZ40) 1240 2

and
d d
Z[ n2|a,»<T,hvs)|2dx=Z/ 0|1 (div) Pdx
i=177 i1 /2

d
<C / |0; vg |2 dx = c/ |V |?dx.
; 9 Lvs @ S
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Using the assumption g € L2(Q x (0, T), &2; H'(Z; £?)) and the property of differ-
ence quotients mentioned above,

Z/nwlggzdx—Z/ n|81g§2dx<CZ/ Vg 2dx.

keN keN keN

Similarly, v € L*(2 x (0,T), Z; H'(2)) and the property of difference quotients
imply

/ 187 vg)2dx < c/ |V |*dx. (34)
7 9
Substituting (33)—(34) in (31), we get

t
/ n* 18, [Pdx < c/ |Vv0|2dx—2/c/ / 1?1V (81vs) Pdxds
9 9 0 Jg )

! Cka _ 1
+//4”+ffg[7'u Vsl + eCklnV @ o) + -1 417 (35)

de

Ul + € Y IVghPaxds.
keN

Further, it can be seen that the process ///th defined in (30) is a local martingale where
a localizing sequence of stopping times converging to 7" as n — 00 is given by

T, ;= inf{r € [0, T] : |r)8[hvS|Lz(9)| >n}AT. (36)

Thus, replacing ¢ by ¢ A 7, in (35), then taking expectation and choosing € > 0 small
enough such that 2k — eCx = C, > 0 and finally using Fatou’s lemma, we get

t
E/ n2|5,hv,|2dx+cKE/ f %V (8 vs)[*dxds < CIE/ |Vvo|>dx
9 0 Jg

37)
! Cxa _ 1 (
B[ [ [y tvu s Linp+ S

0 Jol e €

1,24+ Y vk ]dxds
keN

Using the inequalities of Burkholder—Davis—Gundy, Holder and Young together with
the estimates above we get that

tAT,
E sup .4, |=E sup ‘22/ / 28 (M¥ v, + gh)8lvedxd WE

0<t<T 0<t<T

<4E Z/ f 1?8 (M¥ vy + gk)sf vgdx’ ds)j
keN
1
<8E Z/ In 8 (M¥vy + g5 2 (_@)|n3;1us|iz(@)ds)z
keN
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1 Tn
SE sup né v,|L2<%+CZE/ 0 8] (M} vs + g)172 55, ds

=
O<t=T keN
1 _ Tn
s—EOsup 18] 072, + C& ZIE/ /9[|Vvs|2+|fs|2+|vs|2+|Vgx|§2]dxds.
<t<T 7

(38)

Replacing 7 by ¢ A 1, in (35), taking the supremum over ¢ € [0, T] and using (38) we
obtain

E sup / n2|8;‘v,/\fn|2dx
0<t<T JZ

T
<Cc¢? [E/ngoﬂdx +]E/0 /@ [|wx|2+ Il + [vs)?® + |Vgs|§2]dxds],

which, on applying Fatou’s lemma, yields

E sup / n2|81hv,|2dx
0<t<T J9

T
<cc? B[ uldx 4B [ [ [I90P 4 15P+ 0P + Vo] dras .
9 0 J2

where C = C(K, d, €). Now note that the right hand side of above equation and (37)
are independent of / and are finite and hence using e.g. [4, Ch. 5, Sec. 8, Theorem 3]),
we get (29). m]

We now extend the result to the case n = 2 as follows. From Lemma 5 we
have that v is a continuous H'(2’)-valued adapted process such that v € L?(Q x
0, T), P; H*(2')), and it satisfies (28). If Assumptions A-5 and A-6 hold forn = 2,
then from (28), we get

d@v) = 9 (Lyv, + fdt + Y 0(Mfv; + gf)dWf
keN (39)
= (L@ + fr)dt + Y (Mf@vo) + gf)d WS
keN
on [0, T] x &', where

d

d
Z (Zala, av[)+Zalb ive + dicr v+ 1 s

i=1 i=1

*m

and

d
"f‘ = Z a,o;k 0jv; + a,uf v+ Blgf.
i=1
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Using Assumptions A-5, A-6 withn = 2 we get that feL*Qx(0,T), Z; L*(2))
andg € L2(Q2 x (0, T), Z; H\(Z'; £%)).

Thus replacing f, g, 2 in (28) by f, gX and 2’ respectively, we see that z =
dyv satisfies (28). Clearly z € C([0, T]; L?>(2')) almost surely and z € L?(Q x
(0, T); H'(2')) and hence all the assumptions of Lemma 5 are satisfied for the new

linear equation (39). Therefore for all open 2 € &’ such that dist(2”,092') < 1,
we have

T
E sup |aizt|iZ(@//) + ]E/ |8izl|%11(@//)dt < CdiSt(-@H, 8@/)_2 |:IE/.9 |VZO|2d.X
0<t<T 0 70

T
+B [ [ (Ve +17R + 1P+ |Vg‘,|§z]dxdr].
0 ’

which, substituting back the values of f, g¥ and z = ;v and then using Assumption
A-5 with n = 2 and (29), gives

T
B sup (000, +E [ 1081uly, g
T 0

0<t<
=Cdis (7", 89’)_2[E/@/ > 1D volPdx (40)
lyl<2
T
+E/ //[Z|D7’vl|2+ Z |DVft|2+ Z |Dygt|%2]dxdt:|
0 ST "y 1 o

foralli = 1,...,d and open 2" € 2’ where C = C(d, T, K, k). Repeating the
above procedure k times, we have the following result.

Lemma 6 Assume that v is a continuous L*(2)-valued adapted process satisfying
(28) and such that v € L*(2 x (0, T), 2; HY(2)). If Assumptions A-2, A-5 and A-6
hold for n = k, then

T
E sup |3ik--~3nvr|iz(gk)+15[ 103, - - Oy vil 1 eyt < C dist(ZF, 974172
0<t<T 0

T
E DY v2d IE// [ > 1p7up D fi]?
= Swrtae[ [ [Yionee 307

lyI<k ’ lyI<k lyl<k—1

+ 3 |DVgt|§2]dxdt:|

ly|<k

foralliy = 1,...,d and open 2% € P* such that dist(Z*, d2*~') < 1 where
C=Cd,T,K,«).

We immediately see that Theorem 3 follows from Lemma 6. Using Theorems 1
and 3, we can now prove Theorem 2.
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Proof of Theorem 2 Let u be the solution to (1) given by Theorem 1. Then considering
fi(us, Vuy) + f,o as anew free term f;, we observe that u satisfies (28) with such free
term.

Now under the Assumptions A-3, A-4 and due to Theorem 1, applied with p >
20 — 2, we get the estimate (3) and hence

T T
E || |fili2gdt =E | f (s, V) + f212dxdt
0 @) 0o Jo

T T
< Z[E/ / K2(1 + |u, )@ 2dxdt —HE/ / |f,°|2dxdt]
0 9 0 9

T
§C[1+E sup / |u,|2“_2dx]+2E/ /|f,°|2dxdt<oo.
9 0 9

0<t<T

(41)

Hence we can apply Theorem 3 with n = 1 thus proving the first claim in (7). Again
using (29) for the new free term f; we get foreachi =1, ...,d,

T
E sup |8iut|iz(@,)+E/(; |8,-uf|%11(9,)dt5Cdist(@’7a@)—2E[/9|V¢|2dx

0<t<T

T
+f0 /@[|wt|2+|ﬁ|2+|uf|2+Z|ng|2]dxdt}

keN

which on using (41), then Theorem 1 with p = 2« — 2 and finally Holder’s inequality
proves (25).

Further if f is a function of ¢, w, x and r only such that (26) holds, then taking
fi(uy) + f,O as a new free term f;, similarly as above, we get

T T
B[ it =B [ [ 0 i+ 0 i) + £ P
0 0
T
§CIEf / [IVur 21+ luD® ™ + (4 g D** 72 + 18 £ dxdt (42)
0 9
T
< CE [ [ [0 19 4 1900 PP P2 o 1 9P < oo
0 9
foranyi € {1,...,d}. Hence f(u) + f%isin L>(2 x (0, T), &, H(2)). Thus all

the conditions of Theorem 3 are satisfied for n = 2. This yields the first claim in (ii).
Again, using (40) for the new free term f;, we obtain foreachi, j =1,...,d
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T
E sup |a,-aju,|§z(@,,)+E/0 10,0t 1
T

0<t<
T
§Cdist(@”,8@/)_2]E[Z/ |DV¢|2dx+/ f [ZIDyu,|2
7 o Jo

y=<2 y=<2
I AP Y |Dygt|§2]dxdz}
y=1 y<2
T
< Cdist(@/’,a@/)—2]E[Z/ |DV¢|2dx+/ / [Z|Dyu,|2
y<2?? 0 I a
+3 D AP+ |DVgt|§2]dxdz}
y=<Il y=<2

T
+ Cdist(2",09")*E f f § |DY u;|*dxdt
0 opn!
y=2

which on using (41), (42), then Theorem 1 with p = 2o — 2 and (25) proves (27).
O

Remark 5 Note that to prove even higher regularity than that given by Theorem 2 one
would need to show that

T
IE/ |8j3iﬁ|%2(@)dt < oo.
0

Using our approach we would require that

T
E/ /|8ju,8,-u,8r2f,(ut)|2dxdt<oo.
0 9

However the L?-estimates from Theorem 1 are not sufficient. To overcome this, one
may try to formally apply 9; to the SPDE (1) and then to try to get the analogous
LP-estimates for the equation for the derivative. However, since the semilinear term
is no longer monotone, the proof will break down.

4 Regularity in weighted spaces using LP-theory and time regularity

In this section, we raise the regularity of the solution to the SPDE (1) using L”-theory
from Kim [14]. The reason for using L”-theory is that one gets better estimates for
the solution of the corresponding linear equation, see Theorem 4, given below, which
follows immediately from Kim [14, Theorem 2.9].

We will use this together with the L”-estimates we proved in Theorem 1 to obtain
regularity results (both space and time) for the solution of the semilinear equation (1),
see Theorems 5 and 6 below. In particular we obtain Holder continuity in time of order
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% — 2 for the solution to (1) as a process in weighted L?-space, where g comes from

the integrability assumptions imposed on the data.
First, we introduce some notations, concepts and assumptions from Kim [14]. For
ro > Oand x € R?, let B, (x) := {y e R? : |x — y| < ro}.

Definition 2 (Domain of class C}) The domain 2 C R? is said to be of class C

if for any xo € 9%, there exist rg, Ko, Lo > 0 and a one-one, onto continuously

differentiable map W : B,,(x9) — G, foradomain G C R, satisfying the following:
(i) W(xo) =0and U(B,(x0) N Z) C{y e R :y! >0},

(ii) W(By(x0)N02)=GN{yeR’:y! =0},

(ii1) [Wlc1(p,(xo) = Ko and W1 (y1) =W~ (y2)| < Kolyi—y2lforany yi1, y2 € G,

(iv) [Wy(x1) — Wr(x2)| < Lolx1 — x2| for any x1, x2 € By, (x0)-

Let Z be of class C,i and p(x) := dist(x, 92). Then, by [14, Lemma 2.5] and
[15, Remark 2.7] (since 2 is bounded), there exists a bounded real valued function
defined on Z satistying

sup p!”!(x)| DY 3; ¢ (x)| < 00 (43)

xe9

foranyi =1, ..., d and any multi-index y, such that
1 .
E'O <% <Cp in D,

for some constant C. In other words, ¥ and p are comparable in 2, and in estimates
they can be used interchangeably (up to multiplication by a constant). Moreover this
implies ¥ > 0.
For1 < g < 0o, 6 € R and a non-negative integer n, define the weighted Sobolev
n.q
space H, " (Z) by

Hg’q(@) = {u: plVFO=-D/apry e L9(P) forany |y| < n}
where the norm for u € Hen’q (2) is given by

n
e =22~ /g DY u ()| 0414 (x)dx.

i=0 |y|=i

For functions u : R — R? we define the norm analogously and use the same
notation. The following result from Lototsky [21] plays an important role in proving
our results.

Remark 6 The following are equivalent:

(i) ue H (D),
(i) u € H) "4 (2) and yo;u € H) "(P) foralli =1,2,...d,
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i) u € H) "9 (2) and 8;(Yu) € H} " "(P) foralli = 1,2,...d .

Further, let
Hy?(2) .= L1(Q x (0, T), 2, Hy " (2)).
In the rest of the article, we assume that
g>2 and d—2+g<0<d—1+¢q (44)

so thatin view of [ 14, Remark 2.7], the assumption regarding existence of an .27}, o -type
set (see [14, Assumption 2.8]), is satisfied. Finally, we need the following assumption
on the coefficients:

A-7TForanyi,j=1,...,d,

(i) the real valued coefficients ¢’/ and their spatial derivatives up to order n + 1 are
P x B(P)-measurable and bounded by K,
(ii) the real-valued coefficients b’, ¢ and their spatial derivatives up to order n are
P x B(P)-measurable and are bounded by K,
(i) the coefficients 0! = (Jik),fil, w= (/Lk),fil and their spatial derivatives up to
order n + 1 are ¢?-valued &2 x Z(Z)-measurable and almost surely

d
Y33 P +>] Y I P <K

i=1 keN |y|<n+1 keN |y|<n+1

for all ¢ and x,
(iv) and for almost every (¢, w), the coefficients a'/ (¢, x) and o' (¢, x) are uniformly
continuous in x € Z.

Note that, the operator L given by (2) is in divergence form but the results from
[14] are for operators in non-divergence form. One knows that (1) can be expressed in
non-divergence form if the coefficients @’/ are differentiable. Thus Assumption A-7
implies Assumptions 2.2 and 2.3 in [14]. Hence the following theorem follows from
Theorem 2.9 of Kim [14].

Theorem 4 Assume 9 is of class CL%. Further, let Assumptions A-2 and A-7 hold with
2
somen > 0. If Y f € HY (D), g e H) T (D; €2) and 1~ ' ¢ € H,T>9(D), then

dv; = (Lo, + fdt + Y (Mfv, + gH)dW) on [0.T]x 2,
keN (45)
v=0o0n 09, vo=¢ on 9
has a unique solution v such that w’l v E Hg+2’q (2).

In fact Theorem 2.9 in Kim [14] is proved even for fractional weighted Sobolev
spaces and under somewhat weaker assumptions. We do not use fractional spaces here
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to keep the presentation simpler. As to being able to use weaker assumptions: to obtain
results for the semilinear equation (1) we will need to apply our results from Sect. 2, in
particular Theorem 1 and thus we cannot substantially weaken our assumptions here.
Finally, we can state the main results on regularity for the solution to semilinear SPDE

(.

Theorem 5 Assume 9 is of class C1 and u is the solution to (1). Further, let Assump-
tions A-2 to A-4 hold with p > max(qa — g, 2) and Assumption A-7 holds with

n = 0. If for some q satlsfymg (44), 1//4 ¢ € qu(@) g € Hl 1(2; %) and

f0 e HY4(D), then ¢~'u € H (D).
Moreover, in the case Assumption A-7 holds with n = 1 and almost surely

10 fiCer, ) < KA+ 1) 10, fi(x, )] < K(1+ e

46
and |9 fi(x,r, )| < K+ |r))*! 0

foralli = 1,...,d,t € [0,T],x € Z,r € Rand all 7 € R4, if for some q
2
satisfying (44), y1 ' € H)U (D), g € HU(Z; %) and fO € HyI (D), then
q
vy e H) 2 (9).

Remark 7 Note that if ¢ ~'u € Hé’q (2), then by using Remark 6, we get
vl e Hy!(2) and du € Hy*(2) Vi =1,2,...d.
Invoking Remark 6 again, we have

vl e HY(D), du e HY'(2) and yo;0ju € HY'(2) Vi, j=1,2,...d.
47

Finally, we present the result on time regularity of the solution of (1).

Theorem 6 Under the assumptions of Theorems 1 and 5,
ueCr(0,T7; 19+q(@))

i.e. the solution u to SPDE (l) as a HQ (2)-valued process, is Holder continuous
of order y foreveryy < 5 — 2 for every q satisfying (44).

Note that one would like u to be Holder continuous with exponent y as a process
with values in a weighted Sobolev space with the same weight exponent 6 as in
the results for spatial regularity (Theorem 5). However we need to use (47) in our
arguments when proving Theorem 6 which leads to requiring the weight exponent to
be 6 4 q.

Before proving these theorems, we first prove the following lemma:
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Lemma7 Let6 > d and § > 1. Further, let assumptions of Theorem 1 hold with
p > max(do — G,2) and f° € Hg’q(@). If u is the solution to (1) and f; =

Filw, Vug)+ f2, then f € Ho'(2) and thus y f € HY ().

Proof First we note that @ > d and 2 is bounded, therefore sup, .o p%~¢(x) < oco.
Using this along with Assumption A-3 implies

T o T o
E / / | fil7p"Ydxdt = E / / | fi e, Vur) + 217 p° 4 dxdi
0 /7 0o Jo

T 5 5 T oo~
C[IE/ / (0 + Ju, N3 dxdr +E/ / |f,°|‘1p9*ddxdt] (48)
0 9 0 9

. T .
§C[1+IE sup |u,|‘z§;_‘{§]+c15f /@|ft0|q'09—ddxdt
0

0<t<T

IA

which is finite in view of Theorem 1 and the fact f© Hg’é (2). Now note that ¥ is

bounded on Z and hence

T T
E/ /h/fmqp@—ddxdtsCE/ f|f,|qp9—ddxdr<oo.
0 9 0 9

m}

Proof of Theorem 5 Let u be the solution to (1) given by Theorem 1. Then considering
fi(uy, Vuy) + ft0 as a new free term f;, the solution u satisfies (45). We wish to apply

Theorem 4 with n = 0 and in order to do so we need to show that ¢ f € Hg’q (2).
Indeed this follows immediately by using Lemma 7 with 6 =6 and q = q. Hence
applying Theorem 4 with n = 0 we obtain ¥ ~'u € Hé’q(@). This completes the
proof of the first statement of the theorem.

We now consider the case when Assumption A-7 holds with n = 1. Again we will
apply Theorem 4 (but now with n = 1 and % in place of ¢g) and so we need to show

that ¥ f € Hé’q(g) with ¢ := 4. Taking & = 6 and § = ¢ in Lemma 7, we get
Ve Hg“’(@). Thus we consider

T - -
E/ / 19: (v fi)19p°~ M dxdt = It + D,
0 9

where

T } ) _ T - -
I:=E / / 1710017 0"~ dxds and I := E / / 105 filT9 O+ dxdr.
0 9 0 9
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Clearly I} < oo using (43), the fact p is bounded on & and Lemma 7 (with =26
and ¢ = q). Further observe that

3 fr = & (fr (ur, Vur) + £2)
= 8ift(ut, Vu;) + djuy 3rft(”t, Vus) + 9; (Vuy) szt(”ts Vu,) + 3if,0,

where V, f; is the gradient with respect to z of f; = f:(x, r, z). Thus, we have

L <Cz+ 11+ Is+ Ip) (49)
where
T o _
L=E / / 191 fr g, Va) [T 0844 s,
0 9
T o _
la= E/ / 0147 By f; (utr, Vi) |99 p0 =44 dxds,
0 9
T _ _
Is=E / f 195 (V) Vs fiCap, V) [Ty 00~ i,
0 9
and

T - - -
Is :=E/0 /9|8if,0|qwqp9_d+qudt.

Now, using the fact that ¥ and p are bounded on & and the assumption on growth of
derivatives of the semilinear term, see (46), we observe that

T T
I < CIE/ / (1410 f e, Vi) ) dxdr < C[1+E/ / 1+ |u,|)q°‘_qudt].
0 9 0 9

This is finite in view of Theorem 1, see the estimate (48) for details. Further, using
Young’s inequality and the fact that v and p are bounded on & along with growth
assumption (46), we get

T
I < CE / / (13514 + 101 £ V)19 ]~
0 9
T
< c[|a,-u|40,q +IE/ / 1+ |u,|)q0‘*2‘1dxdt].
Hy, 0 9

We see that this is finite using Remark 7 and Theorem 1 again. Furthermore, using
Young’s inequality, growth assumption (46) and the fact that ¢ and p are comparable,
we obtain
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T
Is < CE /0 /@ (186 (V)1 + 192 fitur, V)9 o° s
T
< C[h//ai(vu)@ﬂo,q +]E/ f (1 + |ut|)q°‘_qudt].
0 0 9

Thus, applying Remark 7 and Theorem 1 as before, we obtain /5 < oo. Finally, the
fact that ¢ and p are comparable and bounded on & implies

T T
Is < CIE/ / (1419 £01) p* 4 dxdr < C[1+E/ / |a,~f,°|qp9—d+qudr]
0 9 0 9

which is finite since 0 € Hé’q (2). Thus ¢ f € Hé’q (2) and we can apply Theorem 4
with n = 1 and ¢q in place of g to complete the proof. O

Proof of Theorem 6 We will prove the result using Kolmogorov continuity theorem.
To ease the notation we let f; := f;(us, Vuy) + f,o. Then from (1) we see that

Elu; _us|z_]0q <297 (s, 1) + Da(s, 1)), (50)

0+q

where

+ydr|” 0y and D(s,1) = ‘Z (Mku,+g,)dwk o

0+q keN N O+q

We note that 9 e H () implies [ e H (.@) because p is bounded on 2. Now
using Holder’s 1nequahty, we get

Ii(s, 1) < (t — )7~ IE/ Lyt + frl 0, d
9+q (51)
<ca-»'[E /|L ur|"0qdr+ﬂ<:/ 17, dr)

€+q 9+q

Using Assumption A-7 with n = 0, we get

|Lrurl? 0 2/ ‘Za (Zat 3Mr)+2b’8 Mr+CtMr pfTa1=ddx

9+t]

d

< C/@ ( > loidjurl? + Z |0iu, |9 + |ur|‘1)p"+‘1*ddx

ij=1 i=1

( Z [v0:3;ur 0, + |w|‘g(j)2|a urlyoa + |¢|C(g)|w‘ur|go,q)-
6

i,j=1
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Substituting this in (51) and using the fact that ¥ is bounded on &, we obtain

Ii(s, 1)
d d
<C( - s)‘f‘( D Wdidjullo, + Y 1l + 19 ulle, + 11100, )
ij=1 4 i1 0 0 0+q
<C -5
(52)

where last statement follows using Remark 7 and Lemma 7 with 0 =0+qgand§ = q.
Furthermore using Burkholder—Davis—Gundy’s inequality, Assumption A-7 with
n = 0, Holder’s inequality and the fact that p is bounded on &, we see that

t

q

Ls, 1) =E/ ‘ ) (Mfu,+gf)dW,’“ P01 gy
7 ken?s

' q
S/ ]E[/ Z|Mfur +gf|2dr]2p9+q_ddx
9

5 keN

1 d
:/QE[/ Z‘Zaﬁkaiur—i-,ufur—i-gf
7 N

keN i=1

r,d q
< [ B[ [ (X0l +luf + 3 16t )ar | o0
7 s keN

i=1

2 % 6 d
dr] p? T4 dx

(53)

d

t
< [ =t B[ [ (bl + il + bl )ar o1
Z N

i=1

d
q_ — q4_
<Ct—s9)? I(Zlaiuqﬂo,q + 1y ully, +|g|gﬂo‘q) <Ci-s2".
i—1 0 0 0

Here, the last inequality is obtained using Remark 7 as before and the assumption that
g€ Hé’q(.@; 22). Using (52) and (53) in (50), we obtain

q_
<Clt—s|27!

q
Elu; — us |H;)'q

which on using Kolmogorov continuity theorem concludes the result. O
Corollary 1 Under the assumptions of Theorems 1, 2 (parts (i) and (ii)) and 5 we have
ueC*(0,T1; H'(2)) a.s.

for every a < % — % with q satisfying (44) and 9’ € 9.
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Proof Note that for any open 2’ € 2, there exists a constant M > 0 such that the
distance function p satisfies |p(x)| > M for all x € 2. Therefore using Theorem 6,
we get that almost surely

1 1
= 1 B £y
=5 gy = (f jur—us|7dx) " = sup m/ = s[4+ )
9 xe9' P 9
(54)

1 1_2_,
S ———lt=s[> ¢ Tuf 1
(M0+q—d)5 ¢

2
q

D=

“(10.71:HyE (7))

forany € > OQandall s, ¢ € [0, T']. Further, since ¢ > 2, using Holder’s inequality we
have that there exists a random variable C such that

1_2
luy — ugly20gn < Clt —s|2 4
L>(92')

—€

1_2
which implies that almost surely u € C2~ ¢~ ([0, T]; L*(2")) for any € > 0. Fur-
thermore using Theorem 2, we have that almost surely u € C ([O, T, H 2(.@’ )). Now
using Gagliardo—Nirenberg inequality, we have that almost surely forany s, ¢ € [0, T']

1 1
2 2
|ut - MS|HI(@/) = Clut - MS|LZ(@/)|MZ - MS|H2(@/)
1

2
<2|”|C([0,T];H2(@’>))

=

12
< C(lr=sI70 "y s )
C2717(10.71:L2(2"))

for some random variable C which concludes the result since € > 0 is arbitrary. O
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