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Abstract To solve a stochastic linear evolution equation numerically, finite dimen-
sional approximations are commonly used. If one uses the well-known Galerkin
scheme, one might end up with a sequence of ordinary stochastic linear equations
of high order. To reduce the high dimension for practical computations we consider
balanced truncation as a model order reduction technique. This approach is well-known
from deterministic control theory and successfully employed in practice for decades.
So, we generalize balanced truncation for controlled linear systems with Levy noise,
discuss properties of the reduced order model, provide an error bound, and give some
examples.
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1 Introduction

Model order reduction is of major importance, for example, in the field of system
and control theory. A commonly used method is balanced truncation, which was first
introduced by Moore [19] for linear deterministic systems. A good overview containing
all results of this scheme is stated in Antoulas [1]. Balanced truncation also works for
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deterministic bilinear equations (see Benner and Damm [5] and Zhang et al. [26]).
Benner and Damm additionally pointed out the relation between balanced truncation
for deterministic bilinear control systems and linear stochastic systems with Wiener
noise. So, in both cases the reachability and observability Gramians are solutions
of generalized Lyapunov equations under certain conditions. We resume working on
balanced truncation for stochastic systems and want to generalize the results known for
the Wiener case. The main idea is to allow the states to have jumps. Furthermore, we
want to ensure that the Gramians we define are still solutions of generalized Lyapunov
equations. So, a convenient noise process is given by a square integrable Levy process.

In Sect. 2, we provide the necessary background on semimartingales, square
integrable Levy processes, and stochastic calculus in order to render this paper as
self-contained as possible. Detailed information regarding general Levy processes
one can find in Bertoin [8] and Sato [24], and we refer to Applebaum [2] and Kuo [17]
for an extended version of stochastic integration theory. In Sect. 3, we focus on a linear
controlled state equation driven by uncorrelated Levy processes, which is asymptot-
ically mean square stable and equipped with an output equation. We introduce the
fundamental solution @ of the state equation and point out the differences compared
to fundamental solutions of deterministic systems. Using @ we introduce reachability
and observability Gramians the same way like Benner and Damm [5]. We prove that
the observable states and the corresponding energies are characterized by the observ-
abilty Gramian and that the reachability Gramian provides partial information about
the degree of reachability of a state. In Sect. 4, we describe the procedure of balanced
truncation for the linear system with Levy noise, which is similar to the procedure
known from the deterministic case (see Antoulas [1] and Obinata and Anderson [20]).
We discuss properties of the resulting reduced order model (ROM). We will show
that it is mean square stable, not balanced, that the Hankel singular values (HV) of the
ROM are not a subset of the HV's of the original system, and that one can lose complete
observability and reachability. Finally, we provide an error bound for balanced trun-
cation of the Levy driven system. This error bound has the same structure as the %
error bound of linear deterministic systems. In Sect. 5, we deal with a linear controlled
stochastic evolution equation with Levy noise (compare Da Prato and Zabczyk [10],
Peszat and Zabczyk [21], Prévot and Rockner [22]). To solve such a problem numer-
ically, finite dimensional approximations are commonly used. The scheme we state
here is the well-known Galerkin method (see Grecksch and Kloeden [12]), leading to
a sequence of ordinary stochastic differential equations of the kind we considered in
Sect. 4. For a particular case, we apply balanced truncation to that Galerkin solution
and compute the error bounds and the exact errors of the approximation.

2 Basics from stochastics
Let all stochastic processes appearing in this section be defined on a filtered probability

space (.Q F, (F1)>0, IP’)I. We denote the set of all cadlag® square integrable R-
valued martingales with respect to (%#;);>0 by .4 2(R).

1 (Ft)>0 shall be right continuous and complete.

2 Cadlag means that P-almost all paths are right continuous and the left limits exist.
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2.1 Semimartingales and Ito’s formula

Below, we introduce the class of semimartingales.

Definition 2.1 (i) An (.%;);>0-adapted cadlag process X with values in R is called
semimartingale if it has the representation X = X+ M + A. Here, Xy is an .%-
measurable random variable, M € .#*(R) and A is a cadlag process of bounded
variation.’

(ii) AnR?-valued process X is called semimartingale if all components are real-valued
semimartingales.

The following is based on Proposition 17.2 in [18].

Proposition 2.2 Let M, N € .#*(R), then there exists a unique predictable* process
(M, N) of bounded variation such that MN — (M, N) is a martingale with respect to
(Z1)1=0-

Next, we consider a decomposition of square integrable martingales (see Theorem
4.18 in [15]).

Theorem 2.3 A process M € .#*(R) has the following representation.:

M(t) = Mo+ M) + M), 1>0,
where M€(0) = M%(0) = 0, My is an Fy-measurable random variable, M€ is a
continuous process in M *(R) and M4 € .#*(R).

We need the quadratic covariation [Z1, Z;] of two real-valued semimartingales Z;
and Z,, which can be introduced by

t

t
(21, 2o, = Z1 () Z2(t) — Z1(0)Z2(0) — /0 Z1(s—)d Zx(s) — /0 Za(s—)dZ1(s)

ey
for t > 0. By the linearity of the integrals in (1) we obtain the property
[Z1, 2] = % (Z1 + 22, Zi + Z2): — [Z1, Z1); — 22, Z2]1), t=0.
From Theorem 4.52 in [15], we know that [Z{, Z;] is also given by
[Z1, Z2)i = (M{. M5), + D AZi()AZ(s) )

0<s<t

for + > 0, where Mf and M§ are the continuous martingale parts of Z; and Z».
Furthermore, we set AZ(s) := Z(s) — Z(s—) with Z(s—) := lim/ys Z(¢) for a

3 This means that P-almost all paths are of bounded variation.

4 The process (M, N) is measurable with respect to &, which we characterize below Definition 2.10.
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real-valued semimartingale Z. If we rearrange Eq. (1), we obtain the Ito product
formula

t

t
Zl(t)Zz(t)=Zl(0)Zz(0)+/0 Zl(S—)dZ2(S)+/0 Zy(s—)dZi(s) + [Z1, Z2]s
3

for ¢+ > 0, which we use for the following corollaries:

Corollary 2.4 Let Y and Z be two R9-valued semimartingales, then

' ' d
YTz =y 0z + / ZT (s=)dY (s) + / YT (s=)dz(s) + D [Yi, Zils
0 0

i=1

forallt > 0.

Proof We have

d
YT 0zZ0=> Y, (t)Zi(1)

i=1

d t t
=Z(Y,-(0>zi<0>+ | zsaano+ | Y,-(s—)dzl-(s>+m,zi1t)
i=1 0 0

t ' d
=r"(0)Z(0) + /0 ZT (s=)dY (s) + /O YT (s=)dZ(s) + D [Yi, Zi;

i=1

by applying the product formula in (3). O

Corollary 2.5 Let Y be an R%-valued and Z be an R"-valued semimartingale, then

t t
Y(t)ZT(t)zY(O)ZT(OH—/ dY(s)ZT(s—H—/ Y(s—)dZ" (s)+ (1Y, Zj11)i=1
0 0

j;l,...,n

forallt > 0.

Proof We consider the stochastic differential of the ij-th component of the matrix-
valued process Y (¢) Z T(t), t > 0, and obtain the following via the product formula in

Q3):
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el Y ZT (1)ej = ] Y(0)ZT (0)e; + /Ot Z" (s—)ejd(e] Y (5))
+ /Ot el Y(s—)d(Z" (s)ej) +e] Y, Z e,
= YO ZT O)e; + ] /O A2 ey
+ef /Ot Y(s—)d(Z" (s)ej + Vi, Zjl;

forallt >0,i € {1,...,d},and j € {1, ..., n}, where ¢; is the i-th unit vector in R4
or in R”, respectively. Hence, in compact form we have

t t
Yy z'1)=v©0)z" 0)+ / dY()Z" (s—)+ / Y(s=)dZ"()+ (1Y, Zj1)i=1....a
0 0 j=

j=1,...n

forall t > 0. O

2.2 Levy processes

Definition 2.6 Let L = (L (1)),>¢ be a cadlag stochastic process with values in R
having independent and homogeneous increments. If, furthermore, L (0) = 0 P-almost
surely, and L is continuous in probability, then L is called (real-valued) Levy process.

Below, we focus on Levy processes L being square integrable. The following theorem
is proven analogously to Theorem 4.44 in [21].

Theorem 2.7 We set m = IE[L(1)]. For square integrable Levy processes L and
t,s > 0it holds

E[L()] =tE[L(1)] and

Cov(L(s), L(1)) = E [(L(r) — mt)(L(s) — ms)| = min{z, s} Var(L(1)).
Proposition 2.8 Let L be a square integrable Levy process adapted to a filtration

(Z1)i>0, such that the increments L(t + h) — L(t) are independent of F; (t, h > 0),
then L is a martingale with respect to (%)= if and only if L has mean zero.

Proof First, we assume that L has mean zero, then the conditional expectation
E{L(1)|.%,} fulfills

E{L(O)|Fs} =E{L(t) — L(s) + L(s)|-#s} = E{L(t) — L(s)|.#s} + L(s)
=E[L@®) — L(s)] + L(s) = L(s)

for 0 < s < t. If we know that L is a martingale, then it easily follows that it has a
constant mean function, since

E[L®] =E[E{L®)|F}] =E[L(s)]
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for 0 < s < t. But by Theorem 2.7, we know that the mean function is linear. Thus,
E[L({#)]=0forallt > 0. O

We set M(¢) := L(t) — tE[L(1)],¢ > 0, where L is square integrable. By Propo-
sition 2.8, M is a square integrable martingale with respect to (.%#;);>0 and a Levy
process as well. So, we have the following representation for square integrable Levy
processes L:

L(t) = M(t) + E[L(D]t, t>0.

The compensator (M, M) of M is deterministic and continuous and given by
(M, M), =E [Mz(t)] —F [Mz(l)] :,
because M%(t) — E[M?*(1)],t > 0, is a martingale with respect to (F)>0.

2.3 Stochastic integration

We assume that M € .#*(R). The definition of an integral with respect to M is similar
to that with respect to a Wiener process W. This makes things comfortable. A definition
for an integral based on W can for example be found in Applebaum [2], Arnold [3] and
Kloeden and Platen [16]. Furthermore, Applebaum [2] gives a definition of an integral
with respect to the so-called “martingale-valued measures”, which is a generalization
of the integral introduced here. We take the definition of the integral with respect to
M from Chap. 6.5 in the book of Kuo [17].

Fist of all, we characterize the class of simple processes.

Definition 2.9 A process ¥ = (¥ (#)),¢[0.7] is called simple if it has the following
representation:

V() =D X)W, s€0,T], )
i=0

forO0 =1y <t <--- < tyy41 = T.Here, the random variables ¥; are .%;, -measurable
and bounded, i € {0, 1, ..., m}.

For simple processes ¥, we define

T m
By = [ wedmne) =3 4 M) - M)

i=0

andfor0 <ty <t <T, we set

' T
Itg/{t(llf) ::/t W (s)dM(s) ::/0 Xlto,1(S)W (s)d M (s).

0
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Definition 2.10 Let (F(1)),c[0,77 be adapted to the filtration (.%;),c[o.7 With left
continuous trajectories. We define &7 as the smallest sub o -algebra of ([0, T]) Q.
with respect to which all mappings F : [0, T] x £2 — R are measurable. We call &
predictable o -algebra.

Remark 27 is generated as follows:
Pr=c{(s,t]xA:0<s<t<T,Ae FIU{{0} x A: A e Fy}). ()
In Definition 2.10, we can replace the time interval [0, 7] by R. Then the predictable
o-algebra is denoted by &2. Pr- or &-measurable processes we call predictable.
We want to extend the set of all integrable processes with respect to M. Therefore,

we introduce .,S,”Tz as the space of all predictable mappings ¥ on [0, T] x £ with
¥l < oo, where

T
lw|% :=E /O W (s)|*d (M, M), (©6)

and (M, M) is the compensator of M introduced in Proposition 2.2.

By Chap. 6.5 in Kuo [17], we can choose a sequence (¥;,),cn C fTZ of simple
processes, such that

¥ =¥l — 0

for¥ e frz and n — oo. Hence, we obtain that (174’1 (llfn))neN is a Cauchy sequence
in L2 (82, %, P). Therefore, we can define

T T
/ W(s)dM(s) := L? — lim / W, (s)dM (s)
0 n—oo O

and for0 <ty <t < T we set
t t
/ W(s)dM(s) := L* — lim / W, (s)dM (s).
10 n—>00 f

Here, “L? — lim;,_, »o” denotes the limit in L? (2, 7,P).
By Theorem 6.5.8 in Kuo [17], the integral with respect to M has the following
properties:

Theorem 2.11 If¥ € £2 for T > 0, then

(i) the integral with respect to M has mean zero:

T
E [/ lIf(s)dM(s):| =0,
0
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(i) the second moment of I;” (W) is given by

T 2 T
]E‘/ W (s)dM(s) :E/ | (s))*d (M, M), ,
0 0

(iii) and the process

t
(/ lI/(s)dM(s))
0 1€[0,T]

is a martingale with respect to (F1)c(0.1)-

2.4 Levy type integrals

Below, we want to determine the mean of the quadratic covariation of the following
Levy type integrals:

t q t
Zl(t)zzl(O)-i-/ Al(s)ds+2/ Bi(s)dM'(s), t >0,
0 iz /0
~ ~ t q t . .
Zo(t) = 22(0)+/ Az(s)ds—i-Z/ Bi(s)dM'(s), t >0,
0 i1 /0

where the processes M (i =1, ..., q) are uncorrelated scalar square integrable Levy
processes with mean zero. In addition, the processes B{, B are integrable with respect
toM' (i =1,...,q), which by Sect. 2.3 means that they are predictable with

t
]E/
0

considering (6) with (M, M), = E [Mz(l)] t. Furthermore, Ay, Ay are P-almost
surely Lebesgue integrable and'(ﬁt) r=0-adapted. ' _

We set by (1) := >0, [0 Bi(s)dM'(s) and ba (1) := >0_, [5 Bi(s)dM'(s) and
obtain

.2
B’(s)’ ds <oo, t>0,

[Zl, Zz]t = [b1, b2);

fort > 0 considering Eq. (2), because Z; has the same jumps and the same martingale
partas b; (i = 1, 2). We know that

1
[b1, b2]; = 2 (b1 + b2, b1 + bal; — [b1, b1, — [b2, b2];) @)
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for ¢+ > 0. Using the definition in (1) yields
t
1,61, = (b1 (1)) — 2 /0 bi(s—)dbi(s)
q t ) )
=P =23 [ b Bl oM ).
i=170
Thus,

Elbi. b1l =E[(b11)?].

Since M and M/ are uncorrelated processes for i # j, we get

E[(b1<r))2]=iE[(/OtBi<s>dM"<s>)} Z/ [B(s) ]ds'c,-

i=1

by applying Theorem 2.11 (ii), where ¢; := E [(Mi (1))2]. Hence,

]E[bl,bl]z—Z/ [ Bi(s) :|ds-c,-.

Analogously, we can show that

E[bz,bz],_Z/ [Bz(s) ]ds.ci and

. . 2
E (b1 + b2, by + b2, = Z/O E [(Bi + Bi(5)) } ds - ¢;
i=1

hold for r > 0. Considering Eq. (7), we obtain
E [zl, zz] —Eby, b, = Z/ E [BiBé(s)] ds-c;. 8)
! i=170

At the end of this section, we refer to Sect. 4.4.3 in Applebaum [2]. There, one can find
some remarks regarding the quadratic covariation of the Levy type integrals defined
in that book.

3 Linear control with levy noise

Before describing balanced truncation for the stochastic case, we define observability
and reachability. We introduce observability and reachability Gramians for our Levy
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driven system like Benner and Damm [5] do (Sect. 2.2). We additionally show that
the sets of observable and reachable states are characterized by these Gramians. This
is analogous to deterministic systems, where observability and reachability concepts
are described in Sects. 4.2.1 and 4.2.2 in Antoulas [1]. This section extends [7] by
providing more details and by considering a more general framework.

3.1 Reachability concept

Let My, ..., M, be real-valued uncorrelated and square integrable Levy processes
with mean zero defined on a filtered probability space (.Q, F (ZF1)i>0. IP’).S In addi-
tion, we assume My (k = 1,...,q) to be (%#;);>0-adapted and the increments
My (t + h) — My (¢) to be independent of .%; for ¢, h > 0. We consider the following
equations:

q
dX(t) =[AX(t) + Bu(t)ldt + Z lPkX(t—)de(t), t >0,
k=1
X(0) = xp € R", 9

where A, ¥* € R"" and B € R"*™. With L2T we denote the space of all adapted
stochastic processes v with values in R, which are square integrable with respect to
P ® dt. The norm in L2T we call energy norm. It is given by

T T
ol = /0 o (o(n)dt = B /0 ()2 dr,

where we define the processes v; and vy to be equal in L2T if they coincide almost
surely with respect to P®dr. For the case T = 00, we denote the space by L. Further,
we assume controls u € L2T forevery T > 0. We start with the definition of a solution
of (9).

Definition 3.1 AnR"-valued and (.7;)>¢-adapted cadlag process (X (1)), is called
solution of (9) if

t 4q t
X(t) = x¢ +/ [AX(s) + Bu(s)lds + Z/ lI’kX(s—)de(s) (10)
0 k=1 0

P-almost surely holds for all # > 0.

Below, the solution of (9) at time ¢+ > 0 with initial condition xo € R" and given
control u is always denoted by X (¢, xo, u). For the solution of (9) in the uncontrolled
case (u = 0), we briefly write Y, := X (, xo, 0). Yy, is called homogeneous solution.

5 We assume that (F1)r=0 is right continuous and that .7 contains all P null sets.
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Furthermore, by ||-||, we denote the Euclidean norm. We assume the homogeneous
solution to be asymptotically mean square stable, which means that

E ¥y 0)]3 > 0

for t — oo and yg € R". This concept of stability is also used in Benner and Damm
[5] and is necessary for defining (infinite) Gramians, which are introduced later.

Proposition 3.2 Let Yy, be the solution of (9) in the uncontrolled case with any initial

value yy € R”, then E [Yyo (t)YyT0 (t)] is the solution of the matrix integral equation

t t
Y(t):yoyOT—i—/ Y(s)ds AT + A / Y(s)ds
0 0
St [ v () &[]
+ W/Y(s)ds vk) E| M) (11)
k=1 0
fort > 0.

Proof We determine the stochastic differential of the matrix-valued process Yy, Yy{)
via using the Ito formula in Corollary 2.5. This yields

t t
YooY (1) = yoyd + /0 Yyo(s—)dYT (5) + /0 Yy ()T (5-)

+ (1ef Yo Yiheslt)

i,j=1,...n

where ¢; is the i-th unit vector. We obtain

t t
/ Yy (s=)dY ] (s) = / Yy (s—) Yy (5)A” ds
0 : 0 :
q t
+Z/ Yy (s—) Y (s—)(W*)T d My (s) and
k=170
t t
/OdeO(s)Y;)(s—):/o AYy, ()Y (s—)ds

q t
+3° [ o oo
k=1

by inserting the stochastic differential of Yy,. Thus, by taking the expectation, we
obtain
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t
E[Yyo(t)Yyﬁ(t)] = yoyg + /0 E[Yyo(s—)YyTO(s)] Alds
t T T T
+/O AE [Yyo(s)YyO(s—)] ds + (E[ei Y. Yyoej]t)'

i,j=1,...n

applying Theorem 2.11 (i). Considering Eq. (8), we have
q t T
]E[eiTYyO, YyToej]t = eiT Z/ E [WkYyO(s)ny)(s) (lI/k) i|ds - crej,
0
k=1

where ¢, ;= E [Mk(l)z]. In addition, we use the property that a cadlag process has at
most countably many jumps on a finite time interval (see Theorem 2.7.1 in Applebaum
[2]), such that we can replace the left limit by the function value itself. Thus,

t t
E[Yyo(t)Y}?;(t)]zyoyg+/0 E[Yyo(s)YyTo(s)] ds AT+A/0 E[Yyo(s)YyTO(s)] ds
q
—}—le/k/O[E[Yyo(s)YyTo(s)] ds (q/k)T . (12)
k=1
O

We introduce an additional concept of stability for the homogeneous system (uz = 0)
corresponding to Eq. (9). We call Yy, exponentially mean square stable if there exist
¢, B > 0 such that

E ||y < llyol3 ce "

for ¢+ > 0. This stability turns out to be equivalent to asymptotic mean square stability,
which is stated in the next theorem.

Theorem 3.3 The following are equivalent:

(1) The uncontrolled Eq. (9) is asymptotically mean square stable.
(i1) The uncontrolled Eq. (9) is exponentially mean square stable.
(i) The eigenvalues of (I, ® A+A® I, + > 1_ vk @ Wk . E[Mi(1)?]) have
negative real parts.

Proof Due to the similarity of the proofs we refer to Theorem 1.5.3 in Damm [11],
where these results are proven for the Wiener case. O

As in the deterministic case, there exists a fundamental solution, which we define
by

D (1) == [Ye, (1), Yer (1), ..., Ye,(D)]
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fort > 0, where ¢; is the i-th unit vector (i = 1, ..., n). Thus, @ fulfills the following
integral equation:

t q t
o) =1, +/ AD(s)ds + Z/ kD (s—)d My (s).
0 k=1 0

The columns of @ represent a minimal generating set such that we have Yy (t) =
@D(t)yo. With B = [by, by, ..., by,] one can see that

D(1)B = [® )by, P()by, ..., P(O)bp] = [V, (1), Yo, (1) ..., Yp, (1)].
Hence, we have
®()BBT®T (1) = Yp, ()Y, (1) + Yo, (OY,L () + ...+ Vb, (DY, (1),

such that
t
E [¢(t)BBTq§T(t)] — BBT +/ E [¢(S)BBT¢T(S)] ds AT
0
t
+A / E[¢(S)BBT<;DT(S)] ds
0
q t
+> / IE[CD(S)BBT@T(S)] ds (W")TE[Mk(l)z]
k=1 0
(13)

holds for every + > 0. Due to the assumption that the homogeneous solution
Yy, is asymptotically mean square stable for an arbitrary initial value yp, yielding

E [YyTO 0,

" (t)] — 0 for t — o0, we obtain

o]

0= BB’ +/OOE [(D(s)BBTcDT(s)] ds AT + A / E [cb(s)BBT¢T(s)] ds
0 0
q 00
+ > wk / E [@(S)BBTQDT(S)] ds WHT E [Mk(l)z]
k=1 0

by taking the limit # — oo in Eq. (13). Therefore, we can conclude that P :=
Jo E[@(s)BBT @7 (5)]ds, which exists by the asymptotic mean square stability
assumption, is the solution of a generalized Lyapunov equation

9 T
AP—l—PAT—i—ZlI/kP(II/k) E[Mk(l)z] — _BB".
k=1
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P is the reachability Gramian of system (9), where this definition of the Gramian is
also used in Benner and Damm [5] for stochastic systems driven by Wiener noise.
Note that in this case E [Mk(l)z] = 1.

Remark The solution of the matrix equation

q
0=BB" + AP+ PAT + > wEP@HT B[ M(1)] (14)
k=1

is unique if and only if the solution of

q
—vec(BBT) = (1,1 ®A+ARL+> VoWt .E [Mk(l)z])vec(P)
k=1

is unique. By the assumption of mean square asymptotic stability the eigenvalues of
thematrix / ® A+ A® 1 + ZZ:] vk wk. B [Mk(l)z] are non zero, hence the
matrix Eq. (14) is uniquely solvable.

More general, we consider stochastic processes (P (¢, 7));», with starting time T > 0
and initial condition @ (z, ) = I, satisfying

t 9q t
D(t,t) =1, +/ AD(s, 1)ds + Z/ lI/k<D(s—, T)d M (s) (15)
T k=1 T

fort > t > 0. Of course, we have @(¢,0) = @ (¢). Analogous to Eq. (13), we can
show that

E [¢(r, BBT®T(:, r)] — BBT +[E [cp(s, )BBT &7 (s, r)] ds AT
+A/ttIE[cD(s,r)BBTqﬁT(s,r)]ds
+ iwk/t]E[qﬁ(s, 0)BBT &7 (s, r)] ds (W97
="/
X E[Mk(l)z]. (16)

This yields that E [@ (7, T)BBT @7 (1, 7)] is the solution of the differential equation

q
T(1) = AY(D) + YO AT + D v (i) @whT E [Mk(l)z] (17)
k=1

for ¢ > T with initial condition Y(z) = BBT.
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Remark Fort >t > 0, we have @ (¢, 1) = ®(1)® ' (1), since @ (1)@ ! (v) fulfills
Eq. (15).

Compared to the deterministic case (¥* = 0) we do not have the semigroup prop-
erty for the fundamental solution. So, it is not true that @ (¢, 7) = @ (t — t) P-almost
surely holds, because the trajectories of the noise processes on [0, — 7] and [z, ]
are different in general. We can however conclude that E [@ (¢, 1)BBT @7 (1, 7)] =
E [(D (t—7)BBT®T(r — 7:)], since both terms solve Eq. (17) as can be seen employ-
ing (13).

Now, we derive the solution representation of the system (9) via using the stochastic
variation of constants method. For the Wiener case, this result is stated in Theorem
1.4.1 in Damm [11].

Proposition 3.4 (P (1)z(1)),>( is a solution of Eq. (9), where z is given by
dz(t) = @~ () Bu(n)dr, z(0) = xo.

Proof We want to determine the stochastic differential of @(¢)z(t), ¢t > 0, where
its i-th component is given by eiT @(t)z(t). Applying the Ito product formula from
Corollary 2.4 yields

t t
T D120 = e o + / el D (s—)d(2(s)) + / T ()d (@7 (5)e).
0 0

Above, the quadratic covariation terms are zero, since z is a continuous semimartingale
with a martingale part of zero (see Eq. (2)). Applying that s — @ (w, s) and s >
@ (w, s—) coincide ds-almost everywhere for P-almost all fixed w € £2, we have

t t
ef@(t)z(t) = eiTx0+/ e,-Td>(s)Q§_l(s)Bu(s)ds +/ zT(s)CDT(s)ATe,-ds
0 0
q t
+Z/ ()T (s—) N T e;d My (s)
k=170
t t
= eiTxo+eiT/ Bu(s)ds +el-T/ AD(s)z(s)ds
0 0
q t
+efZ/ Uk (s—)z(s)d My (s).
k=1 0
This yields
t 4q t t
D()z(t) = xg +/ AD(s)z(s)ds + Z/ l1/k<D(s—)z(s)de(s) +/ Bu(s)ds.
0 =0 0

O
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Below, we set P, := féE[@(s)BBTqﬁT(s)]ds and call P, finite reachability
Gramian at time t > (0. Furthermore, we define the so-called finite deterministic
Gramian Pp; = fot eAs BBT eA's 5. P; and Pp;,t > 0, coincide in the case
gk = 0. By X (T, 0, u) we denote the solution of the inhomogeneous system (9) at
time 7" with initial condition zero for a given input . From Proposition 3.4, we already
know that

T T
X(T,0, u):/ cD(T)d)_l(t)Bu(t)dt:/ (T, 1)Bu(t)dt.
0 0

Now, we have the goal to steer the average state of the system (9) from zero to any
given x € R" via the control # with minimal energy. First of all we need the following
definition, which is motivated by the remarks above Theorem 2.3 in [5].

Definition 3.5 A state x € R" is called reachable on average (from zero) if there is a
time T > 0 and a control function u € L2T, such that we have

E[X(T,0,u)] = x.
We say that the stochastic system is completely reachable if every average vector x €
R isreachable. Next, we characterize the set of all reachable average states. First of all,

we need the following proposition, where we define P := fooo E [CD (s)BBT@T (s)] ds
in analogy to the deterministic case.

Proposition 3.6 The finite reachability Gramians Py, t > 0, have the same image as
the infinite reachability Gramian P, i.e.,

im P, = im P
forallt > 0.

Proof Since P and P, are positive semidefinite and symmetric by definition it is
sufficient to show that their kernels are equal. First, we assume v € ker P. Thus,

0< vTP,v < v Pov =0,

since t — v! Pvis increasing such that v € ker P; follows. On the other hand, if
v € ker P; we have

t
0=2v"Pv= / JTE [@(S)BBTCDT(S)] vds.
0

Hence, we can conclude that v"E [@(s) BB @7 (s)] v = 0 for almost all 5 € [0, 7].
Additionally, we know that t — E [<D(t)BBT<DT(t)] is the solution of the linear
matrix differential equation
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q
T(1) = AY(D) + YO AT + D v Y wHT E [Mk(l)z]
k=1

with initial condition Y(0) = BB for ¢ > 0. The vectorized form vec(Y) satisfies
] q
vee(Y (1)) = (In ®A+ARL+ D Veuk.E [Mk(l)z])vec(Y(t)),
k=1
vec(Y(0)) = vec(BBT).
Thus, the entries of E [q)(t)BBT<DT(t)] are analytic functions. This implies that the

function f(t) := vIE [tp(t)BBT(DT(t)] v is analytic, such that f = 0 on [0, 00).
Thus,

o0
0 :/ JTE [@(S)BBTd)T(s)] vds = vT Pu.
0

O

The next proposition shows that the reachable average states are characterized by the
deterministic Gramian Pp := fooo eAs BBT eA's ds, which exists due to the asymp-
totic stability of the matrix A, which is a necessary condition for asymptotic mean
square stability of system (9).

Proposition 3.7 An average state x € R" is reachable (from zero) if and only if
x € im Pp, where Pp := [;~ e BBT eA’s ds.

Proof Provided x € im Pp, we will show that this average state can be reached with
the following input function:

[0,T15 1 > u(t) = BT A" 7= Pl .y, (18)

where Pﬁ r denotes the Moore-Penrose pseudoinverse of Pp 7. Thus,

T
E[X(T,0,u)] =E [/ & (T, )BBT A" (T—D Pg)Txdt}
0

by inserting the function u. Applying the expectation to both sides of Eq. (15) yields
E[®(t, 1)] =20,

Using this fact, we obtain

T
E[X(T,0, u)]:/ AT =0 BT A" T=0 Pl xds.
0
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We substitute s = 7 — ¢ and since x € im Pp 7 by Proposition 3.6, we get
r T
E[X(T,0,u)] =/ e BB N Y dsP} ;x = Pp 1 P} ;x =x.
0

. . T .

The energy of the input function u(t) = BT e 7= Pi _x is
2 T p#

||u||L% =x" Pppx < o0.

On the other hand, if x € R” is reachable, then there exists an input function u and a
time t > 0 such that

t 1
x=E[X(#0,u)]=E [/ @(r,s)Bu(s)ds] =/ e BE [u(s)] ds
0 0

by definition. The last equation we get by applying the expectation to both sides of
Eq. (9). We assume that v € ker Pp. Hence,

Ix, vzl—’/ (40 BE (s, o),

‘/ E[u(s)], BT A =9 >2ds .

Employing the Cauchy-Schwarz inequality, we obtain
! T
ovhal = [ NET [B7 €0 o] as
0

' 1
E/ (IE ||u(s)||%)2 HBTCAT('_S)UHZCZS.
0

By the Holder inequality, we have

1
t To 2 2
(e, vl < lull 2 (/ BT e ””Hz‘“)
0

t 2 1
— ”"‘”L? (UT/O eA(t—s) BBT eAT(th‘) ds v) — ||u||Lt2 (UTPD,zv)z

Since t +— vTPD‘tv is increasing, we obtain

1

[, v)al < lell 2 (7 Pov)* =0,

Thus, (x,v), = 0, such that we can conclude that x € im Pp due to im Pp =
(ker Pp)*. O

Below, we point out the relation between the reachable set and the Gramian P :=
I E[@(s)BBT @ (5)]ds.
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Proposition 3.8 If an average state x € R" is reachable (from zero), then x € im P.
Consequently, im Pp C im P by Proposition 3.7.

Proof By definition, there exists an input function # and a time ¢ > 0 such that

t
x=E[X#0,u)]=E |:/ D(t, s)Bu(s)dsi|
0

for reachable x € R". We assume that v € ker P. So, we have

_ ! T 5T
_‘E[/O <u(s),B @ (t,s)v>2ds .

Employing the Cauchy-Schwarz inequality, we obtain

t
(s v)al = ‘E [/ (@1, 5)Bus), U)zdsj|
0

Ix, v)ol < E [/ el [ BT ¢, s)szds} .
0

By the Holder inequality, we have

! 2 7
|x, v)al < a2 (E [/ BTcpT(t,s)szdsD
0

¢ 1
= [lull,» (UTE [/ q§(t,s)BBTq§T(t,s)dsi| v)2 )
! 0

With the remarks above Proposition 3.4, we obtain

IE[@D([ —5)BB T (1 — s)] = ]E[(D(t,s)BBT@T(t,s)],

such that

2
[, v)al < Nl 2 (07 Pro)

Since t — vT P is increasing, it follows

2
[, )l < el (7 Po)” =0,
Thus, (x, v), = 0, such that we can conclude that x € im P due toim P = (ker P)*L.
O
Now, we state the minimal energy to steer the system to a desired average state.

Proposition 3.9 Let x € R" be reachable, then the input function given by (18) is the
one with the minimal energy to reach x at any time T > 0. This minimal energy is
given by xTPg,Tx.
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Proof We use the following representation from the proof of Proposition 3.7:
T
E[X(T,0,u)] = / eAT =D BE [u(r)] dt.
0

Let u(t) be like in (18) and u(¢), t € [0, T'], an additional function for which we can
reach the average state x at time 7', then

T
/ e 7D B (E[i(t)] — u())dt =0
0
such that
T T
E [/ u®’ @) — u(t))dt:| = / u®’ (E[a@®)] —u@®)dt =0
0

0

follows. Hence, we have
~ 2 ~ 2 2 ~ 2 2
u =llu+Ww—u = ||lu + lu—u > |u .
l IILzT llu + ( )IIL% l IIL% l IIL% I IILzT

From the proof of Proposition 3.7, we know that the energy of u is given by x” Pg’ rX.
(]

The following result shows that the finite reachability Gramian Pr provides informa-
tion about the degree of reachability of an average state as well.

Proposition 3.10 Ler x € R" be reachable, then
xT P#x < xTPg’Tx
for every time T > 0.

Proof Since x is reachable, x € im Pr by Proposition 3.6 and Proposition 3.8.
Hence, we can write x = Pr P]#fx, where P;f denotes the Moore-Penrose pseudoin-
verse of Pr. From its definition, the finite reachability Gramian is represented by

P =E [fOT (T —1)BBT &7 (T — t)dt] and since

E [qb(T — BB ST (T — r)] —E [ds(T, nBBT o7 (T, t)] ,

we have

T
x=E [/ &(T,)BBT o7 (T, t)P#xdt:| .
0

Now, we choose the control u(t) = BT ) Pg 7%, t € [0, T],of minimal energy
to reach x, then
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T
E [/ ®(T,1)B (BTcpT(T, 1) Plix — u(t)) dt] =0.
0

Setting v(t) = BT @7 (T, 1) Pfx fort € [0, T] yields

T
E [/ vl (1) (v(t) — u(t))dti| =0.

0

We obtain

TP# 2 2 2 2 2
= = — = — >
X FprX ||M||L2T v+ (u U)”LzT ||U||L2T + llu UHL% = ||U||L%

_ T p#
=x" Prx.
a

Consequently, the expression x” P#x yields a lower bound for the energy to reach
x and is the L2T-n0rm squared of the function v(t) = BT T (T, t)P#x, t € [0,T].
With v we would also be able to steer the system to x in case it would be a valid
control. Unfortunately, unavailable future information enters in v which means that it

is not (:#;),¢[0,11- adapted. So, one can interpret the energy xT (Pﬁ D~ P#) x as the
benefit of knowing the future until time 7.

By Proposition 3.9, the minimal energy that is needed to steer the system to x is given
by infr~¢ xT P};Tx. By definition of Pp 7 we know that it is increasing in time such
that the pseudoinverse PE,T is decreasing. Hence, it is clear that the minimal energy
is given by x” ng, where Pg is the pseudoinverse of the deterministic Gramian Pp.
Using the result in Proposition 3.10 provides a lower bound for the minimal energy to
reach x:

xT P¥x < xTng 19)

with P# being the pseudoinverse of the reachability Gramian P. Using inequality (19),

we get only partial information about the degree of reachability of an average state x

from P#. So, it remains an open question whether an alternative reachability concept
would be more suitable to motivate the Gramian P.

Similar results are obtained by Benner and Damm [5] in Theorem 2.3 for stochastic

differential equations driven by Wiener processes. For the deterministic case we refer
to Sect. 4.3.1 in Antoulas [1].

3.2 Observability concept
Below, we introduce the concept of observability for the output equation

Y (1) =CX(1) (20)
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corresponding to the stochastic linear system (9), where C € R”*". Therefore, we
need the following proposition.

Proposition 3.11 Let Q be a symmetric positive semidefinite matrix and Y, =
X(-,a,0), Yy := X(-, b,0) the homogeneous solutions to (9) with initial conditions
a,b e R", then

t
E [Ya )7 QYb(t)] —d"Ob+E [/ Y7 (s)0AY, (s)dsi|
0
t
+E [/ v (s)AT QYb(s)ds]
0

q
+E [/t Yo)" > (whT OUtE [Mk(1)2] Yb(s)dsi| @l
0

k=1

Proof By applying the Ito product formula from Corollary 2.4, we have

t t
YT (1) QYy(1) = a” Ob + /O Y (s—)d(0Yp(s)) + /0 Y (s—)0d(Ya(s))

+ > el Ya(t), ] QYp ()],

i=1

where e; is the i-th unit vector (i = 1, ..., n). We get
t n t "
/ Y7 (s2)d(0Yy(s)) = / v7 (s—) O AYy(s)ds
0 0
q t
+> / Y[ (s—) QU Yy (s—)d My (s)
k=170
and
t t
/ Y] (s—) Qd(Ya(s)) = / Yp(s—)T QAY,(s)ds
0 0
q t
D3 R AT TR ARSITAC)
k=170

By Eq. (8), the mean of the quadratic covariations is given by

q t
Ele] Yu(1), e] QY ()], = Z]E/ T UkY, (s)el QWY (s)ds E [Mk(1)2].
k=1 0
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With Theorem 2.11 (i), we obtain
E[¥a)" 0%0)] =" 0b +E [ /O t YJ@)QAYb(s)ds}
+E [ /0 t YJ(s)ATQYb(s)ds]
+ él@ [ /O t Ya<s>T<wk)TkaYb<s>ds] £ [M(1)?]

using that the trajectories of Y, and Y, only have jumps on Lebesgue zero sets. O

If we seta = ¢; and b = ¢; in Proposition 3.11, we obtain
t
E [efcb(t)Tst(t)ej] =e] Qe;+E [/ eiT¢T(s)QAQ§(s)ejdsi|
0
t
+E [/ eiT@T(s)ATde(s)ejds]
0
t q .
+E [/ T o) > WHT QUHE [ Mi(1)?] (D(s)ejds:|.
0 k=1

This yields
t t
E [qb(z)Tqu(z)] =0+E [/ ¢T(S)QA¢(s)dsj| +E [/ qu(s)ATqu(s)ds]
0 0
t q
+E [/ o(5)" > WhT OUE [Mku)z] qb(s)ds] .
0 k=1

Let Q be the solution of the generalized Lyapunov equation

q
ATQ+ 04+ > (@HT 0wt B[ M(1?| = —cTc. 22)
k=1

Then,

t
E [¢(t)TQq§(t)] —0-F [/0 ¢T(S)CTCCD(s)ds]

and by taking the limit r — oo, we have

0=E [/Oo @T(s)CTCCD(s)ds:| (23)
0
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due to the asymptotic mean square stability of the homogeneous equation (u = 0),
which provides the existence of the integral in Eq. (23) as well.

Remark The matrix Eq. (22) is uniquely solvable, since

q
L= (AT L+ 1, @ AT +> WHT @ W . E [Mk(l)z])
k=1

has non zero eigenvalues and hence the solution of L - vec(Q) = — vec(C Tcyis
unique.

Next, we assume that the system (9) is uncontrolled, that means # = 0. By using our
knowledge concerning the homogeneous system, X (¢, xo, 0) is given by @ (¢)x¢, where
here, xo € R” denotes the initial value of the system. So, we obtain %/ (1) = C® (t)xo.

We observe % on a time interval [0, co). The problem is to find x¢ from the
observations we have. The energy produced by the initial value xg is

o o0
12113, = IE/O T O (t)dr = xOTE/O ol (T ca(r)dt xo = x{ Oxo,
(24)

where we set Q := E fooo &7 (s)CTCP(s)ds. As in Benner and Damm [5], Q takes
the part of the observability Gramian of the stochastic system with output Eq. (20).
We call a state xo unobservable if it is in the kernel of Q. Otherwise it is said to be
observable. We say that a system is completely observable if the kernel of Q is trivial.

4 Balanced truncation for stochastic systems

For obtaining a reduced order model for a deterministic LTI system, balanced trunca-
tion is a method of major importance. For the procedure of balanced truncation in the
deterministic case, see Antoulas [1], Benner et al. [4] and Obinata, Anderson [20]. In
this section, we want to generalize this method for stochastic linear systems, which
are influenced by Levy noise.

4.1 Procedure
We assume A, Wk e R k=1,...,9), BeR"”™" and C € RP*", and consider

the following stochastic system:

q
dX(t) =[AX(t) + Bu(t)]dt + Z whkX (t—)dM(t), t >0, X(0) = xo,
k=1
Y (1) =CX(1), (25)
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where the noise processes My (k = 1, ..., g) are uncorrelated real-valued and square
integrable Levy processes with mean zero. We assume the homogeneous solution Yy,
which fulfills

q
dY (1) = AY (t)dt + D W Y (t=)dMy (1), >0, Y(0) = yo.
k=1

to be mean square asymptotically stable. In addition, we require that the system (25) is
completely reachable and observable, which is equivalent to Pp and Q being positive
definite. Hence, the reachability Gramian P is also positive definite using Proposi-
tion 3.8.

Let T € R"*" be a regular matrix. If we transform the states using
X0 =TX@),

we obtain the following system:

LS

dX(t) = [AX(t) + Bu(t))dt + Z KX (t—)dM, (1), X(0) = Txo,

Y1t)=CX(@1), t>0, (26)

where A = TAT !, 17 TwkT—1, B =TBand C = CT!. For an arbitrary
fixed input, the transformed system (26) has always the same output as the system
(25).

The reachability Gramian P := fooo E [cD(s)B BT<1§T(S)] ds of system (25) fulfills

q
—BB" = AP + PAT + > kPl . ¢
k=1

where ¢y = E [Mk (1)2]. By multiplying 7' from the left and 77 from the right hand
side, we obtain

—BBT =T7APTT + TPATTT + ZTW"P(W YT ¢
k=1

q
= ATPT" + TPTTAT + > W TPTT (W5 - ¢
k=1

Hence, the reachability Gramian of the transformed system (26) is given by P =
TPTT. For the observability Gramian of the transformed system it holds O =

TQT ! where 0 = fo [¢T(S)CTC(D(S)] ds is the observability Gramian
of the original system. Hence,
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In addition, it is easy to verify that the generalized Hankel singular values oy > - - - >
o, > 0 of (25), which are the square roots of the eigenvalues of P Q, are equal to
those of (26).

Like in the deterministic case (see [1] and [20]), we choose T such that Q and P are
equal and diagonal. A system with equal and diagonal Gramians is called balanced.
The corresponding balancing T is given by

1

T=3'K'U 'and T~ = UKX"2, (27)

[N

where ¥ = diag(oq, ..., 0,), U comes from the Cholesky decomposition of P =
UUT and K is an orthogonal matrix corresponding to the eigenvalue decomposition
(singular value decomposition (SVD) respectively) of UT QU = KX 2KT . So, we
obtain

O0=P=13.

Our aim is to truncate the average states that are difficult to observe and difficult to
reach, which are those producing least observation energy and causing the most energy
to reach, respectively. By equation (24), we can say that the states which are difficult
to observe are contained in the space spanned by the eigenvectors corresponding to the
small eigenvalues of Q. Using (19), an average state x is particularly difficult to reach if
the expression x” P~ !x is large. Those states are contained in the space spanned by the
eigenvectors corresponding to the small eigenvalues of P (or to the large eigenvalues
of P~!, respectively). The eigenspaces that correspond to the small eigenvalues of P
contain all difficult-to-reach states if we would know the future completely, see the
remarks below Proposition 3.10. In a balanced system, the dominant reachable and
observable states are the same.
We consider the following partitions:

wT 1 . X
T_[y} T [Vﬂ]de_(m),

where WT € R™" vV € R"*" and X takes values in R” (r < n). Hence, we have

dX()\ _ ([wTAV WTAT] ( X(t) N WT ®
ax,) = 7{Av TIAT [ \X1(0) 7B |"
wlwky  wlwkn [ X(—
+ Z I:TTII//( T2TIIIkT11} (Xl((tt—))) de(t) (28)
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and

vy =[cv cr] ( ;fl((tt))) .

By truncating the system and neglecting the X terms, the approximating reduced
order model is given by

q
dX(@t) = [WTAVX @) + WT Bu(t)]dt + Z WTwky X (t—)dMi (1),
k=1

Y1) =CVX({). (29)

We will show now that the homogeneous solution Y yo Of the reduced system (29)
fulfilling

q
dy @) = WTAVY (t)dt + Z WIwkvy t—)dMi (1), Y (0) = yo, (30)
k=1

is mean square stable which means that it is bounded in mean square.

Proposition 4.1 Let Y o be the homogeneous solution satisfying Eq. (30) with initial
condition yo € R", then

- 2 g )
E|7o] = Z v, 120 (3D
27 o
Proof In Eq. (28), we block-wise set
A A | TwTAV WTAT, ind e | TwTwky wlwkT,
As Ay | LT AV TS AT gk ook | T LT etV Tk |
In the corresponding output equation, we block-wise define

[61 62] = [CV CT[] .
We know
Al A [21 ]+ |:21 } An A
AT, AT, 22 22]| Aur Axp
+Zq: WFOT T [ = ol ook e Cici Cl Gy
k=1 W@)" W)’ 2|9 ¥ C;C1C10

where Y| = diag(oy,...,0), X» = diag(oy41,...,0,) and ¢ = E[M(1)2].
Considering the left upper block, we obtain

@ Springer



318 Stoch PDE: Anal Comp (2015) 3:291-338

q q
AL D1+ 21 An+ Y ()T 219, -ck=—(Z(w2’<1)T22w2"1 -ck+C1TC1)=:L.
k=1 k=1

From Eq. (21), we can conclude that

t
E [Yyo(t)Tzleo(t)] =y Z1yo+E [ /O Y1 () Z1A1Y,y, (s)ds]
t ~ ~ ~
+E [/ Y1 (9)A] X Yyo(s)dsi|
0

t q
+E [/ Yy ()" D (@f)" 219, ckl?yo(s)ds:| :
0

k=1

Thus,

t
E[ 7,007 2190 ] = 3§ Z130 + E [ /0 7T ()L, (s)ds} < 3§ Z1yo.

T

Using o, v" v < v v < o1vT v, we obtain

0 [0 (1) T ()] = 0138 0.
O

Remark (i) One persisting problem is to find an explicit structure of the Gramians
of the reduced order model. As we will see in an example below, in contrast to
the deterministic case the reduced order model is not balanced, that means the
Gramians are neither diagonal nor equal. In addition, the Hankel singular values
are different from those of the original system.

(i) From Proposition 4.1, we know that Y yo 1s bounded. This is equivalent to

q
I @A +An®I + zllllkl V¥l -E [Mk(l)z]
k=1

has just eigenvalues with non positive real parts, where A;; := W7 AV and
llllkl := WTwkV . To prove the asymptotic mean square stability of the uncon-
trolled reduced order model it remains to show that the Kronecker matrix above
has no eigenvalues on the imaginary axis. This was shown in [6]. Hence, we know
that balanced truncation preserves asymptotic mean square stability, also in the
stochastic case.

Example 4.2 'We consider the case, where ¢ = 1 and the noise process is a Wiener
process W. So, the system we focus on is
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dX (@) =[AX @) + Bu(®)]dt + WX ({@)dW (1),
Y(t)=CX®). (32)

The following matrices (up to the digits shown) provide a balanced and asymptotically
mean square stable system:

—4.4353  3.9992 —0.3287 —3.4648 —1.9391 —3.6790
A= 29337 —11.0285 —0.4319 B = ( 5.7925 41379  2.3036 ) s
—0.0591  —0.1303 —11.5362 —0.3258  1.1359 2.8972
—1.4886  2.8510  —0.2429 —3.0588 0.4275  0.2630
v = ( 0.4720  0.5803 3.1152 ) , C = | —4868 1.2886 1.0769 | .
—1.6123 —0.8082 —0.0917 —4.3349 0.6747 —0.1734

The Gramians are given by

8.4788 0
P=Q=E=( 0 3.3232 0 )
0 0 1.4726

The reduced order model (r = 2) is asymptotically mean square stable and has the
following Gramians:

_ (77470 —0.3562 _ (77495  —0.2074
Pr = (—0.3562 2506 ) and Or = (5107, 2080 )

The Hankel singular values of the reduced order model are 7.6633 and 2.7001.

At the end of this section, we provide a short example that shows that the reduced order
model need not be completely observable and reachable even if the original system is
completely observable and reachable:

Example 4.3 We consider the Eqs. (32) with the matrices

A.B.w0=("% Y. (k). 5.0 W)

and obtain a balanced and asymptotically mean square stable system being completely
reachable and observable. The Hankel singular values are 2 and 1. Truncating yields
a system with coefficients

(A1, B1, %11, C1) = (—0.25, 0, 0, 0) having Gramians Pgr = Qg = 0.

4.2 Error bound for balanced truncation
Let (A, W%, B,C) (k = 1,...,q) be a realization of system (25). Furthermore, we

assume the initial condition of the system to be zero. We introduce the following
partitions:

@ Springer



320 Stoch PDE: Anal Comp (2015) 3:291-338
AT = |4 ARl pgkpet Vi ¥ 78 =21 and
Ay Ax; |’ 2N ’
cr'=[c G, (33)

where T is the balancing transformation defined in (27) and (A1 1 llflkl ,B1,C 1) are the
coefficients of the reduced order model. The output of the reduced (truncated) system
is given by

t
Y(t)y=CX@t) = Cl/ D (t, s)Biu(s)ds,
0
where @ is the fundamental matrix of the truncated system. In addition, we use a
result from [6]. Therein it is proven that the homogeneous Eq. (u = 0) of the reduced
system is still asymptotically mean square stable. This is vital for the error bound

we provide below since the existence of the Gramians of the reduced order model is
ensured. Moreover, we know

t
Yt)=CX(t) = C/ @(t, s)Bu(s)ds.
0

It is our goal to steer the average state via the control u# and to truncate the average
states that are difficult to reach for obtaining a reduced order model. Therefore, it is a
meaningful criterion to consider the worst case mean error of 74 () and %/ (). Below,
we give a bound for that kind of error:

t t
E H@A(z) - @(;)H2 —E ”C/O ® (1, 5)Bu(s)ds — CI/O & (1, 5)Bu(s)ds

t
sE/
0

t
sE/
0

and by the Cauchy-Schwarz inequality, it holds

2

(Cq)(t, $)B — C, (1, s)Bl) u(s)| ds

Co(t,s)B —C ®(t,s)B; HF luls)l2ds,

2500,
e
0

B 2
Co(t,s)B — C1D(1,5)B) HFds

1 , 1
Cd(t,s)B — clci(t,s)Blndes)z (IEJ/ ||u(s)||§ars)2 .
0

Now,

t
/
0

t - 2 -
= E/ ICo(r, 5)B|% + Hclqb(t, s)B1HF - 2<c<p(r, $)B, C1 b1, s)B1>F ds
0

t
- E/ tr (CcD(t,s)BBTcDT(t,s)CT) ds
0
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t
+IE/ tr (cqu(t,s)BlBquiT(t,s)c{) ds
0
t ~
—ZIE/ tr (C(D(t,s)BBlepT(t,s)ClT) ds
0
t
—r (c/ E[@(z,s)BBTq)T(t,s)] ds CT)
0
t
+tr (C1/ E[é(z,s)BlBquiT(z,s)]ds C{)
0
t
2 (c/ E[@(t,s)BBqusT(t,s)] ds c{). (34)
0
Due to the remarks before Proposition 3.4, we have

E [@(z‘, s)BBT &7z, s)] ) [cp(t —5)BBT o (1 — s)] and

E [qS(t, s)B1BT &7z, s)] —E [dS(t — $)B B &7 (¢t — s)]

for 0 < s < t. Furthermore, we need to analyze the term in (34). For that reason, we
need the following proposition:

Proposition 4.4 The R™"*" -valued function E [@(l)BBqusT(t)], t > 0, is the solu-
tion of the following differential equation:

q
Y1) = YAl + AY() + D w* () @f)T E [Mk(l)z] . Y(0) = BBT.

k=1
(35)
Proof With B = [by, ..., b,] and By = [51, ... l;m] we obtain
& (1)BBI &7 (1) = 2 (1)b1b] T (1) + - - - + @ (1)byb L BT (1). (36)

By applying the Ito product formula from Corollary 2.5, we have

13 13
O (t)byb! T (1) =b115,T—|—/ d(q)(s)bl)E,TéT(s—)Jr/ O (s—)bid(b] ®7 (s))
0 0

+ ([ef obiefdbi] ) sy -

,,,,,

j=1,..., r

From (8), we know that

q t
E [e,.Tcpb,, echbb,]t ->E [/O eiTU/kQ)(s)blblT@T(s)(d/{‘])Tejds:| E [Mk(l)z] .
k=1
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With Theorem 2.11 (i), we obtain
t
E [q)(r)b,b,TqST(t)] = bibT +E [/ qﬁ(s)blbquST(s)ds] AT
0
l ~ ~
+ AE [/ q§(s)b1blT<DT(s)ds]
0

q t
+> W' [/ q>(s)b,15,Tq5T(s)ds] Wh)TE [Mk(1)2]
k=1 0

using that the trajectories of @ and @ only have jumps on Lebesgue zero sets. By Eq.
(36), we have

t
E[@(t)BBqusT(t)] = BBlT+IE[/O (D(s)BBqusT(s)ds:| Al

t
+ AE [/ qﬁ(s)BBquBT(s)ds}
0
q t .
+> e [/ qﬁ(s)BBqusT(s)ds} WE)TE [Mk(l)z]
k=1 0
(37)
which proves the result. O
By Proposition 4.4, we can conclude that the function £ [<D (t— r)BBlTQST (r— r)],

t > t > 0, is the solution of the equation

q
V(1) = YOAT, + AY() + > v* Y@@l E [Mk(l)z] . Y(¢) = BB,
k=1
(38)

for all + > t > 0. Analogous to Proposition 4.4 we can conclude that
E [(P(t, t)BBquST(t, r)] is also a solution of Eq. (38), which yields

E [d)(t, 0)BBT &7z, r)] ) [¢(t —0)BBT T (1 — r)] (39)
forall t > v > 0. Using Eq. (39), we have

t
/
0

t
—tr (c/ E[@(r—s)BBTq)T(t—s)] ds CT)
0

- 2
Co(r,5)B — C,D(t, s)By HF ds
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t
tir (cl/ E[q”s(z—s)BlBquBT(t—s)]ds clT)
0
t
-2 tr (C/ E [di(t — s)BBngBT(t — s)] ds CIT) .
0
By substitution, we obtain
t
=
0
t
—tr (c/ E[@(S)BBTCDT(S)] ds CT)
0
t
+ir (cl/ IE[(IS(S)BlBlTQST(s)] ds CIT)
0
t
2 (c/ E[@(S)BBITQST(S)] ds c{)
0

t
:]E/
0

The homogeneous equation of the truncated system is still asymptotically mean square
stable due to [6]. Hence, the matrices Pg = E [;° @ (1) B B] &7 (1)dt € R™" and
Py =E [;° @ (1)BBI T (r)dv € R™" exist. So, it holds

_ 2
Co(t,s)B — C19(t, s)B; HF ds

- 2
Cd(5)B — C,(s)B, HFds.

E H@A(r) — @/(r)H < (E/Oo Hc<p(s)13—clqi(s)BlH2 ds)5 (E/t ||u(s)||§ds)é
2 0 F 0
:(tr (CPCT) +ir (ClPRClT) 2w (CPMC{))% lull 2 .

where P = E [;° @(t)BBT @7 (t)dr is the reachability Gramian of the original
system, Pg the reachability Gramian of the approximating system and Pj; a matrix
that fulfills the following equation:

q
0= BB + PyAl, + APy + > WPy wl)" E [Mk(l)z] .0
k=1

which we get by taking the limit # — oo on both sides of Eq. (37). We summarize
these results in the following theorem:

Theorem 4.5 Let (A, vk B, C) be a realization of system (25) and (A“, llflkl,
B1, Cy) the coefficients of the reduced order model defined in (33), then

t:[g,pr]E H@X;)—@(z)”zg (tr (CPCT)+tr (ClPRCIT) 2w (CPMC{))% ol 2

(41)
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for every T > 0, where % and Y are the outputs of the original and the reduced
system, respectively. Here, P denotes the reachability Gramian of system (25), Pr
denotes the reachability Gramian of the reduced system and Py satisfies Eq. (40).

Remark Ifu € L* we can replace ||-||L% by ||-|l;2 and [0, T] by R in inequality (41).
Now, we specify the error bound from (41) in the following proposition.
Proposition 4.6 If the realization (A, vk B, C) is balanced, then

tr (CPCT + ¢ PrCT — 2CPMC1T)

q
= r(Z2(B2B] +2Pu2AL) + D tr(Z2(2%5 Py o (W5))"
k=1

+ 20 Py (93D — W3 PrO#D e,
where Py 1 are the first r and Py 2 the last n — r rows of Py, cx = E [Mk(l)z] and
Xh = diag(oy41, - .., op).

Proof For simplicity of notation, we prove this result just for the case ¢ = 1 but of
course it is easy to generalize the proof for an arbitrary ¢g. Here, we additionally set
W =wlandc:= c1. Then, we have

Al AL = N 2 Al Ap
Af, A] 2 2| | A Ax

" L 2] [21 ”:‘1/11 le]c__ cle, clc,
v W D] ¥n ¥ clfe, cla |

Hence,
T T T _ T
A2+ Z1An +H Y 2 1VPc + Wy Xosic = —C Cy, (42)
AL S+ 500 + WL 2w + W E1 e = —C1 Gy (43)
and
T T T _ T
Furthermore,

T T
A Ap| |21 " 2 Ay Ay
Ayl Az > || AL AL
N U | |3 vl vl o BBl BB
U Wy 3 '1/12 '1/22 BzBlT BQBZT ’
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such that one can conclude

AnZ 4+ DA+ 2 e + v 2wlhe = —B 1B (45)
and

An X + DrA% + Y aWhe + Wy X1Wy ¢ = —B)Bj . (46)
From

Air A || Pua Pui| ,r Ui Y || Puil|,r
T+ LA+ CYSe
|:A21 Axn || Pu2 Pyuo| 1T | || Py M
B BT
| BBT

we also know that

A1 Py + A Pya + Py AT+ Wi Py wlic + Wi Py 2wlic = —B 1Bl
47)

We define & := (ir (CXCT) +tr (C, PrC]) — 2 tr (CPyCT))? and obtain

&% = tr([C1 ] [21 22] [gﬂ) +ir (C1 PRCIT)
2w ([01 C] [;’Zj C{)

= tr(Co22CT + C1 3 CT + € PrCT — 20 Py CT — 20, Py 5 CT.
Using Eq. (44) yields

tr(—Cy Py 2CT)
=tr(—C{ C2Py )
=tr (Ale 2oPya2+ Y1A1Pun + ‘1/1T1 2 1Wi2 Py pc+ %Tl 22‘1’22PM,2C)

=tr(AY, 20 Py o + A PyaZ1 + Y12 Py aW Zic 4+ Wi 2rWas Py sc).
By Eq. (47), we obtain

tr(—Cy Py 2CT)
=tr(AY, 2y Py o + W 2200 Py ac)
—tr((B1Bl + Py Al + A Pyy + 11 Py o) ).
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Using Eq. (42), we have

tr(Py 1 AT, + A1 Py + W11 Py o) Z0)
=t(AT, 21 + 21 A1 + ] 2110 Py )
= —tr(CI C1 Pyt + ¥ 2221 Py ic),

and hence

& =tr(Cr2,CF 4+ €1 3 CT + € PrCT) + 2t0(AL, 22 Py o + W 22000 Pyg 2c)
—2tr(B1 BY X)) 4+ 2tr(W 2w Py 10).

Thus,

& = tr(Zo(CT Cy + 2Py 2 AL, 4+ 20y Py 2 Wi e + 2901 Py 1 W5i6))
+tr(C1 2,C] — B1BY 21 + Bl (Qr — Z1)B1)

using the identity tr(Cy Pg CIT) = tr(BlT QrB1). Inserting Eq. (45) provides

tr(—=BiBf £1) = r(A1 1 51 + Z1A[ Z1 + V1 5%, Zic + Y 50 Die)
= (1 Z1A1 + DA D1+ D19 S e+ Wi 5w Do)
= —t(ZCICy) — (1) Zownie) + r(Wn 2w Zie).

So, it holds

6% = w(22(C3 Co + 2Py 2 A3 + 2¥n Py a W ¢ + 221 P, 1931)
+ (2 (V) Z1Wiac — ¥ X195 0))
+tr(B{ (Qr — Z1)B)).

From (43), it follows

tr(22W1T221 Yirc) = tr(—Ez(AszEz + 3Hr A + WZEEQWQZC + C2TC2))
= tr(= 22 (20 AL, + A Ty + U oWl e 4+ CT Cy)).

Using (46) yields
T _ T T T
tr(X2oW ), X1¥i2c) = tr(X(Y21 X1W, ¢ + Bo By — C; (7)),
such that

tr( 2 (W Z1Wac — Wy 219 0) = tr(Z2(BaB) — C1Cy)),
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and hence,

&% = tr(22(BaBY 4 2Py 2 AL, 4 2Wan Py 2 W ¢ + 201 Pas 15 €))
+w(B{ (Qr — Z1)B1).

By definition, the Gramians Pg and Qg satisfy

AL Or + QrAL + W] Qr¥11c = —CT Cy
and

A1 Pg + PrAT, + & Pr¥] e = —BB].
Thus,

tr(B1B{ (Qr — X1))
= tr(—(A11 Pr + PRA]| + W11 PR¥10)(Qr — X))
=tr(—Pr(A];(Qr — Z1) + (Qr — DAL + ¥[[(Qr — Z1)¥110))
= tr(— PrYS, ¥ ).

Finally, we have
éaz :tI'(EQ(BszT—‘rZPM,QAgl +2W22PM’2WZTIC+2W21PM,llIJz];C — Y1 Pr 11/2716‘)).
O

The error bound we obtained in Proposition 4.6 has the same structure as the %3 error
bound in the deterministic case, which can be found in Sect. 7.2.2 in Antoulas [1].
Furthermore, with this representation of the error bound we are able to emphasize
the cases in which balanced truncation is a good approximation. In Proposition 4.6
the bound depends on X» which contains the n — r smallest Hankel singular values
Or+1, - - - , 0y Of the original system. In case these values are small, the reduced order
model computed by balanced truncation is of good quality.

5 Applications

In order to demonstrate the use of the model reduction method introduced in Sect. 4
we apply it in the context of the numerical solution of linear controlled evolution equa-
tions with Levy noise. For that reason, we apply the Galerkin scheme to the evolution
equation and end up with a sequence of ordinary stochastic differential equations.
Then, we use balanced truncation for reducing the dimension of the Galerkin solution.
Finally, we compute the error bounds and exact errors for the example considered
here.
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5.1 Finite dimensional approximations for stochastic evolution equations

In this section, we deal with an infinite dimensional system, where the noise process
is denoted by M. We suppose that M is a Levy process with values in a separable
Hilbert space U. Additionally, we assume that M is square integrable with zero mean.
The most important properties regarding this process and the definition of an integral
with respect to M can be found in the book of Peszat, Zabczyk [21].

Suppose A : D(A) — H is a densely defined linear operator being self adjoint and
negative definite such that we have an orthonormal basis (/x);eny of H consisting of
eigenvectors of A:

Ahy = —Aphy,

where 0 < A1 < Ay < --- are the corresponding eigenvalues. Furthermore, the linear
operator A generates a contraction Co-semigroup (S(#));>¢ defined by

oo
S()x = D e M (x, hy) by
k=1

forx € H.Itisexponentially stable forthe case 0 < A1.By 2 we denote the covariance
operator of M which is a symmetric and positive definite trace class operator that is
characterized by

E (M(t)vx>U (M(S)’ y)U = min{t’ S} <°@x’ y)U

for x,y € U and s,¢ > 0. We can choose an orthonormal basis of U consisting of
eigenvectors (uy);en of 2.° The corresponding eigenvalues we denote by (1) ke
such that

Duy = [t
We then consider the following stochastic differential equation:

dX (1) = [AX(t) + Bu()]dt + ¥ (X(t—))dM(t), X(0) =xo e H,
Y(t) =CX(t), t>0. (48)

We make the following assumptions:

— Y is alinear mapping on H with values in the set of all linear operators from U to
H such that lI/(h)Q% is a Hilbert-Schmidt operator for every & € H. In addition,

w22 < M Ihlly (49)

Lus(U.H) —

6 By Theorem VI.21 in Reed, Simon [23], 2 is a compact operator such that this property follows by the
spectral theorem.
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holds for some constant M > 0, where L s indicates the Hilbert-Schmidt norm.
— The process u : Ry x 2 — R™ is (%#;);>0-adapted with

T
/ E |lu(s)|5ds < oo
0

foreach T > 0.
— B is alinear and bounded operator on R™ with values in H and C € L(H, RP).

Definition 5.1 An adapted cadlag process (X (¢));>o with values in H is called mild
solution of (48) if P-almost surely

t

t
X(t) = S(t)xo +/ S(t —s)Bu(s)ds +/ St =) (X(s—=)dM(s)  (50)
0 0

holds for all ¢ > 0.

Remark Since the operator A generates a contraction semigroup, the stochastic con-
volution in Eq. (50) has a cadlag modification (Theorem 9.24 in [21]), which enables
us to construct a cadlag mild solution of Eq. (48). This solution is unique for every
fixed u considering Theorem 9.29 in [21].

We will now approximate the mild solution of the infinite dimensional Eq. (48).
We use the Galerkin method for a finite dimensional approximation that one can find
for example in Grecksch, Kloeden [12]. Therein they deal with strong solutions of
stochastic evolution equations with scalar Wiener noise.

We construct a sequence (X ,),, <y of finite dimensional cadlag processes with values
in H, =span{hy, ..., h,} given by

dXn(t) = [AnXn (1) + Buu()]dt + ¥, (X, (t—=))dMy (1), t =0,

Xn(0) = x0,n, (51)
where
- M,(t) = by (M (@), ug)yux, t > 0, is a spanf{uy, ..., u,}-valued Levy
process,

— Aux =24 (Ax, h) g hi € Hy, holds for all x € D(A),

— Byx = >}_, (Bx, hi)y hx € Hy, holds for all x € R™,

— U (x)y = D41 (W(x)y, hi)p hi € Hy holds forall y € U and x € H,

— X0 = 2p—y (X0, hi) g hi € H,p.
Since A, is a bounded operator for every n € N, we know that A, generates a
Co-semigroup on H of the form S,(¢) = edn! t > 0. For all x € H, it has the
representation S, (H)x = > ;_, e ! (x, hi) y hx such that the mild solution of Eq.
(51) is given by

t

t
Xn(t) = Sp(t)xo.n +/ Su(t — 5)Bau(s)ds +/ Su(t = )W (Xn(s—))d My (s)
0 0
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for ¢t > 0. Furthermore, we consider the p dimensional approximating output
Y, (1) = CX,(1), t=0.

With similar arguments like in the proof of Theorem 1 in Grecksch, Kloeden [12] one
can show the Theorem 5.2 below. This shows that

E|Y,(t) — Y(t)”% — 0

is true forn — oo and ¢ > O:

Theorem 5.2 It holds
E|Xa () — X0} — 0

forn — ocoandt > 0.

Remark 1If U = RY, one has to replace M, by M in Eq. (51) and Theorem 5.2 holds
for this case as well.

We now determine the components of Y. They are given by

Yo(t) = (Yo (), e)me = (CXn(0), edpr = D (Chi, en)mp (Xn(0), hi) gy
k=1

forl =1, ..., p, where ¢ is the [-th unit vector in R”. We set

Z@) = (Xn @) ) gg oo AXn @), ) )T, € = ((Chy, el)RP)/l(:ll ..... »

and obtain
Y,®)=¢2 (), t>0.

The components of .2 fulfill the following equation:

t
(X0 (1), hi) g = (Su ()0 i), + /0 (Su(t — ) Byu(s). hi) g ds

t
+ < / St — )W (X (s—))d My (s), hk>
0

H

Considering the representation S, (1)x = Z?:l e M (x, h;) g hi (x € Hy), we have

(S (O)x0.0. i)y = € (x0.0, hi)y = €™ (x0. by
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and
(Su( — s)Byu(s), i)y
m
= e U (Buu(s), hi)y = D e (Bey, hy) g (u(s), er)pm
=1
fork =1, ..., n, where ¢; is the /-th unit vector in R”. Furthermore,

t
</ S (t — )W (X (s—))d M, (s), hk>
0 H

n t
22/0 (Sn(t_s)lpn(xn(s_))uj, hk)Hd<M(S),uj>U
j=1

n n t
= ZZ/O (S (t = )W (hiyuj, i)y (Xn(s =), hid g d (M (s), uj),,

j=1i=1

n o n t
= ZZ/O e MU (W (hiyuj, hie) y (X (=), hi) g d (M(5), uj),, .

j=1i=l

Hence, in compact form 2~ is given by

t n t ) )
X (1) = e 2 +/ e Bu(s)ds + Z/ e =) 0 9 (s—)yd M (s),
0 . 0
j=1
(52)
where

- % - dlag(_)"la D) _A'n)’ '@ - ((Belv hk>H)k:l,n 5

i=l1,..., m
N = ((‘p(hi)”j’hk>f1)k,i=1 ..... n’
— P = (X0, b s -+ 30, had )T and M (s) = (M (s), ).

The processes M/ are uncorrelated real-valued Levy processes with E }Mj (t)‘2 =
tuj,t > 0, and zero mean. Below, we show that the solution of Eq. (52) fulfills the
strong solution equation as well. We set

t n t
f @) :=,,%+/ e s @u(s)ds+§ / e S NI (s—)dMI(s), t>0,
0 ; 0
j=1

and determine the stochastic differential of ¢’ f(¢) via the Ito product formula in
Corollary 2.4:
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t t
eiT%(t)=e,.Temf(t)=e,.Tf(0)+/ d(eiT e%) f(s—)+/ el e”Sdf(s)
0 0

t
:eiT(%—i-/ o e7S f(s)ds
0
t n t
+/ ,@u(s)derZ/ ﬂf%(s—)de(s)),
0 oo

where ¢; is the i-th unit vector of R” and the quadratic covariation terms are zero, since

t— el.T ¢! is a continuous semimartingale with a martingale part of zero. Hence,

t n t
() = 2 +/ o X (s) + Bu(s)ds + Z/ NI (s—)ydMI(s), t>0.
0 — /0

Example 5.3 We consider abar of length 7r, which is heated on [0, 7 ]. The temperature
of the bar is described by the following stochastic partial differential equation:

aX(r,¢) 92 B )+ 1y 21( i 8M(t)
BT 072 (0,21(Qu(t) +aX (-, ¢)
X(t,0)=0=X(t,7),
X(0,¢) = x0(¢) (53)

fort > 0 and ¢ € [0, w]. Here, we assume that M is a scalar square integrable Levy

process with zero mean, H = Lz([O, ), U=R, m=1, A= Furthermore,

a;2
we set B = 1y, n](~) and ¥ (x) = ax for x € L%([0, 7]). Additionally, we assume

[M (D ]a < 2, which is equivalent to that the solution of the uncontrolled Eq.
(53) satisfies

E[x | <ee im0l (54)

for ¢, > 0. This equivalence is a consequence of Theorem 3.1 in Ichikawa [14]
and Theorem 5 in Haussmann [13]. For further information regarding the exponential
mean square stability condition (54), see Sect. 5 in Curtain [9]1.7 1t is a well-known
fact that here the eigenvalues of the second derivative are given by —Ay = —k?
and the corresponding eigenvectors which represent an orthonormal basis are h; =

+/ % sin(k-). We are interested in the average temperature of the bar on [%, ] such
that the scalar output of the system is

7 Curtain, Ichikawa and Haussmann stated these conditions for exponential mean square stability for the
Wiener case, which can be easily generalized for the case of square integrable Levy process with mean
zero.
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2 T

where Cx = %fg x(¢)d¢ forx € L%([0, ]). We approximate Y via

Yu(t) =€ 2 (1),

3
CT = (Chi)it...n = ((%)2 1 [cos(5) — cos(kn)])

k=1,....,n
& is given by

t t
()= Zo +/ A X (s) + Bu(s)ds +/ N E (s—)dM(s), (55)
0 0

where

- o/ = diag (—1, —4, ..., —nz),

- </V: ((lp(hl)s hk)H)k,i:l ,,,,, n— ((ahiv hk)H)k,izl _____ n = aIn,
- B = (Bt = (010 m),)

1
S CRIEECN
Since we now choose x¢ = 0 for simplicity, we additionally have 2y = 0.

Next, we consider a more complex example with a two dimensional spatial variable:

Example 5.4 We determine the Galerkin solution of the following controlled stochas-
tic partial differential equation:

X0 _ AX(@,8) + 1z sz p(Du) elo=3l-e x -, C)M;It(t)v

(
a1
t>0, ¢ el0,n]?

XD o, 120, ¢ eoto,P,
on
X(0.0)=0. 6®

Again, M is a scalar square integrable Levy process with zero mean, H =
Lz([O,n]z), U = R, m = 1, A is the Laplace operator, B = 1[%,3771]2(-), and
U(x) = el =%l= x forx e L2([0, 1%). The eigenvalues of the Laplacian on [0, 7%
are given by —A;; = —(i 2 4+ j?) and the corresponding eigenvectors which represent
an orthonormal basis are h;; = ”{ﬁ, where fi; = cos(i-) cos(j-). For simplicity
we write —Aj for the k-th largest eigenvalue, and the corresponding eigenvector we
denote by hj. The scalar output of the system is

4
Y(l)=3—2/ X(t,¢)dg,
T J10.mA\[ 2

37
T
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where Cx = % flo’nlz\[%’%ﬂ]z x(¢)de for x € L2([0, 7]%). The output of the
Galerkin system is

Y,(t) =CZ (1)

with €7 = (Chy)—, _,. The Galerkin solutions .2 satisfies

.....

1 t
Z(t) = / A X (s) + Bu(s)ds +/ N X (s—)dM{(s), (57)
0 0

where

,,,,,

5.2 Error bounds for the examples

We consider the system from Example 5.3. Using Theorem 3.3, the uncontrolled Eq.
(55) is asymptotically mean square stable if and only if the Kronecker matrix

L @A+ @ L+ N DN -E [M(l)z] — 1, @+ (A +E [M(l)z] a*1) ® I,

is Hurwitz. From Sect. 2.6 in Steeb [25] we can conclude that the largest eigenvalue
of the Kronecker matrix is —2 + E [M (1)2] a®. Thus, the solution of the uncontrolled
system (55) is asymptotically mean square stable if and only if E [M (1)2] a’ < 2,
which is fulfilled by (54).

We want to obtain a reduced order model via balanced truncation. We choose
a = E[M(1)?] = 1 and additionally let n = 1000. It turns out that the system is
neither completely observable nor completely reachable since the Gramians do not
have full rank. So, we need an alternative method to determine the reduced order model.
We use a method for non minimal systems that is known from the deterministic case
and which is for example described in Sect. 1.4.2 in Benner et al. [4]. In this algorithm
we do not compute the full transformation matrix 7. So, we obtain the matrices of the
reduced order model by

o =Wldiag(—1,...,—n>V, ¥ =WlLv=1I B=W'® €=%¢V.

Above, we set

1 1
Wl =2 2Vv[R and Vv =5TU, 3, 2,
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where V| and U; are obtained from the SVD of SR :

T
-t ][]
2

where O = RTR and P = STS. Reducing the model yields the following error
bounds:

Dimension of the reduced 1

order model (tr (‘KP%’T) +tr (fPRfT) 2t (chM%*T)) 2
8 45514-1076

4 23130 104

2 17691 - 103

! 0.0879

Below, we reduce the Galerkin solution of Example 5.4 with dimension n = 1000
and E[M(1)?] = 1. Here, the matrix &/ = diag (0, —1, —1, =2, ...) is not stable,
such that we need to stabilize system (57) before using balanced truncation. Inserting
the feedback control u(t) = —Ze{% (1), t > 0, where e is the first unit vector in
R", yields a asymptotically mean square stable system, since the following sufficient
condition holds (see Corollary 3.6.3 in [11] and Theorem 5 in [13]): &5 = o/ — 2%6{
is stable and

o0
T
/ st /T N e dt| =0.0658 < 1.
0
We repeat the procedure from above and obtain
Dimension of the 1
T >p ST 21\ 2
reduced order model (tr (%Pﬁ ) +tr (%PR% ) —2tr (%”PM ¢ ))
8 3.7545 .10
4 6.4323 10~
2 3.1416 - 1073
1 0.0333

for the the stabilized system (57) meaning that we replaced <7 by o7s.

5.3 Comparison between exact error and error bound

Since Egs. (55) and (57) do not have an explicit solution in general, we need to
discretize in time for estimating the exact error of the estimation given here. For
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simplicity, we assume that n = 80 and M is a scalar Wiener process and use the
Euler-Maruyama scheme® for approximating the original system, yielding

Zir1 = Li + (I L + Bu(ty)) h + N i AMy,
and the reduced order model:
T = L+ (o T+ Bu)) h+ A Ty A,

where we consider these equations on the time interval [0, 7 ]. Furthermore, we choose
Zo=0,h= 1OHW andty = khfork =0,1,...,10000, AM; = M(ty+1) — M ().

For system (55) we insert the normalized control functions u;(t) = J?EM (1),

ur(t) = \/gcos(t), usz(t) = ‘/H%he_’,t € [0,7] and obtain ¥ :=

maxk=1,...10000 E ‘%X  — C X ’ for different dimensions of the reduced order model
(ROM) and different inputs:

Dimension of the ROM 2 with u = uy 9 withu = up 2 with u = u3 ERB

8 9.0615 x 1079 7.8832 x 1078 1.3987 x 10~/ 1.4813 x 107°
4 3.8702 x 1070 6.4204 x 107° 1.1353 x 1075 2.2706 x 10~4
2 6.8932 x 1079 1.1195 x 10~* 1.9549 x 10~* 1.7671 x 1073
1 0.0141 0.0243 0.0354 0.0879

1
Here, &% = (tr (€¢PET) +tr (‘fPR‘@;T) —21tr (%PM%ZT)) * is the balanced
truncation error bound derived in Sect. 4.

For system (57) we use the inputs u; (1) = —2e1T5£”(t) +ui(t),t>0,i=1,2,3

and obtain

Dimension of the ROM 2 withu = i 2 withu = iy 2 with u = i3 ERB

8 5.6162 x 10~/ 5.5374 x 10~/ 6.5699 x 10~/ 3.5376 x 107
4 4.7245 x 1073 5.2722 x 107 6.8758 x 107 3.1487 x 1074
2 51270 x 1074 4.6627 x 1074 62103 x 1074 24164 x 1073
1 3.7520 x 1073 0.0118 9.9629 x 1073 0.0327

These results show that the balanced truncation error bound, which is a worst case

bound holding for all feasible input functions, also provides a good prediction of the
true time domain error. In particular, it quite well predicts the decrease of the true error
for increased dimension of the reduced order model.

8 The theory regarding this method can be found in Kloeden and Platen [16].
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6 Conclusions

We generalized balanced truncation for stochastic system with noise processes hav-
ing jumps. In particular, we focused on a linear controlled state equation driven by
uncorrelated Levy processes which is asymptotically mean square stable and equipped
with an output equation. We showed that the Gramians we defined are solutions of
generalized Lyapunov equations. Furthermore, we proved that the observable states
and the corresponding energy are characterized by the observability Gramian Q and
that the reachability Gramian P provides partial information about the reachabilty of
an average state. We showed that the reduced order model (ROM) is mean square
stable, not balanced, the Hankel singular values (HV) of the ROM are not a subset of
the HVs of the original system and one can lose complete observability and reacha-
bility. Furthermore, we provided an error bound for balanced truncation of the Levy
driven system. Finally, we demonstrated the use of balanced truncation for stochastic
systems. We applied it in the context of the numerical solution of linear controlled
evolution equations with Levy noise and computed the error bounds and exact errors
for the example considered here.

Acknowledgments The authors would like to thank Tobias Damm for his comments and advice and
Tobias Breiten for providing Example 4.3.

References

1. Antoulas, A.C.: Approximation of Large-Scale Dynamical Systems. Advances in Design and Control,
vol. 6. Society for Industrial and Applied Mathematics (SIAM), Philadelphia (2005)

2. Applebaum, D.: Lévy Processes and Stochastic Calculus. Cambridge Studies in Advanced Mathemat-
ics, vol. 116, 2nd edn. Cambridge University Press, Cambridge (2009)

3. Arnold, L.: Stochastische Differentialgleichungen. Theorie und Anwendungen. R. Oldenbourg Verlag,
Miinchen-Wien (1973)

4. Benner, P, Mehrmann, V., Sorensen, D.C. (eds.): Dimension reduction of large-scale systems. In:
Proceedings of a Workshop, Oberwolfach, Germany, October 19-25, 2003. Lecture Notes in Compu-
tational Science and Engineering, vol. 45. Springer, Berlin (2005)

5. Benner, P,, Damm, T.: Lyapunov equations, energy functionals, and model order reduction of bilinear
and stochastic systems. SIAM J. Control Optim. 49(2), 686711 (2011)

6. Benner, P., Damm, T., Redmann, M., Cruz, Y.R.R.: Positive Operators and Stable Truncation. Linear
Algebra and its Applications (2014)

7. Benner, P, Redmann, M.: Reachability and observability concepts for stochastic systems. Proc. Appl.
Math. Mech. 13, 381-382 (2013)

8. Bertoin, J.: Lévy Processes. Cambridge Tracts in Mathematics, vol. 121. Cambridge University Press,
Cambridge (1998)

9. Curtain, R.F.: Linear stochastic Ito equations in Hilbert space. Stochastic control theory and stochastic
differential systems. In: Proceedings of the Workshop, Bad Honnef 1979. Lecture Notes in Control
and Information Sciences, vol. 16, pp. 61-84 (1979)

10. Da Prato, G., Zabczyk, J.: Stochastic Equations in Infinite Dimensions. Encyclopedia of Mathematics
and Its Applications, vol. 44. Cambridge University Press, Cambridge (1992)

11. Damm, T.: Rational Matrix Equations in Stochastic Control. Lecture Notes in Control and Information
Sciences, vol. 297. Springer, Berlin (2004)

12. Grecksch, W., Kloeden, P.E.: Time-discretised Galerkin approximations of parabolic stochastic PDEs.
Bull. Aust. Math. Soc. 54(1), 79-85 (1996)

13. Haussmann, U.G.: Asymptotic stability of the linear Ito equation in infinite dimensions. J. Math. Anal.
Appl. 65, 219-235 (1978)

@ Springer



338 Stoch PDE: Anal Comp (2015) 3:291-338

14. Ichikawa, A.: Dynamic programming approach to stochastic evolution equations. STAM J. Control
Optim. 17, 152-174 (1979)

15. Jacod, J., Shiryaev, A.N.: Limit Theorems for Stochastic Processes. Grundlehren der Mathematischen
Wissenschaften, vol. 288, 2nd edn. Springer, Berlin (2003)

16. Kloeden, PE., Platen, E.: Numerical Solution of Stochastic Differential Equations. Applications of
Mathematics, vol. 23. Springer, Berlin (2010)

17. Kuo, H.-H.: Introduction to Stochastic Integration. Universitext. Springer, New York (2006)

18. Metivier, M.: Semimartingales: A Course on Stochastic Processes. De Gruyter Studies in Mathematics,
vol. 2. de Gruyter, Berlin (1982)

19. Moore, B.C.: Principal component analysis in linear systems: controllability, observability, and model
reduction. IEEE Trans. Autom. Control 26, 17-32 (1981)

20. Obinata, G., Anderson, B.D.O.: Model Reduction for Control System Design. Communications and
Control Engineering Series. Springer, London (2001)

21. Peszat, S., Zabczyk, J.: Stochastic Partial Differential Equations with Lévy Noise. An Evolution Equa-
tion Approach. Encyclopedia of Mathematics and Its Applications, vol. 113. Cambridge University
Press, Cambridge (2007)

22. Prévot, C., Rockner, M.: A Concise Course on Stochastic Partial Differential Equations. Lecture Notes
in Mathematics, vol. 1905. Springer, Berlin (2007)

23. Reed, M., Simon, B.: Methods of Modern Mathematical Physics. I: Functional Analysis. Academic
Press, A Subsidiary of Harcourt Brace Jovanovich, Publishers, New York (1980)

24. Sato, K.-I.: Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in Advanced
Mathematics, vol. 68. Cambridge University Press, Cambridge (1999)

25. Steeb, W.-H.: Matrix Calculus and the Kronecker Product with Applications and C++ Programs. With
the Collaboration of Tan Kiat Shi. World Scientific, Singapore (1997)

26. Zhang, L., Lam, J., Huang, B., Yang, G.-H.: On gramians and balanced truncation of discrete-time
bilinear systems. Int. J. Control 76(4), 414—427 (2003)

@ Springer



	Model reduction for stochastic systems
	Abstract
	1 Introduction
	2 Basics from stochastics
	2.1 Semimartingales and Ito's formula
	2.2 Levy processes
	2.3 Stochastic integration
	2.4 Levy type integrals

	3 Linear control with levy noise
	3.1 Reachability concept
	3.2 Observability concept

	4 Balanced truncation for stochastic systems
	4.1 Procedure
	4.2 Error bound for balanced truncation

	5 Applications
	5.1 Finite dimensional approximations for stochastic evolution equations
	5.2 Error bounds for the examples
	5.3 Comparison between exact error and error bound

	6 Conclusions
	Acknowledgments
	References




