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1 Introduction

In this paper we are interested in the solvability in L, spaces of linear stochastic
parabolic, possibly degenerate, PDEs and of systems of linear stochastic parabolic
PDEs. The equations we consider are important in applications. They arise in nonlinear
filtering of partially observable stochastic processes, in modelling of hydromagnetic
dynamo evolving in fluids with random velocities, and in many other areas of physics
and engineering.
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Among several important results, an L;-theory of degenerate linear elliptic and
parabolic PDEs is presented in [25-27] and [28]. The solvability in L, spaces of
linear degenerate stochastic PDEs of parabolic type was first studied in [20] (see also
[29D).

Solving equations in W} spaces for sufficiently high exponent p allows one to
prove by Sobolev embedding better smoothness properties of the solutions than in the
case of solving them in W3" spaces. As it is mentioned above, the class of stochastic
PDEs considered in this paper includes the equations of nonlinear filtering of partially
observed diffusion processes. By our results one obtains the existence of the condi-
tional density of the unobserved process, and its regularity properties, under minimal
smoothness conditions on the coefficients.

The first existence and uniqueness theorem on solvability of these equations in WI’,”
spaces, when they may also degenerate, is presented in [22]. This result is improved
in [8].

In the present paper we fill in a gap in the proof of the existence and uniqueness
theorems in [22] and [8]. Moreover, we essentially improve these theorems. In [22] the
existence and uniqueness theorem for W7 -valued solutions is not separated from an
existence and uniqueness theorem for W3"-valued solutions. In particular, it contains
also conditions ensuring the existence and uniqueness of a W3" solution. In [8] these
conditions were removed, and for any g € (0, p] an estimate for E sup,_p |”|Ll]1v;,"

for the solution u is obtained. In the present paper we remove the extra conditions
of the existence and uniqueness theorem in [22], remove the restriction ¢ < p on
the exponent ¢ in the corresponding theorem in [8], and prove the uniqueness of
the solution under weaker assumptions than those in [22] and [8] (see Theorem 2.1
below). Note that to have g-th moment estimates for any high ¢ is useful, for example,
in proving almost sure rate of convergence of numerical approximations of stochastic
PDEs, see, e.g., [S]. Moreover, we not only improve the existence an uniqueness
theorems in [22] and [8], but our main result, Theorem 3.1, extends them to degenerate
stochastic parabolic systems. We present also an existence and uniqueness theorem,
Theorem 3.2, on solvability in W3" spaces for a larger class of stochastic parabolic
systems, which, in particular, contains the first order symmetric hyperbolic systems.
This result was indicated in [9].

We would like to emphasise that the equations we consider in this paper may
degenerate and become first order equations. For non degenerate stochastic PDEs
L - and L, (L p)-theories are developed, see e.g. [13,14,17,18] and [15], which give
essentially stronger results on smoothness of the solutions.

There are many publications on stochastic PDEs driven by martingale measures,
pioneered by [30]. (See also [2] and the references therein.) In [3] two set-ups for
stochastic PDEs, concerning the driving noise are compared: a set-up when the driving
noise is a martingale measure, and an other set-up when the equations are driven by
martingales with values in infinite dimensional spaces. It is shown, in particular, that
stochastic integrals with respect to martingale measures can be rewritten as stochastic
It6 integrals with respect to martingales taking values in Hilbert spaces. Earlier this was
proved in [6] in order to treat SDEs and stochastic PDEs driven by martingale measures
as stochastic equations driven by martingales. In [16] super-Brownian motions in
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any dimension are constructed as solutions of SPDEs driven by infinite dimensional
martingales, more precisely, by an infinite sequence of independent Wiener processes.
As it is well-known, in the one-dimensional case the stochastic equation for the super-
Brownian motion can be written as a stochastic PDE driven by a martingale measure,
more precisely, by a space-time white noise, but as it is noted in [16], most likely this
is not possible in higher dimensions.

Solvability of stochastic PDEs of parabolic type are often investigated in the sense
of the mild solution concept, i.e., when solutions to stochastic PDEs are defined as
solutions to a stochastic integral equation obtained via Duhamel’s principle, called
also variation of constant formula in the context of ODE:s (see, e.g., [2] and [3]). For
the theory of stochastic PDEs built on this approach, often called semigroup approach,
we refer the reader to the monograph [4]. In this framework there are many results on
solvability in various Banach spaces B, including W[’:’ spaces, when the linear operator
in the drift term of the equation is an infinitesimal generator of a continuous semigroup
of bounded linear operators acting on B. The equations investigated in most papers,
including [2] and [3], do not have a differential operator in their diffusion part, unlike
the equations studied in this paper. In the case when the differential operator in the
drift term is a time dependent random operator, serious problems arise in adaptation
the semigroup approach. Thus the semigroup approach is not used to investigate the
filtering equations of general signal and observation models, which are included in
the class of equations considered in the present paper.

Finally we would like to mention that for some special degenerate stochastic PDEs,
for example for the stochastic Euler equations, there are many results on solvability in
the literature. See, for example, [ 1] and the references therein. Concerning the equation
in [1] we note that its main term is non random, and its solution can be given in a sense
explicitly.

In conclusion we introduce some notation used throughout the paper. All random
elements will be given on a fixed probability space (2, F, P), equipped with a filtration
(F1)i=0 of o-fields F; C F. We suppose that this probability space carries a sequence
of independent Wiener processes (w")2° ,, adapted to the filtration (F;);>0, such that
w; — wy is independent of F; for each r and any 0 < s < r. It is assumed that Fq
contains all P-null subsets of €2, so that (€2, F, P) is a complete probability space
and the o-fields F; are complete. By P we denote the predictable o -field of subsets
of Q x (0, oo) generated by (F;);>0. For basic notions in stochastic analysis, like
continuous local martingales and their quadratic variation process, we refer to [12].

For p € [1, 00), the space of measurable mappings f from R? into a separable
Hilbert space H, such that

1/p
1A, = (/Rd If(X)IﬂdX) < 00,

is denoted by L p(Rd, H).

Remark 1.1 We did not include the symbol H in the notation of the norm in
L p(Rd, ‘H). Which H is involved will be absolutely clear from the context. We do the
same in other similar situations.
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Often H will be [, or the space of infinite matrices (g e R:i=1,..., M, j =
1,2,...}, or finite M x M matrices with the Hilbert-Schmidt norm. The space of
functions from L p(Rd, ‘H), whose generalized derivatives up to order m are also in
L,(R?, '), is denoted by W' (R, H). By definition W) (RY, H) = L ,(R?, H). The
norm |u|W;;1 of u in W (R4, 'H) is defined by

ulfy = D 1D“ul] . (1.1

loe|<m
where D* := D', ..., D’ for multi-indices o := (a1, ..., aq) € {0,1,...}9 of
length |o| :== a1 + a2 + - -+ + oy, and D;u is the generalized derivative of u with
respect to xifori = 1,2...,d. We also use the notation D;j = D;Dj and Du =
(D1u, ..., Dgu). When we talk about “derivatives up to order m” of a function for

some nonnegative integer m, then we always include the zeroth-order derivative, i.e.
the function itself. Unless otherwise indicated, the summation convention with respect
to repeated integer valued indices is used throughout the paper.

2 Formulation
In this section H = R and we use a shorter notation
L,=L,R"R), Wr=wr®R Ry, Wrthiy) =wyt®re b).

Fixa T € (0, oo) and consider the problem

duy(x) = (Lyu(x) + fi(x)) dt + (M]u;(x) + g/ (x)) dw], 2.1
(t,x) e Hr :=10,T] x RY, with initial condition

up(x) = Y(x), x € RY, 2.2)
where
L, =d’ (x)Djj + bi(x)D; + ¢,(x), M =0!"(x)D; + ] (x),

and all functions, given on 2 x Hr, are assumed to be real valued and satisfy the
following assumptions in which m > 0 is an integer and K is a constant.

Assumption 2.1 The derivatives in x € R? of ¢/ up to order max(m, 2) and of b’
and ¢ up to order m are P ® B(R”{ )—measurable functions, bounded by K for all
i,je{l,2,...,d}. The functions o' = (¢'")2,; and v = (V")22, are l>-valued and

their derivatives in x up to orderm+ 1 are P® B (]Rd )-measurable /;-valued functions,
bounded by K.
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Assumption 2.2 The free data, f; and g; = (g");2, are predictable processes with
values in W7 and W;,"‘H (l2), respectively, such that almost surely

T
K, p(T) = / (|ft|’v’vm + |g,|’;vm+l) dt < oo, 2.3)
0 b 4

The initial value, v is an Fy-measurable random variable with values in W;,”.

Assumption 2.3 For P ® dt ® dx-almost all (», 1, x) € Q x [0, T] x R?
a;j(x)zizj >0
for all z € RY, where
ol =247 — oo l".

This condition is a standard assumption in the theory of stochastic PDEs. If it is
not satisfied then Eq. (2.1) may be solvable only for very special initial conditions and
free terms. Notice that this assumption allows « = 0, which can happen, for example,
when of = (V2a)* fori,k=1,...,d and o'* = 0 fork > d.

Let t be a stopping time bounded by 7.

Definition 2.1 A W;—valued function u, defined on the stochastic interval (0, 1, is
called a solution of (2.1)~(2.2) on [0, 7] if u is predictable on (0, 71,

T
/O |ut|[V’V; dr < o0 (a.s.),
and for each ¢ € Cé’o (Rd) for almost all w € 22
t - »
(ur, ) =@, ) +/ {—(aéjDius, D) + (bgDius + csus + fS7¢)} ds
0

t
+/ (05" Diug + vius + g, @) dwy
0

for all 7 € [0, T(w)], where b’ = b' — D;a"/, and (-, -) denotes the inner product in
the Hilbert space of square integrable real-valued functions on R?.

We want to prove the following existence and uniqueness theorem about the Cauchy
problem (2.1)—(2.2).

Theorem 2.1 Let Assumptions 2.3 and 2.1-2.2 with m > 0 hold. Then there exists
at most one solution on [0, T). If together with Assumptions 2.3, 2.1-2.2 hold with
m > 1, then there exists a unique solution u = (us):efo,11 on [0, T1. Moreover, u is a
W;"—valued weakly continuous process, it is a strongly continuous process with values

in W[’,"_l, and for every q > 0andn € {0, 1, ..., m}
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E sup |ulfyn < NEWWIS. + EKI(T)), 2.4)
t€[0,T] P P

where N is a constant depending only on K, T, d, m, p and q.

Thisresultis provedin [22]inthecase ¢ = p > 2 under the additional assumptions that
EKC, (T) < oo and EWVW;" < oo forr = p and r = 2 (see Theorem 3.1 therein).
These additional assumptions are not supposed and a somewhat weaker version of
the above theorem is obtained in [8] when ¢ € (0, p]. The proof of it in [8] uses
Theorem 3.1 from [22], whose proof is based on an estimate for the derivatives of
the solution u, formulated as Lemma 2.1 in [22]. The proof of this lemma, however,
contains a gap. Our aim is to fill in this gap and also to improve the existence and
uniqueness theorems from [22] and [8]. Since Du = (Diu, ..., Dgu) satisfies a
system of SPDEs, it is natural to present and prove our results in the context of
systems of stochastic PDEs.

3 Systems of stochastic PDEs

Let M > 1 be an integer, and let (-, -) and (-) denote the scalar product and the norm
in RM respectively. By TY we denote the set of M x M matrices, which we consider

as a Euclidean space RY ®. For an integer m > 1 we define />(R™) as the space of
sequences v = (vl, vZ, .. .) with vk € R™, k > 1, and finite norm

0 1/2
i, = (Z |v|%Rm)
k=1
(cf. Remark 1.1).

We look for RM-valued functions u;(x) = (u}(x),...,uM(x)), of 0 € Q, 1 €
[0, T] and x € R¥, which satisfy the system of equations

du; = [aﬁ‘iDiju, + biDiu, + cu; + f,] dt
[0 i+ vfus + gt | dwf, G.1)
and the initial condition
ug = ¥, (3.2)
where a; = (aij (x)) takes values in the set of d x d symmetric matrices,
of = (o k= 1) el b0 eT, c(x) e,
v €M, fi) eRY, g(x) e L®RY) (3.3)
fori =1,....d,forallw e Q,t >0,x € R%.

Note that with the exception of a’/ and ¢*, all ‘coefficients’ in Eq. (3.1) mix the
coordinates of the process u.
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Let m be a nonnegative integer, p € [2, oo) and make the following assumptions,
which are straightforward adaptations of Assumptions 2.1 and 2.2.

Assumption 3.1 The derivativesinx € R4 of g'/ up to order max(m, 2) and of b’ and
c up to order m are P ® B(RY)-measurable functions, in magnitude bounded by K for
alli, j € {1,2,...,d}. The derivatives in x of the [-valued functions ol = (aik),fil
and the I (T™)-valued function v up to order m + 1 are P ® B (R%)-measurable
l-valued and I, (TM™)-valued functions, respectively, in magnitude bounded by K.

Assumption 3.2 The free data, (f;);c[0,7] and (g:)¢[0,7] are predictable processes
with values in

wy (RLRM) and Wyt (RY @®RM)),

respectively, such that almost surely

T
Kh, p(T) :/ (|ﬁ|€v,,, + |g,|’v’vm+1) dt < oo. (3.4)
0 P P

The initial value, v is an Fp-measurable random variable with values in Wl’,” (R4, RM),

Set
Bi=b -6, i=1,2,....d,

and recall that o'/ = 24/ — o'*a /% for i, j =1,...,d. Instead of Assumption 2.3
we impose now the following condition, where 8 stands for the ‘Kronecker §’,1.e.,
8% = 1if k = I and it is zero otherwise.

Assumption 3.3 There exist a constant Ko > 0 and a P x B(RY)-measurable R?-
valued bounded function 7 = (h}(x)), whose first order derivatives in x are bounded
functions, such that for all v € €,7 > 0 and x € R?

|h| + [Dh| < K, (3.5)
and forall (A, ..., q) € R¢
d P d
DB = 8"hn| < Ko D ona fork,l=1,....M.  (3.6)
i=1 ij=1

Remark 3.1 Let Assumption 3.1 hold withm = 0 and the first order derivatives of b’ in
x areboundedby K foreachi =1, 2, ..., d. Thennotice that condition (3.6) is anatural
extension of Assumption 2.3 to systems of stochastic PDEs. Indeed, when M = 1 then
taking hi= ,Bi fori=1,...,d, wecan see that Assumption 3.3 is equivalent to o > 0.
Let us analyse now Assumption 3.3 for arbitrary M > 1. Notice that it holds when «
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is uniformly elliptic, i.e., @ > k I; with a constant k > 0 for all w, # >0 and x € R4,
Indeed, due to Assumption 3.1 there is a constant N = N (K, d) such that

2 d
< NZ|)»,-|2 foreveryk,l=1,2,..., M,

i=1

d
Z(;Bikl _ 8klhi))ti

i=1

which together with the uniform ellipticity of « clearly implies (3.6). Notice also
that (3.6) holds in many situations when instead of the strong ellipticity of o we
only have « > 0. Such examples arise, for example, when a'/ = (¢"¢/")/2 for all
i,j=1,...,d,andbandv are suchthat,Bi is adiagonal matrix foreachi =1, ...,d,
and the diagonal elements together with their first order derivatives in x are bounded
by a constant K. As a simple example, consider the system of equations

du;(x) = {%Dzu,(x) + Dv,(x)} dt + {Du;(x) + v;(x)} dw,

dv () = {3 0?0 ) = Dur(0)} di + (Do, () = s (1)) dwy

fort € [0, T], x € R, for a 2-dimensional process (u;(x), v;(x)), where w is a one-
dimensional Wiener process. In this example « = 0 and § = 0. Thus clearly, condition
(3.6) is satisfied.

In Sect. 5 it will be convenient to use condition (3.6) in an equivalent form, which
we discuss in the next remark.

Remark 3.2 Notice that condition (3.6) in Assumption 3.3 can be reformulated as
follows: There exists a constant K¢ such that for all values of the arguments and all
continuously differentiable RM _valued functions u = u(x) on R? we have

J 1/2

(u, b’ Diu)—o™ (u, v* D;ju) < Ko Zaij(Diu,Dju) (u)+h' (Diu,u). (3.7)
ij=1

Indeed, set ﬁi = ,Bi — hi Iy, where Iy is the M x M unit matrix, and observe that
(3.7) means

J 172

(u, B'Diuy < Ko| D" o'/ (Diu, Dju)|  (u).
i,j=1

By considering this relation at a fixed point x and noting that then one can choose u
and Du independently, we conclude that

2
<Z/§iDiu> < K3 (Dju, Dju) (3.8)

and (3.6) follows (with a different Ko) if we take D;u* = 1;8.
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On the other hand, (3.6) means that for any / without summation on /

| > A D [P < Koo (Djul D
i

But then by Cauchy’s inequality similar estimate holds after summation on [ is done
and carried inside the square on the left-hand side. This yields (3.8) (with a different
constant Kq) and then leads to (3.7).

The notion of solution to (3.1)—(3.2) is a straightforward adaptation of Definition 2.1
to systems of equations. Namely, u = !, ..., u™) is a solution on [0, 7], for a
stopping time 7 < T, ifitisa Wli (R4, RM)-valued predictable function on (0, 1,

T
u P dt < oo (as.),
wl
0 P

and for each RM-valued Q= (gol, cey <pM ) from Cy (Rd) with probability one

t ..
(ur, ) = (¥, ) +/0 [ — (as' Diug, Djg)
+(5§Dius + csus + fs, (0)} ds 3.9)
t .
+ /0 (cr;rD,-us +vius + g (s), (p) dw;, (3.10)

for all ¢ € [0, ], where b = b' — D;a'/ 1. Here, and later on (¥, ®) denotes the
inner product in the Lj-space of RM-valued functions ¥ and ® defined on R?.
The main result of the paper reads now just like Theorem 2.1 above.

Theorem 3.1 Let Assumption 3.3 hold. If Assumptions 3.1 and 3.2 also hold with
m > 0, then there is at most one solution to (3.1)—(3.2) on [0, T]. If together with
Assumption 3.3, Assumptions 3.1 and 3.2 hold with m > 1, then there is a unique
solution u = (ul)lﬂi1 to (3.1)—(3.2) on [0, T]. Moreover, u is a weakly continuous
Wz? (RY, RM)-valued process, it is strongly continuous as a Wl’,"’1 (R4, RM)-valued

process, and for every g > Qandn € {0, 1, ..., m}
E sup Julfy, < N(ElWll, + EKL,D) (3.11)
t€l0,T] p p

with N = N(m, p.q,d, M, K, T).

Example 3.1 In hydromagnetic dynamo theory the system of equations

%Btk(x) = M () ABF(x)+Djvf(x) B! (x) —v] () D; BF(x), k=1,2,3, (3.12)

forr € [0,T] and x € R3, called induction equation, describes the evolution of a
magnetic field B = (Bl, B2, B3) in a fluid flowing with velocity v = (vl, v2, v3),
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where & > 0 is the magnetic diffusivity (see, for example, [23]). Notice that one
can apply Theorem 3.1 to (3.12) to obtain its solvability in WI’," spaces. To study
effects in turbulent flows, induction equations with random velocity fields v have been
investigated in the literature (see, for example, [24]). In [7] convergence of (3.12) to a
system of stochastic PDEs is shown when the velocity fields are random and converge
to a random field which is white noise in time. We note that Theorem 3.1 can be
applied also to the system of stochastic PDEs obtained in this way.

In the case p = 2 we present also a modification of Assumption 3.3, in order to
cover an important class of stochastic PDE systems, the hyperbolic symmetric systems.

Observe that if in (3.6) we replace %! with B/¥, nothing will change. By the
convexity of 12 condition (3.6) then holds if we replace g/¥ with (1/2)[8/% + k1.
Since

la — b|* < |a + b* + 2a* + 2b*
this implies that (3.6) also holds for

Bikl — (gikl _ gilky
in place of 7%, which is the antisymmetric part of 8/ = b’ — o/"V".
Hence the following condition is weaker than Assumption 3.3.

Assumption 3.4 There Qxist a constant Ko > 0 and a P x B(R?)-measurable R¥-
valued function & = (h}(x)) such that (3.5) holds, and for all w € Q, ¢+ > 0 and
x € R and forall (A, ..., Ag) € RY

2
d
<Ko > onhy fork,l=1,..., M. (3.13)
i,j=1

d
Z(Blkl _ aklhl))\‘l

i=1

The following result in the special case of deterministic PDE systems is indicated
and a proof is sketched in [9].

Theorem 3.2 Take p = 2 and replace Assumption 3.3 with Assumption 3.4 in the
conditions of Theorem 3.1. Then the conclusion of Theorem 3.1 holds with p = 2.

Remark 3.3 Notice that Assumption 3.4 obviously holds with h' = 0 if the matrices
B' are symmetric and @ > 0. When a = 0 and o = 0 then the system is called a first
order symmetric hyperbolic system.

Remark 3.4 If Assumption 3.4 does not hold then even simple first order deterministic
systems with smooth coefficients may be ill-posed. Consider, for example, the system

du,(x) = Dv(x) dt
dv;(x) = —Du,(x) dt (3.14)
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for (u;(x), v;(x)), t € [0, T], x € R, with initial condition ug = V¥, vg = ¢, such
that ¥, ¢ € WJ' \ W' *1 for an integer m > 1. Clearly, this system does not satisfy
Assumption 3.4, and one can show that it does not have a solution with the initial
condition ug = V¥, vo = ¢. We note, however, that it is not difficult to show that for
any constant ¢ # 0 and Wiener process w the stochastic PDE system

dus;(x) = Dv;(x)dt + eDv;(x) dw,
dv;(x) = —Du;(x)dt — e Duy(x) dw; (3.15)

with initial condition (1, vo) = (¥, ¢) € W3" (for m > 1) has a unique solution
(s, vr)refo, 7], Whichis a W3"-valued continuous process. One can prove this statement
and the statement about the nonexistence of a solution to (3.14) by using Fourier
transform. We leave the details of the proof as exercises for those readers who find
them interesting. Clearly, system (3.15) does not belong to the class of stochastic
systems considered in this paper.

4 Preliminaries

First we discuss the solvability of (3.1)—(3.2) under the strong stochastic parabolicity
condition.

Assumption 4.1 There is a constant ¥ > 0 such that
d
Ol”)»,‘)»j >k Z |)»i|2
i=1

forallw € 2,1 >0, x eRdand(M,...,Ad) e RY.

If the above non-degeneracy assumption holds then we need weaker regularity
conditions on the coefficients and the data than in the degenerate case. Recall that
m > 0 and make the following assumptions.

Assumption 4.2 The derivatives in x € R? of ¢/ up to order max(m, 1) and of b’
and ¢ up to order m are P ® B(R9)-measurable functions, bounded by K for all
i,j € {1,2,...,d}. The derivatives in x of the /»-valued functions o’ and /,(T™)-
valued function v up to order m are P ® B(R%)-measurable /»-valued and 1, (T™)-
valued functions, respectively, in magnitude bounded by K.

Assumption 4.3 The free data, (f;);c[0,7] and (g:):<[0,7] are predictable processes
with values in Wé"_l (R?, RM) and w3 (R, I,(TMY), respectively, such that almost
surely

T
,Cfn—l,z(T) :\/0' (|ﬁ|€‘/§n71 + |gt|%/[/én)dt < OQ.
The initial value, v is an Fy-measurable random variable with values in W' (Rd, RM),
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The following is a standard result from the L-theory of stochastic PDEs. See, for
example, [29]. Further results on solvability in W21 spaces for non degenerate systems
of stochastic PDEs in R and in domains of R¥ can be found in [15].

Theorem 4.1 Let Assumptions 4.1, 4.2 and 4.3 hold with m > 0. Then (3.1)—(3.2)

has a unique solution u. Moreover, u is a continuous Wé" (Rd, RM )-valued process
such that u; € Wm‘H(Rd, RM)for P x dt everywhere, and

T
2 2
E sup |M1|Wm + E/ |u,|Wm+1 dt

1€[0,T] 2 0 2

T
<N (Ehm%vzm + E/o (mﬁvgl + |gz|’év2m) dt) @1

with N =N, m,d, M, K, T).

The crucial step in the proof of Theorem 2.1 is to obtain an apriori estimate, like
estimate (2.4). In order to discuss the way how such estimate can be proved, take
g = p, M = 1, and for simplicity assume that (a’/) is nonnegative definite, it is
bounded and has bounded derivatives up to a sufficiently high order, and that all the
other coefficients and free terms in Eq. (2.1) are equal to zero. Thus we consider now
the PDE

du(t, x) = a"(t, x)Djju(t, x)dt, t€[0,T], xeR 4.2)

with initial condition (2.2), where we assume that ¥ is a smooth function from Wll,.
We want to obtain the estimate

w1y < N1y 4.3)

for smooth solutions u to (4.2)—(2.2).
After applying Dy to both sides of Eq. (4.2) and writing vy in place of Dyv, by the
chain rule we have

" ual? = pluel” e (afwij + a'luize) dr.
k
Integrating over R? we get
d P = dx dt,
>, [, ewas
where
0w = pluxl?2ug (aluije +alui; ).
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To obtain (4.3) we want to have the estimate

[, owds = N, (“4)

for any smooth v with compact support. To prove this we write & ~ n if £ and n have
identical integrals over R? and we write & < 5 if & ~ n + ¢ such that

¢ < N([v|” + [Dv]?).
Then by integration by parts we have

. . i
lok [P~ va vijk ~ —(p — DIvel?~*a" vgiveg — ol P *vka;’ vji
2 ij -1 ij

~ —(p — D" a vijui; — p~' Djlw|Pa)

YT
< =(p = D|wl?"“a" vy vy
By the simple inequality «f < ¢~ 'a? + ¢8% we have
2. ij -1 2 ij. 2
lok P2 vka) vij < e Mokl ? + eloel Pl vij |

for any ¢ > 0. To estimate the term |a,ij Vjj > we use the following lemma, which is
well-known from [28].

Lemma 4.2 Let a = (a'/ (x)) be a function defined on RY, with values in the set of
non-negative m x m matrices, such that a and its derivatives in x up second order are
bounded in magnitude by a constant K. Let V be a symmetric m x m matrix. Then
|Da"’ Vi > < Nalviky ik
for every x € RY, where N is a constant depending only on K and d.
By this lemma |a;{] vij|2 < Na' v;;vj;. Hence
|v p—2 ij <N P=2 ij., . .
k| Vrdy Vij = |kl a-vjvji.
Thus for each fixed k =1, 2, ..., d we have
o i o i

Q) = —p(p — Dlwl?""a" vjvej + elve|P™"a viyvjy (4.5)
for any ¢ > 0. Notice that for each fixed k there is a summation with respect to /
over {1,2,...,d} in the expression 8|vk|1’_2a” v;jvj;, and terms with [ # k cannot
be killed by the expression

— p(p — D]velP2a" v vy (4.6)
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Hence we can get (4.4) when d = 1 or p = 2, but we does not get it for p > 2 and
d > 1. To cancel every term in the sum &|vg |?~2a'/ v;jv j1 we need an expression like

.
—v|ve P "a" vy,

with a constant v, in place of (4.6), for each k € {1, ..., d} in the right-hand side
of (4.5). This suggests to get (4.3) via an equation for | |Du |2|1L7{7 %2 instead of that for

> | Diuly .
Let us test this idea. From

duy = (aijuijk + a,iju,-j) dt
by the chain rule and Lemma 4.2 we have

d|Du|2 = 2ukaijuijk dt + 2uka,'(juij dt < a' [|Du|2]u dt — 2aijuikujk dt
ij

N 12 y 5 )
+ N|Du| [a’fu,-kujk] dt < all [|Du| ] dt + N|Dul? dt
ij
with a constant N. Hence

p/2 .
d (|Du|2) < (p/2)|Du|P~2al [|Du|2] ~dt + N|Dul? dt,
J

i
where

|DulP=2a" (| Dul)y; ~ | Dul? ! | 1Dul?]
— ((p = 2/2)1Dul"*a [|Dup?] [1Du?]
i J

< —@/p)d” [|Dul?]; < N|Du|”, 4.7)
which implies
2,p/2 2,p/2
[1DuPl?, < NIDY PRI

by Gronwall’s lemma. Consequently, estimate (4.3) follows, since it is not difficult to
see that

p p
u@ly < NIyly,

holds. The careful reader may notice that though the computations in (4.7) are justified
only for p > 4, by approximating the function |¢|?~2, r € R? by smooth functions
we can extend them to get the desired estimate for all p > 2.

The following lemma on Itd’s formula in the special case M = 1 is Theorem 2.1
from [19]. The proof of this multidimensional variant goes the same way, and therefore
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will be omitted. Note that for p > 2 the second derivative, D;;(x)? of the function
(x1,x2, ..., xp) = (x)P for p > 21is

p(p —2)(x)P " xix; + plx)P28;,

which makes the last term in (4.8) below natural. Here and later on we use the con-
vention 0 - 0~ := 0 whenever such terms occur.

Lemmad4.3 Let p > 2 and let v = (wk),’:’":1 be an Lp(Rd,RM)-valued Fo-
measurable random variable. Fori = 0,1,2,...,dandk = 1,..., M let fki and

(gk’)i’i1 be predictable functions on Q2 x (0, T, with values in L, and in L ,(l),
respectively, such that

T
/0 Z ’“|P +Z|g, |” dt < o (a.s.).

ik

Suppose that for each k = 1, ..., M we are given a W;-valued predictable function
uk on Q x (0, T such that

T
/0 |uf|":vp] dt <oo(a.s.),
and for any ¢ € C° with probability 1 for all t € [0, T] we have
t t .
(uf. @) = (v*.¢) + /O (8", ) dwy + /O (/0. ¢) = (£, Dig)) ds

Then there exists a set Q' C Q of full probability such that

u=1g (1417 cee uk)te[O,T]

is a continuous L p(Rd, RM )-valued process, and for all t € [0, T]

t
/<ut>l’dx=/ <w>de+// plus)? 2 (s, g1} dx du!
Rd d
// plus)? s, £0) — plus)? = (Dyus. f1)

—(1/2)p(p =D {us)? " Hus. £) Difus)?
+ 2 [1/2p(p = 2)us) P~ s, €)% + (1/2)plus) P~ (g1)?]) dx ds,

(4.8)

where f1:= (f*")M  and g" = ("M, foralli =0,1,....,dandr = 1,2,....
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5 The main estimate

Here we consider the problem (3.1)-(3.2) with a; = (a;] (x)) taking values in the
set of nonnegative symmetric d X d matrices and the other coefficients and the data
are described in (3.3). The following lemma presents the crucial estimate to prove
solvability in L spaces. It generalises the estimate for Du explained in section 4 for
a solution u to a simple PDE.

Lemma 5.1 Suppose that Assumptions 3.1, 3.2, and 3.3 hold withm > 0. Assume that
u = (Us)refo,1 is a solution of (3.1)—(3.2) on [0, T'] (as defined before Theorem 3.1).

Then (a.s.) u is a continuous L p(Rd, RM )-valued process, and there is a constant
N =N(p,K,d, M, Ko) such that

d/ <u,>l’dx+(p/4)/ ()P 2 (Djuy, Djug) dx dt
Rd R4

= p/d(u,)p_2<u,, o™ Diu; + viu, +gf‘> dx dwt
R

p/2 p/2
+N /R <u,>1’+<ft>f’+(2<gf>2) +(Z<Dgi‘>2) dxdr. (5.1)

k k

Proof By Lemma 4.3 (a.s.) u is a continuous L p(Rd, RM)-valued process and

d/ (up)? dx = / p(ut)”_z(ut, o*Diu, + vtkut + gf)dx dwf
R4 R4

+ /Rd (P(W)pizwz, b Djuy + couy + f — D,'a,iiju,>
_P<Mz>‘n_2(Dth,a;ij“t>

—(1/2)p(p — 2){us)?* Dy us)*(uy, a;’ Djuy)

- Z{<1/2>p<p 2) ()"~ (ur, 01 Dy + vfu, + 1)’

+(1/2) p(ug)? =2 (0/* Dius + vFu, + g§‘>2} ) dx dt. (5.2)
Observe that

() g, ) < @? + P w280 < ) + (Do) ),,/2

k k

172 p/2
Nu)P™! (Z(gfﬂ) < Nu)? + N (Z(gfﬂ) :

k k

p/2
(up)P™ 22 2< (uy p+(Z(8£{>2) )

k

IA

()P~ " (vfuy, gf)
k
()P~ (s gf)?

k

I A
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172 p/2
()P~ g viug) Gy, gf) < N (ug) P! (Z(gfﬁ) < (u)? + (Z<gi‘>2) ,
k

k k

)P (g, coug) < u)P " eur) < legl(ug)?,

where |c| denotes the (Hilbert—Schmidt) norm of c.

This shows how to estimate a few terms on the right in (5.2). We write & ~ n if
£ and n have identical integrals over RY and we write & < 7 if £ ~ n + ¢ and the
integral of ¢ over R? can be estimated by the coefficient of d7 in the right-hand side
of (5.1). For instance, integrating by parts and using the smoothness of olik and g{‘ we
get

pu)P 2o *Dius, g5y < —po*(D; (u)P~2) (uy, g5

—p(p = 2)(u)?Hus, o/* D) (uy, gF),  (5.3)

where the first expression comes from the last occurrence of g{‘ in (5.2), and the last one
with an opposite sign appears in the evaluation of the first term behind the summation
over k in (5.2). Notice, however, that these calculations are not justified when p is
close to 2, since in this case (1;)”~2 may not be absolutely continuous with respect
to x’ and it is not clear either if 0/0 should be defined as O when it occurs in the
second line. For p = 2 we clearly have (J,ikDiu,, g{‘) =< 0. For p > 2 we modify the
above calculations by approximating the function (r)?~2, ¢ € RM, by continuously
differentiable functions ¢, (t) = cpn((t)z) such that

lim g, (r) = [r|P722, lim ¢, () = (p — Dsign(r)|r| P72 /2
n—00 n—00

for all r € R, and
|@n ()| < NIr| P22, g (r)| < N|r| P92

forall» € Randintegersn > 1, where ¢, := d¢, /dr and N is a constant independent
of n. Thus instead of (5.3) we have

Ppon () (0 * Diuyg, g5y < —2p@), ()?) (ur, 0¥ D) (ur, g5y, (5.4)

where '
g, () ) (e, o/ Dyug) (e, §5)) < N{ug)P = (Diu) (g¥) (5.5)

with a constant N independent of n. Letting n — oo in (5.4) we get
plu)? (0  Dius, g) < —p(p —2) ()P us, o/ Dius) (s, gf),
where, due to (5.5), 0/0 means 0 when it occurs .

These manipulations allow us to take care of the terms containing f and g and
show that to prove the lemma we have to prove
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69
pUo+ NI + D)+ (p/2) I3+ [p(p — 2)/2]1(s + I5)
< —(p/M )" 2o (Diuy, Djuy), (5.6)
where
Io = —(u)P2Dial (;, Djuy), I = —(u,)?"2a (Dju,, Djuy)

I = ()" (g, b Dius), Iy = (un)P ™ > (0 Dy + vfu)?,

. 2 L.
Iy = {u;)"™* Z(u,, o/* Diu; + v,"ut) oI5 = — ()P Di(u) (g, ap Djuy).
k

Observe that
= —(1/2) ()" D;a} D (u)? = —(1/p)Dj (u;)? Diay <0,
by the smoothness of a. Also notice that
I3 =< (u)P~ 20[’k011k<Diut, Dju;) + I,
where
Is = 2(u)P 20X (Diug, v¥uy).

It follows that

phi+ (p/2) 15 < —(p/2) ()" e (Dius, Djus) + (p/2)1Is.

Next,

I < () Yoo uy, Diugy (s, Djug) + 20u)? 40/ (g, Do) (g, vEuy)
= (1/4) )P 0/% 6]  Di () D ur)? + 12/ (p — 21Dy ()20 (g, vius)
< (1/4) ()" 460! Di(u)2 D () = [11/(p — )16 — [2/(p — 2113,

where

I = ()"0 (us, vEDiuy).

Hence

phy +(p/2D 5+ [p(p —2)/21Us + Is) < —(p/2){ur)? 2 (Dyus, Djuy)
—[p(p —2)/81us)P~*a D () Dj(u,)* — ply,
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and
I — I; = (u)P 7> ((us, b Diug) — o/ (ug, vEDu)) = (u)P~(uy, Bl Diuy),

with g1 = b’ — okvk_ Tt follows by Remark 3.2 that the left-hand side of (5.6) is
estimated in the order defined by < by

— (p/2) ()P 2a}’ (Dju;, Djuy)
—[p(p —2)/81u) P4l Di ()2 D (us)*

J 1/2

+Kopun)?2| > o (Diug. Djus)| - (ug) + h Dy (uy)?
i,j=1
< —(p/M)u)? e (Dius, Djuy)
—[p(p —2)/81us)? o Di(u,)* D j(us)?), (5.7)

where the last relation follows from the elementary inequality ab < ea® +&~'b?. The
lemma is proved. O

Remark 5.1 Inthe case that p = 2 one can replace condition (3.6) with the following:

There are constant Ko, N > 0 such that for all continuously differentiable RM.
valued functions u = u(x) with compact support in R? and all values of the arguments
we have

/ (u, B'Djuydx < N | (u)>dx
R4 R4
1/2

d
+ Ko/ Z o' (Dju, Dju) (u) +h' (Dju,u) | dx.
RN A

(5.8)
This condition is weaker than (3.6) as follows from Remark 3.2 and still by inspecting

the above proof we get that u is a continuous Ly (R¢, R™)-valued process, and there
isaconstant N = N(K,d, M, Kop) such that (5.1) holds with p = 2.

Remark 5.2 In the case that p = 2 and the magnitudes of the first derivatives of b’
are bounded by K one can further replace condition (5.8) with a more tractable one,
which is Assumption 3.4.

Indeed, for e > 0

R := (u, (B" — h' Iy) Dyu) = 3™ D (u*uy + (u, (B' — h' 1) Diu)
< 18D uru'y + (BT — W Iy) Diu)? /2 + e (u)? /2.

Using Assumption 3.4 we get

R < 1M D;uFu'y + eM KoV (Diju, Dju)/2 + e (u)?/2
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for every ¢ > 0. Hence by integration by parts we have

/ (u, B Dju) dx < N/ <u>2dx+/ (u, h' Iy Diu) dx
R4 R4 R4

+ MKO/ (e/2)a" (Diuy, Djuy) + (e~ /2) () dx.
Rd

Minimising here over ¢ > 0 we get (5.8). In that case again u is a continuous
Lr(RY, RM)-valued process, and there is a constant N = N (K, d, M, Ky) such that
(5.1) holds with p = 2.

Remark 5.3 If M = 1, then condition (3.7) is obviously satisfied with Ko = 0 and
hi = b — otkvk,

Also note that in the general case, if the coefficients are smoother, then by formally
differentiating equation (3.1) with respect to x* we obtain a new system of equations
for the M x d matrix-valued function

v = W) = Duy = (Dyul).

We treat the space of M x d matrices as a Euclidean Md-dimensional space, the
coordinates in which are organized in a special way. The inner product in this space
is then just ((A, B)) = trA B*. Naturally, linear operators in this space will be given
by matrices like (7 ™ (P))) which transforms an M x d matrix (A?/) into an M x d
matrix (B"™") by the formula

Bnm _ i i Tm)(pj) AP

p=1j=1

We claim that the coefficients, the initial value and free terms of the system for v,
satisfy Assumptions 3.1, 3.2, and 3.3 with m > 0 if Assumptions 3.1, 3.2, and 3.3 are
satisfied with m > 1 for the coefficients, the initial value and free terms of the original
system for u;. _ ~

Indeed, as is easy to see, v, satisfies (3.1) with the same o and a and with b', ¢, f,
fjk ~k : 1 f bi k k :

, &% in place of b', c, f, V", g~, respectively, where

];i(nm)(pj) — Dmaij5p" _i_binijm’ E(nm)(pj) — wpgmi + Dmbjnp’ (5.9)
fnm — Dmfn +u’ Dy, Gk(nm)(pj) — DmUjk(Snp + Uknp(smj,
g = Dyg™ + u" Dy (5.10)

Then the left-hand side of the counterpart of (3.7) for v is
d M
2 K+ 2
m=1 n=1
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where (no summation with respect to m)
K, = 0" b Doy — gikyrmknr poyrm
and (no summation with respect to n)
Jy = V" Dya Div — ok D, 07k DY
Observe that D;v"V = D;ju" implying that

0" Do Div" = (1/2) D (0™ o) Dyju",
= (1/2)0"" D,y Dyju”.

By Lemma 4.2 for any ¢ > 0 and 7 (still no summation with respect to n)
Jo < Ne7(0))? + ea”’ Dy D ju”,

which along with the fact that D;;u" = D;v* yields
M
D Ju < Nem () + ea’l ((Div, Djv)).
n=1

Upon minimizing with respect to ¢ we find

I d 1/2
DI =N D V(D D)) | ().
n=1 i,j=1

Next, by assumption for any ¢ > 0 and m (still no summation with respect to m)

M
K < Nem'(v))* + e D™ Djv™ + (1/2)h' D; D_(v™)>.

r=1
We conclude as above that
4 ‘- 1/2 |
D Km <N D & ((Div, Djv)y | () + A (D, v))
m=1

i,j=1

and this proves our claim.

The above calculations show also that the coefficients, the initial value and the free
terms of the system for v; satisfy Assumptions 3.1, 3.2, and 3.4 withm — 1 > 0 if
Assumptions 3.1, 3.2, and 3.4 are satisfied with m > 1 for the coefficients, the initial
value and free terms of the original equation for u,. (Note that due to Assumptions 3.1
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withm > 1, b, given in (5.9), has first order derivatives in x, which in magnitude are
bounded by a constant.)

Now higher order derivatives of u are obviously estimated through lower order ones
on the basis of this remark without any additional computations. However, we still
need to be sure that we can differentiate equation (3.1).

By the help of the above remarks one can easily estimate the moments of the
W,-norms of u using of the following version of Gronwall’s lemma.

Lemma 5.2 Let y = (y:)icj0.1] and F = (Fy)iej0,7] be adapted nonnegative sto-

chastic processes and let m = (m;);c[0,7] be a continuous local martingale such
that

dy; < (Ny: + Fy)dt +dm; on|0, T] (5.11)

dim]; < (Ny? +y;""PG{*ydr onl0, T], (5.12)

with some constants N > 0 and p € [0, 1/2], and a nonnegative adapted stochastic
process G = (Gy)e[0,1), Such that

T
/ G,dt <oo(a.s.),
0

where [m] is the quadratic variation process for m. Then for any g > 0
T q
Esupy! < CEyl +CE [/ (F, + G,)dt]
t<T 0

with a constant C = C(N, q, p, T).

Proof This lemma improves Lemma 3.7 from [10]. Its proof goes in the same way as
that in [10], and can be found in [11]. O

Lemma 5.3 Let m > 0. Suppose that Assumptions 3.1, 3.2, and 3.3 are satisfied and
assume that u = (U;);ef0,7] is a solution of (3.1)-(3.2) on [0, T] such that (a.s.)

T
P
/0 |Ml|Wm+] dt < 0Q.
P

Then (a.s.) u is a continuous W;," (R4, RM)-valued process and for any g > 0

E sup |uf|fym < NEWW|h + EXH ,(T)) (5.13)
te[0,T] P P

with a constant N = N(m, p,q,d, M, K, Ko, T). If p = 2 and instead of Assump-
tion 3.3 Assumption 3.4 holds and (in case m = 0) the magnitudes of the first deriv-
atives of b' are bounded by K, then u is a continuous w3 R?, RM)-vyalued process,
and for any q > 0 estimate (5.13) holds (with p = 2).
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Proof We are going to prove the lemma by induction on m. First let m = 0 and denote
V1= |uy |Zp . Then by virtue of Remark 5.2 and Lemma 5.1, the process y = (y:):¢[0,7]
is an adapted L ,-valued continuous process, and (5.11) holds with

p/2 p/2
F,:=/Rd <ft>"+(2<gf>2) +(Z<Dgf>2) dx,

k k

//dus us,asDug—I—v u5+gv>dxdw
R

Notice that

2
dim,]=p Z(/ Uy) u,,ot "Dius +vyu; + gy ) dx ) dt.
5317 (A; + B, + Cy) dt,

with

o0

A = Z (p/Rth)p_Zatir(ut’ Diut>dX) = z (/Rd GtirDi<ut>pdx) ;

r=1 r=1
0

2 2
(/ <u,>"—2<ut,v;u,>dx) : ct=z(/ (ur)P~ 2<u,,g,>dx) :
R4 R4

r=1

Bt=

M2

r=1

Integrating by parts and then using Minkowski’s inequality, due to Assumption 2.1,
we get Ay < N yt2 with a constant N = N (K, M, d). Using Minkowski’s inequality
and taking into account that

> v ) < (u 4Z|v P Nwt D ") < w)lgl,

we obtain

2
B, < Nyf. c,s(/Rd<u,>”“|gt|dx) < PP,

Consequently, condition (5.12) holds with G, = | g,|€p, p = 1/p, and we get (5.13)
with m = 0 by applying Lemma 5.2.

Let m > 1 and assume that the assertions of the lemma are valid for m — 1, in
place of m, forany M > 1, p > 2 and ¢ > O, for any u, v, f and g satisfying the
assumptions with m — 1 in place of m. Recall the notation v = (v} nly — (Dlu”) from
Remark 5.3, and that v, satisfies (3.1) with the same o and a and with b’, c, f , DK, g
in place of b', ¢, f, v¥, gk, respectively. By virtue of Remarks 5.3 and 5.2 the system
for v = (v;)sef0,7) satisfies Assumption 3.3, and it is easy to see that it satisfies also
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Assumptions 3.1 and 3.2 with m — 1 in place of m. Hence by the induction hypothesis
v is a continuous Wg_l (Rd , RM)_valued adapted process, and we have

E sup [vll, <N (E|1/7|" ot T EKG, p<T>) (5.14)
t€[0,T] » P ’

with a constant N = N(T, K, Ko, M, d, p, q¢), where "' = D;y",

T
Kino1,p(@) :/0 (|ft|’v’v;n1 +|g,|€vﬁ) dr.

It follows that (u;);c[0,77 is @ WI’]” (R, RM)-valued continuous adapted process, and
by using the induction hypothesis it is easy to see that
ERY_, (T) <N (E|¢|‘f y o+ E/C?,,,,,(T)) .
Thus (5.13) follows.
If p = 2 and Assumption 3.3 is replaced with Assumptions 3.4, then the proof of

the conclusion of the lemma goes in the same way with obvious changes. The proof
is complete.

6 Proof of Theorems 3.1 and 3.2

First we prove uniqueness. Let u™ and u® be solutions to (3.1)-(3.2), and let Assump-
tions 3.1, 3.2 and 3.3 hold withm = 0. Then u := uV —u@ solves (3.1) withug = 0,
g = 0and f = 0 and Lemma 5.1 and Remark 5.2 are applicable to u. Then using
1t6’s formula for transforming |u,|€p exp(—At) with a sufficiently large constant A,
after simple calculations we get that almost surely

0< e*“|u,|{p <m; forallt €0, T],

where m := (m;);¢[0,7] is a continuous local martingale starting from 0. Hence almost

surely m; = O for all ¢, and it follows that almost surely uil)(x) = ul(z) (x) for all ¢
and almost every x € R?. If p = 2 and Assumptions 3.1, 3.2 and 3.4 hold and
the magnitudes of the first derivatives of b’ are bounded by K and u" and u® are
solutions, then we can repeat the above argument with p = 2 to get u') = u®.

To show the existence of solutions we approximate the data of system (3.1) with
smooth ones, satisfying also the strong stochastic parabolicity, Assumption 4.1. To
this end we will use the approximation described in the following lemma.

Lemma 6.1 Let Assumptions 3.1 and 3.3 (3.4, respectively) hold with m = 1. Then
for every ¢ € (Q, 1) there exist P® B(Rd )-measurable smooth (in x) functions a®",
@i c® @1 @ Drafli and h'®), satisfying the following conditions for every
i,j,k=1,...,d
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(1) There is a constant N = N (K) such that

@ — @' | + 6" = b'| + [ — c| + | Dy’ — Dra'l| < Ne,

lo @ — i 4+ v® —v| < Ne

forall (w,t,x)andi, j,k=1,...,d.
(ii) For every integer n > 0 the partial derivatives in x of a®/, b® ¢® ¢© and
v up to order n are P @ B(R?)-measurable functions, in magnitude bounded
by a constant. For n = m this constant is independent of ¢, it depends only on m,
M, d and K ;
(iii) For the matrix a®' := 2a°7 — ok @ik ye have
d
NN = e D WP foralln =, a) e R

i=1

(iv) Assumption 3.3 (3.4, respectively) holds for the functions afil, pet = pi
o Oky©k and h 1 in place of o', B and h', respectively, with the same constant
K.

Proof The proofs of the two statements containing Assumptions 3.3 and 3.4, respec-
tively, go in essentially the same way, therefore we only detail the former. Let ¢ be a
nonnegative smooth function on R with unit integral and support in the unit ball, and
let ¢ (x) = 8’d§(x/s). Define

O =l xi, P =cxi, 0D =0l ki, VO = v, KO =R kg,
and a®V = 4V % {e + ked;j with a constant k > 0 determined later, where §;; is the
Kronecker symbol and ‘%’ means the convolution in the variable x € R?. Since we
have mollified functions which are bounded and Lipschitz continuous, the mollified
functions, together with a®/ and Dya®"/, satisfy conditions (i) and (ii). Furthermore,
|O_(8)irv(8)r _ Girvrl S |U(S)i _ ai||v(8)| + |O,i||v(8) _ U| S ZKZS,
foreveryi =1,...,d. Similarly,
|0,(S)iro,(8)j}’_o,ir0,jr|§2K28’ |b(8)i_bi|§K£‘, |h(8)l_hl|§N8
foralli, j =1,2,...,d. Hence setting
Bei — b(s)i _ O,(s)ikv(e)k _ h(g)iIM,

and using the notation B’ for the same expression without the superscript ‘s”, we have

|B€i _ Bl| S |b(é‘)l _bl| + |o_(€)irv(€)r _O_irvr| + /M|h(€)i _hl| S RS,
|B®" + Bl <R
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with a constant R = R(M, K). Thus for any z,...,z4 vectors from RM

[(B®'2)2 — (B'zi)?| = [((B — B))zi, (BY + BY)z))]
d
< |B* — B'|BY + BI[(z:)(zj) < dR% D (z)”.

i=1

Therefore
(Bz)* < (B'zi)> + Cie D _(zi)?
i=1

with a constant C1 = C{(M, K, d). Similarly,

Z (Zasij _ G(a)ika(s)jk) (zir2))

iJj

> > a7 — oo ) (2. 7)) + (k= Ce D (zi)?
i

i,j

with a constant C, = C2(K, m, d). Consequently,
(B = h Iy)zi)* < (B'zi)* + Cie Y (zi)?
i=1

d d
<Ko > a(zi.zj)+ Cie > (z)
ij=1 i=1

d d

< Ko Y ez, ) + (Ko(Ca — k) + C)e D (zi).
ij=1 i=1

Choosing k such that Ko(C2 — k) + C; = —Ko we get

d d
(B — h Iy)zi) + Koe D (zi)> < Ko D iz, z)).
i=1 i,j=1
Hence statements (iii) and (iv) follow immediately. O

Now we start with the proof of the existence of solutions which are Wl’,” (RY, RM).-
valued if the Assumptions 3.1, 3.2 and 3.3 hold with m > 1. First we make the
additional assumptions that ¥, f and g vanish for |x| > R for some R > 0, and that
q € [2, 00) and

E|¢|‘€V§n + EKpy 4(T) < <. 6.1)
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For each ¢ > 0 we consider the system

dul = [ SR > T s +g,(£)r] dwy

+[af” Dijué + b Dt + £ dr (6.2)

with initial condition

o=y ©), (6.3)

where the coefficients are taken from Lemma 6.1, and (€, £©) and g(¢) are defined
as the convolution of v, f and g, respectively, with £.(-) = e~9¢(-/¢) for ¢ €
Ccye (R?) taken from the proof of Lemma 6.1. By Theorem 4.1 the above equation has
a unique solution u®, which is a Wy (R4, RM)-valued continuous process for all 7.
Hence, by Sobolev embeddmgs utis a W’"H(Rd RM)-valued continuous process,
and therefore we can use Lemma 5.3 to get

E sup |uf|f sN(EW”ﬂ +E<iC,i,,)‘1(T)) (6.4)
te[0,T] v

for p € {p.2}andn =0, 1,2, ..., m, where K,  is defined by (3.4) with £© and

2 in place of f and g, respectively. Keeping in mind that 7'/” < max{1, T}, and
using basic properties of convolution, we can conclude that

T q/r
E (/ |Mf|§yn/ df) =< N(E|1/f|q 0+ E/Cq (1)) (6.5)
0 P

forany r > 1 and with N = N(m, p,q,d, M, K, T) not depending on r.
For integers n > 0, and any r, g € (1, 00) let H), , , be the space of RM _valued

functions v = v, (x) = (v, (x))f‘il on Q x [0, T] x R? such that v = (v (-))refo, 7] are
Wl’j (R4, RM)-valued predictable processes and

T q/r
q r
v =F v dt < 00.
IVl ,, (/0 vl )

Then ]HI” r,¢ With the norm defined above is a reflexive Banach space for each n > 0
and p, r q € (1, 0o0). We use the notation H’;, q for H” 5.9.q"

By Assumption 3.2 the right-hand side of (6.5) is finite for p’ = p and also for
p = 2 since ¢, f and g vanish for [x| > R. Thus there exists a sequence (x)ieN
such that & — 0 and for p’ = p, 2 and integers r > 1 and n € [0, m] the sequence
vk := uf converges weakly in H’;,r’q to some v € H”, , which therefore also

. pr.rq
satisfies

T q/r
E (/ |ve fyn. dt) < N(E|I/f|q w + EK} 4(T))
0 P
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for p’ = p,2 and integers r > 1. Using this with p’ = p and letting r — oo by
Fatou’s lemma we obtain

Eess sup |v; |, < N(E|y Y, + EKE ,(T)) forn=0,1,...,m. (6.6)
t€[0,T] P P

Now we are going to show that a suitable stochastic modification of v is a solution of
(3.1)-(3.2). To this end we fix an RM -valued function ¢ in (O (R?) and a predictable

real-valued process (1););¢[0,7], Which is bounded by some constant C, and define the
functionals ®, ®;, ¥ and ¥, over H},’ q by

T t . o
Op(u) = E / m / [~ @ Dius, Djo) + B Dy + P, @} ds dr,
0 0
T t . .
Q(u) = E/ 77:/ [—(aéjDius, D) + (b Djuy +csus,g0)} ds dt,
0 0
T r
W) =E/ n,/ (0" ity + v/, ) dw dt
0 0

T z _
Wy (u) = E/ n,/ (o-,(gk)”D,-u, + v,(gk)ru,,w) dw] dt
0 0

foru € HJ, , for each k > 1, where b = b®" — D;a®/ ;. By the Bunyakovsky-
Cauchy-Schwarz and the Burkholder-Davis-Gundy inequalities for all u € H},) q We
have

@) < CNT*julgy 1gly,

W(u) < CTE sup

t<T

o 12
<3CTE [/ Z(Ul”Diu, + v uy, ¢)2 dt]
0

r=1

T 2
<3CTE / (/ [{o;" Diuy + vy us, o)1, dx) dt
0 R4

T 1/2
2 2 q/2
< CTNE [/0 s g 1y d’] < CNTlulwy, 191w

t
/ (0" Djus + vius, ) dwy
0

1/2

with a constant N = N(K,d, M), where p = p/(p — 1). (In the last inequality we
make use of the assumption g > 2.) Consequently, ® and W are continuous linear

functionals over ]HI}, g’ and therefore

klirn d (W) = d(v), klirn W) = W(v). (6.7)
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Using statement (i) of Lemma 6.1, we get

|Px() = Q)| + [Wie(w) = V() = Nexlulpy @l (6.8)

1
forall u € Hpq

(6.3), we have

with a constant N = N (k, d, M). Since u?® is the solution of (6.2)-

T T
E/ m(f, ) dr = E/ n Wk, @) dt + @5 + v
0 0

+F(f) +G(g'™) (6.9)

for each k, where

T t
P =E [T [ (1000) dsar,
G(g®) = E / 77t/ g dw dt.

Taking into account that [v* |H]', \ is abounded sequence, from (6.7) and (6.8) we obtain
lim ®,v") = &), lim Y5 = w(@). (6.10)
k— 00 k— 00

One can see similarly (in fact easier), that

T T

hm E/ r][(Uf, gﬂ)dt = E/ nl(vhw)dtv (61])
k—o00 0
T

lim E / (W, @)dt = E / (W, @) dt, (6.12)
k—o00 0 0

lim F(f®) =F(f), lim Ge)=G(). (6.13)
k—00 k—00
Letting k — o0 in (6.9), and using (6.10) through (6.13) we obtain

T
E/O N (v, @) dt

T t .. _.
=E/0 n,{(w,¢)+/0 [ — (ay Diug., Djg) + (b, Dius + csus + fi. ¢)| ds

t
+/ (6"" Divg + V" vg, @) dwf,} dt
0
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for every bounded predictable process (1;)sc[0,7] and ¢ from Cgo. Hence for each
e Cy°

t .. _.
(v, 0) = (¥, 9) +/ [ - (a;]DivSa Dj‘p) + (bAlyDivs + v + f, §0)] ds
0
t
+/ (0" Djvg +v"vs + g5, ¢) dwg
0

holds for P x dt almost every (w, f) € Q x [0, T]. Substituting here (—1)/*/ D%y in
place of ¢ for a multi-index o = (¢, ..., og) of length || < m — 1 and integrating
by parts, we see that

t . t
(D%, ) = (D, <p)+/0 [—(F. Dj(ﬂ)+(Ff,<ﬂ)]ds+/0 (G5, @) dwg (6.14)

for P x dt almost every (w, t_) € Q x [0, T], where, owing to the fact that (6.6) also
holds with 2 in place of p, F' and (G");2 are predictable processes with values in
Lo-spaces fori =0, 1, ..., d, such that

T d
/O (Z |F{IZ, + |GX|%2) ds < 0o (as.).

i=0

Hence the theorem on Itd’s formula from [21] implies that in the equivalence class of
v in H’z'fq there is a W;”_I(Rd, RM)-valued continuous process, u = (t1)ref0, 7], and
(6.14) with u in place of v holds for any ¢ € C§° (R?) almost surely for all r € [0, T'].
After that an application of Lemma 4.3 to D%u for || < m — 1 yields that D%u is an
LP(Rd, RM)_valued, strongly continuous process for every |o| < m — 1,1i.e.,u is a
W;”_l (R?, RM)-valued strongly continuous process. This, (6.6), and the denseness of
Ceein Wy (R?, RM) implies that (a.s.) u isa wr (R4, RM)-valued weakly continuous
process and (3.11) holds.

To prove the theorem without the assumption that v, f and g have compact support,
we take a ¢ € C(‘)X’(Rd) such that ¢{(x) = 1 for [x] < 1 and ¢(x) = O for |x| > 2,
and define ¢,(-) = ¢(-/n) forn > 0. Let u(n) = (u;(n))se[0,77 denote the solution
of (3.1)-(3.2) with ¢, ¥, &, f and &, g in place of ¥, f and g, respectively. By virtue
of what we have proved above, u(n) is a weakly continuous Wl’j’ (R?, RM)-valued
process, and

E sup |M;(l’l) - ul(l)|q m = NE|(§H - {l)’u”'q m
tel0,7T] P P

q/p

T
+NE [(Cn — Q)fs|€vm + [ — CZ)gs|p met [ dS
0 P Wp

Letting here n, I — oo and applying Lebesgue’s theorem on dominated convergence
in the left-hand side, we see that the right-hand side of the inequality tends to zero. Thus
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for a subsequence n;y — oo we have that u;(n;) converges strongly in W;T (R4, RM),

uniformly int € [0, T'], to aprocess u. Hence u is a weakly continuous WI’]” (R, RM).
valued process. It is easy to show that it solves (3.1)—(3.2) and satisfies (3.11).

By using a standard stopping time argument we can dispense with condition (6.1).
Finally we can prove estimate (3.11) for g € (0, 2) by applying Lemma 3.2 from [8] in
the same way as it is used there to prove the corresponding estimate in the case M = 1.
The proof of the Theorem 3.1 is complete. We have already showed the uniqueness
statement of Theorem 3.2, the proof of the other assertions goes in the above way with
obvious changes.

Acknowledgments The results of this paper were presented at the 9th International Meeting on “Sto-
chastic Partial Differential Equations and Applications” in Levico Terme in Italy, in January, 2014, and at
the meeting on “Stochastic Processes and Differential Equations in Infinite Dimensional Spaces” in King’s
College London, in March, 2014. The authors would like to thank the organisers for these possibilities. The
authors are grateful to the referee whose comments and suggestions helped to improve the presentation of
the paper. The work of the third author was partially supported by NSF Grant DMS-1160569.

References

1. Brzezniak, Z., Flandoli, F., Maurelli, M.: Existence and uniqueness for stochastic 2D Euler flows with
bounded vorticity. arXiv:1401.5938

2. Dalang, R.C.: Extending martingale measure stochastic integral, with applications to spatially homo-
geneous S.P.D.E’s. Electron. J. Probab. 4, 1-21 (1999)

3. Dalang, R.C., Quer-Sardanyons, L.: Stochastic integrals for spde’s: a comparison. Expositiones Math-
ematicae 29, 67-109 (2011)

4. Da Prato, G., Zabczyk, J.: Stochastic Equations in Infinite Dimensions. Cambridge University Press,
Cambridge (1992)

5. Gerencsér, M., Gyongy, I.: On stochastic finite difference schemes. Appl. Math. Opt. (2014). doi:10.
1007/500245-014-9272-2

6. Gyongy, L., Krylov, N.V.: On stochastic equations with respect to semimartingales I. Stochastics 4(1),
1-21 (1980)

7. Gyongy, L., Krylov, N.V.: Stochastic partial differential equations with unbounded coefficients and
applications III. Stoch. Stoch. Rep. 40, 77-115 (1992)

8. Gyongy, 1., Krylov, N.V.: On the rate of convergence of splitting-up approximations for SPDEs. In
Progress in Probability, vol. 56, pp. 301-321. Birkhiduser, Berlin (2003)

9. Gyongy, I., Krylov, N.V.: Expansion of solutions of parametrized equations and acceleration of numeri-
cal methods. I11. J. Math. 50, 473-514 (2006). Special Volume in Memory of Joseph Doob (1910-2004)

10. Gyongy, I., Shmatkov, A.: Rate of convergence of Wong—Zakai approximations for stochastic partial
differential equations. Appl. Math. Opt. 54(3), 315-341 (2006)

11. Gyongy, I.: An introduction to the theory of stochastic partial differential equations. In preparation

12. Ikeda, N., Watanabe, S.: Stochastic Differential Equations and Diffusion Processes. North-Holland,
Amsterdam (1981)

13. Kim, K.: L, estimates for SPDE with discontinuous coefficients in domains. Electron. J. Probab. 10,
1-20 (2005)

14. Kim, K.: Ly (L p)-theory of parabolic PDEs with variable coefficients. Bull. Korean Math. Soc. 45(1),
169-190 (2008)

15. Kim, K., Lee, K.: A W2l -theory of stochastic partial differential systems of divergence type on C 1
domains. Electron. J. Probab. 16, 1296-1317 (2011)

16. Krylov, N.V.: On SPDE’s and superdiffusions. Ann. Probab. 25, 1789-1809 (1997)

17. Krylov, N.V.: Stochastic Partial Differential Equations: Six Perspectives, Mathematical Surveys and
Monographs. An analytic approach to SPDEs, pp. 185-242. American Mathematical Society, Provi-
dence, RI (1999)

18. Krylov, N.V.: SPDEs in L4 ((0, 7], Lp) spaces. Electron. J. Prob. 5(13), 1-29 (2000)

@ Springer


http://arxiv.org/abs/1401.5938
http://dx.doi.org/10.1007/s00245-014-9272-2
http://dx.doi.org/10.1007/s00245-014-9272-2

Stoch PDE: Anal Comp (2015) 3:52-83 83

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Krylov, N.V.: 1t6’s formula for the L ,-norm of stochastic Wll7 -valued processes. Probab. Theory Relat.
Fields 147, 583-605 (2010)

Krylov, N.V., Rozovskii, B.L.: On the Cauchy problem for linear stochastic partial differential equa-
tions. Math. USSR Izvestija 11(6), 12671284 (1977)

Krylov, N.V., Rosovskii, B.L.: Stochastic evolution equations. J. Soviet Math. 16, 1233-1277 (1981)
Krylov, N.V., Rozovskii, B.L.: Characteristics of degenerating second-order parabolic Itd equations.
J. Soviet Maths. 32, 336-348 (1986). Translated from Trudy Seminara imeni I.G. Petrovskogo, No. 8.
pp. 153-168, (1982)

Moffatt, H.K.: Magnetic Field Generation in Electrically Conducting Fluids. Cambridge University
Press, Cambridge (1978)

Molchanov, S.A., Ruzmaikin, A.A., Sokolov, D.D.: Short-correlated random flow as a fast dynamo.
Dokl. Akad. Nauk SSSR 295(3), 576-579 (1987)

Oletnik, O.A.: Alcuni risultati sulle equazioni lineari e quasi lineari ellittico-paraboliche a derivate
parziali del secondo ordine. (Italian) Atti Accad. Naz. Lincei Rend. CI. Sci. Fis. Mat. Natur. 40(8),
775-784 (1966)

Oleinik, O.A.: On the smoothness of solutions of degenerating elliptic and parabolic equations. Dokl.
Akad. Nauk SSSR 163, 577-580 (1965). in Russian; English translation in Soviet Mat. Dokl., Vol. 6,
No. 3, 972-976 (1965)

Oleinik, O.A., Radkevic, E.V.: Second order equations with nonnegative characteristic form, Mathe-
matical Analysis, 1969, pp. 7-252. (errata insert) Akad. Nauk SSSR, Vsesojuzn. Inst. Nauc¢n. i Tehn.
Informacii, Moscow, : in Russian, p. 1973. Plenum Press, New York-London, English translation
(1971)

Olejnik, O.A., Radkevich, E.V.: Second Order Equations with Nonnegative Characteristic Form. AMS,
Providence (1973)

Rozovskii, B.L.: Stochastic Evolution Systems. Linear Theory and Applications to Nonlinear Filtering.
Kluwer, Dordrecht (1990)

Walsh, J.B.: An introduction to stochastic partial differential equations. d’Eté de Prob. de St-Flour
XIV, 1984. Lecture Notes in Mathematics, vol. 1180. Springer, New York (1986)

@ Springer



	On the solvability of degenerate stochastic partial differential equations in Sobolev spaces
	Abstract
	1 Introduction
	2 Formulation
	3 Systems of stochastic PDEs
	4 Preliminaries
	5 The main estimate
	6 Proof of Theorems 3.1 and 3.2
	Acknowledgments
	References


