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Abstract In this paper, we consider the nonlocal elliptic problem involving a mixed local and nonlocal
operator,

B
/f(x,u)dx Lpsu) = f¥(x,u) in Q,
1\
u>0 in €2,
u=0 inRV\ Q,

where Q@ ¢ R is a bounded regular domain, £ s = —A, + (—A);, O<s<l<p<N,a, € Rand
f 2 xR — R be anonnegative function which is defined almost everywhere with respect to the variable x.
Using Schauder and Tychonoff fixed point theorems, we get two existence theorems of weak positive solutions
under some hypothesis on «, 8 and f.

Mathematics Subject Classification 35R11 - 35A01 - 35B09

1 Introduction

In this work, we deal with the following nonlocal elliptic problem involving a mixed local and nonlocal
operator,

B
(/f(x,u)dx) Lpsu) = f*(x,u) in Q,
Q

u=>0 in 2,
=0 inRNV\ Q,

(1.0)

where © C RY be a bounded regular domain with0 <s <1 < p < N, (o, f) e R?and f : QxR > R
be a nonnegative function.

Here £ s = —A, + (—A)3, where A u = div(|Vu|P~2Vu) is standard p — Laplace operator and (—A)j,
denotes the so-called fractional p—Laplacian operator, is defined as,

lu(x) —u(WP2(u(x) — u(y)) J
o = y[Vs g

]

(A u(x) = P.V/
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where P.V. stands for Cauchy principal value of the integral.
In this paper, we assume two sets of assumptions.
e First set,

(Hyp) f :  x R — Ris a function such that t — f(x, t) is continuous for a.e in 2, x —— f(x, 1) is
measurable for all 7 € R and for some nonnegative function g € L' (), we have

0< f(x,t) <g(x) forallt e Randa.ex € <,
and «, f satisfy one of the two following assumptions
1 _ P
(H2) 0 <a < — where p =—1,(p > 1)and B < «;
p p—
1
(H3) o > —/,/8 < - with g(x) < laex € Q.
p p

e In the second set, we assume that

(G1) x —> f(x,t) is measurable for all t € R and

f(x,t) >0 forallr e Randaex € 2,

(G2) f(,0) e LY (), |f(x,t1) — f(x, )| < hs(x)|ty —12]° forallt, 1, € Randa.e x € Q
such that
.

1
(G3) 0 <8< p.hse L5 (Qford € (0, p),hy e L®R),0<p<a<— withp > 1.
p

In recent years, the problems driven by operators like £, ; have attracted a huge amount of attention, both for
the mathematical complications that the combination of two so different operators imply and for a wide range
of applications, for example in [25], these operators in the case p = 2, describe a biological species whose
individuals diffuse either by a random walk or by a jump process, according to prescribed probabilities. For
other applications in the biological field generated by mixed operators, we refer readers [24,38,39]. See also
[11] for further applications.

Moreover, several studies have been carried out on mixed local and nonlocal operators from different
points of view, like the regularity theory, existence and non-existence results, calculus of variations, shape of
optimization and eigenvalue problems see for instance [1,5-10,12,15,20,21,23,32,41,42] and the references
therein.

Before stating our main results, we begin by recalling some well-known results related to our problem.

— Local case: s = 1. In this case, we consider the following problem,

B
—(fﬁ(x,u)dx) Apu = p¥(x) f5' (x,u) in 2,
Q (1.1
u>0 in 2,
u=>0 in 082,

where fi, f>, p are measurable functions, a 8 and y are real parameters. Several works are devoted to classes
of problems (1.1).

In the case of semilinear problem corresponding to p = 2,y = 0 and fi(x,t) = f>(x,t) = f(¢) depends
only on the variable of 7, has been treated in [31], where the authors have used a fixed-point theorem in cone, to
show that problem (1.1) has at least one positive solution, in which f is a positive continuous, nondecreasing
function and satisfies a boundedness condition. In [ 18], the authors proved the existence and uniqueness results
of problem (1.1) for p = 2, y = 1 and under some conditions on the functions fi, f>, p and the constants «, 8.
Inthecase, p =2,y =a =1, fi(x,u) = fi(w), fa(x,u) = fo(u) and p(x) = 0 = const > 0, problem
(1.1) was treated in [3], where the authors have showed the existence of positive solution using Bolzano
theorem. Recently in [45], the author gave sufficient conditions on the function f and the real parameters «, 8
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in order to have an existence of positive solutions via Schauder and Tychonoff fixed point theorems for the
following problem

B
—< f(x, u)a’x) div(a(x)Vu) = f%(x, u) in 2,
Q (1.2)
u>0 in ,
u=20 in 02,

where a(x) be an n x n matrix function defined a.e in 2.

For other classes of nonlocal elliptic problems namely for p € (1, co) see for instance [14,16,17,33] and
the references therein.

Non-local case:0 < s < 1. In this case, the Kirchhoff-type problems involving the non-local integro-
differential operator has been widely studied in recent years, we refer to [4,13,27,35,36,40,43,44] and the
references therein.

Needless to say, the references mentioned above do not exhaust the rich literature on the subject.

Mixed local and non-local case. Unlike the two cases above, Kirchhoff-type problems with mixed local
and non-local operators are even less known to our knowledge.

Inspired by the work [45], we will try to reproduce the same reasoning applied to a class nonlocal elliptic
problem (1.2) and adapt it to our problem with mixed local and nonlocal operator. As far as we are aware, our
main results are new even in the semilinear case p = 2.

Notice that, the two sets of assumptions mentioned above (H) — (H3) and (G;) — (G3) are purely technical,
so they allowed us to apply the fixed-point theorems of Tychonoff and Schauder respectively, to obtain existence
results (see sect. 3 ).

The article is organized as follows. In Sect. 2 , we collect some preliminaries dealing with the functional
setting associated to our problem, like the concepts of solutions and useful lemmas are included that will be
needed along of the paper. In the last Section, by using the Schauder and Tychonoff fixed point theorems, we
prove the main existence results of this work under two sets of hypothesis on «, 8, f and g.

2 The functional setting and tools
In this section, we collect some well-known results on Sobolev spaces and give some tools as they are needed
to prove our main results.

Let Q C R¥Y with N >2and 0 < s < | < p < oo be the real numbers. The fractional Sobolev space is
defined by,

_ P
WP (Q) = ueLP(Q) // '“p(cxi |’fv(fzj dx dy<+oo}.

Notice that W* P (Q2) is a Banach space endowed with the norm

1
lu(x) —u(y)|? »
llullws.r @) = <||M||LP(Q) +/ / oy ——— dxdy| .

We denote by Wg "P(Q) the following space,

Wo @) = fue wr®Y) u=0 inEV\ 0],

lu(x) — u(y)|? t/p
||M||WJP(§2) - (//;Q |x—y|N“P Ny dxdy s

=RV xR\ (€2 xCQ) = QxRYYUCQ x Q),

endowed with the norm

where

is reflexive Banach space we refer to [2,22,37] for more details and properties of the fractional Sobolev spaces.
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Now we define, for 1 < p < oo, the Sobolev space
Whr(@) = {ue L7(@) : [Vul € LP(@),
endowed with the classical norm,
ullwiry = lNullLr) + 1VullLr)-

Notice that (W7 (Q), [l-[lw1.r(q)) is reflexive Banach space.

The space WOl "P(Q) is defined as the closure of the space C°(2) of smooth functions with compact support

in the norm of the Sobolev space whr(Q).
The following result asserts that Sobolev space W7 () is continuously embedded in the fractional Sobolev
space, see [22] for more details.

Lemma 2.1 Let @ C RY be bounded Lipschitz domain and 0 < s < 1 < p < oo, then, there exists a
constant C = C(N, p, s) such that

lullws.r@) < Cllullwiogy. Yu e WHP(Q). (2.3)

We need also the following result, where the proof can be found in [12],

Lemma 2.2 Under the same hypothesis of the previous lemma, there exists a constant C = C(N, p, s, 2)

such that

|u(x) —u(y)[” 1

< Vul? v Q). 2.4

/RNfRN |x_y|N+dedy_C/|u|dx, ue Wy () 2.4)
Q

Remarks 2.3 It is clear that from the previous lemma, the following norm on the space W(} "P(Q) defined by

1

P
lu(x) —uy)I?
P
[lul] W) = /|Vu| dx—i—/RN /H;N X — [V ———————dxdy (2.5)
is equivalent to
%
[lul| whe ) = /|Vu|”dx . (2.6)
Q

For the following Sobolev embedding, see for example [26,34].

Lemma 2.4 The following embedding operators

L1(Q), forq €1, p*l, if p € (1, N)
Wy (@) — { LI(Q), forqgell, o), ifp=N
L*(Q), ifg >N,

are continuous. Also, the above embeddings are compact, except for ¢ = p* = Af—ivp if pe (1,N).
Now, we define the notion of zero of Dirichlet boundary condition as follows,
Definition 2.5 We say that u < 0 on 92, if u = 0 in RV\Q and for every ¢ > 0, we have
1,
(u—e)r € Wy''(Q).
We say that u = 0 on 9€2, if # in nonnegative and # < 0 on 9€2.

Now, we need to render precise the sense of the weak solution for the problem (1.0).




Arab. J. Math. (2024) 13:63-78 67

Definition 2.6 Assume that u € W& "7 (Q). We say that u is a weak solution to problem (1.0), if u >
0in 2, u = 0on 02 in the sense of Definition 2.5 and for every ¢ € W(;’p(Q), we have

/ fE(x, u)pdx

Q

/ $Lps(w)dx = 5 Q2.7)
Q

/ f(x,u)dx
Q

To close this section, we recall the following elementary algebraic inequality (see [19]) that will be used
in some arguments.

Lemma 2.7 Let p > 1. Then for every a, b € RY, there exists a positive constant C = C(p) > 0 such that

— b|P2(a — - _la—bP
(la —b|P~*(a —b),a b)zC(|a|+|b|)2_p. (2.8)

3 Existence results

In this section, we focus to prove two existing results of nontrivial solutions to (1.0) by using, respectively,
Tychonoff and Schauder fixed-point theorems under two sets of hypothesis on «, 8 and f.
We begin with the following result.

Theorem 3.1 Lets € (0, 1) and 1 < p < N. Assume that s € (0, 1), (H}) and one of (H3), (H3) hold. Then,
problem (1.0) has a positive weak solution u € WO1 "P(Q) in the sense of Definition 2.6.

Proof The proof will be given in several steps.
Step 1: For v € Wé "P(Q), we consider the following problem,

F4(x,v) .
Lps) = 5 in Q,
,v)d
/ S x) (3.9)
Q
u>0 in 2,
u=20 inRV\ Q.
To show that the previous problem has a solution u € WOl "7 (€2), we need to show that
o
hv) = — T &0 e (W (@) (3.10)

(Q/f(x, v)dx)

To do this, using ¢ € W(}’p(Q) as a test function in problem (3.9), we get

f e v)lldx
(h(v), 9) < 2

B
(/f(x, v)dx)
Q
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Using Holder and Poincaré inequalities, it holds that

([ (forer
</f(x v)dx)

Cligll np(m(/f“"’(x,v)dx)

Q

B
(/ f(x, v)dx)
Q

(), $)l <

!

S|=

=

First, if we assume that (H3) holds, it follows that

o ifa € (0, #) and o < B8, we have

1=ap’ ¢
cle| |I¢|IW(;.17(Q)</f(x,v)dX>
Q

B
</ fx, v)dx)
Q

Ot a—p
ciel' ™ gl Ip(9)</f(x,v)dx)

Q

(7 (), ¢)l

IA

IA

1- Dt

° ifoe:%andﬂsoz,weget

C||¢||W01.p(m(/f(x, v)dx>p
Q
P
(/f(x,v)dx)
Q
i
< C|I¢||W0Lp(9)(/f(x, v)dx)

(h(v), )| <

e if § <« =0, we obtain

B
(hw). @)l < Il 7 gl IP(Q)(/ﬂx v)dx)

1,,

< 11711811 gy 191l 1o o) (3.13)

: = @ Springer
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Now, if suppose that (H3) holds, we get

( / f“f”(x,wdx)'l’l( [ |¢|de)’1’
Q Q 5
(g[f(x,u)dx)

< C||¢||W01,p(9)(/ fer, v>dx)
Q

L/,ﬂ

l(h(v), )| <

’

B

<=

Hence, combining with (3.11), (3.12), (3.14), (3.10) follows.
Now, using Theorem 1.1 of [29], this problem possess a unique solution u € WO1 P(Q).
Obviously, from (H1), we derive that # = 0 is not solution to problem (3.9). On the other hand, to show

that u is nonnegative solution, we choose 1~ as a test function in (3.9), it follows that

/ f lu(x) — u(IP "2 (ux) — u(y)) (U (x) — u()
xdy
RN JRN

lx — y|NFps

/ [, v)u"dx

+/|Vu_|pdx= @ 5 <0. (3.15)
Q (/ f(x, v)dx)
Q
Following the same arguments from the proof of Lemma 3.1 in [30], we get
(3.16)

Ju(x) — (P~ wx) —u()@ ™ (x) —u" () =0, forae (x,y) e RN x RV,

Using (3.15) and (3.16), it follows that

/ IVu~|Pdx <0
Q

Hence, u > 0 in Q. Since u = 0 in RY \€2, we derive that the function u is nonnegative in RV, As
g(x,t) > Ofora.e x € Qand forall ¢ € R. Then, by using theorem 8.3 of [28], we have that for every o € €,

there exists a constant C(w) > 0 such that u > C(w) > 0in 2. Hence # > 0 in Q.
Therefore, the operator
1, 1,
T :Wy"(Q) — W, " (Q)
vi—> T(v) =u.

is well defined. . . o
Step 2: Let us show T (B (0)) C Bg(0) where B (0) is closed ball in Wol’p(Q) with center 0 and radius R.

For this purpose, it is sufficient to prove that if u solves Problem (3.9), then

where R will be precise later.
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To do this, we use u as a test function in (3.9), we get

/ f¥(x, v)udx

_ 14
/|W|de+/ / ) ”,ﬁ,(y” dxdy = 2 . (3.17)
RV JRN  |x — y|VEP

B
(/ f(x, v)dx)
Q

As in the first step, we assume that o, B satisfy (H2) and we distinguish three cases. Therefore, by using
Holder and Poincaré inequalities, we get from (3.17),

1=ap’ ¢
cl|| v IIMIIWOLp(Q)</f(x,v)dx)
Q
W, () = B
(/f(x, v)dx)
Q

1oy «=p
11 7 llygo ey [ £0x.0x)
Q

< C|Q| p

o ifa € (0, #) and o < B8, we have

P
o]

IA

18ISl 11

Therefore,

1
1—ap =

° ifa:#andﬂfa,weget

Cllul| 117(Q)</f(x v)dx)
Wy () = 3
(ff(x, v)dx)
Q

e
C||u||W(;,,,(Q)(/f(x,v)dx)
Q

<Cllgll

el |

IA

IIMII

L‘(Q) 3P

Thus

B\ 7T

e if B <« =0, we obtain

-8
p
[fuel| W@ = < €19/ 77| ju| 117(9)(/f(x v)dX)

<clel'r

Fllgll L lully,

Q)"
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Therefore 1

-4 — 1
lullygrr gy = (€121 7 llellfg)) T - (3.20)

Now, by using (H3), and, Holder and Poincaré inequalities, it follows that

L, 1
(/f"‘p/(x,v)dx>p </ |u|pa'x>p
gy < — g
(/f(x,u)dx)
Q
i

4
< C||u||W(;,p(Q)(/f(x, v)dx)
Q

1
5 —p

Thus, we deduce that

L’_'B -1
lillyy 1. gy < (cngn;l(m) : (321)
Hence, from (3.18)-(3.21), there exists a positive constant R := R(«a, B, 2, p, |Igll1(q)) > O such that
T(Br(0)) C Br(0).
Step 3: Now, we prove that T : Br(0) = Bg(0) is weakly continuous.
In order to show this, let {v;};<; be a generalized sequence in ‘B (0) such that v; — v weakly in WO1 P(Q),
and, define u; = T (v;) and u = T (v).
Since Bg(0) is weakly compact in W(} "7 () and to prove that {i; };c; converge weakly in Br(0), it suffices
to show that {u;};<; has u as unique weak limit for that topology. To do this, we assume by contradiction that
ui —u  weakly in W, 7 (), (3.22)

On the other hand, from Lemma 2.4, we have WO1 "P(Q) — LP(Q) is compact, and, therefore we get the
existence of a subsequence of {v;};<; such that
vi(x) > v(x) a.ein Q. (3.23)

Since u; and u are two positive solutions to (3.9), then, by taking ¢ = (u; — u) as a test function in (3.9), we
get

/ / Juti () = i (VP72 (i (%) — ui () (¢ (x) — ¢>(y))dxdy
RN JRN

|x _ y|N+ps

ff“(x, V) (x)dx

+/ IVui P 2Vu; Ve (x)dx = 2 7 (3.24)
Q /f(x, v,~)dx>
Q
and
/ / lu(x) — u()P~2(u(x) — u(y)) (P (x) — d)(y))dxdy
RN JRV |x — y|N+ps
/f“(x, V)P (x)dx

(3.25)

+/ IVulP2VuVe (x)dx = & 7
Q /f(x, v)dx)
Q
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Subtracting (3.24) with (3.25), we get

() — s 204 (x) — s _
<£p’5(u)_£p’5(u)’¢>=/w /RN i () — ui WIP7"(ui (%) — ui (¥)) (¢ (x) ¢(y))dxdy

|x _ y|N+ps

_/ f Iu(X)—u(y)l”‘z(u(x)—u(y))(¢>(X)—¢(y))dxd
RN JRN Y

jx — y|NHes

+/ (IVu; |P72Vu; — [Vul|P~2Vu) Ve (x)dx
Q

/f“(x,vi)qb(X)dx /f“(x,v)¢(X)dx
Q Q

= 7 7 (3.26)
(/ f(x, v,-)dx) (/ f(x, v)dx)
Q Q
Hence, by using Lemma 2.7, for p > 2 it holds that
(2.0 = Lp.stw, i =) = el —ully (3.27)
Combining with (3.26) and (3.27), we reach that
/f“(x, Vi) (x)dx /f“(x, V)¢ (x)dx
L P Q _ Q
C||ul u”W(;’p(Q) S /3 ,B . (328)
(/f(x,vi)dX> (/f(x,v)dX>
Q Q
So,
/f“(x, Vi) (x)dx ff“(x, V)¢ (x)dx
L P Q _ Q
cllutg = ullfy 5 = . .
( / f(m»dx) ( [ e v)dx)
Q Q
1
< ) / (fCe,vi) = £ 0x, 0) (Ui — u)dx
(/ fx, Ui)dx) Q (3.29)
Q
1 1 o J
+ /3 - 13 /f (xvv)(ui_u) X
(/ fx, v,-)dx) (/ f(x, v)dx) Q
L @ Q _
On the other hand, by using (H), we get
/f(x, v))dx >0 and/ f(x,v)dx >0, foreveryk e IN.
Q Q
So, from (H1), (3.23) and by applying the dominated convergence theorem, we reach that
f¥(x,v;)) = f*(x,v) strongly in L”/(Q), (3.30)
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and
B

B
/ fx,vp) — / fx,v) strongly in R. (3.31)
Q Q

Notice that u; € B(0), then, by using (3.30), (3.31) and letting i — 400 in (3.29), it follows that
u; — u strongly in Wol‘p(Q).
Going back to (3.22), we derive that u = u. Hence, u is the unique weak limit point of {u;};c7, and then
wi=T() —u=T() weaklyin W, " (Q).

Therefore, by applying Tychonoff fixed point theorem, the operator 7' admits at least one fixed point u € B g (0)
such that 7' (1) = u, which is a weak solution to (1.0).
The case | < p < 2 is made using similar arguments, and we will omit its proof. O

Now, we are going to establish the second result.

Theorem 3.2 Lets € (0, 1) and1 < p < N. Assume that (G1) — (G3) hold. Then, problem (1.0) has a positive
weak solution u € Wol’p(Q) in sense of Definition 2.6.

Proof The proof will be done in several steps.
Step 1: For v € LP(2), as in the proof of the previous result, we want to show that

) = &V e (WP @)

/ f(x, v)dx)

Observe that,

e if0<d < pandhg € Lﬁ (R2), so, by (G2)-(G3), and by applying Holder and Poincaré inequalities, we
derive that

f(,v) e LYQ) and f¥(,v) € L7 (Q).

Hence, by the same computations as in first step in the proof of theorem 3.1 we get 2 (v) € (W(} P(Q)).
e Similarly, if we take § = p and hs € L°°(L2), we get also h(v) € (Wol’p(Q))/.
Therefore, by applying theorem 1.1 in [29], there exists a unique weak solution u € WO1 P(Q) to (3.9).
Notice that f(x,¢) > Oforallt € Randa.e x € €2, then, by the same reasoning as in first step in the proof

of theorem 3.1, we get u > 0 in Q.
Hence, the operator,

H:LP(Q) — W, (@)
v~ HWw) =u.

is well defined. Moreover, if u is a fixed point of H, then u is a weak solution to Problem (1.0). Thus, we just
have to show that H has a fixed point.
Step 2: In this step, we will prove the existence R > 0 such that H (Br(0)) C Bg(0) where Bg(0) is the
closed ball of center 0 and radius R.

Taking u as a test function in Problem (3.9) and using Poincaré inequality, it follows that

/f“(x, v)|uldx

Q

7
(/ f(x, v)dx)
Q

Therefore, by taking into consideration (G;)-(G3) and by using Holder’s inequality, we get

llf ) < C

(3.32)

@ Springer



74 Arab. J. Math. (2024) 13:63-78

1

° if0<ﬂ<cx<7,wehave

clel 7 ||u||Lp<Q)(/f<x v)dx)
B
(/f(x,v)dx)

a—p
<CIQI v ||M||L1’(sz)</f(x U)dx)

p
”u”LP(Q) =

a—p
<CIQI e ||u||LP(§Z) /(ha(x)lvl + f(x,0))dx

Thus

l—ap’ _

1o ',
cior ™ (ilsll e allvlllpg + 1/ 0lln@)  ifs e, p),
Ilu”LP(Q) o _

o
cio 7 (Ihsllx@Ivlyg +1FCOllg) | i£5=p.

which implies

ozp S B da=p) )
C|Q| P (Wm”;pl8<Q)||U||LP(Q) + 1/, 0] L1(9)> if § € (0, p),

llullLr@) = ! a )
=P = oa— .
cle| » (”hSHLoo(Q)HUHip(Q) +II7C O)IIL.(Q)> if§ =p

Tb

Using now the fact 0 < 5(;’_ B ~ 1, then, we can find a positive constant R; depends only of the data such
that

[lullLr@) < Ri; (3.33)

° if0<,3<oc=#,weget

C||”||U’(Q)</f(x v)dx)
B
</f(x,v)dx>
Q

e
C||”||Ll’(9)</f()€,v)dx>
Q

< Cllullzre) f(ha(x)lvl‘s +feondx|

p
||u||LP(Q)

IA

which leads to

1
7B
C (1311 _eyllvld gy + 11/ COlILigy) " if8 € ©.p).
||u||Lp(Q) 1

—B
C (Ihslle=@llfp gy +1£COllg)” " if6=p.
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thus
1-gp’ s(1-8p") 1-gp’

c IIhaIIL%(Q)IIUIIU(’}z) + GO g, ) 8 €O, p),

||M||LP(Q) S l—ﬁp, 1_/3 , l—ﬁp’
C (sl Ly llulloty + 1 C Oy ) it = p.

Since, 0 < % < 1 forevery é € (0, p], therefore, we get Ry > 0 depends only of the data such that
[lullLr) < R2; (3.34)
e finally, if 0 < B = o < —, then, by using the same arguments as above, we get

[lullLr(@) < Rs, (3.35)

1
v

I—o(p,

where Rz := C|Q2| 7
So, combining (3.33)-(3.35), we get the existence a positive constant R such that
uller@) < R, (3.36)
as desired.

Step 3: Now, we show that H is a continuous and compact operator on Bg(0).
Let us begin by proving the continuity of H.Consider {v,}, C Br(0) and v € Bg(0) such that

v, — v strongly in L”(Q).

Since u, and u are two positive solutions to (3.9), then, by taking (1, — u) as a test function in both equations
of u, and u, and, by using the same computations as in the proof of theorem 3.1 for p > 2, we get

/f“(x,vn)(un—u)(X)dx /f"(x,v)(un—u)(X)dx
Q

Q
B N B
(/f(x, vn)dx> (/f(x, v)dx)
Q Q

)4
clluy — u||LP(Q) =

= 1 B /(fa(x,vn)—fa(x,v))(un —u)dx
(/f(x,vn)dx) Q
Q
1 1
* B 7 /f"‘(x,v)(u,, —u)dx, (3.37)
</f(X,Un)dx) (/f(x,v)dx) Q
L @ o 1

where in the last inequality we have used Poincaré inequality.

Since o < # < 1, so, by Holder’s inequality, we get

/(f“(x,vn)—f“(x,v))(un—u)dx 5/|f“(x,vn)—f“(x,v)Hun—uIa'x
Q

Q
< / | £ vn) = £, )| un — uldx
Q

1

p/

< /‘f(x,vn)—f(x,v)|p/adx /‘un—u‘p (3.38)
Q Q
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So, by (G>), (G3) and from (3.38), we distinguish two cases,

o if0 <a < pi it follows that

/ (F 0 vn) = £0x, 0) @y — w)dx

Q

= |Q|%.;P||u,, _“”LP(Q)(/ Lf(x,vn) = flx, v)|dX>

o
< IQI v ||un_u||LP(Q)</|h6(x)|Un_v| dx) .

Therefore, by using Holder’s inequality, it holds that

NAsll® » v — vIILp(Q)Ilun —ullLre) if 8 € (0, p),
/(f“(x, vn) — f4(x, v))(up —u)dx| < C LP7(Q) .
o ||h8||ioo(9)||vn - v||LP(Q)||un - u||Ll’(Q) if § = p-
(3.39)
o Ifau= #, then, we have

L
4

/ f” (x, vn) — f” (x, v))(p — wydx| < Cllu, _“||LP(Q)</ |f(x o) — flx, v)|dX>
Q

L
7

P
< Cllup — u||mm</ hs ()| vy — v|8dx)
Q

So,
1 5
1 1 Cllasll” »  Mva = Vil llun — ullLr(e) if 8 € (0, p),
/ (f7 (x,v0) = f7 (x,0)) (up — w)dx| < Lr=2 () ,
Q Cllhs]1 ey l1n = V1] ey lltn — tellr (e if 8 = p.
(3.40)
On the other hand, by using (G;) — (G») and Holder’s inequality, we reach that
sl o o l1vn = vl19r(q if § € (0, p),
f (f G ) = fx,v)dx @ , (3.41)
sllzonllon — 2y g if5 = p

Q
Now, combining (3.38)-(3.41), we obtain from (3.37) by letting n — +o0,

u, — u strongly in L” (),

and the continuity of H follows.

By using the same reasoning as above with lemma 2.7, we get also the continuity of H inthecase 1 < p < 2,
and we will omit its proof.

Now, we prove that the operator H is compact.Let v € Bg(0) such that u = H (v).

Thus, by using the same arguments as in the second step, we get the existence a positive constant C depends
only of the data such that

[fuelly, =C

@ =
Since, by Lemma 2.4, we have that, the set H (Br(0)) is relatively compact in L?(£2), hence, the compactness
of H follows. .

To conclude the proof, we apply Schauder fixed-point theorem. Hence, we get the existence of u € W, P(Q)
which is solution to Problem (1.0). O
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Remarks 3.3 (A) Under the hypothesis (G;) — (G>) and one of
(1) 8§ € (0, pl, € [0, ﬁ],ﬂ <0and0 < 8(,%’3) <1
1 1
2)8€0.p), =~ a=0andClQ7||hs]]° , <1,
Lp-3

(2)
1—ap’ a=p
(3)5¢€0,phacOL,<0,8@—-p)=p—TlandClQI 7 |hsll”, <1,
P L];—S(Q)
roo 4

@) 8=p.a =0, = and ClQI? ||hs]| [ () < 1. ,3

1—ap’ =
(5) §=p.ae© 4], p<0,a—p=andCIQ 7 |hsll[xq) <1

hold, then, Problem (1.0) has a positive weak solution u € WO1 "7 (). Moreover by using [9, Theorem 3.1] (see
also [30, Lemma 3.1]), we get, u € L°°(£2) in the cases (2) and (4).

(B) Notice that, all the existence results obtained in (A), can be proved, by using the same stratigy as in
the proof of theorem 3.2.
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