Stoch PDE: Anal Comp (2015) 3:339-359 @ CrossMark
DOI 10.1007/540072-015-0053-y

ORIGINAL ARTICLE

Quasi-linear stochastic partial differential equations
with irregular coefficients: Malliavin regularity of the
solutions

Torstein Nilssen!

Received: 17 February 2015 / Published online: 30 June 2015
© Springer Science+Business Media New York 2015

Abstract We study quasi-linear stochastic partial differential equations with discon-
tinuous drift coefficients. Existence and uniqueness of a solution is already known
under weaker conditions on the drift, but we are interested in the regularity of the
solution in terms of Malliavin calculus. We prove that when the drift is bounded and
measurable the solution is directional Malliavin differentiable.
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1 Introduction

We consider the quasi-linear stochastic partial differential equation

2 2

%u(r, x) = %u(r,x) +b(u(t,x)) + 8i)mW(t,x), (t,x) € (0, T] x (0,1) (1)

with the initial condition u (0, x) = ug(x), ug € C([0, 1]). We will consider Neumann
boundary conditions,

9 (t,0) 9 (r,1)=0
—u(t,0) = —u(, 1) =0.
0x 0x
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In (1) %W(t, x) denotes space—time White noise and we assume b: R — R is
bounded and measurable, i.e. we allow for discontinuities.

Existence and uniqueness of a strong solution to (1) is already known under weaker
conditions on the drift. More specifically, in [5] the authors prove existence and unique-
ness of a strong solution to (1) when b is allowed to be of linear growth.

In this paper we are restricting ourselves to bounded drift, but we show that the
solution has regularity properties. Indeed, the solution is Malliavin differentiable in
every direction, h € L%([0, T] x [0, 1]), denoted D" u(t, x). Although we are not yet
able to prove existence of the usual Malliavin derivative, i.e.

Dau(t, x) € L*(S2; L*([0, T1 x [0, 11))

such that fOT fol Dy gu(t, x)h(0, £)d€dd = D"u(t, x), this paper has some major
contributions:

e This work shows that the solution behaves more regular than one could expect
by considering the drift. The classical way of studying Malliavin calculus and
S(P)DE’s is to show that the solutions ’inherit’ regularity from the coefficients. In
the current paper we show that there are more regularity properties of S(P)DE’s.

e Itis an example of an infinite-dimensional generalization of [7], where the authors
show that the SDE

dX, =b(t, X;)dt +dB,, Xo=x € R? )

with bounded and measurable drift has a unique Malliavin differentiable strong
solution using a new technique.

e Very recently, the authors of [1] show that there is strong uniqueness (and thus
strong existence) in the Hilbert-space valued SDE

dXt = (AX; + B(t, Xt))dt +dW[ e H

when B: [0, T] x H — H is bounded and measurable, thus proving a generaliza-
tion of the famous result by Veretennikov [9] and Zvonkin [11] to SPDE’s.
The current paper suggests that the technique in [7] could be used to show that the
solutions obtained in [1] are even Malliavin differentiable.
See also [3] where the authors prove Malliavin differentiability in the case of
Holder-continuous drift.

e The Malliavin calculus is tailored to investigate regularity properties of densities
of random variables. Perhaps the most well known explicit formula for this is the
following: for a random variable F € D2 h € H such that (DF, h) # 0 and

thh) € domd (the Skorohod-operator) the density of F' is continuous and given

by
h
pr(x) =E |:1(F>x)5 (W)} . 3)

See [8] Proposition 2.1.1 and Exercise 2.1.3 for details and precise formulations.
In the above we note that only the directional Malliavin derivative appears.
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Even though only the directional derivative is appearing in (3), we are not able
to prove this formula for u(#, x) with the techniques of this paper. In fact it requires
#(t,x) to be in the domain the Skorohod operator, and this typically requires the
second order Malliavin derivative of u(z, x). In the finite dimensional case, i.e. for
SDE’s, there are examples of discontinuous drift coefficients where the solution is
once, but not twice, Malliavin differentiable. This suggests that (3) is out of reach for
discontinuous coefficients.

On a more positive note we can prove, using the directional Malliavin derivative,
that the support of the density is connected. For details, see Corollary 6.1.

Let us briefly explain the idea of the proof. Assume first that b € C! and u solves
(1). The directional Malliavin derivative should then satisfy, for any direction h €
L2([0, T] x (0, 1)),

2

0 h 0 h ’ h
ED u(t,x) = FD u(t,x)+ b (u(t,x))D"u(t, x) + h(t, x).
X

For a fixed sample path, we regard the above equation as a deterministic equation and
we can use the Feynman—Kac formula to solve it as a functional of fot b (u(s, -))ds.
Since the solution of (1) is very irregular as a function of ¢, the local time L(¢, -) is
continuously differentiable in the spatial variable. Therefore we can write

t
‘/ b (u(s, x))ds
0

_ ‘ / YL, y)dy'
R
- ‘— / bOIL'(t, y)dy’
R

< bl [ L] dy
R
where we have used integration by parts.
The main estimate is the following.

Theorem 1.1 Suppose b € C, Ll There exists a continuous increasing function C :
Ry — Ry such that for any h € L%([0, T] x [0, 1]) we have

E[(D"u(t,x))*1 = CUbloo)VEIRIT 2 40 71x0.1)

Finally we approximate a general b by smooth functions and use comparison to
generate strong convergence (in L?(2)) of the corresponding sequence of solutions
to the solution of (1). Since we can bound the corresponding sequence of (directional)
derivatives, we arrive at the main result of this paper.

Theorem 1.2 Assume b is bounded and measurable. Denote by u the solution of (1).
Then for every h € L2([0, T] x [0, 1]) we have

u(t,x) € D2,
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The paper is organized as follows: In Sect. 2 we introduce the Malliavin calculus
and related results we need. In Sect. 3 we state rigorously the equation (1). In Sect.
4 we prove that the local time of the solution to (1) with » = 0 has nice regularity
properties. We then study (1) when the drift is smooth in Sect. 5 and use the results
from Sect. 4 to obtain derivative-free estimates. The proof of Theorem 1.1 is found in
Sect. 5.

The main result, Theorem 1.2, is proved in Sect. 6.

2 Basic concepts of Malliavin calculus

Let (€2, F, P) be a complete probability space. We assume that F is the completion of
o{W(h):h € L2([0, T]1x[0, 1])} with the P-null sets. Here W : L2([0, T]1x[0, 1]) —
L2() is a linear mapping such that W(h) is a centered Gaussian random variable.
The covariance is given by E[W (h)W(g)] = (h, g) where the right hand side denotes

the inner product in L%([0, T] x [0, 1]).
We have the orthogonal Wiener chaos decomposition

L*(Q) = D Ha,
n=0
where H,, := span{l,,(f): f € L*(([0, T1x[0, 11)")} and I,,( ) is the n-fold Wiener-

It6 integral of f. For a random variable F € L?(£2) with Wiener chaos decomposition
F =370 I,(fa) we have

0
21 2
E[F ] - Zn!”fn||L2(([O’T]X[O’1])71)‘
n=0

We call a random variable F' smooth if it is of the form
F=f(W(hy),...,W(hy))

for hy,...h, € LZ([O, T] x[0,1]) and f € CZO(R”)—the smooth functions with
polynomial growth. For such a random variable we define the Malliavin derivative

"9
Dy F = JZ; gjf(W(hl), oo W(hy)hij(0,8)

as an element of L2(2; L2([0, T x [0, 1])). We denote by D2 the closure of the set
of smooth random variables with respect to the norm

T 1
IFI2, = ELF? + /0 /0 E(Dy ¢ F)*1d&do.
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Furthermore we define the directional Malliavin derivative in the direction & €
L2([0, T] x [0, 1]) as

T 1
Dth(DF,h)z/ / Dy ¢ Fh(0,&)dEdo
0 0

and by D2 the closure of the set of smooth random variables with respect to the norm
IFII;, == E[F?] + E[(D" F)*].
The integration by parts formula
E[D"F]= E[FW(h)]

is well known, and can be found in [8]. This shows that the operator D" is closeable
on L%(£2) with domain D2, Moreover, using approximation and the two preceding
facts, one can prove the chain rule D"g(F) = ¢g/(F)D"F forall g € C>X(R) and
F e D"2,

The following characterization of D2 is obtained by modifying the proof of Propo-
sition 1.2.1 in [8]:

Proposition 2.1 For F = > 02 I,(fa) € L?(Q2) we have that F belongs to D™? if
and only if

0 T rl

Znn'”/ / fn(a s, y)h(S, y)dde”iZ(([o T1x[0 1]))1—1) < 00,
0 0 ’ ’

n=1

in which case the above is equal to E[(Dh F)2].

Let us prove the following technical result which is inspired by Lemma 1.2.3. in

[8]:
Lemma 2.2 Suppose {Fy}n>1 C D2 is such that

o Fy — FinL3(Q)
® SUpy>| E[(DhFN)Z] < 0.

Then F € D"? and D" Fy converges to D" F in the weak topology of L*>(S).

Proof We write

F =" L(f)
n=0

and

FN = Zln(fn,N)~

n=0
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Since {Dh Fn}n>1 1s bounded in L2(Q) we may extract a subsequence D"F N, con-
verging in the weak topology to some element o = > oo ) I, (). We note that

o
D"Fy, = > nly1({funi: h

n=1

and we see that (f; n,, ) converges weakly in Lz(([O, T] x [0, 1])”‘1) to o, It
follows that o, coincides with { f;,, #) and we have

Znn‘” fnv ||L2((0 T1x[0,1])"— 1) = Supzn”'” fn N> >||L2(([0 T1x[0,1])"— 1)

—nl

which is finite by assumption. From Proposition 2.1 we have F € D2,

If we take any other weakly converging subsequence of { D" Fy )y its limit must
converge, by the preceding argument, to D F. This implies that the full sequence
converges weakly. O

Suppose now that F' € L?(Q) is such that for all & € L2([0, T] x [0, 1]) we have
F € D"? and D"F = 0. It follows from Proposition 2.1 that f, = 0 a.e. for all
n > 1. Consequently F = E[F]. Let now A € F and assume 14, € D"?2 for
all h € L%([0, T] x [0, 1]). From the chain rule applied to f € Cf)x’ (R) such that
f(x) =x2on,say {x € R: x| < 2}, we get

D"y =D"14)? =214D"14,

which implies that 14 = E[14] and this is only possible if P(A) = 0or P(A) = 1.
This observation together with Lemma 2.2 leads to the following.

Proposition 2.3 Assume F € D2 forallh € L*([0, T1x [0, 11) and F has a density
p. Then the support of p is connected.

Proof Assume the support of p can be written as two disjoint connected sets, A and
B. Let 1) be a sequence of smooth functions such that 0 < ¥rj/(x) < 1 and

1 ifxl <M
MO =10 ik > M+ 1.

Moreover, we assume sup,; ||}, llcc < 00. For M large enough, Ay := AN {x €
R:|x] < M}and By := BN {x € R: |x|] < M} are both non-empty. Let f3; be a

smooth function such that 0 < fyy < 1, fy(x) = 1 forx € Ay and fi(x) = O for
x € By. Using the density of F we observe

E[If;{4(F)|]=/AIf&(X)IP(X)der/BIf&(x)lp(X)dx=0
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which gives D" (fy (F)Ym(F)) = fu(F)¥},(F)D"F.From Lemma 2.2 we see that
14 =lim,— fu(F)Yyu(F) € D"2 which is only possibleif P(A) = 1or P(A) =0,
meaning that either A or B (respectively) is the entire support of p. O

3 Framework and solutions

With the notation from the previous section, we define W (¢, A) := W (1{0,sjx4) which
is the White noise on [0, 7] x [0, 1] and for & € L2([0, T] x [0, 1]) the Wiener-It6-
integral w.r.t. dW (¢, x) is equal to

T 1
/ / h(t,x)dW(t, x) = W(h).
0 Jo

Throughout this paper we will assume we have a filtration {F;};c[0,1], Where F; is
generated by {W (s, A) : (s, A) € [0, #] x B([0, 1])} augmented with the set of P-null
sets.

We denote by G (¢, x, y) the fundamental solution to the heat equation, i.e.

2

0 0
—G(t,x,y) = —G(t,x,y), (t,x,y) € (0,T]x (0, 1)
ot ox2

with boundary conditions =G (#,0, y) = 2G(r,1,y) = 0 and lim;o G(t, x, y) =

=
8x (y)—the Dirac delta distribution in x.
It is well known that

1 (y —x —2n)? (y + x — 2n)?
G, x,y) = ﬁ%[exp[—T] +eXpI—T”,

and there exist positive constants ¢ and C such that uniformly in ¢’ < ¢ and x € [0, 1]
we have

t 1
eVi—t < / / G*(t — s, x, y)dyds < CNt —1'. 4)
' JO

Assume we are given a bounded and measurable function b: R — R. By a solution
to our main SPDE, (1), we shall mean an adapted and continuous random field u (¢, x)
such that

1
u(t, x) =/0 G(t, x, y)uo(y)dy

t 1 t 1
+// G(t—s,x,y)b(u(s,y))dyds+// Gt —s,x,y)dW(s,y).

0 JO 0 Jo
©)
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4 Local time estimates

The local time of a process (X;);c[0,7] 18 defined as follows: we define the occupation
measure

mi(A) = {s €10,1]: X; € A}, A €B(R)

where | - | denotes the Lebesgue measure. The process X has local time on [0, #] if u;
is absolutely continuous w.r.t. Lebesgue measure, and the local time, L (¢, -), is defined
as the corresponding Radon—-Nykodim derivative, i.e.

wi(A) =/AL(I,Y)dY~

The local time satisfies the occupation time density formula

t
/0 f(Xs)ds=/Rf(y)L(t,y)dy, P—a.s. (6)

for any bounded and measurable f : R — R.
The aim of this section is to study local times of the driftless stochastic heat equation

2 2

a a d
Eu(t’x) = @u(tvx) + mw(ta -x)v (t9x) € [07 T] X (O’ 1)

with Neumann boundary conditions. We assume u( = 0 for simplicity. The solution
is given by

t rl
u(t, x) =/ / Gt —s,x,y)dW(s,y),
0 JO

where G is the fundamental solution of the heat equation.
Fixx € [0, 1]andletw € C([0, T]; [—x, 1 —x]). We are interested in the stochastic
process

topl
X =u(lt,x +w(t)) :/ / Gt —s,x+w),y)dW(s,y).
0 Jo

Notice that we are not expanding the dynamics in ¢ of the composition of ©# and w.
Indeed, x — u(¢, x) is P-a.s. not differentiable so it is not clear how such a dynamic
evolves. And even worse—there is no It6 formula for this process.
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Nevertheless, X; is a Gaussian process and we have for r > ¢’

T 1
E[(X, — X,)?] = /0 /0 (Gt =5, x + (@), M)
—G(t' =5, x + o), W)} dyds

t ol
Z/ / G2(t—s,x+w(t),y)dyds >cAt —t’
' JO

from (4).

Theorem 4.1 Suppose N; is a Gaussian process such that

r r —p—1/2
/ / (E[(N, — Nﬂ)z]) didt’ < o.
0 0

Then, there exists a local time LN (¢, -) of N which admits the following representation
t

LY@, y)=@m)~! / / expliu(Ns — y)}dsdu. ©)
RJO

Moreover, LN (¢, ) is | p] times differentiable where | p| is the integer value of p.

For a proof, see e.g. [4], Theorem 28.1 or [10], Lemma 8.1.
With X, as before, we see that the local time of X, is in C!. Moreover, X, satisfies
the following strong local non-determinism:

Lemmad4.2 Forallt) < ---t, <t €0, 1] we have

Var(X,|X,,, e X;n) > A/t — 1.

Proof The conditional variance of X; given X, ... X, is the square of the distance
between X; and the subspace span{X;,, ... X, }. By distance here, we mean in the
Hilbert-space L%(Q2). We have that for of, ..., € R

n
X[—ZC{J'X[J.
j=1
T 1 n
=/O /0 10.1G(t =5, x + (@), ) = D anljo1Gtj — s, x + (i), AW (y, 5).

j=1

We get that
2
n t rl
£l (x-S ax, Z// G2(t — 5, x + (1), ydyds
= t, JO
> e/t — tp.0
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We have the following estimates on the local time

Lemma 4.3 There exists a constant C such that for all even integers m,

Cmtm/IZm!
1/3°
(r (5 +1)"

Proof We note that it is sufficient to prove that

E[13,L% (1, y)I"] <

C™|h|™ 1™/ 2 m)

E[|X ey +m - ¥ p["] < e

for all real numbers /.
Since we assume m is even, we have

ILX(t,y + 1) — L¥(t, y)|™

t .
// expliu(X; —y)}(e_'”h - 1) dsdu
RJO

m
= (2n)_mm!/ / [ explin; Xy, — )
O<sy <8y <t m =1
mn .
X H (ef””h - 1) duy...dupds; ...dsy,.

m
:(2n)*mm!/ / expii D vi(Xy, — X))
O<sy<---spy<t JRM =1

m

= (2m)™"

~
—_

—:

(e_i(“f_”f+1)h — 1) dvy...dvy,ds ...dsy,.
1

~
Il

Above we have used the change of variables u,, = v, and u; = v; — v;1, thatis
u = Mv where

1—-1---0 O
0O 1---0 O
M =
0-v---. 1 =1
0. 0 1

For notational convenience we have used X, = y and v,,+1 = 0.
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Taking the expectation we get

ENL @,y +h) — L¥ (@, p)I"]
m
< (27r)—mm!/ / E | exp in/(ij - X5; 1)
O<sp<--sy <t m =1 ’

m
<1 )e_i(”f_”f“)h _ 1) dv .. .dvpds, .. .dsy,
j=1

_ 1 -
= (27) mm!/ / exp 1 —=Var [ D vj(Xy, — Xq;_))
O<sy<-sp<t JR™ 2 /

j=1

m
X H ’e_i(”f_v-f+')h — l‘dvl c.dvpdsy ... dsy,
j=1

m
_ &
< (2n) mmz/o o <t/mexp —Ezvaczr(xsj — X))
sy <y =

m
<T1 )e*“”f*vw)h _ 1) dv .. dopds, .. .ds,.

< (2ﬂ)*mlh|mm!/

O<sy<---§p <t

/ exp ——Zv,/ ’
m
X H’vj —vj+1|dv1 oodvydsy .. dsy,

where we have used the local non-determinism in the second-to-last inequality, and

Var(ij — XS./‘—I) > c,/sj — sj—1 in the last.

We write

m
/mexp —%Z H|v]—v]+1|dv1

m
= @) PIZPE | T]I1X) = Xl
j=1

where X ~ N(0, ¢c~'%), and we have defined (X)jk = 8jk(sj — sj,l)_l/z. Let
Y = MX, sothat Y ~ N (0, c_lMEMT) and it follows from [6] that
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m m

E H|X,~—xj+1| —E H|Y,| <2 per(MEMT).

j=1 j=1

Above, per(A) denotes the permanent of the matrix A. Consequently

/R exp ——Zv H|vl—v]+1|dv1 .dvypdsy .. .dsy
< Qm)"?c /1] /per(MEMT).

Using Holder’s inequality we get

/ JIZlper(MEMT)ds < (/
O<sp<--<sp <t O<sy<---<spy <t

1/q
X (/ |per(MEMT)|‘1/2ds) .
O<s)<--<spy <t

I/p
|E|p/2ds)

One can check that there exists a constant C; > 0, such that

m

/ 12|72 ds =/ [T1s; = sj—1177"as
O<s)<---<spy <t O<sy<--<S§p<t j

=1
Cta—pma

< aom
—p)m
r (Tf’ + 1)
when p < 4. We can find a constant C, > 0 such that

/ lper(ME=MT)|9%ds < cy
O<sy<--<Sp<t

when g < 2. The proof is technical and is postponed to the Appendix, Sect. 1.
This gives

11

Cm|h|mt(F_Z)mm!

1/
(r (=)™

for an appropriate constant C, and we choose p = 3 and ¢ = 3/2 to get the result. O

E[[tXey+m-1¥e 0[] =

We are ready to conclude this section with its most central result:
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Proposition 4.4 There exists a constant C > 0 such that for all integers m

m cm m/12 2m)!
e[([nrrama) |« SEE
R (T (5+1)

Proof We begin by noting that for any p > 1 we have E[|X[|”] < oo, where we
have defined X[ := sup),, | X;|. To see this, note that we may regard u(z, x) as a

C([0, T]x [0, 1])-valued Gaussian random variable. From [2] we get that E[||u|] P1<
oo forall p > 1, so that

ENX;IP1=E| sup |u(t,x +o@)|’ | <E sup  u(t, y)|”| < co.
0<t<T tel0,T]yel0,1]

We may write

E[(/ |ayLX<r,y>|dy) }szm—lE[(/ |ayLX<r,y)|dy) }
R [yl<l
+2'”_1E[(/ |8yLX(t,y)|dy) }
[y|=1

For the first term we can estimate

E[(/ |ayLX(r,y>|dy) ]sz’"—I/ E[9yLX(t, y)|™1dy
[y[<1 ly|=1

1/2
< 2" sup (E[|ayLX(t, y)lz’”])
yeR

For the second term, we note that from (6) that the support of LX(z, ) is included
in the interval [— X7, X[], This gives

m
E[(/ 1{y|sx;f}|3yLX(t,y)|dy) ]
[y[=1

m
=/E [Tty i=xsloe L@yl | dyn - . dym
B .
j=1

1/m
= /B H (E [1{|)’_1|SX7‘}|8}'LXU, )’j)|m]) dyy...dyn.

i—1

~
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Above we have denoted B = {y € R™||y;| > 1V }. We use the estimate

1/2 1/2
ELyx 10, L5 @yl < (P 1 = X0)'2 (B9 LY (@, v P™)

B 1/2
= (ENX; 1D 21y 72 sup (EN0, LY 0, ) ")
yeR

where we have used Chebyshevs inequality in the last step. This gives

"y
iz
2m\ 1/2 172 m
< sup (E Uaymr, | D (£[x:)) (/ |y|2dy)
yeR [yl=1

The result follows from Lemma 4.3. |

5 Derivative free estimates

In this section we assume that b € C cl (R) and denote by u the solution to (1).
Since b is continuously differentiable it is well known that u (¢, x) is Malliavin
differentiable, and we have

rorl
Dyeu(t,x) =Gt —0,x,§) +/ / Gt —s,x, y)b' (u(s, ¥) Do gu(s, y)dyds.
o Jo

Letnow h € C2([0, T] x [0, 1]). Then the random field

T 1
v(t, x) :=/ / Do gu(t, x)h(0, &)dEdO
0 0
topl
=// Do gu(t, x)h(0, £)dEdO
0 Jo

satisfies the following linear equation

t 1
v(t,x) = // Gt —0,x,6)h(0,&)dEdO
0 JO
t 1
+ / / Gt — s, x, )b (u(s, y))u(s, y)dyds,
0 JO

or, equivalently
2

iv(t, X) = a—v(t,x) + b (u(t, x)v(t, x) + h(t,x), (¢, x)e @, T]x(0,1),
ot 9x2
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with initial condition v(0, x) = 0 and Neumann boundary conditions.

If we let u, denote the measure on (C ([0, T']), B(C([0, T]))) such that w > w(s)
is a doubly reflected (in 0 and 1) Brownian motion starting in x, then we get from the
Feynman-Kac formula that the above equation is uniquely solved by

t r
v(t,x) = / / h(t —r, w(r)) exp {/ b (u(t —s, a)(s)))ds} drdipy(w).
c((0,T]) J0O 0 (8)

Lemma 5.1 There exists an increasing continuous function C : [0, c0) — [0, 00)
such that

t 2
E[v(t, )] < C([[blloc) ( ])/O |h(t —r, w(r))ldrd,ux(w)) .

c([o,7
Proof Define the measure P by

dP = ZdP

T 1 T 1
Z:=expl—/0 /Ob(u(s,y))dW(y,s)—%/O /Obz(u(s,y))dyds].

Then P is a probability measure and under P,
dW (v, s) := b(u(s, y))dsdy +dW (y, s)

is space—time white noise. Under this measure we have that « is Gaussian, and more
precisely

t ol
u(t, x) :/ / G(t—s,x,y)dW(s,y).
0 Jo

From (8) we double the variables to get

t t
E* (0] = / / / h(t —ry, @(r)h(t —rp, ©(r2))
c(o,rp JC(o,7nJ0o JO
x E [exp { / " b u(t —s, w(s)))ds}
0

X exp [ /'rz b (u(t —s, (Z)(s)))ds]] dridrduy (w)dpx (®)
JO

t ot
5/ / / / |h(t —r1, @ (ri)Ih( = r2, @(r2))]
c(o,rp Jsc(o,1h /o JO

- 1/2
X (E |:exp {2/ b (u(t —s, w(s)))ds”)
0

, 172
X (E |:exp [2/ ’ b (u(t —s, d)(s)))ds”) dridryduy (w)duy (®).
0
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Now we write

E [exp {2/r b (u(t —s, w(s)))dsH =E [exp {2/r b (u(t —s, a)(s)))ds} Z’l]
0 0

Denote by L(r, y) the local time of the process (u(t — s, @(s)))se0,r]- From the
occupation time density formula and integration by parts:

E |:exp [4/r b (u(t —s, a)(s)))ds” =E |exp 4/ b (y)L(r, y)dyl]
0 R

—4/ b(y)ayL(r, y)dyH .
R

4||b||oo/ 1, L(r, y)Idy”.
R

Il
sl
e
>
e}

IA
e
[¢]
ol

o

From Proposition 4.4 we have

> A1bllo)™ = "
E [GXP [4||b||oo/R |0y L(r, y)ldy” = Z W F [(/R |9y L(r, y)ldy) }

m=>0
@[|blc)™ C™ /2m)!
T om(r(z+1)Y°
=: C(|Ibllss)

which converges by Stirling’s formula.
It is easy to see that we can bound £[Z~2] by a function only depending on ||5]|sc.
Combining the above we get

t t
E[(t )] < C(Ibllso) / //|h(r—r1,w<r1>)|
c(o,rpJcqo,rp 0 JO
W Vbt = 2, () dr1drad i (@) (@)

' 2
= C(|Illoo) (/ / lh(t —r, a)(r))|drdux(a))>
cqo,r1 Jo

for an appropriate function C, and the result follows. O

In the above we assumed that &1 € C2([0, T'] x [0, 1]). We may extend this to & €
Lz([O, T x [0, 1]), which is exactly Theorem 1.1.
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Proof of Theorem 1.1 We know that the random variable w +— @(r) has density
G(r, x, -) under wu,. From Lemma 5.1 we see that for & € C%([0, T x [0, 1]), by
Holder’s inequality

2

t 1
E[(D"u(t, x))*] < C(|Iblloo) (/ / |h<t—r,y)|G<r,x,y>dydr)

< CllIbls) / / \h(r, y)Pdydr / / G2(r.x, y)dydr

< CUBI AT 2 10 71x10.1 CVE

Consequently we may extend the linear operator

L%([0, T] x [0, 1]) — L*(Q)
h— Dhu(t,x)

by continuity. The result follows. O

6 Directional derivatives when the drift is discontinuous

In [5] the authors successfully generalize the famous results by Zvonkin [11] and
Veretennikov [9] to infinite dimension, i.e. they show that (1) has a unique strong
solution when b is bounded and measurable. In fact, they show that this holds true
even when the drift is of linear growth.

Let us briefly explain the idea of the proof; let b be bounded and measurable and
define forn € N

by(x) = n/Rp(n(x —y)b(y)dy

where p is a non-negative smooth function with compact support in R such that

Jrp(dy = 1.
We let
) k
buk = [\ bj. n<k
j=n
and
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so that En,k i§ Lipschitz. Denote by ii, (¢, x) the unique solution to (1) when we
replace b by b, ;. Then one can use comparison to show that

im g (1, x) = up(t, x), in L*(Q)
k—00

where u, (¢, x) solves (1) when we replace b by B,,. Furthermore,
lim u,(f, x) = u(t,x), inL*(Q)
n—oo

where u(¢, x) is a solution to (1). For details see [5].
We are ready to prove our main theorem:

Proof of Theorem 1.2 From the discussion above we know that we have u, (t, x) —
u(t, x) in L%(2). From Lemma 5.1 we see that

sup E[(D"u, (1, x))*] < 00

n>1

forany h € L2([0, T1] x [0, 1]). It follows from Lemma 2.2 that u(z, x) € D"2. o
As an application we can prove the following.

Corollary 6.1 Forall (t, x) there exists a density of the solution u(t, x). Moreover its
support is connected.

Proof of Theorem 1.2 Existence of a density follows easily without using Malliavin
calculus. Let A C R have zero Lebesgue measure. Then

Pu(t,x) € A) = E[1a(u(t,x)Z™ "]

< Put.x e ap'? (E1z7) "

and the first above factor is zero since u(#, x) has a density under P—it is Gaussian.

Consequently P o (u(, x))~! is absolutely continuos w.r.t. Lebesque measure, and
hence there exists a density.

From Proposition 2.3 we can conclude that the support of the density is connected.

O
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Appendix

Consider the matrices ¥ and M from Sect. 4. The purpose of this section in to show
that the function f;,(s1, ... sn) := per(M X MT) is such that for 8 € (0, 1) we have

/ | fn (st oy sp)|Pdsy .. dsy < C™
O<sy<---sp <t

for some constant C = C(¢, B).
We start by noting that

am b 0-vnn-- 0
b Am—1 byp—y - - 0
0 by Amrp -+ - 0
MEM" = ,
0 0 az by
0 0 by
where
(5j—si—) V2 4+ (sjo1 =512 forj=m,....3
aj = (sz—sl)_1/2+sl_l/2 for j =2
sfl/z for j =1
(g — . 1) 1/2 P _ _2
and bj = —(s; —sj-1) forj=m,...,2and by = —s| '".

Using the definition of the permanent of a matrix we see that we have the following
recursive relation

S (St ..o, 8m) = ((Sm - sm—l)71/2 + (Sm—1 — Sm—2)71/2) Sm=1051, ..., Sm—1)

+ et = Sm—2)"" fu2(S1 -+, Sm—2)

with
fisn =57 and folsi.s2) = (2 —s) 722 425
We write fu (51, -, Sm) = pm(s; /%, (52— 51072, ... (S —Sm_1)""/2) where
Pm 1s the polynomial recursively defined by
P (X1s e X)) = o+ X ) Pt (X oy X 1) 4+ X2 P2 (X1 - Xm—2)

with
pi(x1) = xj and pa(xy, x2) = x2x1 + 2x7.
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If we denote by degy, p, the degree of the polynomial in the variable x;, for i =
1, ...m we see from the recursive relation that

degx, pm =1 and degy;py <2, for j=1,....m — 1.

Moreover, if we denote by y;, the number of terms in this polynomial, it is clear
from the recursive relation that

Ym = 2Vm—1 + Ym—2
and
yir=1 and y» =2.

So that we have y;, < C™ for C large enough.
It follows that we may write

Pn(X1. o Xm) = D cax®
o

where the sum is taken over all multiindices « € N with o; < 2 and @} < 1. Here
we have denoted x% = x‘lxl ... X2 Moreover, there are at most C” terms in this sum
with C as above and one can show that |c,| < 3" for all «.

Consequently

F Gt sm)l? <3 s PP 1y — sy | TP sy — sy | P12,
o

Since < lforalli = 1,...,m, each of the above terms are integrable over
0<s1 <--- <s, <t,and there are at most C" such terms. The result follows.

Bai
2

References

1. DaPrato, G., Flandoli, F., Priola, E., Rockner, M.: Strong uniqueness for stochastic evolution equations
in Hilbert spaces with unbounded measurable drift. Ann. Probab. 41(5), 3306-3344 (2013)

2. Fernique, X.: Regularite des trajectoires des fonctions aleatoires gaussiennes. Ecole d’Ete de Prob-
abilites de Saint-Flour IV-1974. Lecture Notes in Mathematics, vol. 480, pp. 1-96. Springer, Berlin
(1975)

3. Flandoli, F., Nilssen, T., Proske, F.: Malliavin differentiability and strong solutions for a class of SDE
in Hilbert spaces. University of Oslo series. https://www.duo.uio.no/handle/10852/38087

4. Geman, D., Horowitz, J.: Occupation densities. Ann. Probab. 8(1), 1-67 (1980)

5. Gyongy, I., Pardoux, E.: On quasi-linear stochastic partial differential equations. Probab. Theory Relat.
Fields 94, 413425 (1993)

6. Li, W., Wei, A.: A Gaussian inequality for expected absolute products. J. Theor. Probab. 25(1), 92-99
(2012)

7. Menoukeu-Pamen, O., Meyer-Brandis, T., Nilssen, T., Proske, F., Zhang, T.: A variational approach
to the construction and Malliavin differentiability of strong solutions of SDE’s. Math. Ann. 357(2),
761-799 (2013)

8. Nualart, D.: The Malliavin Calculus and Related Topics. Springer, Berlin (1995)

@ Springer


https://www.duo.uio.no/handle/10852/38087

Stoch PDE: Anal Comp (2015) 3:339-359 359

9. Veretennikov, A.Y.: On the strong solutions of stochastic differential equations. Theory Probab. Appl.
24, 354-366 (1979)

10. Xiao, Y.: Sample Path Properties of Anisotropic Gaussian Random Fields. A Minicourse on Stochastic
Partial Differential Equations. Lecture Notes in Mathematics, vol. 1962, pp. 145-212. Springer, Berlin
(2009)

11. Zvonkin, A.K.: A transformation of the state space of a diffusion process that removes the drift. Math.
USSR (Sbornik) 22, 129-149 (1974)

@ Springer



	Quasi-linear stochastic partial differential equations with irregular coefficients: Malliavin regularity of the solutions
	Abstract
	1 Introduction
	2 Basic concepts of Malliavin calculus
	3 Framework and solutions
	4 Local time estimates
	5 Derivative free estimates
	6 Directional derivatives when the drift is discontinuous
	Acknowledgments
	Appendix
	References




