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Abstract

In this paper, we present a quantitative central limit theorem for the d-dimensional
stochastic heat equation driven by a Gaussian multiplicative noise, which is white in
time and has a spatial covariance given by the Riesz kernel. We show that the spatial
average of the solution over an Euclidean ball is close to a Gaussian distribution, when
the radius of the ball tends to infinity. Our central limit theorem is described in the
total variation distance, using Malliavin calculus and Stein’s method. We also provide
a functional central limit theorem.
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1 Introduction

We consider the stochastic heat equation

0 _ L nut oW (L1)
5, = S Autow, )

on R x R¥ with initial condition u(0, x) = 1, where W(t, x) is a centered Gaussian
noise with covariance E[ W (t, x) W (s, )] = 8o(t — s)Ix — y|7#,0 < B < min(d, 2).
In this paper, | - | denotes the Euclidean norm and we assume the nonlinear term o is
a Lipschitz function with o (1) # 0; see point (iii) in Remark 3.

Our first result is the following quantitative central limit theorem concerning the
spatial average of the solution u(, x) over Bg := {x € R? : |x| < R}.

Theorem 1.1 Forallt > 0, there exists a constant C = C(t, B), depending on t and
B, such that

1
drv (-/ [u(t, x) — 1] dx, Z) <CR7 P2,
Bpg

OR

where drvy denotes total variation distance (see (1.2)), Z ~ N(0, 1) is a standard
normal random variable and UI% = Var(fBR [u(t, x) —1] dx). Moreover, the normal-

ization o is of order Rd*g, as R — +o0 [(see (1.8)].

Remark 1 In the above result we have assumed u (0, x) = 1 for the sake of simplicity.
However, one can easily extend the result to cover more general initial deterministic
condition u (0, x). In fact, this is the topic of Corollary 3.3.

We will mainly rely on the methodology of Malliavin-Stein approach to prove the
above result. Such an approach was introduced by Nourdin and Peccati in [9] to,
among other things, quantify Nualart and Peccati’s fourth moment theorem in [14].
Notably, if F is a Malliavin differentiable (that means, F belongs to the Sobolev space
]Dl'z), centered Gaussian functional with unit variance, the well-known Malliavin-
Stein bound implies

drv(F,Z) : = sup {P(F €A)—P(ZeA) : ACR Borel sets} (1.2)

< 2\/Var((DF, —DL-'F)g) with Z ~ N(0, 1), (1.3)

where D is the Malliavin derivative, L~! is the pseudo-inverse of the Ornstein-
Uhlenbeck operator and (-, -) denotes the inner product in the Hilbert space $)
associated with the covariance of W; see also the monograph [10].

It was observed in [16] that instead of (DF, —-DL'F )&, one can work with
the term (DF, v)g once F can be represented as a Skorohod integral §(v); see the
following result from [16, Proposition 3.1] (see also [8,12]).
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Proposition 1.2 If F is a centered random variable in the Sobolev space DV with
unit variance such that F = §(v) for some $)-valued random variable v, then, with

Z ~ N, 1),
drv(F, Z) < 2,/Var((DF, v)g). (1.4)

This estimate enables us to bring in tools from stochastic analysis.

Remark 2 Throughout this paper we only work with the total variation distance. How-
ever, we point out that we can get the same rate in other frequently used distances.
Indeed, if d denotes either the Kolmogorov distance, the Wasserstein distance or the
Fortet-Mourier distance, we have as well

A(F, Z) < 2,/Var((DF, v)g),

where F', Z are given as in (1.4); see e.g. [10, Chapter 3] for the properties of Stein’s
solution. Thus, proceeding in the exact same lines as in this paper, we will get the
same rate in these distances.

It is known (see e.g. [4,18]) that Eq. (1.1) has a unique mild solution {u(t, x) : t >
0, x € R?}, in the sense that it is adapted to the filtration generated by W, uniformly
bounded in L2(2) over [0, T] x R4 (for any finite 7') and satisfies the following
integral equation in the sense of Dalang-Walsh

t
u(t, x) =/ pi(x —y)u(0, y)dy +/ / pi—s(x — y)o(u(s, y)W(ds,dy),
R4 0 JRd
(1.5)
where p;(x) = (27'rt)_d/2 exp ( — |x|2/(2t)) denotes the heat kernel and is the funda-

mental solution to the corresponding deterministic heat equation.
Let us introduce some handy notation. For fixed # > 0, we define

Qr(s,y) := / Pi—s(x —y)dx and Gpr(t) ::/ [u(t, x) — l]dx. (1.6)
Br Bpr
If we put Fr(t) := Gg(t)/or, then we write, due to the Fubini’s theorem,

1 t
Fr(t) = —f / @r(s, y)o(uls, y)W(ds,dy) =8(vgr), (1.7
OR Jo JRd

with vg(s, y) = UEI Li0./1(s)@r (s, y)o (u(s, y)) taking into account that the Dalang-
Walsh integral (1.5) is a particular case of the Skorohod integral; see [11].

By Proposition 1.2, the proof of Theorem 1.1 reduces to estimating the variance of
(DFR(t), vr)g. One of the key steps, our Proposition 3.2, provides the exact asymp-

totic behavior of the normalization o3

t
o = Var(Gg(1) ~ <kﬂ/0 nz(s)ds> R* B as R — 4o0; (1.8)
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and throughout this paper, we will reserve the notation kg and n(-) for

kg := /32 Ix] — x2| Pdxidx, and 7n(s) := E[o (u(s, y)]. (1.9)

1

Remark 3 (i) The definition of 1 does not depend on the spatial variable, due to the
strict stationarity of the solution, meaning that the finite-dimensional distribu-
tions of the process {u(r, x + y), x € R?} do not depend on y; see [4].

(i) Another consequence of the strict stationarity is that the quantity

Kp(0) i=E[Ju(t, x)|”] (1.10)

does not depend on x. Moreover, K ,(-) is uniformly bounded on compact sets.

(iii) Under our constant initial condition (i.e. (0, x) = 1), the assumption o (1) # 0
is necessary and sufficient in our paper. Itis necessary, in view of the usual Picard
iteration, to exclude the situation where u (¢, x) = 1 is the unique solution, and
it is sufficient to guarantee that the integral in (1.8) is nonzero. Moreover, we
have the following equivalence

o(l)=00g=0,YR >0 < og =0 forsome R > 0<:>Rlim UI%Rﬂ_Zd =0;
—> 00

whose verification can be done in the same way as in [5, Lemma 3.4], so we
leave it as an easy exercise for interested readers.

(iv) Due to the stationarity again, we can see that Theorem 1.1 still holds true when we
replace Bg by {x € R? : |x —ag| < R}, with ag possibly varying as R — 4o0.
Moreover, the normalization oy in this translated version remains unchanged. To
see this translational “invariance”, one can alternatively go through the exactly
same arguments as in the proof of Theorem 1.1. Note that this invariance under
translation justifies the statement in our abstract.

(v) By going through the exactly same arguments as in the proof of Theorem 1.1,
we can obtain the following result: If we replace the ball Bg by the box Ag :=
{(x1,....x) € RY: |xj| < R,i =1,...,d}, Theorem 1.1 still holds true with
a slightly different normalization oy, given by

12
t
B
oR ~ </0 n2(s) [AZ Iz — y| Pdzdy ds) RY"Z, as R — 4oo.
1

Our second main result is the following functional version of Theorem 1.1.

Theorem 1.3 Fix any finite T > 0 and recall (1.9). Then, as R — +00, we have

t
{Rg_d/ [u(t,x)— l]dx} = {\/@f n(s)dYS} ,
Bg 1€[0,T] 0 1€[0,T]

where Y is a standard Brownian motion and the above weak convergence takes place
on the space of continuous functions C ([0, T]).
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A similar problem for the stochastic heat equation on R has been recently considered
in [8], but only in the case of a space-time white noise, where 1> (s) appearing in
the limiting variance (1.8) is replaced by E[o%(u(s, ¥))]. Such a phenomenon also
appeared in the case of the one-dimensional wave equation, see the recent paper [5],
whose authors also considered the Riesz kernel for the spatial fractional noise therein,
which corresponds to the case § =2 — 2H.

Remark4 When o (x) = x, the random variable G g (¢) defined in (1.6) has an explicit
Wiener chaos expansion:

t
Gr(t) = / / or(s,y) W(ds, dy) + higher-order chaoses.
0 R4

In this linear case, the asymptotic result (1.8) reduces to 01% ~ tkg R%d—P , While the
first chaotic component of G g(¢) is centered Gaussian with variance equal to

t
/ /m or(s, Y)Pr(s, 2y — 2| P dydz ~ thg R**=P | as R — +o0;
o Jr

see (3.9). Therefore, due to the orthogonality of Wiener chaoses with different orders,
we can conclude that Fgr(t) = Gg(t)/og is asymptotically Gaussian. It is worth
pointing out that, unlike in our case, for the linear stochastic heat equation driven by
space-time white noise as considered in [8], the central limit is chaotic, meaning that
each projection on the Wiener chaos contributes to the Gaussian limit. In this case,
the proof of asymptotic normality could be based on the chaotic central limit theorem
from [7, Theorem 3] (see also [10, Section 6.3]).

The rest of the paper is organized as follows. We present the proofs in Sects. 3 and
4, after we recall briefly some preliminaries in Sect. 2.

Along the paper, we will denote by C a generic constant that may depend on the
fixed time T, the parameter § and o, and it can vary from line to line. We also denote
by || - Il , the L?(£2)-norm and by L the Lipschitz constant of o.

2 Preliminaries
Let us build an isonormal Gaussian process from the colored noise W as follows.

We begin with a centered Gaussian family of random variables {W(w) VS
cx ([O, 00) x R4 ) }, defined on some complete probability space, such that

E[W@)W(@)] = / / ¥ (s, ) (s, Y)Ix — y|™F dxdyds =: (¥, ¢,
0 R2d

where C2° ([O, o0) x R4 ) is the space of infinitely differentiable functions with com-
pact support on [0, 00) x R?. Let § be the Hilbert space defined as the completion of
Ccx ([O, 00) x R4 ) with respect to the above inner product. By a density argument,
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we obtain an isonormal Gaussian process W := {W(w) B/ S 56} meaning that for

any ¥, ¢ € 9,
E[W@)W@)] = (v, 9.

LetF = (F;, t > 0) be the natural filtration of W, with F; generated by {W(¢) )
continuous and with compact support in [0, 7] x R¢ } Then for any F-adapted, jointly
measurable random field X such that

E(X|3) =E (/Ooods /de dxdy X (s, )X (s, x)|x — y|—ﬂ> <00, (2.1

the stochastic integral

/ / X(s,y)W(ds, dy)
0 R4

is well-defined in the sense of Dalang-Walsh and the following isometry property is

satisfied
o0
E / /X(s,y>W(ds,dy)
0 R4

In the sequel, we recall some basic facts on Malliavin calculus and we refer readers
to the books [11,12] for any unexplained notation and result.

Denote by C;°(R") the space of smooth functions with all their partial derivatives
having at most polynomial growth at infinity. Let S be the space of simple functionals
of the form F = f(W(hy),..., W(hy)) for f € C;’,O(R") and h; € 9,1 <i <n,
n € N. Then, DF is the $)-valued random variable defined by

2
) = E(IXII3)-

"9
DF = Zl a—)ﬁ(wml), L W) .

The derivative operator D is closable from L?(€2) into L?(R2; §) for any p > 1 and
we let D7 be the completion of S with respect to the norm

11, = (E[FP]+ ElFi]) .

We denote by § the adjoint of D characterized by the integration-by-parts formula
E[8(u)F]=E[(u, DF)g]

forany F € D'2 andu € Dom$§ C LZ(Q; $), the domain of §. The operator § is also

called the Skorohod integral, because in the case of the Brownian motion, it coincides

with Skorohod’s extension of the Itd integral (see e.g. [6,13]). In our context, any
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adapted random field X satisfying (2.1) belongs to Dom§, and §(X) coincides with
the Dalang-Walsh stochastic integral. As a consequence, the mild formulation (1.5)
can be rewritten as

u(t,x) =1+ a(p,_.(x — w0 (u(-, *))).

It is known that for any (¢, x) € Ry X RY, u(t,x) € D2 for any p > 2 and the
derivative satisfies, for ¢t > s, the linear equation

Dy yu(t, x) = pi—s(x — y)o (u(s, y))

t
+ / / P = 9BC, DDy, OWr dD),  (22)
K R

where X (r, z) is an adapted process, bounded by L. If in addition o € C!'(R), then
Y (r,z) = o’(u(r, z)). This result is proved in [11, Proposition 2.4.4] in the case of
the stochastic heat equation with Dirichlet boundary conditions on [0, 1] driven by a
space-time white noise. Its proof can be easily adapted to our case, see also [1,15].

In the end of this section, we record a technical lemma, whose proof can be found
in [3, Lemma 3.11].

Lemma 2.1 Forany p € [2,400),0<s <t <Tandx,y € Rd, we have for every
(s,) €[0,T] x RY,

[ Ds,yu(t, )l p < Cpi—s(x = y) 2.3

for some constant C = Cr_p, that may depend on T and p.

Note that in [5], the p-norm of the Malliavin derivative Dy yu(t, x) can be bounded
by a multiple of the fundamental solution of the wave equation. So it is natural to
expect that a similar estimate like (2.3) may hold for a large family of stochastic
partial differential equations.

3 Proof of Theorem 1.1

We first state a lemma, which will be used below.

Lemma 3.1 Let Z be a standard Gaussian vector on R? and B € (0,d). Then

sup[d pox = Vx| Pdx = swpE[ly + v5z[F] < cy L G

s>0 s>0

for some constant C that only depends on d and B.

Proof We want to show that
/ ps(x — x| Pdx < Cly|7*,
]Rd
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where C does not depend on s. We first prove this for s = 1.

_x= _ o lx= v\
/ e —/ € / || [x|™ Bax
R MEST xl>
o By 4 2 Sl -
=< 8 x| Pdx +2 e
|x|<“‘ e

2

< C1e ¥ I 4 Coly P,
where the constants C; and C, only depend on d, 8. So we have proved (3.1) for

s =1.
Therefore, we have for general s > 0,

E[ly +v5zI ] = E[| (572 + 2)v5| ] = clys 21 () = clyl

That is, we have proved (3.1) for general s > 0.
Now we begin with the estimate (1.8) recalled below.

Proposition 3.2 With the notation (1.6) and (1.9), we have
t
LJim RPTHE[GR(1)] = kg / n’(s)ds.
+

Proof We define W(s, y) = ]E[a(u(s, 0))o (u(s, y))]. Then

t
E[G%(1)] = fo /R (s, VgR(s, DE[o (s, )0 uls, ]Iy — 2| Pdydads
t
= / /M Or(s, &+ 2)r(s, 2)W(s, §)|E|_’3d§'dzds , by stationarity.
0 JR

We claim that

lim  sup |W(s, &) —n*(s)| = 0. (3.2)

[§]—>+00 0<g<t

To see (3.2), we apply a version of the Clark-Ocone formula for square integrable
functionals of the noise W and we can write

o) =Blos )+ [ [ E[Doy (owts. )5 waarap).
As a consequence, E[o (u(s, ))o (u(s, 2))] = n*(s) + T (s, y, z), where

Ty = | S | E{E[0rs (ot )i B[ D (s, )7 ]}
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x |y — x| "Pdydidr. (3.3)
By the chain-rule (see [11]), Dr,y(a(u(s, y))) = X(s,y) Dy pu(s,y), with (-, *)

[F-adapted and bounded by L (in particular, X (s, y) = o’(u(s, y)), when o is differ-
entiable .) This implies, using (2.3),

[E{E[ D, (o uts. y0)IF B[ Dr(o s, )i
= LZHDr,y”(Sa 21Dy puls, 22 < Cps—r (Y — ¥)ps—r (A — 2), 3.4

for some constant C. Therefore, substituting (3.4) into (3.3) and using the semigroup
property in (3.5), we can write

S
IT(s,y,2)| < C/O /RM Ps—r (¥ — V) ps—r(A — Dy — Al Pdydrdr
N
= Cf / prs—2r(y +z =Wyl Pdydr (3.5)
0 JRd

_g ly—zl—>+o0
P =

<Cly— 0, (3.6)

by Lemma 3.1. This completes the verification of (3.2).
Let us continue our proof of Proposition 3.2 by proving that

t
R[] oro. €+ 20n(s, DY © = 0]l Pdedzds = 0. ()
as R — +oo. Notice that
/Rd PR(s, € + 2D@r(s, 2)dz = /2 Pai—s) (X1 — X — E)dxydxs < CR?.  (3.8)
BR

From (3.2) we deduce that given any ¢ > 0, we find K = K, > O such that |V (s, &) —
n%(s)| < e forall s € [0, ] and || > K. Now we divide the integration domain in
(3.7) into two parts |£| < K and |£| > K.

Case (i): Ontheregion |§] < K, since W (s, y —z) — nz(s) =T (s, y, z) is uniformly
bounded, using (3.8), we can write

t
Rﬂ_deo /de Or(s, & + Der(s, D[V (s, &) — ()| L)<y §| 7 ddzds

t
< CRPM f / (/ goR(s,s+z><pR<s,z>dz) £ deds
0 J|gE|I<K R4

t
< CR'H/ / 1€17P deds 221% 0, because of B < d.
o Jigi=k
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Case (ii): On the region [0, t] x B, |W(s, &) — n%(s)| < e. Thus,

t
Rﬁ‘z"/o /R OR(S, & + DPr(s, D|W(s, &) = 1) [1ye1s k) 617 dédzds
t
<erf [ [ g - xa - ol Pandxadsds
0 JRY JB
! o
:gRﬁ’Zd/ / E[‘xl—xz—«/Z_sZ‘ ]dxldxzds
0 JB?
! -8
:g/ fZIEle — v — R7V2s7] ]dxldxzds < Cetkg, by Lemma 3.1,
0 JB

with Z a standard Gaussian random vector on R<. This establishes the limit (3.7),
since ¢ > 0 is arbitrary.
Now, it suffices to show that

t

t
RF=2 /0 n*(s) /R _OR(, € +Dgr(s, 2)IEI T dEdzds — kg [0 ' ()ds. (3.9)

as R — +oo. This follows from arguments similar to those used above. In fact,
previous computations imply that the left-hand side of (3.9) is equal to

t
/r)z(s) / ]E[|x1—X2—R7]«/ZZ|7ﬂ]dx1dx2 ds.
0 B}

In view of Lemma 3.1 and dominated convergence theorem, we obtain the limit in
(3.9) and hence the proof of the proposition is completed. O

Remark 5 By using the same argument as in the proof of Proposition 3.2, we obtain an
asymptotic formula for E[G g (1;)G g ()| with#;, ; € Ry, whichis auseful ingredient
for our proof of Theorem 1.3. Suppose #;, #; € R, we write

i 0 )
E[Gr(t)Gr(t))] = /0 /R VR0 (5. )W (s y = 2)ly — 2l Pdydzds.
with (pg)(s, y) = fBR Pi—s(x — y) dx, and we obtain

lim RFE[Gr(t)Gr(t))]

R—+o00
t[At_/' A )
= lim R5*2d/ ds nz(S)/ o2 (s, e (s, Dy — 21 Pdydz
R—+00 0 R2d

1N
= kﬂ/o nz(s) ds .

We are now ready to present the proof of Theorem 1.1.
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Proof of Theorem 1.1 Recall from (1.7) that

Fg := Fgr(t) = 8(vg), with vr(s,y) = o 1jo,1(s)@r (s, y)o (u(s, y)).

Moreover,
1
Ds,yFR = I[O,t](s)_ Ds,yu([a x)dx
OR JBg

and by (2.2) and Fubini’s theorem, we can write
/ Dy yut, x)dx = gg(s, y)o (u(s. y))
Bg
t
+ / /d or(r, 2)2(r, 2) Ds yu(r, 2) W(dr, dz).
s JR
Therefore, we have the following decomposition (D Fg, vg)g = B1 + B, with

t
Bl = 0g? Pr(s, V)Pr(s, Yo (uls, v))o (uls, Y))ly — ¥ 7P dydy'ds
0 RZd

and

t t
B2 ZGEZ/ / </ / (pR(r5 Z)E(l", Z)Ds)yu(r,z) W(dr,dz))
0 JRxM s JRA

x @r(s, y)o (u(s, y))ly — y'I7# dydy'ds.

By Proposition 1.2, dry(Fg, Z) < 2\/Var[(DFR, vR) 5] < 2v2(A) + A2), with

t
Al = UEZ/ dS(f Pr(s, Y)PR(5, Y)PR(5, r(s, F)ly — y' |77
0 ]R4d
12
X |y — }7/|7'BCOV|:O' (u(s, y))a (u(s, y/)), a(u(s, ﬁ))a(u(s, ﬁ/))] dydy/d)?df)/)
and
) t t
Ay =op / </ / or(r. )R, @R (s, Y)@r (s, 3
0 RO Js
x B[S0, 20Dy yu(r, D20, DDy sur, Do (uls, )0 (us. v) )
172
X 1y =y 7P15 = 3Pl - zrﬂdydy’dydy/dzdzdr> ds.
The proof will be done in two steps:
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Step 1: Let us first estimate the term A;. By Lemma 2.1,

‘]E{E(r, DDy yu(r, 2)S(r, 3Dy 5u(r, 3o (u(s. 7))o (u(s, y’))H

< KZ()L*|| Dy yu(r, )4l Dy 5u(r, Dlla < Cpr_s(y — ) pres(F — 2),

where K4(t) is introduced in (1.10). By Proposition 3.2, we have

t t
A < CR""‘Z"/ </Rﬁd/ QR(r, DR (r. @R (5. Y PR (S, T prs(y — 2)
0 K
1/2
X prs(3 =Dy =115 = ¥1Plz - zrﬂdydy’d&d&’dzdzdr) ds.,
where the integral in the spatial variables can be rewritten as
Ig = / / Pr—r & =D pr—r (& = D pr—s (" = YV pr—s &' = ) pr—s(y — 2)
B?? R6d
< pros(3 =Dy = Y17P15 = ¥/ Plz — 2P dxd%dx'dx'dydy'dyd5 dzdz .

Making the change of variables (0 =x —z,0 =% —Z, 7' =x' -y, i =% - §,
n=y—czandi =y —Z) yields,

Ig =/ (f Pi—r(0)Pi—r (0) pr—s (1) pr—s () pr—s () pr—s (i)
lee R6d
X x—x' =0 +n+n0PIF-F —0+7+7"

X |x—X—60+07# dndn’dﬁdﬁ’d9d§>dxdidx’di’.

This can be written as

Iz = /4 dxdxdx'dx’ E{‘X — X N =T Z =525+t —sZ3‘_ﬁ
BR
x |¥ =% +1—=rZy+r—sZs+ 1t —sZ4‘_ﬁ|x — X+t —r(Z + Zz)‘_ﬁ}
< C/4 dxdidx'd%’ IE{|x — X'+t —rZy ‘7ﬁ|i -3 =t - rZz|7ﬂ
BR

X !x — X+t —r(Z +Zz)|7ﬂ},

with Z1, ..., Zgi.i.d. standard Gaussian vectors on RY, here we have used Lemma 3.1
repeatedly for Zs, Z3, Z¢, Z4 to obtain the last inequality. Making the change of
variables x — Rx, X — RX,x’ — Rx'and ¥’ — RX’, we can write
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Iz = CRY3F IEI/4 dxdidx'd%' |x —x' + R™'\i=rz,| "
Bl

X |f—% =R Wi=rZ| Plx =5+ R'Vi=r(Zi+ 2o)|F
< CR4d_3ﬂE/3dY1dY2dY3 Iyi + R = er|_ﬂ’y2 ~R W= rZz|_/3
BZ

x |ys+ RT=r(Z1 + 2o)|*,

where the second inequality follows from the change of variables x —x’ = y, ¥ —%' =
y2, x — X = y3. Taking into account the fact that

sup f ly +z|_ﬁdy < +o00, (3.10)

zeRd J By

we obtain

3
Iz < CR*38 (sup ly + Zlﬂdy> < CR*73F

zeRd J By

and it follows immediately that A, < C R—A/2,
Step 2:  'We now estimate A;. We begin by estimating the covariance

Cov[o(u(s, y))a(u(s, y’)), O’(M(S, }))G(u(s, y’))] . (3.11)

Using a version of Clark—Ocone formula for square integrable functionals of the noise
W, we can write

o (us, )o (u(s, ) = E[o (u(s, »))o (u(s )]
/ / o (u(s, 1))o (u(s. ) ) 17 | W@r, d2).

Then, we represent the covariance (3.11) as

/ /n;zd (o (uts »)or (uts, ¥) )17 |

x E[ D, - (a(u(s, #)o (uts, ) )17 |}z = 2177 dzdz'dr.

By the chain rule, Dryz(a(u(s, y))o (u(s, y’))) = o(u(s, y))E(s, Y)Dy u(s, y') +
o (u(s, y))E(s. y)Dy, E[D; (o (u(s, y)o (u(s, yI))IF ]|, is
bounded by 2K4(t) L{|| Dy zu(s, y)ll4 + | Dy zu(s, y")|l4}. Using Lemma 2.1 again,
we see that the covariance (3.11) is bounded by

ALK /0 /R (It [+ [ Draus. )
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x (IDr (s, lla + 1Dy uts, sz = 2| Pdzdz'dr
N
=< C/ / (Ps—r(y —2) + ps—r (Y — 2))
0 R2d
X (ps—r (5 = 2) + ps—r (' = )|z — 7| Pdzd ar.

Consequently, the spatial integral in the expression of A can be bounded by

Jr = C/OS /de Or(s, Y)QR(5, Y)@R(S. @R (s, 3
x 1y =115 = 717l = 217 (por 0 = 2 + por (0 = 2))
x (Po=r G = 2) + poy ' = 2 )dydy'd5d5 dzdz dr
—ac [Car [ dvayasastazaz onts, ens.onts. onts. )
x|y =y'17P15 = 317 le = 1P poer 0 = 2)ps—r (5 —2), by symmetry.

Then, it follows from exactly the same argument as in the estimation of Ir in the
previous step that Jp < C R*=38 1Indeed, we have

‘/Ox /;94 fl;ﬁd Di—s(x — y)pt—s(_x/ — y’)pl_s(i _ i)pt—s()?/ _ 5).,)
R

x 1y =115 =51 Plz =217 ps—r (v = Dps—r G — 2)
dxdx'dxdx'dydy'dydy'dzdz dr

N
- f dr / dxdx'd7d’ / D1 O) D130 Pr—s O pr—s (0") ps—r (1)
0 B} R64

X psr (@) Ix —x' =0 +0Plx—% -G +6F
X |x—=%—n+60+0+n"Pdodo’d6dd’ dndi

s
= / drf4 E{|x X AN =35(Z = Z)| PR =¥ A VT —5(Zs— 29|’
0 By
X }x — X+t —=5(Z1 + Z3) + /25 — 2rZ5}75] dxdx'dxdx’
S
< C/ dr/4]E{|x—x/—«/t—s21|_‘3|)?—)Z’—«/t—sZ3|_'3
0 BY

X | = &+ Vi =5z + 79)| "} dxdx'dzas (3.12)
< CR*-3F E/4 dxdx’d)?d)?”x —x —R W= le|_ﬂ
B]

x |f =% = RWi—=s23] " x |x =%+ RWi—s(Z1 + Z3)| "
< CRY—# Ef} lyi — RWi=szy| "
By
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X |y2 — R7IWi— SZ3|_/3 x |ys+ R Wi—s(Z1 + Z3)|_ﬂdy1dy2dy3

3
< CR4d_3’3<sup/ |y+z|"3dy) < CRY73 | by (3.10), (3.13)
B

zeRd

where we have used Lemma 3.1 for Zs, Z>, Z4 to obtain (3.12). This gives us the
desired estimate for A and finishes our proof. O

With a slight modification of the above proof, we can extend Theorem 1.1 to more
general initial conditions.

Corollary 3.3 Assume that there are two positive constants cy, ¢y such that ¢; <
u(0, x) < cp, and assume one of the following two conditions:

(1) o is a non-negative, nondecreasing Lipschitz function with o (c1) > 0.
(2) —o is a non-negative, nondecreasing Lipschitz function with o (c¢1) < O.

Define
- 1
Fr(t) = ~—/ [u([,x) —]Eu(t,x)]dx, (3.14)
OR JBg
where
~2
52 = Var </ [u(t,x) - ]Eu(t,x)]dx) € (0, 00)
Bg

for every R > 0. Then, there exists a constant C = C(t, B), depending on t and B,
such that

dry (Fr(1), N(O, 1)) < CR™P12.
Proof We write Fg(t) as Gg(t)/5g. Let uy(t, x) be the solution to Eq. (1.1) with
initial condition u(0, x) = c¢;. According to the weak comparison principle (see [2,
Theorem 1.1]), u(t, x) > u; (¢, x) almost surely for every + > 0 and x € R4, which
immediately implies

o(u(s,y))o(u(s,2)) = o(ui(s, y))o(ui(s,z)) =0 almost surely,

so that

~ t
E[G%(1)] =/0 /Rw PR(S, Y)@R(S, z)lE[o(u(s, y))o (us, z))]ly — 2| Pdydzds

t
z// ¢R(s,y)<pR(s,z)E[o(u1(s,y))a(ul(s,z))]ly—zl_ﬁdydzd&
0 R2d
(3.15)
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In view of point (iii) from Remark 3, our assumption o (c;) # 0 guarantees that the
last integral (3.15) has the exact order R’?~#: More precisely,

t
(3.15) ~ kp (/ nl(s)zds> R*P as R — +o0,
0

where 11 (s) := E[o(ul(s, y))] does not depend on y and fé n1(s)%ds € (0, 00); see
also (1.9).

Now let u> (¢, x) be the solution to the Eq. (1.1) with initial condition # (0, x) = c3.
Notice that by our assumption on o, we get o (c3) # 0. And by applying the same
weak comparison principle, we deduce that

t
E[Gr(1)] = /0 /de Pr(s, }’)(PR(S,Z)E[U(MZ(S» y))o(uz(s,z))]ly —z|Pdydzds

t
~ Kg (/ nz(s)zds> R*=F a5 R — +o00,
0

where 13 (s) := IE[G (ua (s, y))] does not depend on y and fé 172(S)2ds € (0, o0). This
implies that

0 < liminf EI%R’S_M < lim sup EI%R'S_M < +00.
R—+o0 R—+00

The rest of the proof follows the same lines as the proof of Theorem 1.1. O

4 Proof of Theorem 1.3

In order to prove Theorem 1.3, we need to establish the convergence of the finite-
dimensional distributions as well as the tightness.

Convergence of finite-dimensional distributions. Fix0 <# <--- <1, < T and
consider

Fr(1;) := Rg’d/ [uti, x) — 1] dx =8(v})) fori =1,...,m,
Bpg

where
v%)(s, Y = 110,41 (5)RZ Yo (uls, y))w;é)(s, y)

with (pg)(s, y) = fBR Dii—s(x — y)dx. SetFr = (FR(tl), R FR(tm)) and let Z be
a centered Gaussian vector on R™ with covariance (C; j)1<;, j<m given by

LNt
Ci,j:=kg /0 r)z(r) dr, withn(r) = ]E[a(u(r, y))].
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To proceed, we need the following generalization of [10, Theorem 6.1.2]; see [8,
Proposition 2.3] for a proof.

Lemma4.l Let F = (FW, ..., F'™) be a random vector such that F® = §(v®)
for v® e DomSand FO e D2 i =1, ..., m. Let Z be an m-dimensional centered
Gaussian vector with covariance (C; j)1<i, j<m. For any Cc? Sfunction h : R™ — R
with bounded second partial derivatives, we have

m

|E[h(F)] — E[A(2)]| < %”h//”oo > E[(Ci,j — (DF®, v(f%)z],
ij=1
where |h |00 := sup{|%h(x)| cxeRY i j=1,. m}

In view of Lemma 4.1, the proof of Fg la—w> Z boils down to the LZ(Q)-convergence

of (DFg(t;), Ugé”)g, to C; j for each i, j, as R — 4o00. The case i = j has been
covered in the proof of Theorem 1.1 and for the other cases, we need to show

E[FR(tl’)FR(tj)] — C,',j “.1)
and
Var((DFg(t;), v{) ) — 0, 4.2)

as R — +o0. The point (4.1) has been established in Remark 5. To see point (4.2),
we put

Il'/\lj . .
B, j) = RF / / 05 e (5, )05, Yo (s, ')

0 R

x |y —y'|"Pdydy'ds

and
2 [ )
Bali, j) = RF~ / /2[ o9 (s, Yo (uls. YDy — ¥'17*

0 R=d

t ,
x </ /dcp,(é)(r,z)z(r,z)Ds,yu(r,z)W(dr,dz)> dydy'ds,
K R
so that (DFg (1), v¥’) ¢ = Bi(i, j) + Bai, j). Therefore,

. 2
E [(cij — (DFr(t), o)) }

< 3(Cij —EIB1(, )1)* +3Var[Bi (i, j)] + 3Var[ B2 (i, j)].
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Going through the same lines as for the estimation of A, A>, one can verify easily
thatboth Var[ By (i, j)] and Var[ B, (i, j)] vanish asymptotically, as R tends to infinity.
By recalling that C;; = limg_ 1 IE[B] (i )], the convergence of finite-dimensional
distributions is thus established. O

Tightness The following proposition together with Kolmogorov’s criterion ensures
the tightness of the processes {Rg’d fBR [u(t,x) —1]dx,1 €[0,T]}, R > 0.

Proposition 4.2 Recall the notation (1.6). Forany0 <s <t < T, forany p € [2, 00)
and any o € (0, 1), it holds that

E[|Gr(r) — Gr(s)IP] < CRPU=D (1 — 5)2P/2 4.3)

where the constant C = C), 1 .o may depend on T, p and a.

Notice that the pth moment of an increment of the solution u(z, x) — u(s, x) is

. o ]
bounded by a constant times |t — slTp“’?), for any @ € (0, 1), see [17]; and here the
spatial averaging has improved the Holder continuity.
Now we present the proof of Proposition 4.2. Let 0 < s <t < T and set

®x,t,s(r’ y) = prr(x— y)l{rft} — ps—r(x — y)l{rfs}-

Then,
T
GR(t)—GR(S)=/ / </ ®x,z,s(r,y)dX>6(u(r,y))W(dr,dy),
0 JRd Br

so that

B[IGr() = Gr(5)I” |

T
<C / dr/ dydy' |y —y'|7P (/ Oxr5(r,y) dx)o(u(r,y))
0 R2d Br

r/2

X /B ®)E,t,s(rv y) di] O(M(V, y/))

p/2
T
<C / drf dydy’ly—y’l_ﬁ/ Oy r,s(r, y)dx
0 R2d Bgr
p/2

x |o@r, y)our, y')) ”p/2 by Minkowski’s inequality.

by Burkholder’s inequality

X

/ Oz 1s(r, y)dx
Br

Therefore, taking into account that ||o(u(r,y))o(u(r,y’))Hp/g is uniformly
bounded, we obtain

E[IGR(®) ~ Gr()I"]

e [ L

p/2
/ Ox,1,s(r, y)dx [ Oz, y)dx ly—y'I7F dydy/dr}
Br Bpg
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[ L

/B (Pt—r(E =) = ps—r (X —y"))dx

/ (pr—r(x = y) — ps—r(x — y))dx
Br

p/2
X

ly =" dydy’dr}

R
t p/2
+C[ / / f Pror (x = Y)pr—r(F — ¥') dxd |y—y’|‘ﬁdydy/dr}
s JR2d B,ze

= c(T)? +157).
Estimation of the term T1. We need Lemma 3.1 in [2]: Forallo € (0, 1), x,y € R4
andt’' >t >0,
P () = pr()] = Ct=2(" = ) pay (x).
Thus,
(t—5)""T

N
< f dr(s —r)™“ / dxdi/ dydy' pag—r(x — ¥) pag—r)F — )y — y'| 7P
0 B2 R2

N
= / dr(s — r)*"’/ dxd)?/ dydy’p4(,_r)(0)p4(,_,)(9)|x —-X—-0+ 0|7ﬂ ,
0 B2 R2

R

by the change of variable 6 = x — y, 6=x-y. Consequently, with Z a standard
Gaussian random vector on R?, we continue to write

s
(t — )T, < / dr(s —r)~® /2 dxds E[Ix i+ B — Srzrﬂ]
0 B2
s
_ de’ﬁ/ dr(s —r)~® /2 dxdi E[|x CF4RWEIZ 8rZ|*ﬂ]
0 B

N
< Cde_ﬁ/ dr(s—r)"¢ /2 dxd%|x — %|7? using Lemma 3.1
0 B}

< CR¥-F,

Estimation of the term T,. We use a similar change of variable as before:
! ~ ~ _ ~
T, = / dr / dxd% / Pir @) pi—r@)|x — % +6 — 6| Pdodd
s BIZ? R2d

t
=f dr/zdxdi Efjx - % +v2r—2r7| *}
s By
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t
< CRZd_ﬁf dr/ dxdi|x — i|_ﬁ using Lemma 3.1
N Bl2
= CR¥P(t —5)kp .
Combining the above two estimates, we obtain (4.3). O
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