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Abstract

We show that the solutions to the damped stochastic wave equation converge pathwise
to the solution of a stochastic heat equation. This is called the Smoluchowski—Kramers
approximation. Cerrai and Freidlin have previously demonstrated that this result holds
in the cases where the system is exposed to additive noise in any spatial dimension or
when the system is exposed to multiplicative noise and the spatial dimension is one.
The current paper proves that the Smoluchowski—Kramers approximation is valid in
any spatial dimension when the system is exposed to multiplicative noise.
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1 Introduction

The motion of an elastic material in a region D C R? exposed to friction as well as
deterministic and random forcing can be described by the damped stochastic wave
equation

:U“a;TMzﬂ(tvx) = Aul(t,x) — %(I,x) + b(t, x, ut(t, x))
+g(t, x, uh(t, x) QY (1, x),
ut(t,x) =0, x€dD

ulh (0, x) = ug(x), (0, x) = vo(x).

(1.1)
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In the above equation, © > 0 is the mass-density of the material. The forcing term
Au' describes the forces neighboring particles exert on each other, —du* /9t models
a constant friction term, b is a nonlinear forcing term, and g Qdw/dt is a space and
time dependent stochastic forcing. The noise is driven by w(t), a L?(D)-cylindrical
Wiener processes [15, Chapter 4.2.1]. The Dirichlet boundary conditions guarantee
that the boundary of the elastic material is fixed. Initial conditions are also prescribed.

We study the asymptotics of the solutions to this equation as the mass density
u — 0 and demonstrate that the solutions converge to the solutions of a stochastic
heat equation

But, x) = Au(t, x) + b(t, x, u(t,x) + g(t, x, u(t, x)) 0% (t, x), 12)
u(t,x) =0, xe€aD, u(0,x)=up(x).
The heat equation can be thought of as (1.1) with u formally replaced by 0
This limit, the Smoluchowski—Kramers approximation, was first investigated by
Smoluchowski [28] and Kramers [24] for finite dimensional diffusions of the form

nX () = b(t, X*(1) — X* (1) + g(t, X (1) W (1) (1.3)

where X* is R¥-valued, b : [0, 4+ 00) x RY — R4 is a vector field and g: [0, +00) x
R — R4*k and W (¢) is a k-dimensional Wiener process. As u — 0 the solutions
converge pathwise on finite time intervals to the solution of the first-order equation

X(1) =b(t, X)) + gt, X)W (). (1.4)

Furthermore, the first-order equation approximates some longer-time behaviors of
the second-order system including invariant measures and exit time problems. Many
Smoluchowski—Kramers results for finite dimensional systems are summarized in
[18] including pathwise convergence, invariant measures, Wong—Zakai approxima-
tion, homogenization, and large deviations. Various generalizations including the
presence of state-dependent friction have been investigated in the finite dimensional
case [1,7,8,14,19-23,25,29].

The Smoluchowski—Kramers approximation for stochastic partial differential equa-
tions such as (1.1) were first investigated by Cerrai and Freidlin [5,6]. In [5], they
considered the additive noise case where g(¢, x, u) = 1 and in [6], they considered
the multiplicative noise case when the spatial dimension d = 1. In each case they
show that the solutions u* (¢, x) of (1.1) converge to the solutions of (1.2) pathwise
in probability, in the sense that forany 7 > O and § > 0

lim P( sup / luh(t, x) — u(t, x)|>dx > 3) =0. (1.5)
D

n=>0 " \tef0,7]

The Smoluchowski—Kramers approximation in the presence of a magnetic field and
Smoluchowski—Kramer’s interplay with large deviations in the small noise regime for
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infinite dimensional systems and with invariant measures have also been investigated
[9-13,26,27].

The main results of this paper fill a gap in the literature by demonstrating that the
Smoluchowski—Kramers approximation is valid in the case of multiplicative noise in
any spatial dimension d > 1 if the noise covariance Q satisfies appropriate assump-
tions. Furthermore, the methods in this paper allow us to improve from convergence
in probability as in (1.5) to L? convergence. In particular the main result of this paper,
Theorem 4.2, proves that forany 7 > O and p > 1,

p/2
lim E sup (/ lul (1, x) — u(r, x)|2dx> =0. (1.6)

u=>0 " tef0,7]

If D c R? is an open region with smooth boundary then there is a complete
orthonormal basis of LZ(D) consisting of eigenfunctions of A such that Aex(x) =
— agex (x) for an increasing sequence of eigenvalues o > 0. Weyl’s Theorem [17,
page 356] guarantees that the eigenvalues of —A with Dirichlet boundary conditions
behave like ax ~ k%4 as k — + oo. In dimension d = 1, the eigenvalues have the
useful property that > ;- | é < 4 o00. A consequence is that (1.1) is well-defined
when is exposed to white noise (the case where Q = [ is the identity) (see [6]). In
dimensions d > 2, the noise must be more regular than white noise in order for (1.1)
to be well-defined.

In the additive noise case considered in [5], the Smoluchowski—Kramers approx-
imation is proved under the assumption that Q is diagonalized by the same basis of
eigenfunctions as the Laplacian with eigenvalues Qe; = Axex and that Y po )f% 7 <
+ oo for some 6 € (0, 1). This is also the minimal condition that guarantees that the
solutions to (1.1) and (1.2) are well-defined and function valued.

The minimal conditions on the noise covariance Q that guarantee that the heat
equation with multiplicative noise (1.2) is well-defined and function valued are char-
acterized in [2-4]. We assume that Q is diagonalized by the same sequence of
eigenfunctions as the A, Qey = Aiex. In the dimension d = 1 case, (1.2) is well-
defined if the eigenvalues of Q are assumed to be uniformly bounded. In dimensions
d > 2,(1.2) is well-defined if the eigenvalues of Q are assumed to satisfy

o0 o
Z}“(/Ile]ﬁ,oo(D) < + o0 and Za;ﬁlek|%oo(D) <+ o0 (17)
j=1 k=1

for some g, f > O satisfying ﬂ(qT_z) < 1. In the case where the eigenfunctions of the

Laplacian are equibounded and the oy ~ 5 2 this simplifies to the condition that

2d
d—-2

o0
ZA‘; < 4 oo forsome?2 < g < (1.8)

Jj=1
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In this paper, we show that the solutions to (1.1) exist and are function valued under
the same conditions on the eigenvalues of Q. This requires a novel proof because
the argument of [2-4] relies on the fact that the heat equation semigroup is ana-
lytic, but the wave equation semigroup is not analytic. Furthermore, we show that the
Smoluchowski—Kramers approximation is valid in the sense that (1.6) holds under
these same minimal assumptions on Q.

The proofs of the well-posedness of (1.1) and the Smoluchowski—Kramers approx-
imation (1.6) are both based on a careful analysis of the wave equation semigroup.

The paper is organized as follows. In Sect. 2, we describe the assumptions and
notations used in the paper. In Sect. 3, we recall some results about the heat equation.
In Sect. 4, we state the main results of this paper. In Sect. 5, we carefully analyze the
properties of the wave equation semigroup. In Sect. 6, we analyze the properties of the
stochastic convolutions with the wave equation semigroup. In Sect. 7, we apply the
results from Sects. 5 and 6 to prove that the stochastic wave equation is well-defined.
Finally, in Sect. 8 we prove that the mild solutions to the stochastic wave equation
converge to the mild solution of the stochastic heat equation.

2 Assumptions and notations

We consider the damped stochastic wave equation (1.1) under the following assump-
tions.

Assumption 2.1 The functions » : [0, +00) x D x R — Rand g : [0, +00) X D x
R — R are uniformly Lipschitz continuous and have sublinear growth in the third
variable. There exists C > 0 such that for any u, v € R,

sup (|b(t, x,u) —b(t, x,v)| + g, x,u) — g, x,v))) <Clu—v|. (2.1)

xeD
>0

and

sug (b, x,u)| + g, x, u)]) < C(1 4+ |ul). (2.2)
150

Assume that D C R? is a bounded set with smooth boundary. Define H = L?(D)
and let A be the realization of the Laplace operator in H with Dirichlet boundary
conditions. There exists a sequence of eigenfunctions of A that form a complete
orthonormal basis of H. We list the eigenvalues in increasing order 0 < o) < o <
41 so that

Aer = —ayey.

Because the boundary of D is smooth, the eigenfunctions ¢y are infinitely differentiable
functions on the closure of D (see, for example, [17, Thoerem 6.5.1]).
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The cylindrical Wiener process w(t) is defined as the formal sum
(0.¢]
w(t) =Y erfi(t) 2.3)
k=1

where {fi ()} is a sequence of independent one-dimensional Brownian motion on a
common probability space. Integration against a cylindrical Wiener process is defined
in [15, Chapter 4.2.1].

For a positive self-adjoint operator Q € £ (H) diagonalized by the basis {e;} with
eigenvalues Qe; = A je;, define

1
00 q,, .12 q .
”Q”q = (Zj:] )‘j|ej|Loo(D)) ) ]fq € (O, +OO) (24)
sup; A ifg =+ o00.

Assumption 2.2 The operator Q € .Z, (H) is diagonalized by the same orthonormal
basis of H as A. Q has eigenvalues A; > 0 satisfying

er' = )\.j €j.
There exist constants g € [2, + oc] and B > 0 satisfying
1Qlly < +ooand [[(=A) "5 < +o0 2.5

and

Blg —2)
—_— <<
q

1. (2.6)

In the case where ¢ = + 00, (2.6) means that § < 1.

Remark 2.3 By Weyl’s Theorem ( [17, page 356]), the eigenvalues of the Laplacian

grow like oy ~ ki where d is the spatial dimension of the domain D. If the ¢, are
equibounded in the L°° (D) norm (which is the case when D is a generalized rectangle)
then (2.5)—(2.6) simplifies to the condition that || Q]|, < +ocowhereg = +ocoifd =1
and2 < g < % if d > 2. This is the same as Assumption 2 in [2].

Condition (2.5) also guarantees that the heat equation is well-posed in the more
general case that the eigenfunctions are not equibounded (see for example [4, Hypoth-
esis 1]). We will prove that the same conditions on Q that imply the well-posedness of
the stochastoc heat equation imply the well-posedness of the stochastic wave equation
as well as the validity of the Smoluchowski—Kramers approximation.

Remark 2.4 Because the o ~ k%9 and inf} lex|ro(py > 0, the condition
I(=A)~1 g < +oorequires B > 1 unless the spatial dimension d = 1. This means
that g could only possibly be 4+ 0o if d = 1. On the other hand, |e| 7% (p) can not grow
arbitrarily quickly. There mustexist some o > Osuchthat|ei|;~p) < Coc,f < Ck?r/d
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(see for example [17, Theorem 6.3.5]). This means that there always exists some
B < + oo such that ||(—A)~! llg < + 00, and therefore one can always choose g > 2.

For & € R, define the Hilbert spaces H? to be the completion of Cg°(D) under the
norm

fls =D ep(fr ey
k=1

For § > 0, these spaces are equivalent to the fractional Sobolev spaces Wg ’2(D) [16].
It is helpful to study the wave equation as a system in an appropriate phase space,

%_?(t’x) = U(ta x),
Bt x) = l(Au(f x)—v(t, x)+ b, x,ut,x)+ g aw) 27
ar (120 = gy Ault, : o, 20) + gl X u(t, ) 052 ).

Define the phase spaces Hs := H® x H*~!. We also use the notation H := Hj. Define
the linear operator A, : D(A,) = Hs—1 — Hs by

Ay (u,v) = (v, Au/p —u/w). (2.8)

The operator A,, generates a Cy semigroup S, (¢) : Hs — Hs.
Define the composition mapping B : [0, +00) x H — H by, for any t+ > 0 and
ueH

B(t,u)(x) = b(t, x, u(x)). 2.9

Define the composition operator G : [0, +00) x H — Z(L*°(D) : H) by, for any
t>0,uec H,and h € L*°(D),

[G(t, u)h](x) = g(t, x, u(x))h(x). (2.10)

Note that for u € H, G(t, u) is also well-defined as a bounded linear mapping from
H to L' (D) by Holder inequality. Because of Assumption 2.1, B and G are Lipschitz
continuous in the second variable.
Define IT; : Hs — H 3 is the projection onto the first component and I1; : Hs —
H®1 is the projection onto the second component. That is, for any (u, v) € H?,
ITi(u,v) = u, and ITH (u, v) = v. (2.11)
Define Z,, : H® — "Hs such that
Zyu = 0,u/p). (2.12)
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The Eq. (2.7) can be rewritten in the abstract formulation where z#(r) =

(" (1), v (1))

dz"(t) = [Au2"(t) + T, B(t, Mz" (0))dt + T,G (1, 112" (1)) Qdw(®).
(2.13)

Definition 2.5 The mild solution to (2.13) is defined to be the solution of the integral
equation.

t
(1) = S0z + / S, (t — )T, B(s, i7" (s))ds
0
t
+/ St —)T,G(s, 12" (5)) Qdw(s) (2.14)
0

where zo = (ug, vg). Then u*(t) = ITiz*(¢) is the mild solution to (1.1).

Forany T > 0 the function spaces C([0, T'] : H) and C([0, T'] : 'H) are the Banach
spaces of H (resp. H)-valued continuous functions on [0, 7']. They are endowed with
the supremeum norm

lolcqo,ry:ay == sup loOu, |¥icqo,T1H) = W@l (2.15)

sup
1€[0,T1] 1€[0,T]

Let (£2, F, IP) be a probability space. For any Banach space E, the space L?(§2 : E)
is the set of all E-valued random variables with the property that E|¢|’g < +o0.
LP($2 : E) is a Banach space. In this paper we are most interested in the case where
E=C(0,T]: H)yor E=C(0,T]:H).

Throughout this paper, the letter C refers to an arbitrary positive constant whose
value can change from line to line.

3 Heat equation

In this section we recall some of the well-posedness results for the heat equation (1.2).
Using the notation of Sect. 2, (1.2) can be written in the abstract formulation in H

du(t) = [Au(t) + B(t, u(t)1dt + G(t, u(t)) Qdw(r). @3.1)

The mild solution for the heat equation is the solution to the integral equation

t

t
u(t) = S{t)ug + / S(t —s)B(s,u(s))ds + / St —s5)G(s,u(s))Qdw(s)
0 0
3.2)

where S(¢) is the heat equation semigroup, which satisfies S(t)ey = e~ *’¢;. All of
the results of this section can be found in [2—4].
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Denote the heat equation’s stochastic convolution by

t
ra) =/ St —s5)P(s)Qdw(s) (3.3)
0

where we will set @ (1) = G(t, p(s)) or @(t) = (G(t, p(t)) — G(t, ¥ (1))).
By the factorization formula of [15, Chapter 5.3.1],

ra = sin(mra)

t
/ (t — )27 1S(t — s) I (s)ds
0
where
t
Fa(t)zf (t — )9St — 5)P(s) Qdw(s). (3.4)
0

We collect some results that we will use later in the paper.

Lemma 3.1 Let g, B satisfy (2.5)—(2.6). For any a € (0, 1/2) satisfying 0 < 2a <
1 — B4=2) p > é and any T > 0, there exists C = C(T, p, «) > 0 such that for
anyt €[0,T],

EIL I < C sup 1961y (3.5)

s€[0,1]

For more information about the proof of this Lemma see Lemma 3.3 of [2] or Lemma
4.1 of [4].

Lemma3.2 Let g, B satisfy (2.5)—(2.6). For o € (0, 1/2) satisfying 0 < 2o <
q -

Esup|I())7 < CTE sup 1901101y

t<T tel0,T

Lemma 3.3 Let Py be the projection onto span{ek}f{\;l. Let @ fixed progressively
measurable £ (L*° (D), H) valued process satisfying

E sup 1900y my < +00.
t€[0,T] LLxD), H)

Then for any fixed o > 0 satisfying the conditions of Lemma 3.2,

lim E|(/ — Py)Tw ()|}, =0.
N—+ o0

Proof This is an immediate consequence of the dominated convergence theorem. 0O

The following Theorem is presented in [4, Proposition 4.2] and we state it without
proof.
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Theorem 3.4 (Proposition 4.2 of [4]) Assume that Assumptions 2.1 and 2.2 hold. For
any initial condition ug € H, there exists a unique solution u € LP(§2 : C([0,T] :
H)) to (3.2) where p > 2 satisfies the conditions of Lemma 3.2.

The proof is based on the well-posedness of the stochastic convolutions and a fixed
point argument.

4 Main results

The first main result of this paper is that the mild solutions z* solving (2.14) are well
defined.

Theorem 4.1 Assume that Assumptions 2.1 and 2.2 hold. For any initial conditions
(ug, vo) € H and n > 0, there exists a unique mild solution z* € LP($2 : C([0, T] :
H)) to (2.14).

The proof of Theorem 4.1 is given in Sect. 7. The proof requires careful analysis of the
Fourier decomposition of the wave equation semigroup and the stochastic convolution,
which can be found in Sects. 5 and 6.

The next main result is that the Smoluchowski—Kramers approximation is valid for
these wave equations with multiplicative noise in any spatial dimension. The conver-
gence of u tou isin L?(£2 : C([0, T] : H)), which is an improvement over previous
results, which were known to converge in probability. Furthermore, this result is true
in any spatial dimension d > 1.

Theorem 4.2 (Smoluchowski—Kramers approximation) Assume that Assumptions 2.1
and 2.2 hold. Let u be the mild solution of (3.2) with initial condition uy € H and
utt = I z* be the mild solution of (2.14) with the same initial position ug € H and
any fixed initial velocity vo € H™\. There exists p > 2 such that for any T > 0,

lim E sup |u(t) —u" ()|}, = 0. 4.1)
n=0" te[0,7T]

The proof of Theorem 4.2 is presented in Sect. 8.

5 Estimates on the wave equation semigroup S (t)

In this section we investigate the properties of the semigroup Sy, (¢). The exact form
of the semigroup can be found in [5, Proposition 2.2]. We briefly recall some of the
main observations about this semigroup and then we introduce some new analysis.
Because A is diagonalized by the orthonormal basis {e;}, for any k € N the operator
A, is invariant on the two dimensional linear span in H of the form {(ugex, viex) :
ug, v € R} . The semigroup S, (¢) is also invariant on each of these two-dimensional
spans.
Letu € Handv € H™ L. Set uy = (u, ex) g, vk = (v, er) g, and let

FE uk, vi) = (e, 1S, () (upek, vier)) n
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and
g (13 ug, vp) = (ek, a8, (1) (ugek, vier)) -
Then
o0
Sy, v) = Z (FE @5 uie, vider, g (1 uk, vi)e) - (5.1
k=1

By the definition of A, g,’:(t; U, vg) = (fk“)’(t; uy, vx) and fk”(t, uy, v) solves
1" @O+ ('O +axf0) =0, fEO) =uk, () (O0) =v. (52)

To study the stochastic convolution, we will be particularly interested in the case
where u; = 0 and vy = 1. According to [5, Proposition 2.2],

W B W 3 1—«/1—4uak>>
#won =t e (+ (S5
—exp (—t <1+— VIZM_WC))} (5.3)

We use the notation that when 1 — 4oy < 0, /1 — 4uoy = i/4uoy — 1. When
t

1 —4par =0, fk“ (t;0,1) := re 2. We see that that the solutions to (5.3) feature

different behaviors depending on whether 1 — 4oy > 0or 1 —4uo; < 0. When 1 —

4uai > 0,the behavior is dominated by the exponential term exp (—t (1_— W))
This exponent is bounded by —ayt because

1 — 1 —4pap dpay _
2u o 2p (14 VT —dpe) ~

o

Consequently, for any fixed u > O there are a finite number of k € N satisfying
1—4uoay > 0, and for this finite number of Fourier modes, fk“ (t; 0, 1) can be bounded
by terms that behave like pe %,

On the other hand, for the infinite number of modes satisfying 1 — 4ua; < 0,

21 t . [t Apo — 1
M t;0,1) = R —_— _ . 54
e 0= T & < 2#) o ( 2u ) oH

In this regime, the functions no longer behave like their parabolic analogue. They
behave approximately as _/ O’f—k exp (— ﬁ) These observations are verified in the next

sequence of lemmas.

Lemma 5.1 Assume that fk“ (t; u, v) solves (5.2) foru,v € R.
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1. Ifu=0and 1 —4poy > 0, then
|20, v)] < 4pfvje (5.5
and
| (150, v)| < 2]vle . (5.6)

2. lfu=0and 1 —4pay < 0, then

|/ 0,0)] < %e‘fu (5.7)
and
Y (5.0, )] < 2[vle”™ (5.8)
3. Foranyk € N, u > 0andu,v € R,
Wl @5, 0) P+ el £ (8w, 0) P < vl + ogeful. (5.9)

Remark 5.2 An immediate consequence of (5.9) is that if v = 0 and u € R, then for
any k € N,

|f(t u, 0)] < Jul. (5.10)

Proof For the simplicity of notation, we let f () = fk“ (t; u, v) and specify k, u, u,
and v throughout the proof. Let y > 0 and define h(¢) = e?’ f(r). We will set y to be
either o or ﬁ depending on the relationship between o« and p. i solves the equation

ph"(t) + (1 = 2py)h (1) + (ny? — ¥ + a)h(t) =0,

(5.11)
h(0) = u, () =yu+v.

We calculate two energy estimates. First, by multiplying (5.11) by 4/(z),
pd oo 2 o b 2 d 2
——|h'(t 1-2 h(t = — —I|h(®)|= = 0.
7 7 OF+( MO + 2 (ny” =y +ax) 2 lh(0)]

Therefore, by integrating the above expression and multiplying by 2,

t
W OF + 21 = 2uy) /0 () 2ds + (uy® — v + el

= plyu+ v + (uy* —y +ap)lul®. (5.12)
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We derive a second energy estimate based on the fact that

d

@+ - 2uy)h(@®))?

= 2(ph” (1) + (1 = 2y (1)) (b (1) 4 (1 — 2y k(1))
= —2(uy? — y + a)h(O) (k' (1) + (1 — 2up)h(1)).

The last equality is a consequence of (5.11). Integrating both sides,

t
[l (1) + (1 = 2up)h () + 2(uy? — v + ax)(1 = 2uy) fo |h(s)|?ds

+ 1(uy? —y + o) |h()?
= |p(yu+v) + (1= 2up)ul® + u(uy? — v + ao)lul’. (5.13)

If 1 —4uar > 0, we set y = oy. This choice guarantees that the coefficients in
(5.11) are positive. Specifically,

1

Myz—y—}—ak:,ua,%>0and1—2uy=2

F—duan = 614)
Then according to (5.12), ifu =0
W' ()] < vl
and by the triangle inequality, (5.13), and the previous display,
(1 =2pa)|h@)] < plh" O]+ |h' (@) + (1 = 2pa)h(0)] < 2u|v].

Then by (5.14),

2
) < —H g,
1 —2noy

We chose h(t) = e%' f(¢). It follows that | £ (¢)| < 4u|v|e”*! which is (5.5). Simi-
larly, h'(t) = ag f(2)e*" + f'(t)e%!. Therefore,

|f' O] < arl £ (O + e W' (1)] < (pag + Dv]e™ !

In this regime 410 < 1 so we can conclude that (5.6) holds.

Now we study the case where 1 — 4ua; < 0. In this case we set y = ﬁ. Then
1 3 ok
py =5 and py” —y +op = o Ton = 4 (5.15)

because % < 3%. If u = 0, then by (5.12),
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S
VY =yt

[h()| < [v].

and

W' @] < vl

l4u
[f ()] < |v|€ W

1 _t
Lf ()] < 4—|f(l)| + B (t)]e”* < (
m

Therefore by (5.15),

and

1 ; ‘
+ 1) lvle 2= < 2|vle” W
NZIT

because 4o > 1. This proves (5.7) and (5.8).
Finally, (5.9) is a consequence of (5.12) with y = 0. O

Lemma 5.3 Foranyt > 0and i > 0 it holds that
M1 S (DTl 2y < 4 (5.16)
Proof This is an immediate consequence of (5.5) and (5.7). By (5.1),

S, (t)Ier = fk” (t; 0, 1/w)ex. The ex are a complete orthonormal basis of H and
are eigenfunctions of I7;S,,(T)Z,, and therefore

I S (DLl 2y < sup | fi (230, 1/p)].
keN

For k satisfying 1 —4uoy > 0, (5.5) implies that | fx(¢; 0, 1 /)| < 4. For k satisfying
1 —4poy < 0, (5.7) implies that |ko(t; 0,1/w)] < \/\;%k' For these k, pay > A—IL and

we can conclude that

TSy (DLl 2y = 4- m

Lemma 5.4 Forany u > Oandt > 0,

Hnls ) < ) H <1 (5.17)
PL(H)

Proof This is an immediate consequence of (5.10) because

I
HHISM(t) (0) H =sup | f/'(t; 1,0)] < 1. a
,i”(H)

keN
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Lemma5.5 Let Ny, = maxtk € N : 1 —4uay > 0} and let Py, be the projection
onto the span of {ex}k<n,. Then for any t > 0,

Hn] S, (1) <P?v ) Hg(m < dp. (5.18)

Proof By (5.5),
| 118,.(t)T1 Py, ||$(H) < sup [fl'@;0, D] <4p. o
k<N,

Lemma5.6 Let Ny = max{k € N : 1 —4puay > 0} and let Py, be the projection
onto the span of {ex}k<n,. Then for any t > 0,

0
Hmsu(t) <(1 3 PNH)> ”ﬂHI’H) < Vapu. (5.19)

Proof Because of the presence of the (I — Py,) projection and of the fact that
S, (t)Iiex = ko(t; 0, ey,

| MS T = Py gy iy = Sup Vel (20, D).
>Ny

Notice that the /oy is included because this is considered as a linear map from
H~!' - H.By (5.7),

| TSI = Pr) | g1 gy = VAR o
Lemma 5.7 Forany u € (0, 1) and t > 0, it holds that
ISu Dl < ™2, (5.20)
Proof Because p € (0, 1) and the definition of H, for any (u, v) € Handt > 0,
118, (1) (u, v) |5, < 1l TaS, (1) (u, v) |3,y + TS (1) (u, v) |3

By the Fourier decomposition (5.1), right-hand side of the above expression equals

o]

> (aﬁkufk")’(t; i, v + (5w, vk>|2)

k=1

where uy = (u, ex) g and vy = (v, ex) g . Itfollows from (5.9) that the above expression
is bounded by

Ny
Z(a—|vk|2+ |uk|2).
k=1 k
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Because 1 € (0, 1), this implies
(1
MWAM%M%Sixaﬂﬁﬂﬁmwﬁﬂﬁmmww>SWwa
k=1
Therefore, for any (u, v) € H,

1
|&mmw&swwwm

proving the result. O

Now we study the convergence of the Fourier coefficients fk” (t;u,v)as u — 0.
Theorem 5.8 (Convergence) Let f (t; u, v) solve (5.2).

1. Foranyk e N, T >0, andu € R,

lim sup |fk"(t; u,0) —ue %' =0. (5.21)
u=>0e[0,7]

2. Foranyk e Ny T >0t € (0, T], andv € R,

lim sup |fk“(t; 0,v/p1) —ve %' =0. (5.22)
1=0¢e(1y,T]

3. Foranyk e N, T > 0,10 € (0,T], andv € R,

lim sup [(f/")(1;0,v)| =0. (5.23)

1=0 €19, 7]

Proof One can prove each of these directly from the explicit formulas in [5, Proposition
2.2]. Below we present an alternative proof based on some arguments from [18]. Let
fE@ = fl@; u, v). Then because w(f)" (1) + (ff") (1) + e f' (1) = 0,

d L L
= (rer (FY ) = —aner 1),

Integrating both sides,
L wy/ ! S
pet () 0 = po—ax | e ff's)ds
and
‘ )
() (&) = ve ¥ — %/0 e Fli(s)ds. (5.24)
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Integrating once more and changing the order of integration,
_t ! _t=s)
£ =u+ o (1 _e u) - ak/ (1 e ) flsyds.  (5.25)
0

If v = 0 and a limit fk” (1) —> fk(t) exists, then the limit must solve

t
fi(@®) =u—ak/0 fi(s)ds,

the unique solution of which is fi(r) = ue %" . To prove that fk“ (1) converges to f,
set g,’f (1) = fk“ (t) — fx(t). Then
A t
g,’f(t) = O{k/ ek f,f(s)ds —ozk/ g,’;(s)ds.
0 0
A standard Gronwall along with the estimate (5.10) proves that

sup gt ()] < palule™”
1€[0,T]

and consequently sup, (o 7 |g,’j (t)] = 0 and (5.21) follows.
We can use a similar argument to show (5.22). If u =0 and v = %L in (5.25), then

13 ! =S
fo=(1-er) —ak/ (1= &) f(s)ds.
0

Let f(¢) = e~ and note that f(1) = 1 — ay fol f(s)ds. Setting g,’:(t) — fk“(t) _
f(t), we see that g} solves

i -4 Py L
g (1) =—e * +ag e fp(s)ds — o & (8)ds.
0 0

If £ > 0 is small enough that 1 — 40 > 0, then (5.5) implies that for any r > 0
| f; k“ (t)| < 4. Therefore,

_t=s)
Joe 7 fk“(s)ds‘ < 4. By Gronwall’s inequality,

t t R
18" (] = e i + 4pon +ak/ (e_ﬁ +4M0lk) =) g
0
= €_ﬁ + Spore® !
Therefore, forany 0 < 19 < T,

sup [g"(1)] =0
telty,T]
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and (5.22) follows for v = 1. For general v € R, simply multiply both fk“ and f
by v.
Finally, we let u = 0 and v € R in (5.24). Then for ¢ € [y, T,

_t =
(fk“)/ (1) =ve » — a—k/ e r fk”(s)ds.
w Jo
By (5.5), for u < ﬁ, Ifk“(S)I < 4u|v|e %S, Therefore,

(t—s)
wods,

t t
Y O] = wieF daniol [ e

which converges to zero uniformly over ¢ € [f, T]as u — 0. O

6 Regularity of the stochastic convolution
Let G be the operator defined in (2.10) and let ¢(¢) and ¥ () be some H-valued

processes that are adapted to the natural filtration of w(¢). In this section we study the
stochastic convolution processes

t
/0 Su(t —)L,G(s, p(s)) Qdw(s)

and the differences
t
/O Su(t = $)ZulG(s, o(s)) — G(s, ¥ (s)]1Qdw(s).

In order to study both of these objects at the same time and to simplify our notation, for
the rest of this section we will let @ (¢) denote either G(¢(¢)) or G(¢(t)) — G (¥ ().
Before establishing estimates on the stochastic convolution we discuss the proper-
ties of such a @. For any r > 0, @ (¢) is a bounded linear operator from L°° (D) to H.
& (1) is also a bounded linear operator from H to L'(D).
If () € H, and h € L°°(D) then by the linear growth of g in Assumption 2.1,

2
G (1, ()| =/D|g<z,x,¢(r,x>)h(x>|2dx < C/D(1+|<p<r,x)|2) |h(x)|dx
< CU+lp®I3Ihl T p)-

If () € H and h € H, then

|G(t7 go(t))h|Ll(D) Z\/\Dlg(tvxv ¢(f,x))h(x)|dx

3 3
5( / |g<r,x,w<r,x)>|2dx) ( / |h<x>|2dx)
D D

=CU+le®In) |hlH.
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Similarly, if @ (t) = (G(t, ¢(t)) — G(t, ¥(t))), and ¢(¢), ¥(t) € H and h € L®(D),

(G, (1) = G, Y (O))h = /D (8, x, (2, X)) — g1, x, Y (1, X)))h(x)|*dx
< C/D @, x) = Y (1, )P () Pdx < Clo(t) — Y @)|5 17| ) (6.1)
and if h € H, then

(G, 9(1) = G, Y (ONhlppy = Clo®) =y (O|ulhln.

Let @*(¢) denote the adjoint of @(¢) in H in the sense that if 4} € L°°(D) and
hy € H=L*(D)orh, € Hand hy € L*(D),

(@(®h1, ha)g = (h1, P*(Dha)H.

Notice that if @(t) = G(t, ¢(t)), h1 € L°°(D) and hy € H,
(@@)h1, h2)H =f g(t, x, o(t, x))h1(x)ha(x)dx = (h1, @*(t)h2)p.
D

In this way, @ (¢) is a self-adjoint Z(L>°(D), H) N.Z(H, L' (D))-valued process
that is adapted to the natural filtration of w (). We define the stochastic convolution

1
@) = / Su(t —$)Z,P(s)Qdw(s). (6.2)
0

By the stochastic factorization formula [15, Chapter 5.3.1], for 0 < o < 1 to be
chosen later,

s t
i) = smg:‘”)/ (t — )18, (t — $)[(s)ds (6.3)
0
where
t
@) =/ (t — $)"Su(t — )T, D (s)dw(s). (6.4)
0

We begin with estimates on I'y".
Remark 6.1 All of the proofs in the section are written for the case ¢ < + co where

q satisfies Assumption 2.2. A standard straightforward modification of the proofs is
required if ¢ = 4 oo.

@ Springer



104 Stoch PDE: Anal Comp (2019) 7:86-122

Lemma 6.2 Letq, B satisfy (2.5)—(2.6). Let0 < 2« < 1 — w. Then forany p > 2
and T > 0, there exists a constant C = C(«, p, T) independent of | such that for
anyt €0, T],

E|M I} 0]} < CE sup 19Oy p) m): (6.5)
s€[0,7] ’

Proof By the Burkholder—Davis—Gundy inequality [15, Theorem 4.36],

% o p/2
E|mr}m)? <CE Z/ (t — ) 2|11 S, (t — 5)L, P (s)Qej|3ds
— Jo
j=1
(6.6)
where {e;} is the complete orthonormal basis of H that diagonalizes QO and A in

Assumption 2.2.
For the rest of the proof, it is enough to study the quadratic variation.

o0 t
A = Y [ =M, - 97,06)0¢ s
: 0
j=l1
We expand this expression into a double sum
0o 00 t
> Z/ (t — )2 St — )L, P (5) Qe ex)yds
0

k=1 j=1

00 00 t
= ZZ[O (t — $) 72D (5) Qe;. T3, Sh (t — 5)[Tfex) 1y ds.

k=1 j=1
Notice that forany k, j € Nand ¢ > 0

(TS, OO ek, ej)n = (IS ()T yej, ex)n
B {f,j‘(r) ifj=k

0 otherwise

where fk“(t) = fk“(t; 0, 1/w) solves (5.2) with uy = 0 and vy = 1/u. Therefore,
along with the fact that Qe; = A je;, the quadratic variation can be written as

[ eI t
Al (1) = ZZ/O (t = )25 — )P (s)ej. ex)pyds.

k=1 j=1

@ Springer



Stoch PDE: Anal Comp (2019) 7:86-122 105

Apply Haélder’s inequality with exponents 4 and qu to the double sum where ¢ is
from Assumption 2.2,

, o 0o 2/q
Ag‘(t)s/ =) DY M@ ()e, ex)
0 k=1 j=1
o = o @-2/q
< IS (A= 9)2 T ey p()en)y ds
k=1 j=1
, . 2/q
=/ (t —s)~ 2 ij@(s)ej@,
0 T
j=1
o0 @-2/q
2 —2) s
x (Z fle =) 0 (s)ekl%{) ds
k=1
2/q

t o0
5/ (1 =) | Yo jlejlix)
0 ;
j=1

o0 @2/
2 -2
X (Z (e — 5?7 |€k|%°°<D)> 1B ()2 (1o (), ) d5-

k=1

The final inequality is a consequence of the fact that @ (1) = @*(¢). Letting || Q|| be
defined as in (2.4),

t
Al < / t =) 2N QI 1P S e )

s G-2/q
2 -2
x (Z fle =) )|€k|%oc(D)) ds. 6.7)
k=1

We analyze the sum

00 (q-2)/q
2 -2
(Z (flm)* )|ek|iOC(D))

k=1

by splitting it into two pieces. Let N, = max{k : 1 — 4uoy > 0}. Then by (5.5) and
5. 7)ywithv=1/u

00 (a=2)/q Ny
2q/(q—2) — —
<Z (fkﬂ(t)) q/(q |ek|%‘oo(D)) < C Ze 20qt/(q 2)|ek|%00(D)
k=1 k=1
o (q=2/q
R
+ Z (/wwlk)iq/(qiz)e 2g=2m |ek|%00(p)

k:NM-‘rl
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For any x, y > 0 it follows that (x + ya=2/4 < xa=2/4 4 y(@=2)/4_Therefore, the
above expression is bounded by

N (4—2)/q
"
S D )
k=1
(g—2)/q
L 00
Ce 2"" — -2 2
+ Z o q/(q )|ek|LOO(D)
K k:NlL-‘rl
=J1+ ).

The finite sum J; behaves like the eigenfunctions of the semigroup in the parabolic
case considered in [2—4]. Let 8 > 0 be from (2.5) and (2.6). There exists a constant
such that forall k € Nand ¢ > 0, e~ %! < Cﬂ#ﬂg. It follows that

A

Ny @-2)/q

J] = C Ze_ankt/(q_z)lek|ioo(D)
k=1

00 1 (g-2)/q
2
<C ( E _aftﬂ |ek|LOO(D)>

k=1
_ -2 _ —
< Cll(—A) PPl 6.8)

We show that the tail sum J; is small.

It follows from (2.6) that 8 < quz and it follows from the definition of N, that
o > - forallk > Ny +1. Thereforeforallk > Ny, +1,af 717 < @dp)e/@-2-F
and by (2.9),

o o0

~4/(q-2),, 2 -4/(q=D) B, 2
Z ak q/(q )|ek|LOO(D) < Z 0{5 q/(q )akﬁlek|LDC(D)
k=N, +1 k=N, +1

o0
< @@ N g PRy < Cpt/ TP TE (69)

k=N, +1
This means that
(¢-2)/q
_ L 00
Ce 2 —a /(g2
b= Z oy q/(q )Ieklioow)
H k:NM-I-l
< CuPaDlag ) (— )~ fleD, (6.10)
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Plugging (6.8) and (6.10) back into (6.7),

t ¢
AL@) < C/ (t—s5)" <(; — sy Pa-/a 4 M_ﬂ(q_z)/qe,rz;;)
0

< P ()% (py. 1ydS

< C sup |P(s)ll.zw>o).n)
s€[0,1]

t .
y / ((t _ g)"2Ba-D/a 4 ~Pa-D/a(; _ S)—zaef’%,j) ds.
0

By a change of variables,
o B o
/ s gy = (2,1)1—2“/ 727 dr = Ccpl, (6.11)
0 0

From these estimates we see that

AR (@) < C sup [|9(5) .2~y 1)

s€[0,7]

t
y ( / (1 — 5)2aBla=D/ag | M1—2a—ﬂ(q—2)/q> _
0

We assumed that 2o < 1 — 84=2) Therefore, there exists a constant C > 0 indepen-
dent of i € (0, 1) such that

A1) < Csup | D)2 oo (). 11)-
s<t

The result follows by the BDG inequality (6.6). O

Now we analyze the second component of I (¢). This will diverge as u — 0. It
will be convenient to analyze the moments of Iy in two pieces. Let N, = max{k :
1 — 4puo > 0} as above. Let Py, be the projection in H onto the span of the modes

{e1, ..en,}.

Lemma 6.3 Let g, B satisfy (2.5)~(2.6). Let 0 < 2a < 1 — 29=2 Lot [ be given
by (3.4). Then for any p > 2 and T > 0, there exist constants C = C(«a, p, T) > 0
and ¢ = ¢(a, p, T) € (0, p) such that

1. Foranyt €[0,T], and n € (0, 1),
C
E|Py, LT} (1)| < —E sup 1D (oo (py 1 (6.12)
WP sef0. ’
2. Forany fixedt € [0, T],

lim uPE|Py, I I} (1)]}; = 0. (6.13)
u—0
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3. Forany fixedt € [0, T] and u € (0, 1),

C
E|(I - Py)ILTE0)|D ) < ———5E sup @)% :
| u @ |H1 uP=02" 2o ZL(L>(D),H)

(6.14)

Proof The proofs of this lemma are similar to the proof of Lemma 6.2. Let A(¢) be
the quadratic variation of Py, ITo I’

o0 t
Mo =y /0 (t = )72 Py, TS, (t — $)T, @ (5) Qe 3y ds
=1
Nu oo o
-3y /0 (t — )2 (@ (5) Qe ;. TS}t — ) Ter)yds.

k=1 j=1

The eigenvalues satisfy Qe; = A je; and I;;S; (t —s)Tye = (fk“)’(t — §)er where
fk“ solves (5.2) with uy = 0 and vy = 1/u. Then

Ny oo
YMOEDIS /O (1 =)W O (@(5)ej, er)yds.  (6.15)
k=1 j=1
By (5.6) withv =, fork € {1I,..., N}

—agt

2
Y 0] < =—.
%

Therefore,
Ny o
C & !
A1) < 2 >y / (t — )25 2N D (s)e;, ex) yds.
; 0
k=1 j=1

By the Holder inequality on the double sum and following the arguments of the proof
of Lemma 6.2,

C [! _
A0 = /O (t = )1 QIR 1P )2 e ) 11
N, (4_2)/q

n
x Z6_20”“](1_5)/(‘1_2)Ieklieo(D) ds.
k=1
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By the same reasoning that we used in (6.8),

A

C t o
Ai(t) = — sup “q§(s)||f7(L°°(D),H)/ (t — )~ 22=Bla=D/a
s€[0,1] 0

IA

< P (5)1%
— Su S %) .
2 SSII’ PL(L®(D),H)

By the BDG inequality,
E|Py, MY} < E(AL0)"?
and (6.12) follows.
All of the previous calculations allow us to use a dominated convergence theo-

rem to prove (6.13). The upper bound for (6.15) using (5.6) was established above.
Specifically, fork € {1,..., Ny}, j € N;and s, € [0, T],

IR @0, 1/ (@(s)ej, ex) gy < CAie M (D(s)ej, ex)yy

Notice that u(£)(t,0,1/pn) = (f')(t; 0, 1). By (5.23), for each s > 0, k < N,
and j € N,

lim (1 = )33 217 (0. 1P (@ e )y = 0.

Therefore, by (6.15) and the dominated convergence theorem Aj(¢) — 0 with proba-
bility 1. Then by using the BDG inequality and one more application of the dominated
convergence theorem, (6.13) follows.

As for the higher modes, let

o t
by =Y /0 (t =972 = Py LS, (t — 9T, 8(s) e; Ly 1ds
j=1

(=AU = Py )ILS,(t — )T, ®(5) Qe 2ds.

0 t
— Z/ (t _ S)—ZO{
j=170

Expanding this to a double sum,

o0 e8] ¢
YOEEDY Zfoa—srz“

k=N, +1 j=1
X (D (5)Qe;. T} S} (t — ) T3 (I — Py,)*(=A) " e)jds.  (6.16)
Recognize that for k, j € N
(ZhSH(t — T3 — Py (—A) Per ej)n

nen
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= ((—A) 21 = Py )LS,u(t — $)Tyej, ex)n

o P @ —s)  itk=j > Ny,
0 otherwise.

By (5.8),

o P (= 9)| < Cag Pule .

By (2.5) and (6.9),

o0

> (w1 @ =9)P)

k=N, +1
i Ce—qt/Q2u(g=2))

= X

k=N, +1 M

q/(q—2) 5
ek |L°°(D)

|ek|%°°(D) < Ce™?1/C1Ma=2)  =a/(q=2)=F

~2),,4/(@=2)
2q/(q 2)0‘k
Applying the Holder inequality to (6.16),

C ! 20 52
A1) = w/o (t —s)">¥e ||@(S)||fs,ﬂ(LOO(D),H)dS
n q

By (6.11),

C 2
Ay(t) < et B2 sup ”q)(s)”sg(LOO(D),H)-
n q s€[0,7]

We chose « so that 2«0 + @ < 1. This means that there exists ¢ > 0 such that

¢ 2
A2(t) = ——7757 Sup 1P () Il'y (1 :
W= o Z(L(D).H)
By the BDG inequality,

C
E|(I — Py )ILTF®| ) < ——FF sup @)%, : o
| n a |H1 np=2)/2 sel0.1] Z(L>(D),H)

Now we can establish a priori bounds on the supremum norm of the stochastic
convolution.

Theorem 6.4 Let q, B satisfy (2.5)—(2.6). Let I'*(t) be given by (6.2). For any p > é

Bg—=2)

where ) <20 < 1 — and T > 0, there exists a constant C = C(«, p, T) such

that for all 1 € (0, 1)

T
E sup |[IT;T7*(0)|% §C]E/ sup |21, dt. (6.17)
te[0,T] " 0 s5€[0,¢] Z L= (D), H)
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Notice that this constant is independent of u € (0, 1).

Proof We use the stochastic convolution formula (6.3),

sin(

() =
s

t
“”)/ (t — )18, (t — $) IV (s)ds.
0

We divide I} into three different pieces. Recall that [Ty, IT, defined in (2.11) and
Py,, (I — Py, ) defined above Lemma 6.3 are all projections. We can rewrite the
stochastic convolution formula (6.3) as

: t
oy = ) /O (1 =) Sy —s)( (é) M)

T
(2 ) Py, i) + 0 (1 — Py )T (s)
Py, ) "Nt a (1—Py,) Ni2ta 27 )

Choose « > 0 satisfying the assumptions of Lemmas 6.2 and 6.3. Let p > é
Applying the Holder inequality and using (5.17) and (6.5),

p

t
E sup /(r—s)“*lnlsu(t—s) (é) I I (s)ds
t€l0,T]1J0

T
<C (/ gla=bp/(p=1 ‘HISM(S) (é)
0

T
gc/ E sup [[2)N%, dr.
0 s€[0,1] ZL2(D), H)

H
p/(p—1)

p T
ds IE/ |1 T ()| 5y ds
ZL(H) 0

The previous line follows because p > é implies (« — Dp/(p — 1) > —1.
By the same argument with (5.18) and (6.12),

t P
E sup /(r—s)“*‘nlsu(r—s) (PO )PNMH2Fa”(s)ds
1€[0,711J0 Ny H
T 0 \[7/PD \"!
<C / gla=Dp/(p=D ‘HISM(S) <P > ds
0 N/ Nl 2(H)

T
x/ | P, T2 T ()| ds
0
T
< CMP]E/ |PNMH2FO[M(t)|Zdt < CE sup ||(D(t)||§/(Loo(D) H)dt'
0 +€[0,T] ’
By (5.19) and (6.14),

0 p

t
A ([ _ S)a—IHISM(t —_ S) <(1 _ PNM)) (1 - PNM)HZFOﬁIL(S)dS

E sup

tel0,T] H
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L T 0 P -
<C / s\ p/r= ‘1‘[18 (s)( ) ds
0 o I — PN#

f(H*l,H)
T
xf (I — Py )T () ds
0

T
< CurPE [ 11 = Py )Mt
0

T
sc;ﬁ/zE/ sup 1D di.
0 1€[0,T] L L=(D), H)

Therefore the result follows. O

Theorem 6.5 Let I'*(t) be given by (6.2). Forany p > al where() < 20 < 1— @,
and T > 0, there exists a constant C = C(p, T, ) such that

T
E sup [I*(0)|? SC(T,p,M)E[ sup |2, dt. (6.18)
te[0,T] H 0 s€[0,z] Z{L=(D),H)

Proof The proof is similar to the proof of Theorem 6.4, but it is less complicated
because the constant is allowed to depend on p. The main difference is that we use
Lemma 5.7 instead of Lemmas 5.4-5.6 in the stochastic convolution argument. We
omit further details. O

7 Well-posedness of the stochastic wave equation: Proof of Theorem
4.1

Let © > 0. We show that for any (ug, vo) € H there is a unique mild solution
z* e C([0, T]: H) solving

t
24(1) = S, (1) (ﬁg) + / Su(t — )T, B(s, IMz"(s))ds
0
t
+f St — )L, G (s, IzH(s)) Qdw(s). (7.1)
0

We prove well-posedness with the contraction mapping principle. Let 2 * : LP (2 :
C(0,T]:H)) = LP(£2:C(0,T]: H)) by

t
A @) = Su() (f}g) + fo Su(t = )T, B(s. Mig(s))ds
t
+/0 Su(t —8)I,G(s, ITp(s)) Qdw(s). (7.2)

Well-posedness follows from proving that there exists a unique fixed point for JZ#.
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For any ¢1, g2 € LP(£2 : C([0, T] : 'H)),

E sup |K*(p1) — K" (¢2)I7,

t€[0,7T]
t p
< CE sup / St — )L, (B(s, IT1p1(s)) — B(s, ITipa(s)))ds
ref0,711J0 H
' P
+ CE sup / Sp =)L (G (s, ITgi(s) — G(s, [Miga(s))) Qdw(s)
r€[0,711J0 H

By Lemma 5.7, sup,~¢ IS, ()l 2y < w~'/2. By the Lipschitz continuity of B
(Assumption 2.1), for any ¢ € [0, T'],

t
‘ fo St — )T (BT p1(s)) — BUTya(s)))ds

H
t

< M73/2/ |B(s, ITyp1(s)) — B(s, T1¢2(s)) | pds
0

t
< C/fm/() [[T1p1(s) — H1g2(s)|gds.

For the stochastic term, Theorem 6.5 and (6.1) guarantee that

p
E sup
1€[0,T1]

1
/0 Su(t =)L, (G (s, ¢1(5)) — G(s, 92(s))) Qdw(s)

H

T
< C(Ps T, M)E‘/\O Y.:][.:)pt] ||G(l, HI(PI(S)) - G(l, Hl(p2(s))||ff(Lm(D)’H)dt

T
<C(p.T, M)E/ sup |Mgi(s) — ITga(s)|hdt.
0 sel0,1]

It follows from these two estimates that

T
E sup [K"(p1) — K" (p2)l}, < C(T. p. M)E/ sup |1 (t) — Mg ()| 5 dt.
t€l0,T] 0 s€[0,7]

Therefore, for small enough Ty > 0, #* is a contraction on L? (2 : C([0, Tp] : 'H)).
We can use standard methods to append solutions in the intervals [0, To], [Ty, 2701,
[2Tp, 3T0],...to get a unique solution to (7.1) in LP(§2 : C([0,T] : H)) for any
T > 0.

8 Convergence: Proof of Theorem 4.2

Before proving Theorem 4.2, we state two auxilliary results about the convergence
of the stochastic convolutions and Lebesgue integral convolutions with the wave and
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heat semigroups. We state a result about the convergence of the stochastic convolutions
where I'* defined in (6.2) converge to I" defined in (3.3).

Theorem 8.1 Let g, B satisfy (2.5)—(2.6). Let T > 0, let « € (0, 1/2) satisfy 0 <
20 < 1 — 89D g let p > é For any self-adjoint, progressively measurable
@ e LP(2: L0, T]: L(L*®(D), H))) let I'* and I" be given by (6.2) and (3.3)
respectively. Then

: p —
lim BT T = T'IG o 1.y =0 8.1)

Theorem 8.1 is really the most technical piece of this paper. We will delay its proof
to Sect. 8.1. We will need a similar result about the Lebesgue integrals.

Theorem 8.2 Forany T > Oand ¢ € L*°([0,T] : H),

t
/ (S(t — ) — S, (t — )T,)p(s)ds| = 0. (8.2)
0 H

lim sup
n=>0¢e10,7]

The proof is in Sect. 8.2.
We now prove the main convergence result via Theorems 8.1 and 8.2.

Proof (Proof of Theorem 4.2) We decompose the difference between the mild solutions
(2.14) and (3.2) into the following pieces

u(t) —uh (1) = (Suo — M S, (1) (uo, vo))

1
4 / (St — 5) = Syt — )T, BGs, u(s))ds
0
t
+/ IS, (t — )L (B(s, u(s)) — B(s, u"(s)))ds
0
t t
+ [/ St —s5)G(s,u(s))Qdw(s) — / IS, (t —$)L,G(s, u(s))de(s)]
0 0

t
+/ IS, (t —$)Zu(G(s, u(s)) — G(s, u”(s))) Qdw(s)
0

=y Jl@. (8.3)

k=1

Letting ux = (uo, ex) g it follows from (5.1) that

o
sup [S(Duo — IS, (o, 0| = Y ui sup (e~ — f{'(1;1,0))
1€[0,T] k=1 t€l0.T]

The above expression converges to zero by the dominated convergence theorem and
(5.21). Similarly, letting vy = (vo, ex)n, and N, = max{k € N : 1 — 4pag > 0} it
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follows from (5.5) and (5.7) that

N
® V0 g ke (20, < p o
k=1 i Ml

If k < Ny, then 1 — 4poy > 0. In particular, u < %k and pu? < ﬁ. Applying this
bound to the first sum in the above display, it follows that

oo 2

2 v
|18, (10, v0) |5 < 4> a—i <dulvl,,.
k=1

These calculations show that

lim sup [J{"()|u
u=>04ef0,7]

< lim sup (lS(l‘)Mo — 111 S,(t) (uo, 0) | g + 11 S, (1) (0, vo)IH) =0. &4
1n=>0ef0,7]

By Theorem 3.4, the unique solution to (3.2) is in L?($2 : C([0, T] : H)). By the
linear growth of B (see (2.2)), B(-,u(-)) € LP($2 : C([0, T] : H) as well. It follows
from Theorem 8.2 and the dominated convergence theorem that

lim sup E|L@)|5 =0. (8.5)
n=01e0,T]

By the Lipschitz continuity of B (2.1), there exists a constant C > 0 such that for

alls € [0, T, |B(s, u(s)) — B(s, u"(s))|g < Clu(s) —u"(s)|y. By Lemma 5.3 and
a Holder inequality,

T
sup E|J3(0)|7 < CTpflE/ sup |u(s) — ut(s)|Pdt. (8.6)
1€[0,T] 0 sef0.1]

From the linear growth of G (2.2) and the fact that u € LP(§2 : C([0, T] : H)),

it follows that G(-, u(-)) € LP(§£2 : L*°([0,T] : Z(L*°(D), H))). Theorem 8.1
implies that

lim sup [Ju(0)|F, = 0. (8.7)
u=04e10,7]

By Theorem 6.4

T
E sup |Js5(0)|f, < CIEf sup |G (s, u(s)) — G(s, u* NI, dr.
t€[0,T] 0 s€[0,7] Z(L*(D),H)
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By the Lipschitz continuity of G (6.1), there exists a constant independent of s and
w such that [|G (s, u(s)) — G(s, u* ()| 2@y, o) < Clu(s) — ut(s)|p. It follows
that

T
E sup |Js(n)|%, < C(T)]E/ sup |u(s) — ut(s)|%,dt. (8.8)
t€[0,T] 0 s€[0,z]

It now follows from (8.3), (8.6), and (8.8), that there exists an increasing C(7) > 0
such that forany 7 > 0

E sup |u"(1) —u)]} SC(T)< sup |1y + sup E[L@)]y
1€[0,T1 1€[0,71 1€[0,T]

T
+ sup E|J4(t)|1;{ ~|—]Ef sup |u(s) —u“(s)|f1dt).
te[0,T] 0 s5€[0,7]

By Gronwall’s inequality, for any 7 > 0,

E sup |u(t) —u(n)|f,
1€[0,T]

<CMe™D | sup |OI” + sup E[L@IL + sup E[L@)
tel0,T] t€l0,T] tel0,T]

Finally, we conclude that the above display converges to zero due to (8.4), (8.5), and
(8.7). O

8.1 Proof of Theorem 8.1
Lemma8.3 Let a satisfying 0 < 2o < 1 — @, p > é and @ € LP($2 :

L%([0,T] : L(L>®(D), H))) satisfy the assumptions of Theorem 8.1. Let T} be
given by (6.4) and Iy, be given by (3.4). For any t > 0,

limOIE|I"[1 ) — Lyl =0.
n—
Proof The scalar quadratic variation of IT; Tl () — Ty@) is
o t
A=Y /0 (t = )21 S (t — )T, — S(t — )P (5) Qe |7;ds.
=1

Writing this expression as a double sum and using the fact that e; are eigenfunctions
for S(t), I11S,,(t)Z,, and Q,

A(t)—ZZ/ (= )O3N 0,1/p) — e (@D (s)e, ex) jyd

k=1 j=1
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For fixed k, j € Nand s € [0, 7], this integrand is dominated by,

26 = 97292 (19 0.1/ + 725 (@ (5)ej, en)y

which is integrable by the arguments of Lemma 6.2 and [2, Section 3]. By (5.22) and
the dominated convergence theorem, A(f) — 0. By the BDG inequality,

lim E|IT, T} (t) — Tu ()|}, = 0. o
n—0
Lemma 8.4 Forany N e Nandt > 0,

=0.

HHISM(I) (IZ)N) — S(t)Py ,
Z(H)

lim
n—0

Proof Notice that because these operators are diagonalized by the orthonormal basis
{ex},

HHlSu(f) (F())N> — S(t)Py

= max | f{'(t;1,0) — e~ '],
ZH) k=N

and the above expression converges to zero by (5.21). The limit will not be true without
the projection onto a finite dimensional span. O

Proof (Proof of Theorem 8.1) By the factorization method of [15, Chapter 5.3.1],
t t
) = / (t —)* 'St — $)Ty(s)ds, T'*(1) = / (t — )78, (t — s)[1(s)ds,
0 0
where I, and I} are defined in (3.4) and (6.4).
We split up the difference into five pieces. Let N € N be chosen later. Let N, =
sup{k e N: 1 —4uoy > 0}.
() —Inrei =
t
+ / (t —s5)*! (S(z —§)Py — IT; S, (t — 5) (IZ)N» Ty (s)ds
0
! a—1 I — Py
+ / (t—y) St —s) — Py) — IS, (t — ) 0 Ty (s)ds
0
t
+ f (t — ) 'St —s) (é) (I (s) = I T} (s))ds
0
t
—/ (t —)* ' Su(t — )Ty Py, I T (s)ds
0
t
- / (t =) 'S, (t — )Ty (I — Py )L T (s)ds
0

= IO+ Iy () 4+ Iy () + I () + 1, (). (8.9)
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We also denote /; by = I; " FQ) fori = 3,4, 5 because these terms are independent
of the choice of N
By the Holder inequality, for p > & and N e N,

E sup |I] N(t)|§,
te(0,7T]

_p_ p—1
T e P
5(/ HS(S)PN—HlSﬂ(s)< 0 >H ds)
0 L(H)

T
X / E| Py Iy (s)|5ds.
0

By Lemma 8.4 and the dominated convergence theorem, for any fixed N € N,

T _r p—1

. Py p-l

lim / s = et ”S(S)PN — IS, (s) < 0 > ds =0.
u=0\Jo ZL(H)

The dominated convergence is valid by Lemma 8.4, the well-known fact that the
heat equation semigroup is uniformly bounded, and the fact that p > é implies
D= _ 4
— .

Note that Lemma 3.1 implies that E| I, (¢) |Z is bounded uniformly in ¢ € [0, T'].
It follows that for any fixed N € N,

lim sup [[, N(t)|Z=O. (8.10)
1=0re[0,7)

Now we show that Iéf  converges to 0 as N — + oo independently of i > 0. By
the Holder inequality,

E sup |I N(f)lz
1€[0,T]

T (a=1)p
= s p-l
0

T
x/ E|(I — IIN)To(s)| 5 ds.
0

p_ p—1
p—1

ds
Z(H)

The first integral is uniformly bounded by Lemma 5.4 and the boundedness of the heat
equation semigroup. Specifically, for any N € Nand u € (0, 1),

S) — Py) — M1 5u(s) (’ o N)

HS(s><I ~ Py) =~ MiSu(s) (’ " N)

’.i”(H)

< 2.
L(H)

< 1Sz + Hnlsm (é)
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For any fixed s € [0, T], E|(I — Py) I (s)|Z converges to 0 as N — + oo by Lemma
3.3. Therefore,

lim sup E sup |1§N(z)|’,?,_o (8.11)
N—=>+00,e(0,1) 1€[0,T]

For I', we notice that

E sup ()5
t€l0,T]

T @-vp I
< fs nls,xs)()
0 0

Lemma 5.4 guarantees that the first integral is uniformly bounded. Lemma 8.3 and the
dominated convergence theorem guarantees that

P
p—1

T
ds / E|Ty(s) — I T (s) |7 ds.
L(H) 0

lim E sup |I“(t)|H =0. (8.12)
u=>0 " tef0,7]

The dominated convergence is valid due to Lemma 6.2.
For I f,

E sup |1}
t€[0,7T]

T @=1)p r_ p—1 T
§<f s 1 ||H1SM(5)IMPNM||£,)(1H)ds> / E|uIl Tl ()|} ds.
0 0

The first integral is bounded by Lemma 5.5. The second integral goes to zero as u
goes to zero by (6.12), (6.13), and the dominated convergence theorem. Therefore,

lim E sup [1}(0)[%, = 0. (8.13)
n=0" 1e[0,7]

Finally,

Wy |P T e !
E sup |I (t)| /0 § Pl ||HISM(S)1'1(I—PNM)”z(H,I’H)dS

t€0,

T
x/ E|(I — Py )T (9)|h _ ds.
0

By Lemma 5.6, there exists C > 0 independent of p such that

SIS

T @1y p=1
(/O s 71 | M Su()Ih (I — PNM)||$(H]H)d> <Cu?.
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By (6.14),
/TIE|(I Py)ILTN()|?  ds < _r E @)~
— LN ) S) o ds < — sup N .
o ’ o H-! up=0/2 S€[0.7] Z(H)

Therefore,

lim E sup |I“(t)|H =0. (8.14)
n=>0 " tef0,7]

We can now complete the proof. Pick any arbitrary n > 0. There exists a constant
C > 0 such that by (8.9),

5

E sup |I'(1)—T*(0)lh <CY E sup [I/'y (1)}
1€[0.7] i—1 t€l0.T]

Choose N large enough so that by (8.11), Esup, (o 71 13 v ()]}, < 5. Then choose
to > 0 small enough so that for any 1% e (0, o), (8.10), (8.12), (8.13), and (8.14)
guarantee that]Esup,e[o 7] |1 N(t)|H < C fori =1, 3,4,5. Then for u € (0, uo),

E sup |[I'(t) — ()%, <n.
t€l0,T]

The result follows because 1 > 0 was arbitrary. O

8.2 Proof of Theorem 8.2

Let Py be the projection onto the finite dimensional span {ek}f(v:l. The following
lemma is a consequence of (5.22).

Lemma8.5 Forany0 <ty <T and N € N,

lim sup [(S(t) — IS, ()T, Py =0. (8.15)
tim sup | OB

Proof Because for any fixed ¢ > 0, the operators S(¢) and I1,S,,(¢)Z,, are both diag-
onalized by the orthonormal basis {ey},

|(S@) = ST Pr|| gy = oy i @0 1/p) — ™|

.....

where fk” (t; 0, 1/) solves (5.2). The result follows by (5.22) and the fact that we are
only working with a finite number of modes at a time. O

Proof (Proof of Theorem 8.2) Let T > 0 and ¢ € L*°([0,T]: H). Forany N € N,

t
A (St —s) =I5, (t — )L )e(s)ds

H
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< /0 (S — ) — TS0t — )T, Pro(s)|ads
+ /0 1S — ) = IS, — T — Pr)g(®)lds

< ( /0 IS =) — TS, s)IM)PNug(H)ds) gl qo. 1180
+5/Ot (T = Py)g(s)lds. (8.16)

The last inequality is due to the fact that by Lemma 5.3 for any r > 0,

1St — IS, (O Zull 2y < NSONzy + TS OLyll 2y < 5.

It follows from (8.16) that

sup
1€[0,T]

T
< </0 (St —s) = IT1 S (t — S)IM)PN”Z(H)dS> l@lLooqo,7]:H)

t
/0 (St —s) = IS, (t — )L, )e(s)ds

H

T
+5/0 (I — Pn)o(s)|uds. (8.17)

By Lemma 8.5 and the dominated convergence theorem,

lim sup
1=>04¢e(0,7]

t T
/0 (St —s5) = ISt —)Le(s)ds| = 5/0 |(I = Pn)p(s)|nds.
H

Finally, we recall that N € N was arbitrary and that the dominated convergence
theorem guarantees that the limit of the right-hand side as N — + 0o is 0. O
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